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1. Equation of Multi Degree of Freedom System
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Single degree of freedom vs Multi degree of freedom

f

SDOF

MDOF

e Single mass

e Mass matrix

Equation of . . e Equations of motion in matrix
. e One equation of motion
Motion iy b F form
e o «[M){¥)[C){X) K]0} = (FO)
e Many of natural frequency &
Natural e One Natural frequency
: - Mode shape
requenc _ /
. Y B 41 e Eigen-value analysis
, , e Mode superposition method
Calculation | ¢ Duhamel integral _ , ,
_ _ ¢ Direct integration
Method e Frequency domain analysis

e SRSS or CQC methods
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Equation of motion of Multi-degree of freedom
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Stiffness matrix of frame member
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Stiffness matrix of frame member

Y
40, P, 405
5 P G.E.Lin.J. A 5, P,
» > X
< L
o, P, /;6 F;
z Stiffness Matrix
" p| | AE AE 1 S 7
Rl T o o =5 o oo
12ET 6EI 12EI  6EI
})2 L3 L2 O - L3 L2 52
6Ll 4FE1 6EI 2FEI
o OB 4m GBI 28 || 5
B _ L L r L 3
P, —AL—E 0 o AE 0 o || 0,
12E1 6E1 12E1 6L
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6El  2EI 6El  4EI
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Mass matrix of frame member

y
Tg5 P5 ‘5111)11
157 IRE
54P4 51P1 G.ETm.J. 4 57P7 510})10
—» e i >P———» —>x )
5 P, 5, P, Lumped Mass Matrix
ﬁ;& ’/guplz _1 T 5
1
/ ! 5,
z 1 6';3
Y, 0 8
0 5,
m 0 5
[ML :m_L St
2 1 0;
1 S,
0 1 S,
I .o
o 5
O 511
_ 0191
I, = Polar moment of inertia
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Mass matrix of frame member

A2P12

. 4.
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Direct assemblage

Plane Frame (ndof=12)

A A A Global Stiffness Matrix
(R (=G
v ? Ns r}\> ! N I T Ty By Ty T
% ; g 000 0 0 0 000 0 0 0
—~ <"\ . A 000 0 0 0 000 0 0 0
Qﬁ N AN 000 0 0 0000 0 0 0
000K, K, K3 000 K, K; K
ros s 0000 K, Ky Ky 000 K,y Ky Ky
000 K, Ky K;3 000 Ky Ky Ky
Element Stiffness Matrix o000 0 0 000 0 0 0
000 0 0 0 000 0 0 0
To00 =0 o 000 0 0 0000 0 0 0
o 22 8L, B 000K, K, K, 000 K, K, K,
K oo, 22 000K, K, K, 000 K, K, K,
R 000 K, Ky, Ky 000 K, K5 K
e (ndof x ndof)=(12 x 12)
o O 2, S 4H K =T'K,T
L L L L | €8 e
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Direct assemblage

ndof

Bandwidth=5
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|
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2. Undamped Free Vibration
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Undamped Free Vibration

» Equation of motion

M {X}+K {X}= {0} (1)
(nxn)(nx1)(nxnXnx1) (nx1)
Zml] ]+Zkyx]—0 . i=12,..,n (2)
» Separation of variables
Spatial
l function
{X}Z {(I)(X)} g (t)«—Time function (3)
(nx1) (nx1)
Zmy¢q(t)+z $90)=0  i=12,...,n (4)
k9,
q@) _ Z]: ' e
@” = constant (5)
~ a0 Smd
j

4

YL
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Undamped Free Vibration

p» Solution

G)+o°q(t)=0 — q(t)=acos(awt+6) ©
i) > kg -’ mp =0  i=12,...,n O
j j

or K{®}+o*M{®}=0 ®

(nxn) (nx1) (nxn) (nxI)

(K-o’M)i®}=0 ©

(nxn) (nxn) (nx1)

E}*‘ Seoul National University
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Undamped Free Vibration

» Natural frequency

= To get solution which is not {(I)} —=(
(nx1) (nx1)

LK —w'M| =0 (10)
(

X 1) (nxn)

= Get n number of @’ by eigen-value analysis

<, <W...<d, (11)

