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® Matrix (|1 &): =

A) or Element (24): i ZH 0| L &
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» Row (&ll): &=
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® Vector (HIE{):

« Row Vector (GHHIE]): 5lL|o| o= LM

« Column Vector (ZHIE]): SiLtO| E=Z 1M



® General Concepts and Notations

&; 8, - &,
A=la,]=| " %2 7 Tl mxnaz
Ay Qny ot Qg
- HE2 A2 HEXE LIEfHD
« J R Ofe ™AL/ = Row ()
- &= HHEY Of2 Xt k = Column (&)

® Square Matrix (FJWal H)
Z

. m=nolztE AS HAIZE mYo|ct
YN UL Ay, Ay, e,



e

7.1 Matrices, Vectors: Addition and
Scalar Multiplication (=, HIE: gt}

® Vectors (E): 3}Lt2| $4(H)0 & O|20{% 1xn (Mx1) #

m Ex. n X}2 Row Vector (il E): a=[a1, a,, - an]
_bl_
m X2l Column Vector (ZHIE): b b,
_bm_

AZE




® Equality of Matrices (2| &43):
HEHo| JV[7F 4ol k= AAS0| RF E2
® Matrix Addition (Si2190] 7}HH):

22 37| WA CHSHM D Folz|n, O g2 .
Cigto 2 AofEICt.

® Scalar Multiplication (AZ2}&):

WOl 2t U20| M5 Feho YojFct

o A JiH A AZElEof Cfeh HAHHE
A+B=B+A c(A+B)=cA+cB
(A+B)+C=A+(B+C) (c+k)A=cA+kA
A+0=A c(kA)=(ck)A

A+(-A)=0 1A=A
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7.1 Matrices, Vectors: Addition and
Scalar Multiplication (=, HE: gt} AZ2lS)

PROBLEM SET 7.1

HW: 16 (d)




® Matrix Multiplication (UZ 1} i o| =):
mxn #HA=|a, |9 B4 nIt rxp BB p=|p,| 2 B4 70| A2 Z0}0f
7g9|E||]:| Ci :Zajlblk :aj1b1k+a12b2k+ -+a;,b = ‘OL-I—)IK—E 6|‘E mxp _%HEEJ'E 7é->|9|5|:||-

jn™nk

# AB HO|E|X|0t BAL HO|gX| 22 % Lt

® 32 o| 22 Not Commutative (H|7}&HH): AB = BA
e il Sof Ciet HitHE
(kA)B =k(AB)=A(kB)

A(BC)=(AB)C  (Z&d=(Associative Low))

(A +B)C=AC +BC (2l & Z|(Distrivutive Low))

C(A +B)=CA +CB (24l & Z(Distrivutive Low))



® Transposition of Matrices (¥ &} W E{2| T X]):
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® Symmetric Matrix (CHA3&): X7 222
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® Special Matrices (S

® Skew-symmetric Matrix (

[

HX[7F =ejel HES| 50| &

® Triangular Matrix (

 Upper Triangular Matrix (%

1ol 11 9|Z o= At 00| Ot

- Lower Triangular Matrix (O}2} 4hZtsl =):

_
(O]

o0
IH
ol
-A
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N[

KF

= Zo 1 ofefF2 =2k 00] Of

® Diagonal Matrix (CHj 2t &):

A

Al
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 Scalar Matrix (
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- Unit or Identity Matrix (Tt|{3l



B Ex. 13 Suppose that the 2004 state of land use in a city of 60 mi2 of built-
up area is

C: commercially used 25%, I. Industrially used 20%, R: Residentially used 55%

Find the states in 2009, 2014, and 2019, assuming that the transition
probabilities for 5-year intervals are given by the matrix A and remain
practically the same over the time considered.

