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1. Equation of Multi Degree of Freedom System
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SDOF MDOF

Equation of 
Motion

• Single mass
• One equation of motion

• Mass matrix
• Equations of motion in matrix 
form
•

Natural
Frequency

• One Natural frequency
• Many of natural frequency &
Mode shape

• Eigen-value analysis

Calculation
Method

• Duhamel integral
• Frequency domain analysis

• Mode superposition method
• Direct integration 
• SRSS or CQC methods

2

Single degree of freedom vs Multi degree of freedom

( )mx cx kx F t+ + =!! !

k
mw =

[ ]{ } [ ]{ } [ ]{ } { }( )M X C X K X F t+ + =!! !



Seoul National University
Structural Design Laboratory3

Equation of motion of Multi-degree of freedom
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Stiffness matrix of frame member
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Stiffness matrix of frame member
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Mass matrix of frame member
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Mass matrix of frame member
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Direct assemblage

Global Stiffness Matrix

Plane Frame (ndof=12)
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Direct assemblage

ú
ú
ú
ú
ú
ú
ú
ú
ú
ú
ú
ú
ú
ú
ú

û

ù

ê
ê
ê
ê
ê
ê
ê
ê
ê
ê
ê
ê
ê
ê
ê

ë

é

x
xx
xxx
xxxx
00x0x
x00xx
00xxx
xxxxx
00x0x
x00xx

ZE
ROS

nbandndof
ú
ú
ú
ú
ú
ú
ú
ú
ú
ú
ú
ú
ú
ú

û

ù

ê
ê
ê
ê
ê
ê
ê
ê
ê
ê
ê
ê
ê
ê

ë

é

x
xx
xxx
xxxx
00x0x

x00xx
00xxx

xxxxx
00x0x

x00xx
ZEROS

SYMMETRIC

Bandwidth=5

ndof
ndof



Seoul National University
Structural Design Laboratory

2. Undamped Free Vibration
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▶Equation of motion

▶Separation of variables

11

Undamped Free Vibration

(1)

(3)

(5)
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▶Solution

12

Undamped Free Vibration

(6)

(8)

0)()( 2 =+ tqtq w!!

02 =- åå
n

j
jij

n

j
jij mk fwf , n , ,2 ,1 !=i (7)

)( nn´ )1( ´n

(9)

(i) )cos()( qw += tatq

(ii)

or { } { } 0ΦM Φ K =+ 2ω

( ){ } 0ΦMK =- 2w

)( nn´ )1( ´n

)1( ´n)( nn´ )( nn´
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▶Natural frequency

§ To get solution which is not

§ Get n number of          by eigen-value analysis

13

Undamped Free Vibration

{ } 0Φ =

(10)
)( nn´

)1( ´n

(11)

02 =- MK w

)1( ´n

)( nn´

2w

nwwww <<< !321

Fundamental natural frequency
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▶Natural mode shape

§ kth natural frequency

§ Natural mode matrix

14

Undamped Free Vibration
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▶Responses

▶ Initial condition

15

Undamped Free Vibration

)0(jx

(16)

(17)

{ } { }

{ } ( )

{ }q(t)Φ

Φ

ΦX

=

+=

=

å

å

=

=

ii

n

i

i
i

n

i
i

i

ta

tq

qwcos

)(

1

)(

1

)(

)1( ´n)( nn´

and )0(jx! , n , ,2 ,1 !=i

(14)

(15)

(18)ia  Þ and iq , n , ,2 ,1 !=i

)1( ´n )1( ´n

)1( ´n



Seoul National University
Structural Design Laboratory16

Mode superposition

< 1st mode > < 2nd mode >
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Mode superposition

< 3rd mode > < Mode Superposition >
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Mode orthogonality
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3. Mode Superposition Method

19
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▶Displacements by superposition of generalized modal coordinates 

▶Equation of motion

20

Generalized coordinates

(1)

(2)

(3)

{ } { } { } { } )()()( )(
2
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)1( tqtqtq n
nΦΦΦX(t) +++= !
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▶Equation of motion

21

Generalized coordinates
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▶Equation of motion

§ In real problem, getting the solution by superposing     number of the low 
order modes

22

Generalized coordinates
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Procedure of Mode Superposition 

(1)

(2)

(3)

(4)

(1)  Equations of Motion :

)( nn´
P(t)KXXCXM =++ !!!