\ Fundamental natural frequency

4

L m& Seoul National University
@( Structural Design Laboratory

J.‘n

LLL((((rr

13

Pl



Undamped Free Vibration

» Natural mode shape

=kt natural frequency W,
(K-o M)@* =0 a2

= Natural mode matrix

_¢1(1) ¢1(2) ¢1(n)

i (1@ w] [0 47 - g
[@]= [0} {@}”,.... @ =" * |

(nxn) (nx1)  (nx1) (nx1)
(D) (2) (n)

4
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Undamped Free Vibration

» Responses

X}=> e} ¢, e
(nx1) i=1 (nx1)
—Za "cos(wit+6,) o)
i=1 nxl)
®lq(1)) (16)
(nxn) (nx1)
» Initial condition
x,(0) and % .(0)  i=12,...,n (17)

= a; and 0,  i=1,2,..,n  (18)
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Mode superposition

L 4
. 12[k ;
: - SO
NRERLE | : vy 54321 N N,
3 u LW VAV
,u ¥ g 5, 2\ AN
C2 2 Vo N/ \V
u u .
+» U Q‘ 1“ t »u ! \ /\ /\t
1 1 \ \/ \V
Tyl = Zn/wl_ | T, = 2n/u,
DISPLACEMENTS RESPONSE HISTORY DISPLACEMENTS . RESPONSE HISTORY
AT SELECTED AT SELECTED
TIMES TIMES
< 1st mode > < 2" mode >
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Mode superposition

5 1
4 2
: /3 | 123
2 /z, | u
4 1 U3 [ ,5 b 1 3
> u3 §3 u 4&7\/ VI\V[L \r/\VL t I s u3 3 \ N VAV[\VA [\ t
. AAN "2
" d [ﬁ\l AAVAW "% AAALA AL
1 u
,’u] /\,\A/\AA[t + U ]\vf\ vl\v/\ AvAAAt
RAAAAAY 1 V VvV UV
o
T, = 2n/w :
3 3 DEFORMED
_ DISPLACEMENTS ~ RESPONSE HISTORY POSITIONS
AT SELECTED - AT TIME INSTANTS
TIMES 1, 2 AND 3
< 3" mode > < Mode Superposition >

W=
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Mode orthogonality

o ®"M® | ]
(nxn)(nxnYnxn) qu Q
0
L H,
0 ori#j
or )" M{w}, = Jori ]
(1xn) (nxn) (nx1) U fOl’ =]
H; = Generalized mass
e PTKP-= lula)lz
(nxn)(nxn)Xnxn) ,uza)ZZ (_)
0
i o, |
0 ori#j
(o) K{w), - o
Ixn) (nxn)(nx1 ki = luia)i fO}/’ 1= J

k. = Generalized stiffness
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3. Mode Superposition Method

‘L“E}‘z Seoul National University

19 E Structural Design Laboratory




Generalized coordinates
» Displacements by superposition of generalized modal coordinates
(I) (n)

X(O}=1@7q, () + Vg, (1) +...+@f"q, (1)
(1)

(nx1)

(nx1)

=®{q}
\ Generalized modal coordinates

(nxn)(nx1)
» Equation of motion
X+ o+ KX} = {P(t)) )
(nxn)(nxl) (nxn)(nx1) (nxn)(nx1) (nx1)
- Colg) + Kb la}= (P} »
(nx1)
(4)

M® {g;
(nxn)(nxn)nx1l) (nxn)nxn)nx1) (nxn)nxn)nxl)
O'M®{j} + P'Ch{q} + P'KD{q}=D"{P(t)]
(<) o) D) ()
¢
k
\

generallzed force
Seoul National University

(R
{ g J Suppose Diagonal Matrix
generalized stiffness
R
E-% Structural Design Laboratory

generalized damping
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generalized mass
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Generalized coordinates

» Equation of motion

21

N

U
AN

(nxn)

or ll’liqi +Ciq.i +kiQi

i+

(nx1)

(nxn)

la+

(nx1)

:Qi(t)

(nxn)

(nx1)

i=1,2,...,n

la} =10}

(nx1)

(5)

(6)