From C I R

(07 01 0] ToC
A=(02 09 02| Tol
_0.1 0 0.8_ To R

2009: [19.5 340 46.5]
2014: [17.05 43.80 39.15]
2019: [16.315 50.660 33.025]
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7.2 Matrix Multiplication (cli=9]
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PROBLEM SET 7.2

HW: 24, 28 (a), (b)




® Linear System ({1 21874 Al).

a11)(1_|_”'—|_aln n:bl all a12 ain
Ay Xy + o+ X, = bz Ay 8y Ay,
alel Tt a'mn Xn - bm _aml am2

- Homogeneous Simultaneous System (| X} 2! dh7d Al):
b, 7t 25 091 HL
- Nonhomogeneous Simultaneous System (H| | X} 2! 27 Al):

b, & XO|= SfLp= 00| OfHl %2
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Aol =4

TEE)A

- Coefficient Matrix (&
- Solution Vector (S{®!E{): x

- Augmented matrix (H7}3): |+ E 40| &

a, @, - ,:b
~ |3, a a, :b
A = :’-1 22 2n. .2
_a'ml a'm2 amn .bn

o
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® Gauss Elimination and Back Substitution (7}$2A 271}

Linear system Augmented matrix

2x, +5%x, =2 2 5 2
—4x, +3%x, =-30 -4 3 -30
Stepl X = 27 A W 4o = 8 o 2, 0|2 F W 4O HoHCt
2X, +5X, =2 2 5 2
13x, =26 0 13 -26

Step 2 Z X|=2}Back Substitution)S £3
0bx gt AN X, =—26/ =2 &

CHRIOHO] X, Off CHSHO] “SE|orH, X, =
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® Elementary Row Operations. Row-Equivalent Systems
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® Row-Equivalent Systems (

® Row-Equivalent (

Bl

=
10



® Gauss Elimination (7}$A A7{t¥): dzl8l™Alo] M| 7}X| AL
33| we 8|7t =xyst Xo| w71 @842 sHO &

=] =
T —
. QU 8|7t ERYBHE HS
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40
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m Ex. 3 Solve the following linear systems of three equations in four
unknowns whose augmented matrix is .

30 20 20 -50 : 80]  3.0%+2.0Xx,+2.0x; —5.0x, =8.0
06 15 15 -54 : 27 0.6, +1.5%, +1.5X; —5.4%, = 2.7
12 -03 -03 24 : 21|  12%-03% —0.3x+24%, =21

Stepl X 2 A~A
H

Hh& A0 —0.6/3.0=-0.2 HY &} P SESTV N E Foy Jot

M HGAM0| ~1.2/3.0=-0.4 HYf StOf M HRY Y A0f TSt
(30 20 20 -50 : 80] 3.0% + 2.0, +2.0%; —5.0%, =8.0
0 11 11 -44 i 1.1 [28+(-0.2)x1¥ 1.1, +1.1x; — 4.4x, =1.1
0 -11 -11 44 : —11(338+(-04)x13  -1.1x,-1.1x;+4.4x,=-1.1




Step 2 X, 2 A7: & H WHAOLYLL=1 tY 5}0f M| R LH A0 Cistat

(3.0 20 20 -50 : 8.0] 3.0, + 2.0, +2.0X, —5.0x, = 8.0

0 11 11 -44 : 11 1.1%, +1.1%; — 4.4, =1.1

0 0 0 0 i 0 [3&+2# 0=0
Step 3 &=X|gt X, =1-X,+4X,, X =2-X,

x2tx, = g2Z2 28 & U= 0|2, 79[ B2 df7F Lo TICt



m Ex. 4 Gauss Elimination if no Solution Exists

3 21 ¢ 3
2 1110
6 2 416

Stepl X & A

AR ol -84 =2 by stof = iy
3 2 1 : 3
BER -2 22”4—(—2}&60”
3 3 3
0 -2 2 ¢ 0 ]3sl+(-2)x13

3X, +2X, + X, =3
2%, + X, + %, =0
6X, +2X, +4X, =6

3X, +2X, + X, =3

—%x2+%x3 =2

—2X, +2X, =0
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7.3 Linear Systems of E
Elimination (MY

2IHFX Al

EOO_II7I-_?_

Step 2 X, 2 A7 M| A AN X, 2 A7

3 2 1
o -1 1

3 3
0 0 0
2+0| &[0 &

| 3X, +2X, + X, =3
1 1
—§X2+§X3 :—2
38 + (- 6)x 2H 0=12

guations. Gauss
A 27{H)
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7.3 Linear Systems of Equations. Gauss

Elimination (MY ¢=IEH Al 719 A A 7{HH)

PROBLEM SET 7.3

HW: 21




%0
4r
klo

=

ull
Hr
ofl
ol

Tl

ch, a:®lH)

2t
=

A

Cy) + €8+ +Cpayy =0 (C:

Kir

oll

¢ Linearly Independent (



oA 1IX=EQl AHE S| Z|CH ~0|0 rank A2t HA|

H

.
o
o

® A 9| Rank (A=)

mfl
=
10

od

1o

=
10

=
10

%0

mul

I
ofl
=

4r
Ko

oll

=
10

Xt 20(Lt

ol
=

|E12| =|CH=~2f ZLCt.