)( nn´ )1( ´n

(2)  Mode shapes and Natural Frequencies :

[ ] 0XMK =- 2w

(3)  Generalized Mass & Force :

and obtain        and{ }ω
lΦ qΦX l=,

)1( ´n )( ln´ )1( ´n )( ln´ )1( ´l

i
T
ii MΦΦμ = P(t)Φ T

i=)(tQi li  , ,2 ,1 !=, ,
)1( n´ )( nn´ )1( ´n )1( n´ )1( ´n

(4)  Uncoupled Equation of Motion :

i

i
iiiiii

tQqqq
µ

wwx )(2 2 =++ !!!! li  , ,2 ,1 !=, (5)
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Procedure of Mode Superposition 
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(7)  Elastic Force Response :
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(5)  Modal Response to Loading :
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4. Basics of Random Process

25
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Deterministic analysis Random analysis
Input force • Harmonic wave • Spectrum: S! 𝜔

Response • Response time history: X(t)

𝑥 𝑡 = &
"

#
ℎ 𝑡 − 𝜏 𝑓 𝜏 𝑑𝜏

• Response spectrum: S$ 𝜔

S% 𝜔 = 𝐻 𝜔 &𝑆' 𝜔

Maximum 
response

• Pick the maximum value from the time 
history

• Calculate the standard deviation from 
the response spectrum:

𝜎$& = &
()

)
𝑆$ 𝜔 𝑑𝜔

• In general, obtain the maximum 
response by 3 times of the standard 
deviation

𝑋 𝑡 *+$ ≃ 3𝜎$

Notes • For evaluation of maximum response • For fatigue analysis of structure

26

Deterministic analysis vs. Random analysis
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▶A random variable 𝑋 𝜔 is a function defined over a sample space Ω in such
a way that a specific value x is assigned to each and every outcome 𝜔 of a
random phenomenon.

▶A random process (stochastic process) is an ensemble of parametered
random variables with the parameter (or parameters) belong to an indexing
set (sets): 𝑋 𝑡 , 𝑋 𝑠 , 𝑋 𝑡, 𝑠 , … ,

27

Random variable and random process

Schematic representation of a random 
process x(t). Each xn(t) is a sample function 
of the ensemble
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▶𝑓!,!-!.,⋯,!/ 𝑥$, 𝑥%, 𝑥&, ⋯ , 𝑥' 𝑑𝑥$𝑑𝑥%⋯𝑑𝑥'
= Prob[

]
𝑥$ < 𝑋$ < 𝑥$ + 𝑑𝑥$ ∩ 𝑥% < 𝑋% < 𝑥% + 𝑑𝑥% ∩⋯

∩ 𝑥' < 𝑋' < 𝑥' + 𝑑𝑥'

▶Since a random process x(t) is an ensemble of random variables, its 
probabilistic properties can be described by the joint probability density 
functions: 𝑓!(),)!()-)!().),⋯,!()/) 𝑥$, 𝑥%, 𝑥&, ⋯ , 𝑥'

28

Joint probability density function
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▶Mean value function (Ensemble average)

𝐸 𝑋 𝑡! = %
"#

#
𝑥!𝑓$ %! 𝑥! 𝑑𝑥! = lim

&→#

1
𝑛
.
()!

&
(𝑥 𝑡! = 𝜇$ 𝑡!

▶Mean square function

𝐸 𝑋* 𝑡! = %
"#

#
𝑥!*𝑓$ %! 𝑥! 𝑑𝑥!

▶ Variance function

𝐸 𝑋 𝑡! − 𝜇$ 𝑡!
*
= %

"#

#
𝑥! − 𝜇$ 𝑡!

*
𝑓$ %! 𝑥! 𝑑𝑥! = 𝜎$* 𝑡!

