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weak form : 
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Elasticity 05 - 2D Problems

Summary : State of 2D Problems
‘A State of Plain Strain’

x
y

z
If the ends of the cylinder are 
prevented from moving in the z 
coordinates, we can assume          at 
every cross section of the cylinder

, , 0

, 0, 0

x y z

xy yz zx

u v
x y
u v
y x

ε ε ε

γ γ γ

∂ ∂
= = =
∂ ∂
∂ ∂

= + = =
∂ ∂

0w =

Where ( , ), ( , )u u x y v v x y= =

( , ), ( , ), ( , )x x y y xy xyx y x y x yε ε ε ε γ γ= = =

‘A State of Plain Stress’

1d
l
>>z

y

l

0, 0, 0z zx zyσ τ τ= = =

A thin plate under the lateral load 
uniformly distributed over its thickness

y

x
d

( , ), ( , )

( , )
x x y y

xy xy

x y x y
u v

σ σ σ σ

τ τ

= =

=

Where

0, ( , ), ( , )Z X X x y Y Y x y= = =

Given : body force

Find :  Stress

, ,x y xyσ σ τ
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Elasticity 05 - 2D Problems

Summary 

Given : Body force 

(1 )(1 2 ) (1 )

(1 )(1 2 ) (1 )

(1 )(1 2 ) (1 )

x x

y y

z z

E Ee

E Ee

E Ee

νσ ε
ν ν ν
νσ ε
ν ν ν
νσ ε
ν ν ν

= +
+ − +

= +
+ − +

= +
+ − +

, x y ze ε ε ε= + +

,
2( 1)

,
2( 1)

,
2( 1)

xy xy

yz yz

zx zx

E

E

E

τ γ
ν

τ γ
ν

τ γ
ν

=
+

=
+

=
+

6 Relations btw. 6 Strain and 6 Stress 

6 Equations of force equilibrium

0

0

0

yxx zx
x

xy y zy
y

yzxz z
z

F X
x y z

F Y
x y z

F Z
x y z

τσ τ

τ σ τ

ττ σ

∂∂ ∂
= + + + =

∂ ∂ ∂
∂ ∂ ∂

= + + + =
∂ ∂ ∂

∂∂ ∂
= + + + =

∂ ∂ ∂

∑

∑

∑

0

0

0

x yz zy

y xz zx

z xy yx

M

M

M

τ τ

τ τ

τ τ

= − =

= − =

= − =

∑
∑
∑, ,X Y Z

, : Lame Elastic constantµ λ

:Shear MoldulusG

: Young's ModulusE
u v we
x y x
∂ ∂ ∂

= + +
∂ ∂ ∂

, , : bodyforce in x,y, and z direction repectivelyX Y Z
: Poisson's Ratioν

2 2 2
2

2 2 2x z y
∂ ∂ ∂

∇ = + +
∂ ∂ ∂x y zσ σ σΘ = + +

2

1

3

15 Equations

2
2

2
2

2
2

1 0
1

1 0
1

1 0
1

xy

yz

zx

Y X
x y x y

Z Y
y z y z

X Z
z x z x

τ
ν

τ
ν

τ
ν

 ∂ ∂ ∂ Θ
+ +∇ + = ∂ ∂ + ∂ ∂ 

 ∂ ∂ ∂ Θ
+ +∇ + = ∂ ∂ + ∂ ∂ 

∂ ∂ ∂ Θ + +∇ + = ∂ ∂ + ∂ ∂ 

2
2

2

2
2

2

2
2

2

12 0
1 1

12 0
1 1

12 0
1 1

x

y

z

X Y Z X
x y z x x

X Y Z Y
x y z y y

X Y Z Z
x y z z z

ν σ
ν ν

ν σ
ν ν

ν σ
ν ν

 ∂ ∂ ∂ ∂ ∂ Θ
+ + + +∇ + = − ∂ ∂ ∂ ∂ + ∂ 

 ∂ ∂ ∂ ∂ ∂ Θ
+ + + +∇ + = − ∂ ∂ ∂ ∂ + ∂ 

 ∂ ∂ ∂ ∂ ∂ Θ
+ + + +∇ + = − ∂ ∂ ∂ ∂ + ∂ 

, , , , ,x y z xy yz zxσ σ σ τ τ τFind   : Stress

6 Variables
6 Equations

, , , , , , , ,x yx zx xy y zy xz yz zσ τ τ τ σ τ τ τ σ

, ,u v w
, , , , ,x y z xy yz zxε ε ε γ γ γ6 Strain

9 Stress 

3 Displacement 

15 Variables

6 Relations btw. Strain and Displacement

, , ,

, ,

x y z

xy yz zx

u v w
x y z
u v v w w u
y x z y x z

ε ε ε

γ γ γ

∂ ∂ ∂
= = =
∂ ∂ ∂
∂ ∂ ∂ ∂ ∂ ∂

= + = + = +
∂ ∂ ∂ ∂ ∂ ∂

2

2

2

, 2

, 2

, 2

yz xyx zx

y yz xyzx

yz xyzxz

y z x x y z

z x y x y z

x y z x y z

γ γε γ

ε γ γγ

γ γγε

∂ ∂ ∂ ∂∂
= − + + ∂ ∂ ∂ ∂ ∂ ∂ 

∂ ∂ ∂ ∂∂
= − + ∂ ∂ ∂ ∂ ∂ ∂ 

∂ ∂ ∂∂ ∂
= + − ∂ ∂ ∂ ∂ ∂ ∂ 

2 22

2 2

2 22

2 2

2 22

2 2

y xyx

y yzz

x zxz

y x x y

z y y z

x z z x

ε γε

ε γε

ε γε

∂ ∂∂
+ =

∂ ∂ ∂ ∂

∂ ∂∂
+ =

∂ ∂ ∂ ∂

∂ ∂∂
+ =

∂ ∂ ∂ ∂

Compatibility equations 3 independent Equations

18 Variables

18 EquationsIf we are interested in finding only the stress 
components in a body. we may reduce the system 
of equations to six equations with six unknown 
stress components

recall,
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Elasticity 05 - 2D Problems

Summary 

(1 )(1 2 ) (1 )

(1 )(1 2 ) (1 )

(1 )(1 2 ) (1 )

x x

y y

z z

E Ee

E Ee

E Ee

νσ ε
ν ν ν
νσ ε
ν ν ν
νσ ε
ν ν ν

= +
+ − +

= +
+ − +

= +
+ − +

, x y ze ε ε ε= + +

,
2( 1)

,
2( 1)

,
2( 1)

xy xy

yz yz

zx zx

E

E

E

τ γ
ν

τ γ
ν

τ γ
ν

=
+

=
+

=
+

6 Relations btw. 6 Strain and 6 Stress 

6 Equations of force equilibrium

0

0

0

yxx zx
x

xy y zy
y

yzxz z
z

F X
x y z

F Y
x y z

F Z
x y z

τσ τ

τ σ τ

ττ σ

∂∂ ∂
= + + + =

∂ ∂ ∂
∂ ∂ ∂

= + + + =
∂ ∂ ∂

∂∂ ∂
= + + + =

∂ ∂ ∂

∑

∑

∑

0

0

0

x yz zy

y xz zx

z xy yx

M

M

M

τ τ

τ τ

τ τ

= − =

= − =

= − =

∑
∑
∑

15 Equations

, , , , , , , ,x yx zx xy y zy xz yz zσ τ τ τ σ τ τ τ σ

, ,u v w
, , , , ,x y z xy yz zxε ε ε γ γ γ6 Strain

9 Stress 

3 Displacement 

15 Variables

6 Relations btw. Strain and Displacement

, , ,

, ,

x y z

xy yz zx

u v w
x y z
u v v w w u
y x z y x z

ε ε ε

γ γ γ

∂ ∂ ∂
= = =
∂ ∂ ∂
∂ ∂ ∂ ∂ ∂ ∂

= + = + = +
∂ ∂ ∂ ∂ ∂ ∂

2

2

2

, 2

, 2

, 2

yz xyx zx

y yz xyzx

yz xyzxz

y z x x y z

z x y x y z

x y z x y z

γ γε γ

ε γ γγ

γ γγε

∂ ∂ ∂ ∂∂
= − + + ∂ ∂ ∂ ∂ ∂ ∂ 

∂ ∂ ∂ ∂∂
= − + ∂ ∂ ∂ ∂ ∂ ∂ 

∂ ∂ ∂∂ ∂
= + − ∂ ∂ ∂ ∂ ∂ ∂ 

2 22

2 2

2 22

2 2

2 22

2 2

y xyx

y yzz

x zxz

y x x y

z y y z

x z z x

ε γε

ε γε

ε γε

∂ ∂∂
+ =

∂ ∂ ∂ ∂

∂ ∂∂
+ =

∂ ∂ ∂ ∂

∂ ∂∂
+ =

∂ ∂ ∂ ∂

Compatibility equations 3 independent Equations

18 Variables

18 Equations‘A State of Plain Strain’

, , 0

, 0, 0

x y z

xy yz zx

u v
x y
u v
y x

ε ε ε

γ γ γ

∂ ∂
= = =
∂ ∂
∂ ∂

= + = =
∂ ∂

(without gravitational force)

0

0

yxx

xy y

x y

x y

τσ

τ σ

∂∂
+ =

∂ ∂
∂ ∂

+ =
∂ ∂

2 22

2 2
y xyx

y x x y
ε γε ∂ ∂∂

+ =
∂ ∂ ∂ ∂

1 [(1 ) ]

1 [(1 ) ]

x x y

y y x

E

E

νε ν σ νσ

νε ν σ νσ

+
= − −

+
= − −

xy
xy G

τ
γ =

[(1 ) ]
(1 )(1 2 )

[ (1 ) ]
(1 )(1 2 )

[ ]
(1 )(1 2 )

x x y

x x y

z x y

E

E

E

σ ν ε νε
ν ν

σ νε ν ε
ν ν

σ ε ε
ν ν

= − +
+ −

= + −
+ −

= +
+ −

2( 1)xy xy
Eτ γ
ν

=
+

Define stress function          
such that 

- reduce no. of variables satisfying 
force equilibrium eqn.