O[id, O A=7t p 2L Ko H

0| A7t p O
- EHE|o]l of 3t A%

=

o

.
o

=
10

=
10

4r
Ko

O|C}.

SEAF Ql kL=
S BAES

HE2

H
=1

p 1Ll



7.4 Linear Independence. Rank of a Matrix.
Vector Space (XM=& 32| Al HE S

m Ex. 3 Determination of Rank

¥TE
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® Vector Space (ME{| 57

|
&

F

Rl

Mo T

c(A+B)=cA+cB

A+B=B+A

(c+k)A=cA+kA

c(kA)

(A+B)+C=A+(B+C)

(ck)A

1IA=A

O] Z|CH4=0|H dim VE H7|

L

® Dimension (X}&):



® Basis (7]|X):
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® Subspace (
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HE9 dd&5

Hl
=1

® Column Space (283 7h): &
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® Null Space (€23 7H): Ax
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® Nullity (E|S}Xt$): 57t X
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A°] 3 7y

ALl A+ A9 H 3}t
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7.4 Linear Independence. Rank of a Matrix.
Vector Space (XS, #Eo| Al HE|Z7H

PROBLEM SET 7.4

HW: 11, 36




MAAZ B A0 Consistent, CHA| S 20| 17| {eh sHE 47| 2ot
LQSE2XAE A HIMME0| 22 A+-E 4= 40|}

MY AgEdAlol Rt SHE 7] fiot ERFEXRAS Alx-HBar BV
7E|-2 7:”/\2 Zt= 740 I:l-
— T = X1 A

« Infinitely Many Solutions (5| &2 df):
AeHB | Al=7t O|X|=2| 7f=EC} 2™ F=5] =2 57} =X
« Gauss Elimination (Gauss &7{H):

off 7t ZAWOHH Gauss 2H O 2|5 2F ol &2 o UL
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X, —X,+%X,=0
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* AEoHA|

X, +2X, =X, =0
| Sl OICt.
Eff 7
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27 Al0| 47} O|X| 40 £HTH M HX}

(Nontrivial Solution)E Zt=C}.

e O|X|=EC}
® H|X| X}
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® Determinant of Second Order (2K} 3 & Al)

D =det(A)=

C A

L

0%

o1 A

A X +a,X, = b1

Ay X +ayX, = bz

m Ex. 1 Cramer’s Rule for Two Equations

4x, +3Xx, =12
2%, + 95X, =—8

Ay
a‘21

Ay

=a;;ay, —a;ay
ay,

Cramer?2| B &l

v

D+0

b1 a,

bz Ay, _ b1a22 B a12b2
D D

a, b

Ay, bz _ a11b2 B b1a21
D D

X, =6, X,=-4



® Determinant of Third Order (3K} 3= Al)

d; 8y, 8
D= det(A) =@ 8p 8y
Ay A Ay
L |R2 A 8y, CPICE
=ay, — 8y +8y
A3, Ay A3 Ay 8y Ay

- a11a22a'33 - a11a23a32 _ a21a13a32 + a21a12a33 + a31a12a23 _ a31a13a22



®

0%

o1 A

A X, A X, tapX; = bl
Ay X T A5)X, +aAyX; = bz
Ay X + A5 X, + 8g3X5 = b3

Cramer?2| 2 Al

D+0
a; b
Dz =y bz
31 b3

> X

Dl

=05




® Determinant of Order n (n X} S & Al)

a; &, - &,

a, &, - a
D=det(A)=[* "2 _ %

a'n1 anZ T ann

n=10/H D=a,
n>20l™ D=aj1Cj1+aj2Cj2+"'+aanjn (j:]_’ 2, -, n)

CcC
a-

rlr

D=a,C, +a,C, +-+a,C, (k=1 2, -, n)
Cy =(-1)"M,, M =n-1xte| sz Al
* Minor (283 A): M,
(o] Cjk