▶ Auto correlation function

𝐸 𝑋 𝑡! 𝑋 𝑡* =2
"#

#
𝑥!𝑥*𝑓$ %! $ %" 𝑥!, 𝑥* 𝑑𝑥!𝑑𝑥* = 𝑅$$ 𝑡!, 𝑡*

▶ Covariance function

𝐸 𝑋 𝑡! − 𝜇$! 𝑡! 𝑋 𝑡* − 𝜇$* 𝑡* = 𝑅$$ 𝑡!, 𝑡* − 𝜇$ 𝑡! 𝜇$ 𝑡*

▶ Cross correlation function

𝐸 𝑋 𝑡! 𝑌 𝑡* = 𝑅$+ 𝑡!, 𝑡*

29

Mathematical Expectation
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▶ Strongly stationary (Stationary in the strict sense)
§ The probabilistic characteristics is completely independent of a shift of the time 

origin
𝑓$ %! $ %" ⋯$ %# 𝑥!, 𝑥*, ⋯ , 𝑥&

= 𝑓$ %!-%$ $ %"-%% ⋯$ %#-%% (𝑥!, 𝑥*, ⋯ , 𝑥&)

▶Weakly stationary (Stationary in the wide sense)
§ If a random process is stationary up to the 2nd order

1) 𝑓$ %! 𝑥 = 𝑓$ %!-%% 𝑥
./ %%)"%!

𝑓$ 0 𝑥 → not a function of t

2) 𝑓$ %! $ %" 𝑥!, 𝑥* = 𝑓$ %!-%% $ %"-%% 𝑥!, 𝑥*

./ %%)"%!
𝑓$ 0 $ %""%! 𝑥!, 𝑥* → a function of t* − t!

▶ Autocorrelation function of a stationary process

• 𝑅$$ 𝑡!, 𝑡* = 𝐸 𝑋 𝑡! 𝑋 𝑡* = ∬"#
# 𝑥!𝑥*𝑓$!$" 𝑥!, 𝑥* 𝑑𝑥!𝑑𝑥*

= 𝑅$$ 𝑡* − 𝑡! 1)%""%!
𝑅$$ 𝜏

• 𝑅$$ 𝑡!, 𝑡* = 𝑅 𝑡*, 𝑡! ↔ 𝑅$$ 𝜏 = 𝑅$$ −𝜏
• 𝑅$$ 0 = 𝐸 𝑋* 𝑡

30

Stationary random process
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▶Temporal average
§ Statistical average obtained by averaging with respect to time along the 

ensemble

§ < +𝑥 𝑡 >= lim
,→.

$
, ∫/,/%

,/% +𝑥 𝑡 𝑑𝑡

▶Temporal mean square

§ < +𝑥 𝑡 % >= lim
,→.

$
, ∫/,/%

,/% +𝑥 𝑡 %𝑑𝑡

▶Temporal auto-correlation

§ < +𝑥 𝑡 +𝑥 𝑡 + 𝜏 >= lim
,→.

$
, ∫/,/%

,/% +𝑥 𝑡 +𝑥 𝑡 + 𝜏 𝑑𝑡

31

Temporal average and ergodic process
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▶Ergodic process
§ A special case of a stationary process in which all the temporal averages are

equal to the corresponding ensemble averages.
▶ (e.g.) Consider a random variable X(t)

𝑋 𝑡 = 𝐴cos 𝜔𝑡 + 𝜙
𝐴,𝜔 = positive constants
𝜙 = a random variable distributed uniformly between 𝜋 𝑎𝑛𝑑 − 𝜋

𝐸 𝑋 𝑡 = 𝐸 𝐴cos 𝜔𝑡 + 𝜙 = 0

𝐸 𝑋 𝑡$ 𝑋 𝑡% = Q
/.

.
𝐴cos 𝜔𝑡$ + 𝜑 𝐴cos 𝜔𝑡% + 𝜑 𝑓1 𝜑 𝑑𝜑

=
𝐴%

2𝜋
Q
/2

2 1
2
cos 𝜔 𝑡$ + 𝑡% + 2𝜑 + cos 𝜔 𝑡$ − 𝑡% }𝑑𝜑

=
𝐴%

2 cos 𝜔 𝑡$ − 𝑡% =
𝐴%

2 cos 𝜔𝜏

32

Temporal average and ergodic process
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< +𝑥 𝑡 > = lim
,→.

1
𝑇
Q
/,/%

,/%
𝐴cos 𝜔𝑡 + +𝜑 𝑑𝑡 = 0

< +𝑥 𝑡 +𝑥 𝑡 + 𝜏 >

= lim
,→.

Q
/,%

,
%
𝐴%cos 𝜔𝑡 + +𝜑 cos 𝜔 𝑡 + 𝜏 + +𝜑 𝑑𝑡

= lim
,→.