( , )x yψ

2 2 2

2 2, ,x y yxy x x y
ψ ψ ψσ σ τ∂ ∂ ∂

= = = −
∂ ∂ ∂ ∂

1

4 0ψ∇ =

4 2 2( )∇ = ∇
Biharmonic Equation

2
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Elasticity 05 - 2D Problems

Summary 
‘A State of Plain Strain’

4 0ψ∇ =

4 2 2( )∇ = ∇
Biharmonic Equation

ψfind , ,x y yxσ σ τ

2 2 2

2 2, ,x y yxy x x y
ψ ψ ψσ σ τ∂ ∂ ∂

= = = −
∂ ∂ ∂ ∂

find

1 [(1 ) ]

1 [(1 ) ]

x x y

y y x

E

E

νε ν σ νσ

νε ν σ νσ

+
= − −

+
= − −

xy
xy G

τ
γ =

, ,x y yxε ε γfind , ,u v w

, ,x y

xy

u v
x y
u v
y x

ε ε

γ

∂ ∂
= =
∂ ∂
∂ ∂

= +
∂ ∂

find

, , 0

, 0, 0

x y z

xy yz zx

u v
x y
u v
y x

ε ε ε

γ γ γ

∂ ∂
= = =
∂ ∂
∂ ∂

= + = =
∂ ∂
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Elasticity 05 - 2D Problems

Summary 

(1 )(1 2 ) (1 )

(1 )(1 2 ) (1 )

(1 )(1 2 ) (1 )

x x

y y

z z

E Ee

E Ee

E Ee

νσ ε
ν ν ν
νσ ε
ν ν ν
νσ ε
ν ν ν

= +
+ − +

= +
+ − +

= +
+ − +

, x y ze ε ε ε= + +

,
2( 1)

,
2( 1)

,
2( 1)

xy xy

yz yz

zx zx

E

E

E

τ γ
ν

τ γ
ν

τ γ
ν

=
+

=
+

=
+

6 Relations btw. 6 Strain and 6 Stress 

6 Equations of force equilibrium

0

0

0

yxx zx
x

xy y zy
y

yzxz z
z

F X
x y z

F Y
x y z

F Z
x y z

τσ τ

τ σ τ

ττ σ

∂∂ ∂
= + + + =

∂ ∂ ∂
∂ ∂ ∂

= + + + =
∂ ∂ ∂

∂∂ ∂
= + + + =

∂ ∂ ∂

∑

∑

∑

0

0

0

x yz zy

y xz zx

z xy yx

M

M

M

τ τ

τ τ

τ τ

= − =

= − =

= − =

∑
∑
∑

15 Equations

, , , , , , , ,x yx zx xy y zy xz yz zσ τ τ τ σ τ τ τ σ

, ,u v w
, , , , ,x y z xy yz zxε ε ε γ γ γ6 Strain

9 Stress 

3 Displacement 

15 Variables

6 Relations btw. Strain and Displacement

, , ,

, ,

x y z

xy yz zx

u v w
x y z
u v v w w u
y x z y x z

ε ε ε

γ γ γ

∂ ∂ ∂
= = =
∂ ∂ ∂
∂ ∂ ∂ ∂ ∂ ∂

= + = + = +
∂ ∂ ∂ ∂ ∂ ∂

2

2

2

, 2

, 2

, 2

yz xyx zx

y yz xyzx

yz xyzxz

y z x x y z

z x y x y z

x y z x y z

γ γε γ

ε γ γγ

γ γγε

∂ ∂ ∂ ∂∂
= − + + ∂ ∂ ∂ ∂ ∂ ∂ 

∂ ∂ ∂ ∂∂
= − + ∂ ∂ ∂ ∂ ∂ ∂ 

∂ ∂ ∂∂ ∂
= + − ∂ ∂ ∂ ∂ ∂ ∂ 

2 22

2 2

2 22

2 2

2 22

2 2

y xyx

y yzz

x zxz

y x x y

z y y z

x z z x

ε γε

ε γε

ε γε

∂ ∂∂
+ =

∂ ∂ ∂ ∂

∂ ∂∂
+ =

∂ ∂ ∂ ∂

∂ ∂∂
+ =

∂ ∂ ∂ ∂

Compatibility equations 3 independent Equations

18 Variables

18 Equations‘A State of Plain Stress’ (without gravitational force)

0

0

yxx

xy y

x y

x y

τσ

τ σ

∂∂
+ =

∂ ∂
∂ ∂

+ =
∂ ∂

2 22

2 2
y xyx

y x x y
ε γε ∂ ∂∂

+ =
∂ ∂ ∂ ∂

Define stress function          
such that 

- reduce no. of variables satisfying 
force equilibrium eqn.

( , )x yψ

2 2 2

2 2, ,x y yxy x x y
ψ ψ ψσ σ τ∂ ∂ ∂

= = = −
∂ ∂ ∂ ∂

1

4 0ψ∇ =

4 2 2( )∇ = ∇
Biharmonic Equation

2

2

2

( )
1

( )
1

x x y

y y x

xy xy

E

E

G

σ ε νε
ν

σ ε νε
ν

τ γ

= +
−

= +
−

=

1 ( )

1 ( )

( )

x x y

y y x

z x y

E

E

E

ε σ νσ

ε σ νσ

νε σ σ

= −

= −

= − +

2( 1)
xy xyE

νγ τ+
=

0, 0, 0z zx zyσ τ τ= = =

( , ), ( , )

( , )
x x y y

xy xy

x y x y
u v

σ σ σ σ

τ τ

= =

=

Where
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Elasticity 05 - 2D Problems

Summary 
‘A State of Plain Stress’

, , 0

, 0, 0

x y z

xy yz zx

u v
x y
u v
y x

ε ε ε

γ γ γ

∂ ∂
= = =
∂ ∂
∂ ∂

= + = =
∂ ∂

4 0ψ∇ =

4 2 2( )∇ = ∇
Biharmonic Equation

ψfind , ,x y yxσ σ τ

2 2 2

2 2, ,x y yxy x x y
ψ ψ ψσ σ τ∂ ∂ ∂

= = = −
∂ ∂ ∂ ∂

find , ,u v w

, ,x y

xy

u v
x y
u v
y x

ε ε

γ

∂ ∂
= =
∂ ∂
∂ ∂

= +
∂ ∂

find, , ,x y z yxε ε ε γfind

1 ( )

1 ( )

( )

x x y

y y x

z x y

E

E

E

ε σ νσ

ε σ νσ

νε σ σ

= −

= −

= − +

2( 1)
xy xyE

νγ τ+
=

9/75



Elasticity 05 - 2D Problems

Summary - Comparison

2
2 3 3(1 ) [ (1 ) ]

2 3 2 2 2
P P P du x y y L y
EI EI EI

ν ν= − + + + − +

*Gere J. M., Mechanics of Materials (International Edition), Sixth Edition, Thomson, 2006, P906 (coordinates modified)
**Gere J. M., Mechanics of Materials (International Edition), Sixth Edition, Thomson, 2006, P301

0at y =
2 3

3

6 2 3
P PL PLv x x
EI EI EI

= − +

( )f x w=y

x
4

4 ( )d yEI f x
dx

=

recall, differential equations of deflection curves*

No distributed load ( ) 0f x =

x

y

d
h L

P v y←

3 2 3

6 2 3
P P Pv x L x L
EI EI EI

= − +

2 3
2 3

2 6 2 3
P P PL PLv xy x x
EI EI EI EI
ν

= + − +

No displace u component from this solution

displacement v

0at y =0u =

what is the difference between two solution 
and why? The deflection of the 

beam at any point along 
its axis is the displacement 
of that point from its 
original position, 
measured in the y 
direction**

( , )
( , )

u u x y
v v x y
=
=

displacement v

displacement udisplacement u

10/75
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State of Plane Strain
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Elasticity 05 - 2D Problems

2D Problem - The Governing Differential Equation

, , ,

, ,

x y z

xy yz zx

u v w
x y z
u v v w w u
y x z y x z

ε ε ε

γ γ γ

∂ ∂ ∂
= = =
∂ ∂ ∂
∂ ∂ ∂ ∂ ∂ ∂

= + = + = +
∂ ∂ ∂ ∂ ∂ ∂

Given : 3 Equations of force equilibrium :