N-number of uncoupled equation of motion —=> N-number of SDOF equation of motion
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Generalized coordinates

» Equation of motion
¢; =206, 4, 7)
Qi (t) (8)
H;

qz‘ + 2§ia)iq.i + a)izq.i —

6:0,4;(0)+¢,(0)

wp,

q;(t) = e ‘[ ¢,(0)cosw, I+ sin wpt (9)

—Gw,; (1-7)

sinwy, (t—7)dz (10)
/Ul

Solve g, (O) & ¢, (0) with initial condition

= |n real problem, getting the solution by superposing / number of the low
order modes

X(t)} =@, {q(t)] (I << n) (11)

22 ¥55% Seoul National University
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Procedure of Mode Superposition

(1) Equations of Motion :

MX +CX + KX = P(1) (1

(nxn) (nxn) (nx1)

(2) Mode shapes and Natural Frequencies :

K- oM[X=0 2)
and obtain and , _
o ®, ' X=Dgq 3)
(nx1) (nxl) (nx1) (nxI)(Ix])
(3) Generalized Mass & Force :

n=0."M®.  O()=®, Pt), i=12,...0 @

(Ixn)(nxn) (nx1) (Ixn) (nx1)

(4) Uncoupled Equation of Motion :

G, + 28,04, + @] q; = 210 , i=12,...,1 (5)

H;

e E}"“ Seoul National University
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Procedure of Mode Superposition

(5) Modal Response to Loading :

g, = e—fia)it{ ...... }—|— J'; Qi (T) h(t _ T) (6)

(l=p o™X 60 =p'® MX()
(x1)  @xp@xmmxne<h | q.(0) = p; D, MX(0)

(6) Displacement in Geometric Coordinates :

X()=@q(t) 8)

(nx1) (axI)(Ix1)

(7) Elastic Force Response :

f(1)=KX,()=K ® q(?) ;Me ® [\wi ]q(t) (9)

(12x1) (12x12)12x1) (12x12)12x)(Ix1)  (12x12)12xD)(Ix])  (Ix]1)

53¢ Seoul National University
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4. Basics of Random Process
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Deterministic analysis vs. Random analysis

Deterministic analysis

Random analysis

Input force ¢ Harmonic wave Spectrum: S, (w)
10
3
-10 r : : :
0 2 4 6 8 10
Time (s)
Response * Response time history: X(t) Response spectrum: S, (w)
‘ Sx(w) = |H(w)|*Sf(w)
x(t) = f h(t —T)f(r)dr X !
0
Maximum ¢ Pick the maximum value from the time Calculate the standard deviation from
response history the response spectrum:
(0 0]
5 10 _ : 02 = f S,(w)dw
’g Xmax —00
£ O\N\IMMWW In general, obtain the maximum
8 F F F F response by 3 times of the standard
0 2 4 6 8 10 9. g
Time (s) deviation
| X () | max = 304
Notes * For evaluation of maximum response For fatigue analysis of structure
26 eoul National University
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Random variable and random process

» A random variable X (w) is a function defined over a sample space () in such
a way that a specific value x is assigned to each and every outcome w of a

random phenomenon.
» A random process (stochastic process) is an ensemble of parametered

random variables with the parameter (or parameters) belong to an indexing

set (sets): X(t),X(s),X(t,s), ...,

Schematic representation of a random
process X(t). Each x,(t) is a sample function

of the ensemble

® Seoul National University
\” Structural Design Laboratory
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Joint probability density function

> fX1X2X3,---,Xn (X1, X2, X3, , X )dx1d x5 -+ dxyy
= Prob[(x; < X; <x;+dxy)N(x, <X, <x,+dxy)N -
N(x, <X, <x,+dx,)]

» Since a random process x(t) is an ensemble of random variables, its
probabilistic properties can be described by the joint probability density

functions: fx ) x(e)x(ts), - x(t) (X1s X2, X3, 7+, Xp)

play,x,)

¥55% Seoul National University
wa¥ Structural Design Laboratory
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Mathematical Expectation

» Mean value function (Ensemble average)

FIX(ED) = | xafuenGeddr = Jim — > Fx(t) = x(e)
- k=1

» Mean square function
FX()] = | a e e
» Variance function

B[ = mx@))’] = | (= i) fren )y = 0 e0)

