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ol
()= e ,
X *) = e ”&) This signal is sketched in Figure 4.6. The Fourier transform of the signal is
+ 4] o
Qé-‘)‘& ‘.> - X(jw) = J gl gmiwt gy —j e v dy +J P ) 1
— - 0
1 1
= —
a— jo a+ jw
_ 2a
A+ e

In this case X(jw) is real, and it is illustrated in Figure 4.7.
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Figure 4.6 Signal x(f) = e " of Example 4.2.
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Figure 4.7 Fourier transform of the signal considered in Example 4.2 and
depicted in Figure 4.6.

< Example 4.3

Now let us determine the Fourier transform of the unit impulse

x(t) = &(1). (4.14)
Substituting into eq. (4.9) yields

X(jw) = J (e /“dt = 1. (4.15)
Chy @.737))
That is, the unit impulse has a Fourier transform consisting of equal contributions at all
frequencies.
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s
< Example 4.4 > l
Consider the rectangular pulse signal /7 2T
o ® || < T,

x(1) = [0’ =T (4.16)
as shown in Figure 4.8(a). Applying eq. (4.9), we find that the Fourier transform of this
signal is

T _ .
X(jw) = J i, e HENOLE (4.17)
-7, JJ} 2 £U7/-
R ) T«
as sketched in Figure 4.8(b). = JSanc (.-7—t—-)
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Figure 4.8 (a) The rectangular pulse signal of Example 4.4 and (b) its
Fourier transform.

* As we discussed at the beginning of this section, the signal given by eq. (4.16) can be
thought of as the limiting form of a periodic square wave as the period becomes arbitrarily
large. Therefore, we might expect that the convergence of the syathesis equation for this
signal would behave in a manner similar to that observed in Example 3.5 for the square
wave. This is, in fact, the case. Specifically, consider the inverse Fourier transform for the
rectangular pulse signal:

xH = — p aatiak B L T
27 | _. z,w7/‘

Then, since x(r) is square integrable, 4, @, ) € L.._C—”.» ”) .

I J’“ sinwT)
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A 2y
XKt = 5\: t) an »4e> ie J |x(t) — 2 dt = 0.
Ly s2vse &

Furthermore, because x(f) satisfies the Dirichlet conditions, #(r) = x(z), except at the
points of discontinuity, + = *T;, where %(f) converges to 1/2, which is the average of
the values of x(7) on both sides of the discontinuity. In addition, the convergence of £(¢)
to x(r) exhibits the Gibbs phenomenon, much as was illustrated for the periodic square
wave in Figure 3.9. Specifically, in analogy with the finite Fourier series approximation,
eq. (3.47), consider the following integral over a finite-length interval of frequencies:

w .
L[* Ty,
2 -W w

As W — oo this signal converges to x(¢) everywhere, except at the discontinuities. More-
over, the signal exhibits ripples near the discontinuities. The peak amplitude of these rip-
ples does not decrease as W increases, although the ripples do become compressed toward
the discontinuity, and the energy in the ripples converges to zero.

(Example 4.5 >

Consider the signal x(f) whose Fourier transform is

I, |o<W

0 |o|>W (4.18)

X(jw) = [
This transform is illustrated in Figure 4.9(a). Using the synthesis equation (4.8), we can
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Figure 4.9 Fourier transform pair of Example 4.5: (a) Fourier transform for
Example 4.5 and (b) the corresponding time function.
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Figure 4.11  Fourier transform pair of Figure 4.9 for several different values of W.

and we can see a similar effect in Figure 4.8, where an increase in 7| broadens x(7) but
makes X(jw) narrower. In Section 4.3.5, we provide an explanation of this behavior in the
context of the scaling property of the Fourier transform.

4.2 THE FOURIER TRANSFORM FOR PERIODIC SIGNALS

In the preceding section, we introduced the Fourier transform representation and gave
several examples. While our attention in that section was focused on aperiodic signals, we
can also develop Fourier transform representations for periodic signals, thus allowing us to
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Let us determine the Fourjer tragsform.tia) of the unit step x(f) = u(f), making use
of eq. (4.32) and the knowledge that

g(n) = 8(1) N G(jw) = 1.
Noting that

x(r) = L. gl@)dr

and taking the Fourier transform of both sides we obtain

G(Jr v)

X(jw) = + G(0)5(OJ)

where we have used (he tegration mpcrt} listed in Tﬁble 4.1. Since G(jw) = 1, we
* conclude that J ,”.

X(jw) = }-ﬂ + 1'3(:0) (4.33)
e

Observe that we can apply the differentiation property of eq. (4.31) to recover the
transform of the impulse. That is, : '

0= 42 5, o[ Lt )] -

where the last equality follows from the fact that w8(w) = 0. :

< Example 4.12 =
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