6 Relations between 6 Strain and 3 Displacement : 

0

0

0

yxx zx
x

xy y zy
y

yzxz z
z

F X
x y z

F Y
x y z

F Z
x y z

τσ τ

τ σ τ

ττ σ

∂∂ ∂
= + + + =

∂ ∂ ∂
∂ ∂ ∂

= + + + =
∂ ∂ ∂

∂∂ ∂
= + + + =

∂ ∂ ∂

∑

∑

∑

2

2

2

2

2

2

yz xyx zx

y yz xyzx

yz xyzxz

y z x x y z

z x y x y z

x y z x y z

γ γε γ

ε γ γγ

γ γγε

∂ ∂ ∂ ∂∂
= − + + ∂ ∂ ∂ ∂ ∂ ∂ 

∂ ∂ ∂ ∂∂
= − + ∂ ∂ ∂ ∂ ∂ ∂ 

∂ ∂ ∂∂ ∂
= + − ∂ ∂ ∂ ∂ ∂ ∂ 

2 22

2 2

2 22

2 2

2 22

2 2

y xyx

y yzz

x zxz

y x x y

z y y z

x z z x

ε γε

ε γε

ε γε

∂ ∂∂
+ =

∂ ∂ ∂ ∂

∂ ∂∂
+ =

∂ ∂ ∂ ∂

∂ ∂∂
+ =

∂ ∂ ∂ ∂

compatibility equations 

6 Relations between 6 Strain and 6 Stress 

A prismatic cylinder under the lateral load uniformly distributed along the axis

0, ( , ), ( , )Z X X x y Y Y x y= = =

in this case
The deformation of large potion of the body at some 
distance away from the ends is independent of the      
coordinates and         are function of           only

If the ends of the cylinder are prevented from moving 
in the    coordinates, we can assume            at every 
cross section of the cylinder

z
,u v ,x y

z 0w =

, ,x y xy
u v u v
x y y x

ε ε γ∂ ∂ ∂ ∂
= = = +
∂ ∂ ∂ ∂

In such a case, the strain components are function of ,x y

‘A State of Plain Strain’

0z xz yzε γ γ= = =In case of “Plane Strain State”, 

Strain-stress relation for “Plane Stress State”

1 [(1 ) ]

1 [(1 ) ]

x x y

y y x

E

E

νε ν σ νσ

νε ν σ νσ

+
= − −

+
= − −

Generalized 
Hooke’s Law for 

“Plane Strain State”

[(1 ) ]
(1 )(1 2 )

[ (1 ) ]
(1 )(1 2 )

[ ]
(1 )(1 2 )

x x y

x x y

z x y

E

E

E

σ ν ε νε
ν ν

σ νε ν ε
ν ν

σ ε ε
ν ν

= − +
+ −

= + −
+ −

= +
+ −

2( 1)xy xy
Eτ γ
ν

=
+

xy
xy G

τ
γ =

x

y

z
d

l

1d
l
<<

Given : body force

Find :  Stress , ,x y xyσ σ τ
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2D Problem - The Governing Differential Equation

, , ,

, ,

x y z

xy yz zx

u v w
x y z
u v v w w u
y x z y x z

ε ε ε

γ γ γ

∂ ∂ ∂
= = =
∂ ∂ ∂
∂ ∂ ∂ ∂ ∂ ∂

= + = + = +
∂ ∂ ∂ ∂ ∂ ∂

Given : 3 Equations of force equilibrium :

6 Relations between 6 Strain and 3 Displacement : 

0

0

0

yxx zx
x

xy y zy
y

yzxz z
z

F X
x y z

F Y
x y z

F Z
x y z

τσ τ

τ σ τ

ττ σ

∂∂ ∂
= + + + =

∂ ∂ ∂
∂ ∂ ∂

= + + + =
∂ ∂ ∂

∂∂ ∂
= + + + =

∂ ∂ ∂

∑

∑

∑

2

2

2

2

2

2

yz xyx zx

y yz xyzx

yz xyzxz

y z x x y z

z x y x y z

x y z x y z

γ γε γ

ε γ γγ

γ γγε

∂ ∂ ∂ ∂∂
= − + + ∂ ∂ ∂ ∂ ∂ ∂ 

∂ ∂ ∂ ∂∂
= − + ∂ ∂ ∂ ∂ ∂ ∂ 

∂ ∂ ∂∂ ∂
= + − ∂ ∂ ∂ ∂ ∂ ∂ 
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2 2
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y xyx

y yzz
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y x x y

z y y z
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ε γε

ε γε

ε γε

∂ ∂∂
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∂ ∂ ∂ ∂

∂ ∂∂
+ =

∂ ∂ ∂ ∂

∂ ∂∂
+ =

∂ ∂ ∂ ∂

compatibility equations 

6 Relations between 6 Strain and 6 Stress 

x

y

z

A prismatic cylinder under the lateral load uniformly distributed along the axis

( , ), ( , ), 0X X x y Y Y x y Z= = =

, , ,x y xy
u v u v
x y y x

ε ε γ∂ ∂ ∂ ∂
= = = +
∂ ∂ ∂ ∂

‘A State of Plain Strain’

0z xz yzε γ γ= = =In case of “Plane Strain State”, 

Generalized 
Hooke’s Law for 

“Plane Strain State”

[(1 ) ]
(1 )(1 2 )

[ (1 ) ]
(1 )(1 2 )

[ ]
(1 )(1 2 )

x x y

x x y

z x y

E

E

E

σ ν ε νε
ν ν

σ νε ν ε
ν ν

σ ε ε
ν ν

= − +
+ −

= + −
+ −

= +
+ −

2( 1)xy xy
Eτ γ
ν

=
+

0

0

yxx

xy y

X
x y

Y
x y

τσ

τ σ

∂∂
+ + =

∂ ∂
∂ ∂

+ + =
∂ ∂

Force equilibrium equation

Generalized Hooke’s Law for Plane Strain State

, , ,x x z xyσ σ σ τ, ,x y xyε ε γ

Strain-stress relation for “Plane Stress State”

1 [(1 ) ]

1 [(1 ) ]

x x y

y y x

E

E

νε ν σ νσ

νε ν σ νσ

+
= − −

+
= − −

xy
xy G

τ
γ =

Where ( , ), ( , )u u x y v v x y= =
( , ), ( , ), ( , )x x y y xy xyx y x y x yε ε ε ε γ γ= = =

0z xz yzε γ γ= = =
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Elasticity 05 - 2D Problems

2D Problem - The Governing Differential Equation

x

y

z

A prismatic cylinder under the lateral load uniformly distributed along the axis

‘A State of Plain Strain’

( , ), ( , ), 0X X x y Y Y x y Z= = =

, ,x y xy
u v u v
x y y x

ε ε γ∂ ∂ ∂ ∂
= = = +
∂ ∂ ∂ ∂

( , )
( , )

( , )
( , )

( , )

0

x x

y y

xy xy

z xz yz

u u x y
v v x y

x y
x y
x y

ε ε
ε ε

γ γ

ε γ γ

=
=
=
=

=

= = =

0
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yxx

xy y

X
x y

Y
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τσ

τ σ

∂∂
+ + =

∂ ∂
∂ ∂
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∂ ∂

Force equilibrium equation

, , ,x x z xyσ σ σ τ, ,x y xyε ε γ

0

0

yxx
x

xy y
y

g
x y

g
x y

τσ ρ

τ σ
ρ

∂∂
+ + =

∂ ∂
∂ ∂

+ + =
∂ ∂

This equation is satisfied if we introduce a stress function            such that, ( , )x yψ

2 2 2

2 2, ,x y yx x yg y g x
y x x y
ψ ψ ψσ σ τ ρ ρ∂ ∂ ∂

= = = − −
∂ ∂ ∂ ∂

, , ,

, ,

x y z

xy yz zx

u v w
x y z
u v v w w u
y x z y x z

ε ε ε

γ γ γ

∂ ∂ ∂
= = =
∂ ∂ ∂
∂ ∂ ∂ ∂ ∂ ∂

= + = + = +
∂ ∂ ∂ ∂ ∂ ∂

Given : 3 Equations of force equilibrium :

6 Relations between 6 Strain and 3 Displacement : 
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F X
x y z

F Y
x y z

F Z
x y z
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∂ ∂ ∂

∑
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y yz xyzx

yz xyzxz
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γ γγε

∂ ∂ ∂ ∂∂
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∂ ∂ ∂∂ ∂
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y yzz

x zxz
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z y y z

x z z x

ε γε
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ε γε

∂ ∂∂
+ =

∂ ∂ ∂ ∂

∂ ∂∂
+ =

∂ ∂ ∂ ∂

∂ ∂∂
+ =

∂ ∂ ∂ ∂

compatibility equations 

6 Relations between 6 Strain and 6 Stress 
0z xz yzε γ γ= = =In case of “Plane Strain State”, 

Generalized 
Hooke’s Law for 

“Plane Strain State”

[(1 ) ]
(1 )(1 2 )

[ (1 ) ]
(1 )(1 2 )

[ ]
(1 )(1 2 )

x x y

x x y

z x y

E

E

E

σ ν ε νε
ν ν

σ νε ν ε
ν ν

σ ε ε
ν ν

= − +
+ −

= + −
+ −

= +
+ −

2( 1)xy xy
Eτ γ
ν

=
+

Strain-stress relation for “Plane Stress State”

1 [(1 ) ]

1 [(1 ) ]

x x y

y y x

E

E

νε ν σ νσ

νε ν σ νσ

+
= − −

+
= − −

xy
xy G

τ
γ =
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Elasticity 05 - 2D Problems

2D Problem - The Governing Differential Equation

x

y

z

A prismatic cylinder under the lateral load uniformly distributed along the axis

‘A State of Plain Strain’