» Auto correlation function
E[X(t1)X(t2)] = ﬂ X1%2 fx(¢)x(t,) (X1, X2)dx1dx; = Ryx(t4, t3)
» Covariance function -
E[{X(t1) — ux1 () HX (E2) — ux2(t2)}] = Ryx (81, t2) — tx (t)ux(t2)
» Cross correlation function

E[X(t1) Y(t2)] = Rxy(ty,t3)

29 ¥55% Seoul National University
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Stationary random process

» Strongly stationary (Stationary in the strict sense)
= The probabilistic characteristics is completely independent of a shift of the time
origin
fX(tl)X(tz)---X(tn) (X1, X2, , Xp)
= fx(tl+to)X(t2+t0)---X(tn+t0)(x1» X2,y Xp)

» Weakly stationary (Stationary in the wide sense)
= |farandom process is stationary up to the 2" order

D fxp ) = fxey+t) () m fx(0)(x) — nota function of t

2) fX(tl)X(tz)(xl;xz) = fX(t1+to)X(t2+to)(x1;x2)

(_:_>fx(0)x(t2_t1)(x1,x2) — a function of (t; — t;)
if tO__tl)

» Autocorrelation function of a stationary process

* Rxx(ty,tz2) = E[X(t)X(t2)] = fffooo x1X2fx, x, (X1, X2)dx1dx;

= Ryx(t; — t;) =——= Rxx(7)
(t=t,—t;)

* Ryx(ti,t2) = R(t2,t;) © Rxx(t) = Rxx(—7)
* Ryx(0) = E[X*(t)]

5% Seoul National University
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Temporal average and ergodic process

» Temporal average

= Statistical average obtained by averaging with respect to time along the

ensemble

]

20
10

k()

-10+~

= < Rx(t) >= lim Ky (t)dt

f T/2
» Temporal mean square

= < *x(0)? >= = lim - f Ky (t)2dt

T/2

» Temporal auto-correlation

T/2 g

= < Fx(®) ®x(t + 1) >= hm fT/Z

31

Y
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x(t) ®x(t + 7)dt

LEND
'0

]

J:L

Seoul National University

Structural Design Laboratory



Temporal average and ergodic process

» Ergodic process
= A special case of a stationary process in which all the temporal averages are

equal to the corresponding ensemble averages. X
» (e.g.) Consider a random variable X(t) /—\\ | /=1
X(t) = Acos(wt + ¢) E3 N

A, w = positive constants
¢ = arandom variable distributed uniformly between T and — «

E[X(t)] = E[Acos(wt + ¢)] = 0
E[X(t)X (t)] = f Acos(wts + @)Acos(wts + @)fs(@)de

A_200 ™1
=5 ={cos[w(ty + tz) + 2¢)] + cos[w(t; — tz)]}de
TJ)_p2
A2 A?
= 7COS[(U(t1 — tz)] — 7(:05((‘)1-)

%52 Seoul National University

Eﬁ-\ Structural Design Laboratory




Temporal average and ergodic process

<

<

T/2
_ k _
Ky (t) > = 711_r){>1on Acos(a)t + <p)dt =0

T/2

e (t) ®x(t + 1) >

lim

T—o0

T

ZTAzcos(a)t + *p) cos(w(t +1) + “p)dt

T

AZ
1 -
2

AZ
== cos(wT)

= X(t) is ergodic up to the 2" moment

33

[cos(Za)t + wt + 2 <p) +cos(wt)|dt

¥55% Seoul National University
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Temporal average and ergodic process

» Consider the k*" sample function taken from a stationary random process X(t)

““V“L’Av@wﬂv"vg{/\&vﬂvﬂw?ﬁ%
2

i

1

» “x.(t)can be represented by using Fourier series:

Kyr(t) = 7 2 (a,, cos(mAwt) + b, sin(m + Awt))

m=1
where Aw = 2t /T
f TT/fZ kxT(t) cos(mAwt) dt by, =
fT/Z Ky (t) sin(mAwt) dt

T/2

» Or by using complex Fourier series:
o

Ky (t) = z ¢, eimawt

where Aw = 21 /T, ¢y = (@, — iby) /2, C_py = (am +iby,)/2 = ¢

® Seoul National University
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Power spectral density (PSD) of a stationary process