𝐴%

2𝑇
Q
/,%

,
%
cos 2𝜔𝑡 + 𝜔𝜏 + 2 +𝜑 +cos 𝜔𝜏 𝑑𝑡

=
𝐴%

2
cos 𝜔𝜏

§ X(t) is ergodic up to the 2nd moment

33

Temporal average and ergodic process
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▶Consider the kth sample function taken from a stationary random process X(t)

▶ +𝑥, 𝑡 can be represented by using Fourier series:

+𝑥, 𝑡 =
𝑎3
2 + W

45$

.

𝑎4 cos 𝑚∆𝜔𝑡 + 𝑏4 sin 𝑚 + ∆𝜔𝑡

where ∆𝜔 = 2𝜋/𝑇

a6 = %
7∫/,/%

,/% +𝑥, 𝑡 cos 𝑚∆𝜔𝑡 𝑑𝑡 𝑏6 =
%
7∫/,/%

,/% +𝑥, 𝑡 sin 𝑚∆𝜔𝑡 𝑑𝑡

▶Or by using complex Fourier series:

+𝑥, 𝑡 =W
/.

.

𝑐4𝑒84∆:)

where ∆𝜔 = 2𝜋/𝑇, c6 = 𝑎4 − 𝑖𝑏4 /2, 𝑐/6 = a6 + ib6 /2 = c6∗

34

Temporal average and ergodic process
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▶Temporal mean square of 𝒌𝑋, 𝑡 over the interval –T/2 < t < T/2

< +𝑥,(𝑡)% >= lim
,→.

1
𝑇
Q
/,/%

,/%
+𝑥,(𝑡)%𝑑𝑡

= lim
,→.

1
𝑇
Q
/,/%

,/%
W

45/.

.

W
'5/.

.

𝑐4𝑐'𝑒8 4=' ∆:) 𝑑𝑡

= lim
,→.

W
45/.

.

𝑐4 % (∵ Q
/,%

,
%
𝑒8 4=' ∆:)𝑑𝑡 = 𝑇 b 𝛿( 𝑚 + 𝑛 ∆𝜔)

= lim
,→.

W
45/.

.
𝑐4 %

∆𝜔
∆𝜔

= Q
/.

.
+𝐺!! 𝜔 𝑑𝜔

where +𝐺!! 𝑚∆𝜔 = 𝑐4 %/∆𝜔 ← Power Spectral Density (PSD) of +𝑥,(𝑡)

35

Power spectral density (PSD) of a stationary process
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▶ +𝐺!! 𝜔 𝑑𝜔 represents the amount of the mean square (average power) value 
contained in the frequency band lying between ω-dω/2 and ω+dω/2

▶ +𝐺!! 𝜔 represents the distribution of the average power along the frequency

36

Power spectral density (PSD) of a stationary process
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0𝐺11 𝜔 = lim
∆𝝎→)

1
∆𝜔 𝐶* & = lim

∆𝝎→)

1
⁄2𝜋 𝑇 𝐶* &

0𝐺11 𝜔 =
1
2𝜋𝑇 .

(5&

5
& 0𝑥5 𝑡 𝑒(67#𝑑𝑡

&

=
1
2𝜋𝑇 .

(5&

5
& 0𝑥5 𝑡 𝑒(67#𝑑𝑡 .

(5&

5
& 0𝑥5 𝑡8 𝑒(67#

!𝑑𝑡8

=
1
2𝜋𝑇3

9

0𝑥5 𝑡 0𝑥5 𝑡8 𝑒(67 #(#! 𝑑𝑡𝑑𝑡8 (Let t − t’ = τ)

=
1
2𝜋𝑇

3
98

0𝑥5 𝑡 0𝑥5 𝑡 − 𝜏 𝑒(67:𝑑𝑡𝑑𝜏

=
1
2𝜋

.
(5

5
0∅ 𝜏 𝑒(67:𝑑𝜏 (as T → ∞)

0𝐺11 𝜔 =
1
2𝜋.()

)
0∅ 𝜏 𝑒(67:𝑑𝜏

0∅ 𝜏 = .
()

)
0𝐺11 𝜔 𝑒67:𝑑𝜏

Wiener − Khintchine Transform
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Relationship between PSD and Autocorrelation Function
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S>> ω = E G>> ω = lim
?→.