( , ), ( , ), 0X X x y Y Y x y Z= = =

, ,x y xy
u v u v
x y y x

ε ε γ∂ ∂ ∂ ∂
= = = +
∂ ∂ ∂ ∂

0

0

yxx

xy y

X
x y

Y
x y

τσ

τ σ

∂∂
+ + =

∂ ∂
∂ ∂

+ + =
∂ ∂

Force equilibrium equation

, , ,x x z xyσ σ σ τ, ,x y xyε ε γ

0

0

yxx
x

xy y
y

g
x y

g
x y

τσ ρ

τ σ
ρ

∂∂
+ + =

∂ ∂
∂ ∂

+ + =
∂ ∂

This equation is satisfied if we introduce a stress function such that, ( , )x yψ
2 2 2

2 2, ,x y yx x yg y g x
y x x y
ψ ψ ψσ σ τ ρ ρ∂ ∂ ∂

= = = − − −
∂ ∂ ∂ ∂

If the gravitational force is neglected

2 2 2

2 2, ,x y yxy x x y
ψ ψ ψσ σ τ∂ ∂ ∂

= = = −
∂ ∂ ∂ ∂

0

0

yxx

xy y

x y

x y

τσ

τ σ

∂∂
+ =

∂ ∂
∂ ∂

+ =
∂ ∂

, , ,

, ,

x y z

xy yz zx

u v w
x y z
u v v w w u
y x z y x z

ε ε ε

γ γ γ

∂ ∂ ∂
= = =
∂ ∂ ∂
∂ ∂ ∂ ∂ ∂ ∂

= + = + = +
∂ ∂ ∂ ∂ ∂ ∂

Given : 3 Equations of force equilibrium :

6 Relations between 6 Strain and 3 Displacement : 

0

0

0

yxx zx
x

xy y zy
y

yzxz z
z

F X
x y z

F Y
x y z

F Z
x y z

τσ τ

τ σ τ

ττ σ

∂∂ ∂
= + + + =

∂ ∂ ∂
∂ ∂ ∂

= + + + =
∂ ∂ ∂

∂∂ ∂
= + + + =

∂ ∂ ∂

∑

∑

∑

2

2

2

2

2

2

yz xyx zx

y yz xyzx

yz xyzxz

y z x x y z

z x y x y z

x y z x y z

γ γε γ

ε γ γγ

γ γγε

∂ ∂ ∂ ∂∂
= − + + ∂ ∂ ∂ ∂ ∂ ∂ 

∂ ∂ ∂ ∂∂
= − + ∂ ∂ ∂ ∂ ∂ ∂ 

∂ ∂ ∂∂ ∂
= + − ∂ ∂ ∂ ∂ ∂ ∂ 
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2 2

2 22

2 2
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y xyx

y yzz

x zxz

y x x y

z y y z

x z z x

ε γε

ε γε

ε γε

∂ ∂∂
+ =

∂ ∂ ∂ ∂

∂ ∂∂
+ =

∂ ∂ ∂ ∂

∂ ∂∂
+ =

∂ ∂ ∂ ∂

compatibility equations 

6 Relations between 6 Strain and 6 Stress 
0z xz yzε γ γ= = =In case of “Plane Strain State”, 

Generalized 
Hooke’s Law for 

“Plane Strain State”

[(1 ) ]
(1 )(1 2 )

[ (1 ) ]
(1 )(1 2 )

[ ]
(1 )(1 2 )

x x y

x x y

z x y

E

E

E

σ ν ε νε
ν ν

σ νε ν ε
ν ν

σ ε ε
ν ν

= − +
+ −

= + −
+ −

= +
+ −

2( 1)xy xy
Eτ γ
ν

=
+

Strain-stress relation for “Plane Stress State”

1 [(1 ) ]

1 [(1 ) ]

x x y

y y x

E

E

νε ν σ νσ

νε ν σ νσ

+
= − −

+
= − −

xy
xy G

τ
γ =

why?

( , )
( , )

( , )
( , )

( , )

0

x x

y y

xy xy

z xz yz

u u x y
v v u v

x y
x y
u v

ε ε
ε ε

γ γ

ε γ γ

=
=
=
=

=

= = =
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Elasticity 05 - 2D Problems

2D Problem - The Governing Differential Equation

x

y

z

A prismatic cylinder under the lateral load uniformly distributed along the axis

‘A State of Plain Strain’

Force equilibrium equation

introduce a stress function satisfying the equilibrium equation  ( , )x yψ

the problem thus reduces to the determination of the stress function 
with appropriate boundary conditions.

2 2 2

2 2, ,x y yxy x x y
ψ ψ ψσ σ τ∂ ∂ ∂

= = = −
∂ ∂ ∂ ∂

0

0

yxx

xy y

x y

x y

τσ

τ σ

∂∂
+ =

∂ ∂
∂ ∂

+ =
∂ ∂

, , ,

, ,

x y z

xy yz zx

u v w
x y z
u v v w w u
y x z y x z

ε ε ε

γ γ γ

∂ ∂ ∂
= = =
∂ ∂ ∂
∂ ∂ ∂ ∂ ∂ ∂

= + = + = +
∂ ∂ ∂ ∂ ∂ ∂

Given : 3 Equations of force equilibrium :

6 Relations between 6 Strain and 3 Displacement : 

0

0

0

yxx zx
x

xy y zy
y

yzxz z
z

F X
x y z

F Y
x y z

F Z
x y z

τσ τ

τ σ τ

ττ σ

∂∂ ∂
= + + + =

∂ ∂ ∂
∂ ∂ ∂

= + + + =
∂ ∂ ∂

∂∂ ∂
= + + + =

∂ ∂ ∂

∑

∑

∑

2

2

2

2

2

2

yz xyx zx

y yz xyzx

yz xyzxz

y z x x y z

z x y x y z

x y z x y z

γ γε γ

ε γ γγ

γ γγε

∂ ∂ ∂ ∂∂
= − + + ∂ ∂ ∂ ∂ ∂ ∂ 

∂ ∂ ∂ ∂∂
= − + ∂ ∂ ∂ ∂ ∂ ∂ 

∂ ∂ ∂∂ ∂
= + − ∂ ∂ ∂ ∂ ∂ ∂ 

2 22

2 2

2 22

2 2

2 22

2 2

y xyx

y yzz

x zxz

y x x y

z y y z

x z z x

ε γε

ε γε

ε γε

∂ ∂∂
+ =

∂ ∂ ∂ ∂

∂ ∂∂
+ =

∂ ∂ ∂ ∂

∂ ∂∂
+ =

∂ ∂ ∂ ∂

compatibility equations 

6 Relations between 6 Strain and 6 Stress 
0z xz yzε γ γ= = =In case of “Plane Strain State”, 

Generalized 
Hooke’s Law for 

“Plane Strain State”

[(1 ) ]
(1 )(1 2 )

[ (1 ) ]
(1 )(1 2 )

[ ]
(1 )(1 2 )

x x y

x x y

z x y

E

E

E

σ ν ε νε
ν ν

σ νε ν ε
ν ν

σ ε ε
ν ν

= − +
+ −

= + −
+ −

= +
+ −

2( 1)xy xy
Eτ γ
ν

=
+

Strain-stress relation for “Plane Stress State”

1 [(1 ) ]

1 [(1 ) ]

x x y

y y x

E

E

νε ν σ νσ

νε ν σ νσ

+
= − −

+
= − −

xy
xy G

τ
γ =

without gravitational force

ψ

ψ →find then find , ,x y xyσ σ τ

( , )
( , )

( , )
( , )

( , )

0

x x

y y

xy xy

z xz yz

u u x y
v v u v

x y
x y
u v

ε ε
ε ε

γ γ

ε γ γ

=
=
=
=

=

= = =
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Elasticity 05 - 2D Problems

2D Problem - The Governing Differential Equation

x

y

z

A prismatic cylinder under the lateral load uniformly distributed along the axis

‘A State of Plain Strain’

Force equilibrium equation

( , )x yψ
2 2 2

2 2, ,x y yxy x x y
ψ ψ ψσ σ τ∂ ∂ ∂

= = = −
∂ ∂ ∂ ∂

0

0

yxx

xy y

x y

x y

τσ

τ σ

∂∂
+ =

∂ ∂
∂ ∂

+ =
∂ ∂

, , ,

, ,

x y z

xy yz zx

u v w
x y z
u v v w w u
y x z y x z

ε ε ε

γ γ γ

∂ ∂ ∂
= = =
∂ ∂ ∂
∂ ∂ ∂ ∂ ∂ ∂

= + = + = +
∂ ∂ ∂ ∂ ∂ ∂

Given : 3 Equations of force equilibrium :