» Temporal mean square of kXT(t) over the interval -T/2 <t < T/2

T/2
< ®xr(6)2 >= lim = kxr(t)2dt
T—oo T/Z

T/2
= lim — f 7 7 CpCpp e (MHAGE gt
T—-oo T

T/2 M=—00 N=—00

= lim 2 lca |2 (+ J elm+mbdotgr — T . 5((m + n)Aw)

T—oo

m=—oo
(o)

[

= lim Aw
T—co Aw
m=—oo

f kGX)(((l))d(U

where *Gyy(mAw) = |cy|?/Aw & Power Spectral Density (PSD) of *xr(t)

35 XHp% Seoul National University
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Power spectral density (PSD) of a stationary process

> kGXX(a))da) represents the amount of the mean square (average power) value
contained in the frequency band lying between w-dw/2 and w+dw/2

> kGXX(a)) represents the distribution of the average power along the frequency

2 T Wy €]
lle ' xet®) = gy
St . ﬂk
'/”\. Y LN
’ ‘. ". ‘\
l I‘I\ (*(g f.\\
\\ V4 . ' »
'4 7N \)
1 T
-:-({. -2 o 2, ‘+ ram . ) G

4
2

L

V

e

ET'?

m@
/ s ’U

? Seoul National University
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Relationship between PSD and Autocorrelation Function

1
Gy (@) = 11m —|C,.|? = hm |C.,|?

w—0 Aw o2 /T

T 2

1 3 :
k —lwt
Gxx((l)) 2 T f xT (t)e dt

T T
1 2 g —iwt 2 g N ,—iwt’ g47
—le_z xr(t)e dt j_Z xp(te dt
2 2

— 1 k k N ,—iw(t—t") ' r
_Zn_TU xr(t) “xr(t)e dtdt (Lett—t =1)

jf ke, () ¥y (¢ — T)e— 9T dtdr

- j kG (r)e i dr (as T~ o)

3

1 r® .
G (@) = 5 j kg (z)e= w7 dr
e > Wiener — Khintchine Transform

“o(1) =j “Gyx(@)eTdr
— 0 y,

4

L‘E} 2 Seoul National University
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Spectral Density Function of Ergodic Process

n
1
Sxx(@) = E[Gyx(@)] = lim =} *Gyx(w)
k=1
» If X(t) is an ergodic process
S = *¢g
. xx () xx () for each k 5, o

Rxx(7) = k¢XX(T)
J%m
and
1 oo ;

Sxx(w) = ;Tf_oo Rxx(r)e ™ *dr
Ryx(7) = f_oooo Sxx(w)e™“Tdw

Ryxx(0) = E[X2(8)] = [°, Sxx(w)dw = 2 [ Syx(w)dw

5% Seoul National University
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Spectral Density Function of Ergodic Process

» Properties of Syx(w)& Ryx(T)

" E[X?] = Ryx(0) = [ Sxx(w)dw: . > 0,

39

2

if assuming zero mean

S(w) =S(—w)

If X(t) is rea|,< S(w) =0 forall w

R(t) - 0,asT >

If X(t) is not periodic, < S(w)is finite

If X(t) has a periodic component with frequency w,,,

R (1) is a also periodic with frequency w,y,
S(w) has infinitely high peak of zero width(spike)at w = w,,

If X(t) has a nonzero mean, S(w)has a spike at w=0

E}"“ Seoul National University

Eﬂ Structural Design Laboratory



Spectral Density Function of Ergodic Process

A QxxC'C) A Syx Cw)
j ) TN
L Bux )= E[XCE)] ’

\ _ area = E[Xct)”
/<

S — — - =Z ——— L)
» Two Types of Stationary Random Process
J Sxx (w) - N Oxx (e0)
—clo., i S
' narrow-bofnoj r.F. A” . " w/cje-éan r.,a. !
8 v f-uenc‘}ions

20 X% Seoul National University
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Some commonly Used Stationary Random Process