1
n
W
+5$

'
!𝐺"" 𝜔

▶ If X(t) is an ergodic process

§ i
𝑆!! 𝜔 = +𝐺!! 𝜔
𝑅!! 𝜏 = +∅!! 𝜏

𝑓𝑜𝑟 𝑒𝑎𝑐ℎ 𝑘

and

§ 𝑆!! 𝜔 = $
%2∫/.

. 𝑅!! 𝜏 𝑒/8:@𝑑𝜏

§ 𝑅!! 𝜏 = ∫/.
. 𝑆!! 𝜔 𝑒8:@𝑑𝜔

§ 𝑅!! 0 = 𝐸 𝑋% 𝑡 = ∫/.
. 𝑆!! 𝜔 𝑑𝜔 = 2∫3

.𝑆!! 𝜔 𝑑𝜔

38

Spectral Density Function of Ergodic Process
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▶Properties of S>> 𝜔 & 𝑅!!(𝜏)

§ E X% = 𝑅!! 𝑜 = ∫/.
. 𝑆!! 𝜔 𝑑𝜔

8A BCCD48'E FGHI4GB'
𝜎J

%

§ If X(t) is real, t 𝑆 𝜔 = 𝑆 −𝜔
𝑆 𝜔 ≥ 0 𝑓𝑜𝑟 𝑎𝑙𝑙 𝜔

§ If X(t) is not periodic, t 𝑅 𝜏 → 0, 𝑎𝑠 𝜏 → ∞
𝑆 𝜔 is yinite

§ If X(t) has a periodic component with frequency 𝜔4,

t 𝑅 𝜏 is a also periodic with frequency 𝜔4
𝑆 𝜔 has inyinitely high peak of zero width spike 𝑎𝑡 𝜔 = 𝜔4

§ If X(t) has a nonzero mean, S(ω)has a spike at ω=0

39

Spectral Density Function of Ergodic Process
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▶Two Types of Stationary Random Process

40

Spectral Density Function of Ergodic Process
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▶ Idealized White-Noise

41

Some commonly Used Stationary Random Process
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▶Band limited white-noise

42

Some commonly Used Stationary Random Process
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▶ E K;> L
M)/

= K;

KL;
E X t

▶ R>̇!̇ 𝑡 − 𝑠 = 𝐸 �̇� 𝑠 �̇� 𝑡 = O-

OCO)
𝐸 𝑋 𝑠 𝑋 𝑡

=
𝜕%

𝜕𝑠𝜕𝑡
𝑅!! 𝑡 − 𝑠 = −

𝜕%

𝜕%𝜏
𝑅!! 𝜏

∴ R>̇!̇ 𝜏 = −
𝜕%

𝜕%𝜏 𝑅!! 𝜏

▶ R>!̇ 𝑡 − 𝑠 = 𝐸 𝑋 𝑠 �̇� 𝑡 = O
O)
𝐸 𝑋 𝑠 𝑋 𝑡

=
𝜕
𝜕𝑡
𝑅!! 𝑡 − 𝑠 =

𝜕
𝜕𝜏
𝑅!! 𝜏

∴ R>!̇ 𝜏 =
𝜕
𝜕𝜏
𝑅!! 𝜏

43

PSD and Autocorrelation Function for Derivatives
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▶R>̇!̇ 𝜏 = − O-

O-@𝑅!! 𝜏 = − O-

O-@∫/.
. 𝑆!! 𝜔 𝑒8:@𝑑𝜔

= ∫/.
. 𝜔%𝑆!! 𝜔 𝑒8:@𝑑𝜔 = ∫/.

. 𝑆>̇!̇ 𝜔 𝑒8:@𝑑𝜔

∴ S!̇!̇ ω = ω%S>>(ω)

Similarly,
∴ S!̈!̈ ω = ωQS>>(ω)

▶R>!̇ 𝜏 = O
OR
R>> = ∫/.