6 Relations between 6 Strain and 3 Displacement : 

0

0

0

yxx zx
x

xy y zy
y

yzxz z
z

F X
x y z

F Y
x y z

F Z
x y z

τσ τ

τ σ τ

ττ σ

∂∂ ∂
= + + + =

∂ ∂ ∂
∂ ∂ ∂

= + + + =
∂ ∂ ∂

∂∂ ∂
= + + + =

∂ ∂ ∂

∑

∑

∑

2

2

2

2

2

2

yz xyx zx

y yz xyzx

yz xyzxz

y z x x y z

z x y x y z

x y z x y z

γ γε γ

ε γ γγ

γ γγε

∂ ∂ ∂ ∂∂
= − + + ∂ ∂ ∂ ∂ ∂ ∂ 

∂ ∂ ∂ ∂∂
= − + ∂ ∂ ∂ ∂ ∂ ∂ 

∂ ∂ ∂∂ ∂
= + − ∂ ∂ ∂ ∂ ∂ ∂ 

2 22

2 2
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2 2

2 22

2 2

y xyx

y yzz

x zxz

y x x y

z y y z

x z z x

ε γε

ε γε

ε γε

∂ ∂∂
+ =

∂ ∂ ∂ ∂

∂ ∂∂
+ =

∂ ∂ ∂ ∂

∂ ∂∂
+ =

∂ ∂ ∂ ∂

compatibility equations 

6 Relations between 6 Strain and 6 Stress 
0z xz yzε γ γ= = =In case of “Plane Strain State”, 

Generalized 
Hooke’s Law for 

“Plane Strain State”

[(1 ) ]
(1 )(1 2 )

[ (1 ) ]
(1 )(1 2 )

[ ]
(1 )(1 2 )

x x y

x x y

z x y

E

E

E

σ ν ε νε
ν ν

σ νε ν ε
ν ν

σ ε ε
ν ν

= − +
+ −

= + −
+ −

= +
+ −

2( 1)xy xy
Eτ γ
ν

=
+

Strain-stress relation for “Plane Stress State”

1 [(1 ) ]

1 [(1 ) ]

x x y

y y x

E

E

νε ν σ νσ

νε ν σ νσ

+
= − −

+
= − −

xy
xy G

τ
γ =

without gravitational force

stress function

When solving for the stresses the compatibility equations must be used
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2

yz xyx zx

y yz xyzx

yz xyzxz

y z x x y z

z x y x y z

x y z x y z

γ γε γ

ε γ γγ

γ γγε

∂ ∂ ∂ ∂∂
= − + + ∂ ∂ ∂ ∂ ∂ ∂ 

∂ ∂ ∂ ∂∂
= − + ∂ ∂ ∂ ∂ ∂ ∂ 

∂ ∂ ∂∂ ∂
= + − ∂ ∂ ∂ ∂ ∂ ∂ 
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y xyx

y yzz

x zxz

y x x y

z y y z

x z z x

ε γε

ε γε

ε γε

∂ ∂∂
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∂ ∂ ∂ ∂

∂ ∂∂
+ =

∂ ∂ ∂ ∂

∂ ∂∂
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∂ ∂ ∂ ∂

0
z
∂
=

∂
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( , )
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0
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y y

xy xy

z xz yz

u u x y
v v u v
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x y
u v

ε ε
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γ γ

ε γ γ

=
=
=
=

=
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Elasticity 05 - 2D Problems

2D Problem - The Governing Differential Equation

x

y

z

A prismatic cylinder under the lateral load uniformly distributed along the axis

‘A State of Plain Strain’

Force equilibrium equation

( , )x yψ

0

0

yxx

xy y

x y

x y

τσ

τ σ

∂∂
+ =

∂ ∂
∂ ∂

+ =
∂ ∂

, , ,

, ,

x y z

xy yz zx

u v w
x y z
u v v w w u
y x z y x z

ε ε ε

γ γ γ

∂ ∂ ∂
= = =
∂ ∂ ∂
∂ ∂ ∂ ∂ ∂ ∂

= + = + = +
∂ ∂ ∂ ∂ ∂ ∂

Given : 3 Equations of force equilibrium :

6 Relations between 6 Strain and 3 Displacement : 

0

0

0

yxx zx
x

xy y zy
y

yzxz z
z

F X
x y z

F Y
x y z

F Z
x y z

τσ τ

τ σ τ

ττ σ

∂∂ ∂
= + + + =
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∂∂ ∂
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∂ ∂ ∂
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∑

∑
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2

2

2

2

2

yz xyx zx

y yz xyzx

yz xyzxz

y z x x y z

z x y x y z

x y z x y z

γ γε γ

ε γ γγ

γ γγε

∂ ∂ ∂ ∂∂
= − + + ∂ ∂ ∂ ∂ ∂ ∂ 

∂ ∂ ∂ ∂∂
= − + ∂ ∂ ∂ ∂ ∂ ∂ 

∂ ∂ ∂∂ ∂
= + − ∂ ∂ ∂ ∂ ∂ ∂ 
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2 2
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2 2
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y xyx

y yzz

x zxz

y x x y

z y y z

x z z x

ε γε

ε γε

ε γε

∂ ∂∂
+ =

∂ ∂ ∂ ∂

∂ ∂∂
+ =

∂ ∂ ∂ ∂

∂ ∂∂
+ =

∂ ∂ ∂ ∂

compatibility equations 

6 Relations between 6 Strain and 6 Stress 
0z xz yzε γ γ= = =In case of “Plane Strain State”, 

Generalized 
Hooke’s Law for 

“Plane Strain State”

[(1 ) ]
(1 )(1 2 )

[ (1 ) ]
(1 )(1 2 )

[ ]
(1 )(1 2 )

x x y

x x y

z x y

E

E

E

σ ν ε νε
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σ νε ν ε
ν ν

σ ε ε
ν ν

= − +
+ −

= + −
+ −

= +
+ −

2( 1)xy xy
Eτ γ
ν

=
+

Strain-stress relation for “Plane Stress State”

1 [(1 ) ]

1 [(1 ) ]

x x y

y y x

E

E

νε ν σ νσ

νε ν σ νσ

+
= − −

+
= − −

xy
xy G

τ
γ =

without gravitational force

stress function

When solving for the stresses the compatibility equations must be used

2

2

2

2

2

2

yz xyx zx

y yz xyzx

yz xyzxz

y z x x y z

z x y x y z
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γ γγε
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∂ ∂∂
+ =

∂ ∂ ∂ ∂

∂ ∂∂
+ =

∂ ∂ ∂ ∂

∂ ∂∂
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∂ ∂ ∂ ∂
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2D Problem - The Governing Differential Equation

x

y

z

A prismatic cylinder under the lateral load uniformly distributed along the axis

‘A State of Plain Strain’

Force equilibrium equation

( , )x yψ

0

0

yxx

xy y

x y

x y

τσ

τ σ

∂∂
+ =

∂ ∂
∂ ∂

+ =
∂ ∂

, , ,

, ,

x y z

xy yz zx

u v w
x y z
u v v w w u
y x z y x z

ε ε ε

γ γ γ

∂ ∂ ∂
= = =
∂ ∂ ∂
∂ ∂ ∂ ∂ ∂ ∂

= + = + = +
∂ ∂ ∂ ∂ ∂ ∂

Given : 3 Equations of force equilibrium :

6 Relations between 6 Strain and 3 Displacement : 

0

0

0

yxx zx
x

xy y zy
y

yzxz z
z

F X
x y z

F Y
x y z

F Z
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τσ τ
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∂∂ ∂
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∂ ∂ ∂
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y yz xyzx
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y z x x y z
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γ γγε

∂ ∂ ∂ ∂∂
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∂ ∂ ∂ ∂∂
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∂ ∂ ∂∂ ∂
= + − ∂ ∂ ∂ ∂ ∂ ∂ 
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y xyx
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z y y z
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ε γε

ε γε

ε γε

∂ ∂∂
+ =

∂ ∂ ∂ ∂

∂ ∂∂
+ =

∂ ∂ ∂ ∂

∂ ∂∂
+ =

∂ ∂ ∂ ∂

compatibility equations 

6 Relations between 6 Strain and 6 Stress 
0z xz yzε γ γ= = =In case of “Plane Strain State”, 

Generalized 
Hooke’s Law for 

“Plane Strain State”

[(1 ) ]
(1 )(1 2 )

[ (1 ) ]
(1 )(1 2 )

[ ]
(1 )(1 2 )

x x y

x x y

z x y

E

E

E

σ ν ε νε
ν ν

σ νε ν ε
ν ν

σ ε ε
ν ν

= − +
+ −

= + −
+ −

= +
+ −

2( 1)xy xy
Eτ γ
ν

=
+

Strain-stress relation for “Plane Stress State”

1 [(1 ) ]

1 [(1 ) ]

x x y

y y x

E

E

νε ν σ νσ

νε ν σ νσ

+
= − −

+
= − −

xy
xy G

τ
γ =

without gravitational force

stress function

When solving for the stresses the compatibility equations must be used
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yz xyx zx

y yz xyzx

yz xyzxz

y z x x y z
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γ γγε
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y yzz
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ε γε
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∂ ∂∂
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∂ ∂∂
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∂ ∂∂
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0xz yzγ γ= =

2 2 2

2 2, ,x y yxy x x y
ψ ψ ψσ σ τ∂ ∂ ∂
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∂ ∂ ∂ ∂

( , )
( , )
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( , )

( , )
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x x
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=
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=
=

=
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Elasticity 05 - 2D Problems

2D Problem - The Governing Differential Equation

x

y

z

A prismatic cylinder under the lateral load uniformly distributed along the axis

‘A State of Plain Strain’

Force equilibrium equation

( , )x yψ

0

0

yxx

xy y

x y

x y

τσ

τ σ

∂∂
+ =

∂ ∂
∂ ∂

+ =
∂ ∂

, , ,

, ,

x y z

xy yz zx

u v w
x y z
u v v w w u
y x z y x z

ε ε ε

γ γ γ

∂ ∂ ∂
= = =
∂ ∂ ∂
∂ ∂ ∂ ∂ ∂ ∂

= + = + = +
∂ ∂ ∂ ∂ ∂ ∂

Given : 3 Equations of force equilibrium :

