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Ch. 3 Higher Order Linear ODEs
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o Al M@ Mo|EHHEA: yWip ()" -+ p(X)y+py(x)y =r(x)
® Standard Form (EZEd): y" 2 X B Yoz Zt= Al

- Homogeneous (BIX}): r(x)=0

- Nonhomogeneous (H|®|X}): r(x)=0



® Superposition or Linearity Principle (
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® Basis of Solution (7|X) : yl(X), :
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® General Solution(
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® Particular Solution (E456}) : n7} 9| At
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® Linearly Independent (Y X}I=Z!)

Ky,(X)+-+k y (xX)=0 2, npol g4 Yo(X) - Yo (X) off cyay
Ol Bt==7t Fol& of™ 7t Aol 2% Kk =---=k, =0 0] &2 2|0

® Linearly Dependent (Y X}&5=):

RSk klyl(x)+"'+knyn(x
Ki, == K, off CHstolz M 2le.
® Initial Value Problem (X7|Z} &H|):

MA dddo2ddAa el =7|=Hez 48
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® Existence and Uniqueness (EX|/d1} fL/d Ha)

Po(X), <, Ppa(X) 7} oftE @al 7zt rof G2BE20)
Xo 7} TZF 7LHOf QUCHE, £7|Zt BX= 77t JojM S
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mEx.3 Yy'-5y"+4y=0 y=ce*+c,e*+c.e*+c,e”
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3.1 Homogeneous Linear ODEs
(KX HE 0| 2LE2)

m Ex. 4 Solve the following initial value problem on any open interval 7
on the positive x-axis containing x = 1.

X°y'"'=3x°y"'+6xXy'—6y =0

yh) =2, y'(1)=1, y"(1)=-4




m Ex. 4 Solve the following initial value problem on any open interval /
on the positive x-axis containing x = 1.

x°y'"'=3x°y"'+6xy'—6y =0

vy =2, y'(1) =1, y'(1)=-4

m

y =X

3 2
—-6m°+11Im-6=0

=3

1
2 3
Yy =C,X+C,X" +C5X

y=2X+ X —X°



® 3X} LA 9| off
- X|E2t2 Z}ELCtL (Girolamo Cardano, 1501-1576):
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3.1 Homogeneous Linear ODEs
(KX M o] 2278 4)
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3.1 Homogeneous Linear ODEs
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® Wronskian or Wronski Determinant

Y, Y, Y,
Y, y,' Y,

W(ylv'”’yn): :1 :2 .. .
AR A y, "

® Linear Dependence and Independence of Solutions (62| Y XS0 LX=E)
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® Existence of a General Solution (
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® General Solution Includes All Solutions (
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3.1 Homogeneous Linear ODEs
(KXt UE SO[EEZ4A)

PROBLEM SET 3.1

HW:




Zt
=

y(n) + an—ly(n_l) Tt aly'+aoy =0

® Characteristic Equation (

A+a A +--+ad+a, =0
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EMuyA A +a A +--+al+a, =0
» Distinct Real Roots (M2 CIE Al )
Ay Ay Ol M2 CHE Z40|H, 0|0f CHSSt= n7He| YRS Rl of -
=, ey, =e
« Simple Complex Roots (Bt SA4H)
Conjugate pairs (B4 (A =y ti1®)2 2 LIEHL.
oloff St F 7He| LAERQ o : Yy, =e” coSwX, Y, =€” sin aX
mEx 1 Y'-2y"-y+2y=0  y=ce *+c,e’+ce”

y'"'—y"+100y'-100y =0 y =€ +3c0s10x+sin10x

W Ex 2
y(0) =4, y'(0)=11, y"(0)=-299



® AUHIS|
« Multiple Real Roots (Cta &)
A 7t mAt HZ0[H, O|0f CHSSt= m 72| A=E QI Y.
e/ix, Xe/lx, XZeﬂx,“" Xm—le/lx

« Multiple Complex Roots (CtE EA43)

A=ytio ol gro1z20/¢

Ol0f CHSot= EA=E 2l &

e” coSwx, e”sinwx, xe” coSwx, xe” sin wx

mEx 3 Yy —3yV+3y"—y"'=0 y=C +C,X+(Cy+C,X+CX")e"
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3.2 Homogeneous Linear ODEs with

Constant Coefficients

(A2HISE ZHe HIXH MY A0 2 A)

PROBLEM SET 3.2

HW: 20 (b)




© n 7| HIR|X ME AT EHHAL

Y™+ p, L ()Y 4 py (X)Y+py (X)y = 1(x), r(x)#0
)+Y,(x)

n-1)

® General Solution: y( )
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O171M Yo =CYy +--+C Y= 2 70N 2] MAL dO|2ddAlel €S0
Yo T2t 701Xl Yoo ¥E EelotA| = HIMAHYEAIQ| OfH 3{O|LCt.

® Particular Solution
« Method of undetermined coefficients

« Method of variation of parameters

yp(x) = yl(x)jW1(X) r(x)ax+---+y. (x)J'W”(X)

W(x)
W (j=1--n)c weo| juim 22 gy [0 0 - 0 1] 2 xjgsto ¢s.




m Ex. 2 Solve the nonhomogeneous Euler-Cauchy equation.

X2y'"—=3x°y"+6xy'—6Yy = x* In X

x> x°
2 3x°
2 06X
x> X
2% 3x°

—

—2x%, W, =

m=1 2, 3
x2 0
2X = X
2 1
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3.3 Nonhomogeneous Linear ODESs
(HIXIX ™ 0| ELE4A)

Step3 HZE

Yp X_‘%XIn xdx —x? [ xIn xdx+x3j%xln xdx:%x“(lnX—l—;j




3.3 Nonhomogeneous Linear ODEs
(H| &} M 0| Z8784])

m Ex. 3 Bending of an Elastic Beam Under a Load. J

Bending moment M (x) = £1y"(X).

£'is Young's modulus of elasticity.
/is the moment of inertia of the cross section about the (horizontal) zaxis.

f(x) is the load per unit length. _
M"(x) =Ely" = f(x) = f,

(A) Simply supported
y=y"=0atx=0and L

f
A) y=—2(x"-2Lx" +L’x
Ay 24E|( )

(B) Clamped at both
ends

y=y'=0atx=0and L

(C) Clamped at the left
| end, free at the
=0 L B right end

NO) =y (0)=0y"(L)=y"(L)=0
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3.3 Nonhomogeneous Linear ODEs
(HIXIX ™ 0| ELE4A)

PROBLEM SET 3.3

HW: 9, 11