« Cofactor (04 2Ql=):



e

7.7 Determinants. Cramer’s Rule
(SHZ Al JajHo| EH%l)

m Ex. 2, 3

1 3 0 -3 0 O
D=2 6 4, D=6 4 0
-1 0 2 -1 2 5

-12, -60




® Behavior of an n th-Order Determinant wunder Elementary Row Operations

J

=
10

=
10

=
10

o
10

=
10

i

o
10

® Further Properties of n th-Order Determinants
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® Rank in Terms of Determinants

s

FEYHE nxn L IOff, A7t

=
10

0
IH
I

—t

10
KO0

® Cramer?| ™Mz|(S

b,

Ay X + X, -+, X, = bz

X,

a; X, +apX, +--

CramerQ| 22l

D#0

an1X1 + a'n2X2 +oeeet annxn - bn

<
ol
0

0l
ol

10
=

o}l

JI
nK

<
oK

oJ

DO kE T ZS b, -
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7.7 Determinants. Cramer’s Rule
(SHZ Al 3 o] BHAl)

PROBLEM SET 7.7

HW: 17




® Inverse Matrix (&<

AA_l - A_lA = I

-

At:A=[a,] o o

Of-
RO
A
K
ol
il
o

): &

 Nonsingular Matrix (%4 %3

oF
X0
|4
o
~K
ojn
i
10

ar

- Singular Matrix (50|

o} LC}.

oll
OF

olJ
o
g

=
10

® Existence of the Inverse (g 20| =xHA)

det(A)=0

N

=N

rank(A)

N

M

RN

[S)

Adtnxnd S [, A

Bl
T

Rl
KO
JI

il

-
110

uir
JI
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7.8 Inverse of a Matrix. Gauss-Jordan
Elimination (d28&. Gauss-Jordan 4 7{tH)

® Gauss-Jordan 27{®H0j o|ot A

ot
u
lo
i
2l

nxnE AS| B A'S HHGID| 9B W

~ A7 H .
A=[A : I] Gauss A7 R




7.8 Inverse of a Matrix. Gauss-Jordan
Elimination (A< &. Gauss-Jordan A~74{tH)

mEx. 1 1 1 2
3 -11
-1 3 4




mEx. 1 1 1 2]
A=3 -11 .
-1 3 4
-1 1 2:100 -1 1 2
A :1]=|3 -1 1:0 10 = 0 27 : 3 0|28 +3x13Y
-1 3 4:001 0 22:-10 3H 13
-11 2 : 1 00 1 -1-2:-1 0 0] -1
= |0 2 7 : 3 10 = |0 1 35 : 15 05 0 |05x2&
0 0 -5 : —4 -1 1|32 0 0 1 : 08 02 -02|-0.2x3
1 -1 0 : 06 04 -04] 138+2x3H 100 : -07 02 03]138+28
= |0 1 0 : -13 -02 0.7 |[28-3.5x3% =0 1 0 : -13 -02 0.7
0 0 1: 08 02 -02 001: 08 02 -02
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7.8 Inverse of a Matrix. Gauss-Jordan
Elimination (d28 3. Gauss-Jordan 4 7{tH)

® Useful Formulas for Inverses

_C11 C21 Cnl
1 1 C C ... C

nxn & A=|a, |2 Z&HES A 2 E "
| ’k] detA[ ’J detA| & 1 e

_Cln C2n Cnn_




7.8 Inverse of a Matrix. Gauss-Jordan
Elimination (A< &. Gauss-Jordan A~74{tH)

mEx. 3 ~ _
-1 1 2

3 -1 1
-1 3 4
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7.8 Inverse of a Matrix. Gauss-Jordan
Elimination (d28 3. Gauss-Jordan 4 7{tH)

m Ex. 3 ~ B
-1 1 2
A=3 -1 1
_—1 3 4_

-1

detA=-1(-7)-1-13+2-8=10, C,= .
3 1 -1 2

C12=_1 4=_13; C22=_1 4——2, C32—
- -1 1

13—_ 3 =8, C23——_ 3:2, 33 =

! 7, C 1 2—2
4_ ! 21 — 3 4_ )
-1 2
=7,
3 1‘
101 .
3 -

1 2 3
31— _1 1 — Y%
-0.7 02 03
-13 -02 0.7
08 02 -0.2

|
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. Cancellation Laws (2F2 )
o ofX| &=Ct. AB=BA (2Ht8 o2 HEISHK| =C})
- AB=02 I{A=0E=B=00| otd == UL}