6 Relations between 6 Strain and 3 Displacement : 

0

0

0

yxx zx
x

xy y zy
y

yzxz z
z

F X
x y z

F Y
x y z

F Z
x y z

τσ τ

τ σ τ

ττ σ

∂∂ ∂
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∂ ∂ ∂
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∂∂ ∂
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∂ ∂ ∂

∑
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γ γγε
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y yzz

x zxz
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∂ ∂ ∂ ∂

compatibility equations 

6 Relations between 6 Strain and 6 Stress 
0z xz yzε γ γ= = =In case of “Plane Strain State”, 

Generalized 
Hooke’s Law for 

“Plane Strain State”

[(1 ) ]
(1 )(1 2 )

[ (1 ) ]
(1 )(1 2 )

[ ]
(1 )(1 2 )

x x y

x x y

z x y

E

E

E

σ ν ε νε
ν ν

σ νε ν ε
ν ν

σ ε ε
ν ν

= − +
+ −

= + −
+ −

= +
+ −

2( 1)xy xy
Eτ γ
ν

=
+

Strain-stress relation for “Plane Stress State”

1 [(1 ) ]

1 [(1 ) ]

x x y

y y x

E

E

νε ν σ νσ

νε ν σ νσ

+
= − −

+
= − −

xy
xy G

τ
γ =

without gravitational force

stress function

When solving for the stresses the compatibility equations must be used
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yz xyx zx

y yz xyzx

yz xyzxz

y z x x y z

z x y x y z

x y z x y z

γ γε γ

ε γ γγ

γ γγε

∂ ∂ ∂ ∂∂
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∂ ∂ ∂∂ ∂
= + − ∂ ∂ ∂ ∂ ∂ ∂ 
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y xyx

y yzz

x zxz
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z y y z
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ε γε
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2 2 2

2 2, ,x y yxy x x y
ψ ψ ψσ σ τ∂ ∂ ∂

= = = −
∂ ∂ ∂ ∂
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( , )
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=

=
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Elasticity 05 - 2D Problems

2D Problem - The Governing Differential Equation

x

y

z

A prismatic cylinder under the lateral load uniformly distributed along the axis

‘A State of Plain Strain’

Force equilibrium equation

( , )x yψ

0

0

yxx

xy y

x y

x y

τσ

τ σ

∂∂
+ =

∂ ∂
∂ ∂

+ =
∂ ∂

, , ,

, ,

x y z

xy yz zx

u v w
x y z
u v v w w u
y x z y x z

ε ε ε

γ γ γ

∂ ∂ ∂
= = =
∂ ∂ ∂
∂ ∂ ∂ ∂ ∂ ∂

= + = + = +
∂ ∂ ∂ ∂ ∂ ∂

Given : 3 Equations of force equilibrium :

6 Relations between 6 Strain and 3 Displacement : 

0

0

0

yxx zx
x

xy y zy
y

yzxz z
z

F X
x y z

F Y
x y z

F Z
x y z

τσ τ

τ σ τ

ττ σ

∂∂ ∂
= + + + =

∂ ∂ ∂
∂ ∂ ∂

= + + + =
∂ ∂ ∂

∂∂ ∂
= + + + =

∂ ∂ ∂

∑

∑

∑

2

2

2

2

2

2

yz xyx zx

y yz xyzx

yz xyzxz

y z x x y z

z x y x y z

x y z x y z

γ γε γ

ε γ γγ

γ γγε

∂ ∂ ∂ ∂∂
= − + + ∂ ∂ ∂ ∂ ∂ ∂ 

∂ ∂ ∂ ∂∂
= − + ∂ ∂ ∂ ∂ ∂ ∂ 

∂ ∂ ∂∂ ∂
= + − ∂ ∂ ∂ ∂ ∂ ∂ 
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y xyx

y yzz

x zxz

y x x y
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ε γε
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ε γε

∂ ∂∂
+ =

∂ ∂ ∂ ∂

∂ ∂∂
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∂ ∂ ∂ ∂

∂ ∂∂
+ =

∂ ∂ ∂ ∂

compatibility equations 

6 Relations between 6 Strain and 6 Stress 
0z xz yzε γ γ= = =In case of “Plane Strain State”, 

Generalized 
Hooke’s Law for 

“Plane Strain State”

[(1 ) ]
(1 )(1 2 )

[ (1 ) ]
(1 )(1 2 )

[ ]
(1 )(1 2 )

x x y

x x y

z x y

E

E

E

σ ν ε νε
ν ν

σ νε ν ε
ν ν

σ ε ε
ν ν

= − +
+ −

= + −
+ −

= +
+ −

2( 1)xy xy
Eτ γ
ν

=
+

Strain-stress relation for “Plane Stress State”

1 [(1 ) ]

1 [(1 ) ]

x x y

y y x

E

E

νε ν σ νσ

νε ν σ νσ

+
= − −

+
= − −

xy
xy G

τ
γ =

without gravitational force

stress function

When solving for the stresses the compatibility equations must be used

2

2

2

2

2

2

yz xyx zx

y yz xyzx

yz xyzxz

y z x x y z

z x y x y z

x y z x y z

γ γε γ

ε γ γγ

γ γγε

∂ ∂ ∂ ∂∂
= − + + ∂ ∂ ∂ ∂ ∂ ∂ 

∂ ∂ ∂ ∂∂
= − + ∂ ∂ ∂ ∂ ∂ ∂ 

∂ ∂ ∂∂ ∂
= + − ∂ ∂ ∂ ∂ ∂ ∂ 

2 22

2 2

2 22

2 2

2 22

2 2

y xyx

y yzz

x zxz

y x x y

z y y z

x z z x

ε γε

ε γε

ε γε

∂ ∂∂
+ =

∂ ∂ ∂ ∂

∂ ∂∂
+ =

∂ ∂ ∂ ∂

∂ ∂∂
+ =

∂ ∂ ∂ ∂

2 2 2

2 2, ,x y yxy x x y
ψ ψ ψσ σ τ∂ ∂ ∂

= = = −
∂ ∂ ∂ ∂

( , )
( , )

( , )
( , )

( , )

0

x x

y y

xy xy

z xz yz

u u x y
v v u v

x y
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u v

ε ε
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γ γ

ε γ γ

=
=
=
=

=

= = =
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Elasticity 05 - 2D Problems

2D Problem - The Governing Differential Equation

x

y

z

A prismatic cylinder under the lateral load uniformly distributed along the axis

‘A State of Plain Strain’

Force equilibrium equation

( , )x yψ

0

0

yxx

xy y

x y

x y

τσ

τ σ

∂∂
+ =

∂ ∂
∂ ∂

+ =
∂ ∂

, , ,

, ,

x y z

xy yz zx

u v w
x y z
u v v w w u
y x z y x z

ε ε ε

γ γ γ

∂ ∂ ∂
= = =
∂ ∂ ∂
∂ ∂ ∂ ∂ ∂ ∂

= + = + = +
∂ ∂ ∂ ∂ ∂ ∂

Given : 3 Equations of force equilibrium :

6 Relations between 6 Strain and 3 Displacement : 

0

0

0

yxx zx
x

xy y zy
y

yzxz z
z

F X
x y z

F Y
x y z

F Z
x y z

τσ τ

τ σ τ

ττ σ

∂∂ ∂
= + + + =

∂ ∂ ∂
∂ ∂ ∂

= + + + =
∂ ∂ ∂

∂∂ ∂
= + + + =

∂ ∂ ∂

∑

∑

∑

2

2

2

2

2

2

yz xyx zx

y yz xyzx

yz xyzxz

y z x x y z

z x y x y z

x y z x y z

γ γε γ

ε γ γγ

γ γγε

∂ ∂ ∂ ∂∂
= − + + ∂ ∂ ∂ ∂ ∂ ∂ 

∂ ∂ ∂ ∂∂
= − + ∂ ∂ ∂ ∂ ∂ ∂ 

∂ ∂ ∂∂ ∂
= + − ∂ ∂ ∂ ∂ ∂ ∂ 

2 22

2 2

2 22

2 2

2 22

2 2

y xyx

y yzz

x zxz

y x x y

z y y z

x z z x

ε γε

ε γε

ε γε

∂ ∂∂
+ =

∂ ∂ ∂ ∂

∂ ∂∂
+ =

∂ ∂ ∂ ∂

∂ ∂∂
+ =

∂ ∂ ∂ ∂

compatibility equations 

6 Relations between 6 Strain and 6 Stress 
0z xz yzε γ γ= = =In case of “Plane Strain State”, 

Generalized 
Hooke’s Law for 

“Plane Strain State”

[(1 ) ]
(1 )(1 2 )

[ (1 ) ]
(1 )(1 2 )

[ ]
(1 )(1 2 )

x x y

x x y

z x y

E

E

E

σ ν ε νε
ν ν

σ νε ν ε
ν ν

σ ε ε
ν ν

= − +
+ −

= + −
+ −

= +
+ −

2( 1)xy xy
Eτ γ
ν

=
+

Strain-stress relation for “Plane Stress State”

1 [(1 ) ]