P Idealized White-Noise

Sxx(w)": So ..fer —0 L& + 0

- [ Sxx () e[wtcj“’ = 215 8(T)

| QF% ()

\ xx(w> P Bax cz)

0 |  w 0 T

o Srnce Qm Cc) =0 For z#o , X(J:) and )(Cé-f—c) are meorre/c;/ed
o fer any . non=zero \/cz/ue.ofz:._.w R,
e _IclealiiecJ .WLJ/"le-nofse 1S Pbd.srco /fy ,Mﬁreq/ii‘.qé/e) Since r'7Z5
mean square s /'ﬁ;cx'n/'vlé: E[XZC-L)j*—- Lix Co) = =

3552 Seoul National University
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Some commonly Used Stationary Random Process

p Band limited white-noise

So / / @e
Sxx @)= ] il T where wL = Ca?loff: ﬁre?uen?/

0_ 071/7 erw'se

i

: 0 . Wy . &
Qxx ()= f Sxx o) eLa)ch =/ - €L ZJ«) S /COSQJZ: a/cd =
— . -w,

Sll”)wc -

. = Qxx(t)= L-Se . — =

A S ) - t Bonce)

! : :
S, | Aceiie
|

Mean Sc/quore : E[Xsz)j,—_‘_-‘._ E"," ) ‘T.fS; deo = 25, -

-a)c

4

Ll
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PSD and Autocorrelation Function for Derivatives

dX(t) dn
> B[22 = SHEXO®)]

» Ryx(t —s) = E[X(s)X(t)] = == E[X(s)X(D)]
2 2
= asatRXX(t —5) = _ERXX(T)

2
» Rig() = =57 Ryx (@)

» Ryx(t —s) = E[X(s)X(@®)]| = o E[X ()X (¢)]

0 6
= aRXX(t —s) = ERXX(T)

d
~ Rxx(1) = 5, fxx (7)

43 E}*‘ Seoul National University
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PSD and Autocorrelation Function for Derivatives

» Ryx(7)

9* 0% (oo lwT
—ERXX(T) = _ﬁf—oo Syx(w)et*Tdw

[ 02Syx(@)eiTdw = [ Syz(w)e®Tdw
s Sy (w) = w?Sxx(w)
Similarly,

~ Spx(w) = 0*Sxx(w)

d o) i
» Ryx(7) = —-Rxx = - La)SXX(a))el“’Tda)T==(>)

~ X & X are uncorrelated.

2 % Seoul National University
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Cross-correlation Function and Cross-spectral Density Function

» Ryy(t) = E[X(@®)Y(t+ 1) = E[X(t —1)Y(t)]
= E[Y(OX(t —1)] = Ryx(—=7)

~ Rxy(t) = Ryx(-71)
» Sxy(w) = iffooo Rxy(T)e™%dt
b Ryy(w) = [ Sxy(w)e®"dw

» Syy(—w) = %Tf_oooo Ryy (D)e!®Tdr = Syy(w)* = complex conjugate

b EX(DY(D] = Rxy(0) = [, Syy(@)dw = 2 [ Re[Syy (w)]dw

%538 Seoul National University
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5. Random Vibration of Linear Structures

Seoul National University
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Response of Single-Degree-of-Freedom Structures

> mX +CX + KX = f(t)

t 0 t
X(t) = j h(t — ) F (T)dz = f W f (¢ — T)dt = f RDf (¢ — T)dr
—00 0 —00

where h(t) = Impulse response function > X (%)
= Response due to f(t) = 5(t) it~ ’“l
& { t l a
1
= e_fwt Sinth o W —
M®D At
P oS
k -
w = natural frequency = |[—
m
_ damo: o=
¢ = damping ratio = ST

wp = damped natural frequency = w/1 — &2

5% Seoul National University
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Response of Single-Degree-of-Freedom Structures

» Apply the Fourier transform to the M-C-K equation:
(—m»? + iwC + K)X (@) = F(®)

F(w) = H@)F (@ ®
——i = (@ = HOF () l‘i l

where X(®) = FX(©)} = [__ X(t)e ®@tdt

X(®) =

-~

F@) = F(F©) = | fOe ™t A\

-l

EJ(

1
—mw? + iwC + K
= Complex Frequency Response Function

= Fih(t)}

H®) =

48 E}»“‘ Seoul National University
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Response of SDOF Structure to a Stationary Random Loading