S o
0x
U

- AC=ADQA I C«D & == QC} (AX|0{A=0 & Mo Z).
® Cancellation Laws (2F=2tH %)
A, B, CE nxn &#&0|2} ol X

- rankA=no|1 AB=ACO |EI B =C O|LC}.
- rankA=no/H AB=0 2 B=0 & o/O|%tLC}.
AB =00 A A=00]2B=#00/Hrank A <nO|l rankB <n
- A7} SO0|HEHO|H AB 2t BA & ot SO|HHO|LCH
o sl To| shHA : det(AB)=det(BA)=detAdetB

™
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7.8 Inverse of a Matrix. Gauss-Jordan
Elimination (938 &. Gauss-Jordan 2 7{tH)

PROBLEM SET 7.8

HW: 15




® Real Vector Space (AHIE{-Z7H)
 Vector Addition (HIE{Q| SiMl): a+Db

Commutativity (VO 2t & a+b=b+a

Associativity (2 & &) (U+Vv)+w=u+(v+w)
Zero Vector (& 8! H) a+0=a
a+(-a)=0

- Scalar Multiplication (AZ2t&): ka
Distributivity (2Hi4)  c(a+b)=ca+cb
Distributivity (2Hi4)  (c+kJa=ca+ka
Associativity (2 &4)  c(ka)=(ck)a

la=a

m Ex. 1 Basis of the real 2 X 2 matrices

o o'l

I

0 0
1 0

I

0 O
0 1

|



® Real Inner Product Space (L& 35 7H * Hilbert space: an inner

product space which,

Inner or dot Product (L§X): a'b= a,b):a-b as a metric space, is
+

1. Linearity (g,2+a,b,¢)=q,(a,¢c)+a,(b,c) complete
2. Symmetry (a,b)=(b,a)
3. Positive - definiteness  (a,a)> 0,
(Fe] g = 4) (a,a)=0L HRE2XH2 a=0
» Orthogonal: L X 0| G2l & HIH « Euclidean space:
_ L5 22 9t AHe gt
« B2l 20| £= = E(Norm) : ||a||:V(a,a 2. = M2 gl MES O3z S
. UCLEM 22 O = ULCH)
» Unit Vector : Z0|7+ 121 #H 3. ooo] o Hut 9o|9| 20|12 HHX|Z
. . O o= #& g &+ QUL
® Basic Inequality (7|25 S4) 4 xzto E—'? @%EOTEfM
_ = A 5. XIM|T} O XIMHEO| 3 X P} 9IS
- Cauchy -Schwarz £S4! : |(a,b) < a]b] e e B s
- AARSA: [a+b|< a]+ o 2O
- WHAHAE SA: Ja+b| +[|a-b| = ZQ\aHZ +HbH2)



® Linear Transformations (¥ X}tH=2l)

« Xo| A YZ 2] Mapping (AtAH) =+ Transformation (81 &) == Operator (2 &AL :
F3E X o HE xol thsto] 3ty o FAT HE yE e

= Linear Mapping (& & AtAF) I+ Linear Transformation (& XF2 2H):

X o] deojof WE v, x 9} Je 27} co djsho
* F(v+x)=F(v)+F(x)
* F(cx)=cF(x) & 5

* R"OJA R™ o= o XA SES Aot} (y=Ax)
- R"OJA R™" o 2ol A3 F= mxndH Aol &3] Fo Rt



"3 T 1711 0] [-1 O a 0

1 0] |0 -1 0 -1 0 1
a reflection in the line x, = x;, a reflection in the x—axis, a

reflection in the origin, and a stretch (when a > 1, or contraction
when 0 < g < 1) in the x;—direction, respectively.

= Ex. 4 Find A representing the linear transformation that maps (x;, x) onto
(2x.-5x, 3x+4x)

2 -5
A —
3 4



( 7.9 Vector Spaces, Inner Product Spaces,

Linear Transformations
MIE|SZh LS ZE LXpHEh

PROBLEM SET 7.9

HW: 13, 28