1 [(1 ) ]

x x y

y y x

E

E

νε ν σ νσ

νε ν σ νσ

+
= − −

+
= − −

xy
xy G

τ
γ =

without gravitational force

stress function

When solving for the stresses the compatibility equations must be used

2 22

2 2
y xyx

y x x y
ε γε ∂ ∂∂

+ =
∂ ∂ ∂ ∂

2 2 2

2 2

1 1[(1 ) ] [(1 ) ] xy
x y y xy E x E x y G

τν νν σ νσ ν σ νσ
 ∂ + ∂ + ∂

− − + − − =  ∂ ∂ ∂ ∂  

2 2 2

2 2, ,x y yxy x x y
ψ ψ ψσ σ τ∂ ∂ ∂

= = = −
∂ ∂ ∂ ∂

( , )
( , )

( , )
( , )

( , )

0

x x

y y

xy xy

z xz yz

u u x y
v v u v

x y
x y
u v

ε ε
ε ε

γ γ

ε γ γ

=
=
=
=

=

= = =
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Elasticity 05 - 2D Problems

2D Problem - The Governing Differential Equation

x

y

z

A prismatic cylinder under the lateral load uniformly distributed along the axis

‘A State of Plain Strain’

Force equilibrium equation

( , )x yψ

0

0

yxx

xy y

x y

x y

τσ

τ σ

∂∂
+ =

∂ ∂
∂ ∂

+ =
∂ ∂

, , ,

, ,

x y z

xy yz zx

u v w
x y z
u v v w w u
y x z y x z

ε ε ε

γ γ γ

∂ ∂ ∂
= = =
∂ ∂ ∂
∂ ∂ ∂ ∂ ∂ ∂

= + = + = +
∂ ∂ ∂ ∂ ∂ ∂

Given : 3 Equations of force equilibrium :

6 Relations between 6 Strain and 3 Displacement : 

0

0

0

yxx zx
x

xy y zy
y

yzxz z
z

F X
x y z

F Y
x y z

F Z
x y z

τσ τ

τ σ τ

ττ σ

∂∂ ∂
= + + + =

∂ ∂ ∂
∂ ∂ ∂

= + + + =
∂ ∂ ∂

∂∂ ∂
= + + + =

∂ ∂ ∂

∑

∑

∑

2

2

2

2

2

2

yz xyx zx

y yz xyzx

yz xyzxz

y z x x y z

z x y x y z

x y z x y z

γ γε γ

ε γ γγ

γ γγε

∂ ∂ ∂ ∂∂
= − + + ∂ ∂ ∂ ∂ ∂ ∂ 

∂ ∂ ∂ ∂∂
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∂ ∂ ∂∂ ∂
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y xyx

y yzz

x zxz

y x x y

z y y z

x z z x

ε γε

ε γε
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∂ ∂∂
+ =

∂ ∂ ∂ ∂

∂ ∂∂
+ =

∂ ∂ ∂ ∂

∂ ∂∂
+ =

∂ ∂ ∂ ∂

compatibility equations 

6 Relations between 6 Strain and 6 Stress 
0z xz yzε γ γ= = =In case of “Plane Strain State”, 

Generalized 
Hooke’s Law for 

“Plane Strain State”

[(1 ) ]
(1 )(1 2 )

[ (1 ) ]
(1 )(1 2 )

[ ]
(1 )(1 2 )

x x y

x x y

z x y

E

E

E

σ ν ε νε
ν ν

σ νε ν ε
ν ν

σ ε ε
ν ν

= − +
+ −

= + −
+ −

= +
+ −

2( 1)xy xy
Eτ γ
ν

=
+

Strain-stress relation for “Plane Stress State”

1 [(1 ) ]

1 [(1 ) ]

x x y

y y x

E

E

νε ν σ νσ

νε ν σ νσ

+
= − −

+
= − −

xy
xy G

τ
γ =

without gravitational force

stress function

When solving for the stresses the compatibility equations must be used
2 2 2
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τν νν σ νσ ν σ νσ
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=
+

recall,

22 2

2 2

1 2(1 )[(1 ) ] [(1 ) ] xy
x y y xE y x E x y

τν νν σ νσ ν σ νσ
∂ + ∂ ∂ +

− − + − − = ∂ ∂ ∂ ∂ 
22 2

2 2[(1 ) ] [(1 ) ] 2 xy
x y y xy x x y

τ
ν σ νσ ν σ νσ

∂∂ ∂
− − + − − =
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2 2 2

2 2, ,x y yxy x x y
ψ ψ ψσ σ τ∂ ∂ ∂

= = = −
∂ ∂ ∂ ∂
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( , )
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y y
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z xz yz
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v v u v
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=
=
=
=

=

= = =
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2D Problem - The Governing Differential Equation

x

y

z

A prismatic cylinder under the lateral load uniformly distributed along the axis

‘A State of Plain Strain’

Force equilibrium equation

( , )x yψ

0

0

yxx

xy y

x y
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τσ

τ σ

∂∂
+ =

∂ ∂
∂ ∂

+ =
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, , ,
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x y z

xy yz zx

u v w
x y z
u v v w w u
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ε ε ε

γ γ γ

∂ ∂ ∂
= = =
∂ ∂ ∂
∂ ∂ ∂ ∂ ∂ ∂

= + = + = +
∂ ∂ ∂ ∂ ∂ ∂

Given : 3 Equations of force equilibrium :

6 Relations between 6 Strain and 3 Displacement : 
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z

F X
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F Y
x y z

F Z
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∂∂ ∂
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∂ ∂ ∂ ∂∂
= − + + ∂ ∂ ∂ ∂ ∂ ∂ 

∂ ∂ ∂ ∂∂
= − + ∂ ∂ ∂ ∂ ∂ ∂ 

∂ ∂ ∂∂ ∂
= + − ∂ ∂ ∂ ∂ ∂ ∂ 
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compatibility equations 

6 Relations between 6 Strain and 6 Stress 
0z xz yzε γ γ= = =In case of “Plane Strain State”, 

Generalized 
Hooke’s Law for 

“Plane Strain State”
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(1 )(1 2 )
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(1 )(1 2 )

x x y

x x y

z x y

E

E

E

σ ν ε νε
ν ν

σ νε ν ε
ν ν

σ ε ε
ν ν

= − +
+ −

= + −
+ −

= +
+ −

2( 1)xy xy
Eτ γ
ν

=
+

Strain-stress relation for “Plane Stress State”

1 [(1 ) ]

1 [(1 ) ]

x x y

y y x

E

E

νε ν σ νσ

νε ν σ νσ

+
= − −

+
= − −

xy
xy G

τ
γ =

without gravitational force

stress function

When solving for the stresses the compatibility equations must be used
22 2

2 2[(1 ) ] [(1 ) ] 2 xy
x y y xy x x y

τ
ν σ νσ ν σ νσ

∂∂ ∂
− − + − − =

∂ ∂ ∂ ∂

2 2 22 2

2 2 2 2(1 ) (1 ) 2y y xyx x

y y x x x y
σ σ τσ σν ν ν ν

∂ ∂ ∂∂ ∂
− − + − − =

∂ ∂ ∂ ∂ ∂ ∂

2 2 2

2 2, ,x y yxy x x y
ψ ψ ψσ σ τ∂ ∂ ∂

= = = −
∂ ∂ ∂ ∂

2 2 22 2

2 2 2 2(1 ) 2y y xyx x

y x x y x y
σ σ τσ σν ν

   ∂ ∂ ∂∂ ∂
− + − + =      ∂ ∂ ∂ ∂ ∂ ∂   

( , )
( , )

( , )
( , )

( , )

0

x x

y y

xy xy

z xz yz

u u x y
v v u v

x y
x y
u v

ε ε
ε ε

γ γ

ε γ γ

=
=
=
=

=

= = =
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2D Problem - The Governing Differential Equation

x

y

z

A prismatic cylinder under the lateral load uniformly distributed along the axis

‘A State of Plain Strain’

Force equilibrium equation

( , )x yψ

0

0

yxx

xy y

x y

x y

τσ

τ σ

∂∂
+ =

∂ ∂
∂ ∂

+ =
∂ ∂

, , ,

, ,

x y z

xy yz zx

u v w
x y z
u v v w w u
y x z y x z

ε ε ε

γ γ γ

∂ ∂ ∂
= = =
∂ ∂ ∂
∂ ∂ ∂ ∂ ∂ ∂

= + = + = +
∂ ∂ ∂ ∂ ∂ ∂

Given : 3 Equations of force equilibrium :

6 Relations between 6 Strain and 3 Displacement : 

0

0

0

yxx zx
x

xy y zy
y

yzxz z
z

F X
x y z

F Y
x y z

F Z
x y z

τσ τ

τ σ τ

ττ σ

∂∂ ∂
= + + + =

∂ ∂ ∂
∂ ∂ ∂

= + + + =
∂ ∂ ∂

∂∂ ∂
= + + + =

∂ ∂ ∂

∑

∑

∑

2

2

2

2

2

2

yz xyx zx

y yz xyzx

yz xyzxz

y z x x y z

z x y x y z

x y z x y z

γ γε γ

ε γ γγ

γ γγε

∂ ∂ ∂ ∂∂
= − + + ∂ ∂ ∂ ∂ ∂ ∂ 

∂ ∂ ∂ ∂∂
= − + ∂ ∂ ∂ ∂ ∂ ∂ 

∂ ∂ ∂∂ ∂
= + − ∂ ∂ ∂ ∂ ∂ ∂ 

2 22

2 2

2 22

2 2

2 22

2 2

y xyx

y yzz

x zxz

y x x y

z y y z

x z z x

ε γε

ε γε

ε γε

∂ ∂∂
+ =

∂ ∂ ∂ ∂

∂ ∂∂
+ =

∂ ∂ ∂ ∂

∂ ∂∂
+ =

∂ ∂ ∂ ∂

compatibility equations 

6 Relations between 6 Strain and 6 Stress 
0z xz yzε γ γ= = =In case of “Plane Strain State”, 

Generalized 
Hooke’s Law for 

“Plane Strain State”