» Mean value of the response

E[X(0)] = [ j h(T)f(h—T)dr] - [ f h(r)f(t—r)dr]
=Evanj h(2)dt = ELf(O)]H(0)
1
= LEIF)

< mean value of the response can be obtained statically

H(®) = F{h(t)} = fooh(t)e‘ia’tdt

_ 0 1
-~ H(0) = f_ooh(t)dt= =3

—mw? + iwC +K‘

5% Seoul National University
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Response of SDOF Structure to a Stationary Random Loading

» Auto-correlation of the response

Rxx(7) = E[X(®)X(t + 7)]

—F j R()f (t — 7)dr j R f (t + 7 — 15)d7,
Y0 0

= [ [ B - mf e+ - bk dndn
0 0
= Jr Jf Rep(t + 11 — 12)h(T)h(T2)dT1d T,
0 0
50 E}*‘ Seoul National University
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Response of SDOF Structure to a Stationary Random Loading

» Power spectral density of the response

(00]

Sxx(@) = 5= | Ryxx(1)e™®%dr

ZnJ_Oo
B 1
21 )

i <f f Rer(t+ 11 — Tz)h(rl)h(rz)dfldfz) o —iBT g
o Jo

— 00

= (jooh(n)ei‘mldﬁ) (_[ooh(Tz)e_iaTZdT2>
0 0

1 OOR —icT)(T+Tl—Tz)d
X o) rr(T+ 1 —T)e T

= H(®)*H(®)Srr(®) = [H(@)|*Srr(®)

~ Sxx (®) = [H(@®)|*Ss(®)

E}»“‘ Seoul National University
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Response of SDOF Structure to a Stationary Random Loading

» Mean square response

BX@?) = Rx(0) = [ Sx@da = | IH@IPSyy@)da
fit)y —» Structure —» X(t)
Srr(w) X |H(@)|? = Syx (@)
. s of Ao, . .
/\/\ j\ /\ NAVAYG
. ! >0 — + —p (3 '—‘J = e 'Y
~f S e A

E}"‘ Seoul National University

52 Eﬁ\ Structural Design Laboratory



Response of Multi-Degree-of-Freedom Structure

M{X} + C{X} + K{X} = {f}
> Iff() =6() &fi(E) =0 (L #))

Xk (t) = hyj(t) — Impulse response function at node k due to excitation §(t) at node j
P For a set of general loading f; (t), f>(¢t), ..., f,(t)

6= )" [ byt - Df@dr 5@} = | b - DlF@)dr

— matrix of impulse response

hj1(t—1) - hp(t—1)
where [h(t — 7)] = [ : " : ]

' ‘ ' function
Rua(t=1) - hy(t—7)
5L =3 Xk fht):X(i)% — X W= £,
£10 —>H—= xub Fire (|~ %ol = Ayt
f}(i? > e X,(r\) €3“)‘_° —- X; R = ‘R”(D
f i XU Fadeo [T Rels Ay
TIFFITII Ty T r77
%ﬁ‘f’”\)’@ . . .
33 ‘E% Seoul National University
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Response of Multi-Degree-of-Freedom Structure

> IFfi(t) = ', fi() =0 (L))
X (t) = Hy;(@)e'®*

where Hy(@) = F{hy;(O)} = [*_hy;(£)e @tdt

» For a set of general loadings {f(w)} = F{f (t)}

X(®)} = [H(@).

where [H(w)]| =

54

U (@)}
Hy1 () - Hln(a)) — Matrix of frequency response function
: ' K@)} = FlX(®)}

-Hnl (5) Hnn(a) o
fw= & X (= Hy [ '
{ =0 s Xyth = Hy (B) e“i*
fyw=e ™ iR H3'(m)€:t
Fom=o Hr X (h= Hoy () @
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Physical Meaning of H, (w)

‘/‘ e it ‘A’on

X (t)=response
! < _ )
2

» Neglecting the effect of initial conditions, we assume that the response has
reached steady-state.