. 𝑖𝜔𝑆!! 𝜔 𝑒8:@𝑑𝜔
@53

0

∴ X & Ẋ are uncorrelated.
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PSD and Autocorrelation Function for Derivatives
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▶R!S 𝜏 = 𝐸 𝑋 𝑡 𝑌 𝑡 + 𝜏 = 𝐸 𝑋 𝑡 − 𝜏 𝑌 𝑡
= 𝐸 𝑌 𝑡 𝑋 𝑡 − 𝜏 = 𝑅S!(−𝜏)

∴ R>T 𝜏 = 𝑅S!(−𝜏)

▶S>T 𝜔 = $
%2∫/.

. 𝑅!S 𝜏 𝑒/8:@𝑑𝜏

▶R>T 𝜔 = ∫/.
. 𝑆!S 𝜔 𝑒8:@𝑑𝜔

▶S>T −𝜔 = $
%2∫/.

. 𝑅!S 𝜏 𝑒8:@𝑑𝜏 = 𝑆!S 𝜔 ∗ → 𝑐𝑜𝑚𝑝𝑙𝑒𝑥 𝑐𝑜𝑛𝑗𝑢𝑔𝑎𝑡𝑒

▶E X t Y t = R>T 0 = ∫/.
. 𝑆!S 𝜔 𝑑𝜔 = 2∫3

.𝑅𝑒 𝑆!S 𝜔 𝑑𝜔
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Cross-correlation Function and Cross-spectral Density Function
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5. Random Vibration of Linear Structures

46
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▶𝑚�̈� + 𝐶�̇� + 𝐾𝑋 = 𝑓 𝑡

𝑋 𝑡 = Q
/.

)
ℎ 𝑡 − 𝜏 𝑓 𝜏 𝑑𝜏 = Q

3

.
ℎ 𝜏 𝑓 𝑡 − 𝜏 𝑑𝜏 = Q

/.

)
ℎ 𝜏 𝑓 𝑡 − 𝜏 𝑑𝜏

where h t = Impulse response function
= Response due to f t = δ t

=
1

mωU
𝑒/V:) sin𝜔W𝑡

ω = natural frequency =
k
m

ξ = damping ratio =
c

2mω
ωU = damped natural frequency = 𝜔 1 − 𝜉%
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Response of Single-Degree-of-Freedom Structures
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▶Apply the Fourier transform to the M-C-K equation:

−m�ω% + 𝑖 �𝜔𝐶 + 𝐾 �𝑋 �𝜔 = �𝐹 �𝜔

�X �ω =
1

−m�ω% + 𝑖 �𝜔𝐶 + 𝐾
�𝐹 �𝜔 = 𝐻 �𝜔 �𝐹 �𝜔

where �X �ω = ℱ 𝑋 𝑡 = ∫/.
. 𝑋 𝑡 𝑒/8X:)𝑑𝑡

�F �ω = ℱ 𝑓 𝑡 = Q
/.

.
𝑓 𝑡 𝑒/8X:)𝑑𝑡

�H �ω =
1

−m�ω% + 𝑖 �𝜔𝐶 + 𝐾
= Complex Frequency Response Function
= ℱ ℎ 𝑡

48

Response of Single-Degree-of-Freedom Structures
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▶Mean value of the response

E X t = 𝐸 Q
3

)
ℎ 𝜏 𝑓 ℎ − 𝜏 𝑑𝜏 = 𝐸 Q

/.

.
ℎ 𝜏 𝑓 𝑡 − 𝜏 𝑑𝜏

= 𝐸 𝑓 𝑡 Q
/.

.
ℎ 𝜏 𝑑𝜏 = 𝐸 𝑓 𝑡 𝐻 0

=
1
𝑘
𝐸 𝑓 𝑡

← mean value of the response can be obtained statically

c.f)

�H �ω = ℱ ℎ 𝑡 = Q
/.

.
ℎ 𝑡 𝑒/8X:)𝑑𝑡

∴ �H 0 = Q
/.