» Excitation at pointk : f . (t) = A - el®'; A=constant
» Response at point j : X; () =A- Hij (W) - plwt

[X;(®)]
Hji(w) = [

Steady—state

fk (t)]sinusoidal

e E}"“ Seoul National University
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Response of Multi-Degree-of-Freedom Structure

» Using modal superposition, {X} = ®{q}
the equation of motion can be rewritten as

M{X} + C{X} + K{X} = {f}

¢ "M{4} + ¢ Ch{a} + ¢ Kd{q} = ¢ {f}

[~ p- Ka} + [ e ~Ha} + [~ k ~]{q} = {Q}

Wd; + 280;d; + wf wg; = Q;

where, [~ pn ], [* k ~]; generalized mass, stiffness matrices (diagonal)
[~ ¢ *.]; generalized damping matrix (assumed to be diagonal)
{Q} ; dT{f} = generalized force
3 ; modal damping ratio for j*" mode

wj ; hatural frequency for the j*" mode

%52 Seoul National University
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Response of MDOF Structure to Random Loading

M{X} + C{X} + K{x} = {f}
1 (® L
SXkX]' (5) = Ej RXka (T)e_ledT

1 (° _
= ﬁf_wE[xk(t)Xj (t+v)]e ®tdr

1 00 o I o O -
E (j Z hy (t)fj(t — Tl)d’[l) (f Z hjm (t)fm(t+ T — Tz)d’[2>] e '¥Tdt
—®1=1 ~®m=1

2T ) _
n

— % f_oo Zl: mz: < j_(:hkl (T1)ei6T1dT1) < j_o:ohjm(Tz)e_i‘BTZ dT2>

1=
X (E[fi(t — t)f (t + T — T,)]) e OT+T1~T2) 4

n
L[ -
Z Hyq (@) Hjm (@) {Ej Rer (T+ 11 — Tz)e_lw(T+T1—T2)dT}

m=1
Z Hiy (@) Sg g, (@) Hjm (@) - Sty (®)
4 L

m=1
= [H*(®) St (@)H(@®) Ty

8

=

||M:EM:

— —

In matrix form
[Sxx(@)] = H*(@)S¢e(@)H(®) "

5% Seoul National University
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Response of MDOF Structure to Random Loading

» Then we can obtain PSD for the generalized coordinate g, due to the random
force Q;:

Sqjo, (@) = [Hi(@)]"Sqi0, (@)

1

where H; (@) = u].(_(T)2+ZE,-(0j(1(7))""‘)1'2)

= Frequency response function for the jt" mode

» In matrix form,
Sqq(@)] = [ H@) ~]*[Sqe@ ][~ H(®) "]

where [SQQ(w)] = ¢ [Se(@) ]
St 1, (@) -+ Spp (©)]
[S¢r(w)] = : 3
St.£, (@) -+ Sg g (©)]

E}"“ Seoul National University
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Response of MDOF Structure to Random Loading

» Therefore,
[Sxx(®)] = PpSqq(@)P"
= ¢[~ H@®) “]*[Sqq@) ][ H(®) ~]¢T
= o[~ H@®) """ [Sx(®) ][~ H(®) ~]p"

» Comparing the above result from the previous one, we can obtain

[H(®)] = ¢[- H@®) ~]d"

5% Seoul National University
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Response of MDOF Structure to Random Loading

» Procedures to compute Syx(w) and G)Z(k

1) Obtain mode shape and natural frequencies; {cl)]-}, wj; j =12, .
2) Obtain PSD for the generalized force

[Sa(@)] = ¢ [Ser(@)]1d

(Ix0)
3) Obtain PSD for the generalized modal coordinates
[Sqq(@)] = [+ H(@®) ~]*[Sqq@) ][~ H(®) -]
4)  Obtain PSD for the structural displacement
[Sxx(®)] = $Sgq(@)d"

5) Obtain PSD for member force; {S(t)} = [D]{X(t)}

[Sss(@)] = [D]Sxx(@)[D]*
6) Compute o%,_& 0%,

G)z(k :f SXka((T))d(T)

— 00

(0 0]
2 _ J— —
Gsk —j SSkSk((l))d(l)
—00
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THANK YOU

for your attention!
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