.
ℎ 𝑡 𝑑𝑡 = �

1
−m𝜔% + 𝑖𝜔𝐶 + 𝐾 :53

=
1
𝑘
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Response of SDOF Structure to a Stationary Random Loading
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▶Auto-correlation of the response

R>> 𝜏 = 𝐸 𝑋 𝑡 𝑋 𝑡 + 𝜏

= 𝐸 Q
3

.
ℎ 𝜏$ 𝑓 𝑡 − 𝜏$ 𝑑𝜏$Q

3

.
ℎ 𝜏% 𝑓 𝑡 + 𝜏 − 𝜏% 𝑑𝜏%

= Q
3

.
Q
3

.
𝐸 𝑓 𝑡 − 𝜏$ 𝑓 𝑡 + 𝜏 − 𝜏% ℎ 𝜏$ ℎ 𝜏% 𝑑𝜏$𝑑𝜏%

= Q
3

.
Q
3

.
𝑅AA(𝜏 + 𝜏$ − 𝜏%)ℎ 𝜏$ ℎ 𝜏% 𝑑𝜏$𝑑𝜏%
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Response of SDOF Structure to a Stationary Random Loading
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▶Power spectral density of the response

S>> �𝜔 =
1
2𝜋

Q
/.

.
𝑅!! 𝜏 𝑒/8X:@𝑑𝜏

=
1
2𝜋

Q
/.

.
Q
3

.
Q
3

.
𝑅AA 𝜏 + 𝜏$ − 𝜏% ℎ 𝜏$ ℎ 𝜏% 𝑑𝜏$𝑑𝜏% 𝑒/8X:@𝑑𝜏

= Q
3

.
ℎ 𝜏$ 𝑒8 X:@,𝑑𝜏$ Q

3

.
ℎ 𝜏% 𝑒/8X:@-𝑑𝜏%

×
1
2𝜋

Q
/.

.
𝑅AA 𝜏 + 𝜏$ − 𝜏% 𝑒/8X: @=@,/@- 𝑑𝜏

= H �ω ∗𝐻 �ω 𝑆AA �ω = 𝐻 �ω %𝑆AA �ω

∴ S>> �ω = 𝐻 �ω %𝑆AA �ω
∴ S>̇>̇ �𝜔 = �𝜔%𝑆!! �𝜔 = �𝜔% 𝐻 �𝜔 %𝑆AA(�𝜔)
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▶Mean square response

E 𝑋 t % = 𝑅!! 0 = Q
/.

.
𝑆!! �𝜔 𝑑�𝜔 = Q

/.

.
𝐻 �ω %𝑆AA �ω 𝑑�𝜔
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M Ẍ + 𝐶 �̇� + 𝐾 𝑋 = 𝑓

▶ If fY 𝑡 = 𝛿 𝑡 & fZ 𝑡 = 0 𝑙 ≠ 𝑗

𝑋[ 𝑡 = ℎ+\ 𝑡 → Impulse response function at node k due to excitation δ(t) at node j

▶For a set of general loading 𝑓$ 𝑡 , 𝑓% 𝑡 , … , 𝑓' 𝑡

𝑋[ 𝑡 =W
\5$

4

Q
/.

.
ℎ+\ 𝑡 − 𝜏 𝑓\ 𝜏 𝑑𝜏 x t = Q

/.

.
ℎ 𝑡 − 𝜏 𝑓 𝜏 𝑑𝜏

where ℎ 𝑡 − 𝜏 =
ℎ$$(𝑡 − 𝜏) ⋯ ℎ$'(𝑡 − 𝜏)

⋮ ⋱ ⋮
ℎ'$(𝑡 − 𝜏) ⋯ ℎ''(𝑡 − 𝜏)
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▶ If fY 𝑡 = 𝑒8 X:), 𝑓] 𝑡 = 0 𝑙 ≠ 𝑗
𝑋+ 𝑡 = 𝐻+\ �𝜔 𝑒8 X:)

where H[Y �𝜔 = ℱ ℎ+\ 𝑡 = ∫/.
. ℎ+\ 𝑡 𝑒/8X:)𝑑𝑡

▶For a set of general loadings f �ω = ℱ 𝑓 𝑡
X �ω = 𝐻 �𝜔 𝑓 �𝜔

where H �𝜔 =
H$$ �𝜔 ⋯ H$? �𝜔

⋮ ⋱ ⋮
H?$ �𝜔 ⋯ H?? �𝜔
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Seoul National University
Structural Design Laboratory

▶Neglecting the effect of initial conditions, we assume that the response has 
reached steady-state.

▶Excitation at point k : f[ t = A b e^_L ;     A=constant

▶Response at point j : XY t = A b HY[ (ω) b e^_L

𝐻\+ 𝜔 =
XY t C)GBM`/C)B)G
f[ t C8'DCI8MB]
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▶Using modal superposition, X = 𝚽 q
the equation of motion can be rewritten as

𝐌 Ẍ + 𝐂 Ẋ + 𝐊 X = f

𝛟7𝐌𝛟 q̈ + 𝛟7𝐂𝛟 q̇ + 𝛟7𝐊𝛟 q = 𝛟7 f

⋱ µ ⋱ q̈ + ⋱ c ⋱ q̇ + ⋱ k ⋱ q = Q

µYq̈\ + 2ξYωYµYq̇Y + ωY%µYqY = QY
where, ⋱ µ ⋱ , ⋱ k ⋱ ; generalized mass, stiffness matrices (diagonal)

⋱ c ⋱ ; generalized damping matrix (assumed to be diagonal)

Q ; ϕ7 f = generalized force

ξY ; modal damping ratio for jth mode

ωY ; natural frequency for the jth mode
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𝐌 Ẍ + 𝐂 Ẋ + 𝐊 X = f

S<"<# :𝜔 =
1
2π

&
()

)
R<"<# τ e

(=>?@dτ

=
1
2π

&
()

)
E XA t XB t + τ e(=>?@dτ

=
1
2π

&
()

)
E &

()

)
D
CDE

F

hAC τE fC t − τE dτE &
()

)
D
GDE

F

hBG τ& fG t + τ − τ& dτ& e(=>?@dτ

=
1
2π

&
()

) D
CDE

F

D
GDE

F

&
()

)
hAC τE e=>?@$dτE &

()

)
hBG τ& e(=>?@%dτ&

× E fC t − τE fG t + τ − τ& e(=>? :H@$(@% dτ

=D
CDE

F

D
GDE

F

HAC∗ :ω HBG :ω
1
2π

&
()

)
RJ&J' τ + τE − τ& e(=>? :H@$(@% dτ

=D
CDE

F

D
GDE

F

HAC∗ :ω SJ&J' :ω HBG :ω

= 𝐇∗ :ω 𝐒𝐟𝐟 :ω 𝐇 :ω L
AB

In matrix form
S<< :ω = 𝐇∗ :ω 𝐒𝐟𝐟 :ω 𝐇 :ω L
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▶Then we can obtain PSD for the generalized coordinate qj, due to the random 
force Qj:

SaMaM �ω = HY �ω
%
SbMbM �ω

where HY �ω = $
cM /X_-=%dM_M ^X_ =_M

-

= Frequency response function for the jth mode

▶ In matrix form,

Saa �ω = ⋱ H �ω ⋱ ∗ Sbb �ω ⋱ H �ω ⋱

where Sbb �ω = 𝛟7 See �ω 𝛟

See �ω =
Se,e,(�ω) ⋯ Se,e; �ω

⋮ ⋱ ⋮
Se;e, �ω ⋯ Se;e;(�ω)
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▶Therefore,
S>> �ω = 𝛟𝐒𝐪𝐪 �ω 𝛟7

= 𝛟 ⋱ H �ω ⋱ ∗ Sbb �ω ⋱ H �ω ⋱ 𝛟7

= 𝛟 ⋱ H �ω ⋱ ∗𝛟7 See �ω 𝛟 ⋱ H �ω ⋱ 𝛟7

▶Comparing the above result from the previous one, we can obtain
H �ω = 𝛟 ⋱ H �ω ⋱ 𝛟7
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▶ Procedures to compute 𝐒𝐗𝐗(G𝛚) and σ3(
*

1) Obtain mode shape and natural frequencies;    ϕ4 , ω4; j = 1,2, … , 𝑙,
2) Obtain PSD for the generalized force

S55(Gω) = 𝛟6 S// Gω 𝛟
(𝑙×𝑙)

3) Obtain PSD for the generalized modal coordinates
S;; Gω = ⋱ H Gω ⋱ ∗ S55 Gω ⋱ H Gω ⋱

4) Obtain PSD for the structural displacement
S33 Gω = 𝛟𝐒𝐪𝐪 Gω 𝛟6

5) Obtain PSD for member force;     S t = D X t
S>> Gω = D 𝐒𝐗𝑿 Gω D 6

6) Compute σ3(
* & σ>(

*

σ3(
* = %

"#

#
S3(3( Gω dGω

σ>(
* = %

"#

#
S>(>( Gω dGω
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