[(1 ) ]
(1 )(1 2 )

[ (1 ) ]
(1 )(1 2 )

[ ]
(1 )(1 2 )

x x y

x x y

z x y

E

E

E

σ ν ε νε
ν ν

σ νε ν ε
ν ν

σ ε ε
ν ν

= − +
+ −

= + −
+ −

= +
+ −

2( 1)xy xy
Eτ γ
ν

=
+

Strain-stress relation for “Plane Stress State”

1 [(1 ) ]

1 [(1 ) ]

x x y

y y x

E

E

νε ν σ νσ

νε ν σ νσ

+
= − −

+
= − −

xy
xy G

τ
γ =

without gravitational force

stress function

When solving for the stresses the compatibility equations must be used

2 2 2

2 2, ,x y yxy x x y
ψ ψ ψσ σ τ∂ ∂ ∂

= = = −
∂ ∂ ∂ ∂

2 2 22 2

2 2 2 2(1 ) 2y y xyx x

y x x y x y
σ σ τσ σν ν

   ∂ ∂ ∂∂ ∂
− + − + =      ∂ ∂ ∂ ∂ ∂ ∂   

4 4 4 4 4

4 4 2 2 2 2 2 2(1 ) 2
y x x y y x x y
ψ ψ ψ ψ ψν ν

   ∂ ∂ ∂ ∂ ∂
− + − + = −   ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂   

4 4 4 4

4 4 2 2 2 2(1 ) 2 2 0
y x x y x y
ψ ψ ψ ψν ν

     ∂ ∂ ∂ ∂
− + − + =     ∂ ∂ ∂ ∂ ∂ ∂     

( , )
( , )

( , )
( , )

( , )

0

x x

y y

xy xy

z xz yz

u u x y
v v u v

x y
x y
u v

ε ε
ε ε

γ γ

ε γ γ

=
=
=
=

=

= = =
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2D Problem - The Governing Differential Equation

x

y

z

A prismatic cylinder under the lateral load uniformly distributed along the axis

‘A State of Plain Strain’

Force equilibrium equation

( , )x yψ

0

0

yxx

xy y

x y

x y

τσ

τ σ

∂∂
+ =

∂ ∂
∂ ∂

+ =
∂ ∂

, , ,

, ,

x y z

xy yz zx

u v w
x y z
u v v w w u
y x z y x z

ε ε ε

γ γ γ

∂ ∂ ∂
= = =
∂ ∂ ∂
∂ ∂ ∂ ∂ ∂ ∂

= + = + = +
∂ ∂ ∂ ∂ ∂ ∂

Given : 3 Equations of force equilibrium :

6 Relations between 6 Strain and 3 Displacement : 

0

0

0

yxx zx
x

xy y zy
y

yzxz z
z

F X
x y z

F Y
x y z

F Z
x y z

τσ τ

τ σ τ

ττ σ

∂∂ ∂
= + + + =

∂ ∂ ∂
∂ ∂ ∂

= + + + =
∂ ∂ ∂

∂∂ ∂
= + + + =

∂ ∂ ∂

∑

∑

∑

2

2

2

2

2

2

yz xyx zx

y yz xyzx

yz xyzxz

y z x x y z

z x y x y z

x y z x y z

γ γε γ

ε γ γγ

γ γγε

∂ ∂ ∂ ∂∂
= − + + ∂ ∂ ∂ ∂ ∂ ∂ 

∂ ∂ ∂ ∂∂
= − + ∂ ∂ ∂ ∂ ∂ ∂ 

∂ ∂ ∂∂ ∂
= + − ∂ ∂ ∂ ∂ ∂ ∂ 

2 22

2 2

2 22

2 2

2 22

2 2

y xyx

y yzz

x zxz

y x x y

z y y z

x z z x

ε γε

ε γε

ε γε

∂ ∂∂
+ =

∂ ∂ ∂ ∂

∂ ∂∂
+ =

∂ ∂ ∂ ∂

∂ ∂∂
+ =

∂ ∂ ∂ ∂

compatibility equations 

6 Relations between 6 Strain and 6 Stress 
0z xz yzε γ γ= = =In case of “Plane Strain State”, 

Generalized 
Hooke’s Law for 

“Plane Strain State”

[(1 ) ]
(1 )(1 2 )

[ (1 ) ]
(1 )(1 2 )

[ ]
(1 )(1 2 )

x x y

x x y

z x y

E

E

E

σ ν ε νε
ν ν

σ νε ν ε
ν ν

σ ε ε
ν ν

= − +
+ −

= + −
+ −

= +
+ −

2( 1)xy xy
Eτ γ
ν

=
+

Strain-stress relation for “Plane Stress State”

1 [(1 ) ]

1 [(1 ) ]

x x y

y y x

E

E

νε ν σ νσ

νε ν σ νσ

+
= − −

+
= − −

xy
xy G

τ
γ =

without gravitational force

stress function

When solving for the stresses the compatibility equations must be used

2 2 2

2 2, ,x y yxy x x y
ψ ψ ψσ σ τ∂ ∂ ∂

= = = −
∂ ∂ ∂ ∂

4 4 4 4

4 4 2 2 2 2(1 ) 2 2 0
y x x y x y
ψ ψ ψ ψν ν

     ∂ ∂ ∂ ∂
− + − + =     ∂ ∂ ∂ ∂ ∂ ∂     

4 4 4

4 4 2 2(1 ) (1 ) 2 0
y x x y
ψ ψ ψν ν

   ∂ ∂ ∂
− + + − =   ∂ ∂ ∂ ∂   

4 4 4

4 2 2 4(1 ) 2 0
x x y y
ψ ψ ψν

 ∂ ∂ ∂
− + + = ∂ ∂ ∂ ∂ 

( , )
( , )

( , )
( , )

( , )

0

x x

y y

xy xy

z xz yz

u u x y
v v u v

x y
x y
u v

ε ε
ε ε

γ γ

ε γ γ

=
=
=
=

=

= = =
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2D Problem - The Governing Differential Equation

x

y

z

A prismatic cylinder under the lateral load uniformly distributed along the axis

‘A State of Plain Strain’

Force equilibrium equation

( , )x yψ

0

0

yxx

xy y

x y

x y

τσ

τ σ

∂∂
+ =

∂ ∂
∂ ∂

+ =
∂ ∂

, , ,

, ,

x y z

xy yz zx

u v w
x y z
u v v w w u
y x z y x z

ε ε ε

γ γ γ

∂ ∂ ∂
= = =
∂ ∂ ∂
∂ ∂ ∂ ∂ ∂ ∂

= + = + = +
∂ ∂ ∂ ∂ ∂ ∂

Given : 3 Equations of force equilibrium :

6 Relations between 6 Strain and 3 Displacement : 

0

0

0

yxx zx
x

xy y zy
y

yzxz z
z

F X
x y z

F Y
x y z

F Z
x y z

τσ τ

τ σ τ

ττ σ

∂∂ ∂
= + + + =

∂ ∂ ∂
∂ ∂ ∂

= + + + =
∂ ∂ ∂

∂∂ ∂
= + + + =

∂ ∂ ∂

∑

∑

∑

2

2

2

2

2

2

yz xyx zx

y yz xyzx

yz xyzxz

y z x x y z

z x y x y z

x y z x y z

γ γε γ

ε γ γγ

γ γγε

∂ ∂ ∂ ∂∂
= − + + ∂ ∂ ∂ ∂ ∂ ∂ 

∂ ∂ ∂ ∂∂
= − + ∂ ∂ ∂ ∂ ∂ ∂ 

∂ ∂ ∂∂ ∂
= + − ∂ ∂ ∂ ∂ ∂ ∂ 

2 22

2 2

2 22

2 2

2 22

2 2

y xyx

y yzz

x zxz

y x x y

z y y z

x z z x

ε γε

ε γε

ε γε

∂ ∂∂
+ =

∂ ∂ ∂ ∂

∂ ∂∂
+ =

∂ ∂ ∂ ∂

∂ ∂∂
+ =

∂ ∂ ∂ ∂

compatibility equations 

6 Relations between 6 Strain and 6 Stress 
0z xz yzε γ γ= = =In case of “Plane Strain State”, 

Generalized 
Hooke’s Law for 

“Plane Strain State”

[(1 ) ]
(1 )(1 2 )

[ (1 ) ]
(1 )(1 2 )

[ ]
(1 )(1 2 )

x x y

x x y

z x y

E

E

E

σ ν ε νε
ν ν

σ νε ν ε
ν ν

σ ε ε
ν ν

= − +
+ −

= + −
+ −

= +
+ −

2( 1)xy xy
Eτ γ
ν

=
+

Strain-stress relation for “Plane Stress State”

1 [(1 ) ]

1 [(1 ) ]

x x y

y y x

E

E

νε ν σ νσ

νε ν σ νσ

+
= − −

+
= − −

xy
xy G

τ
γ =

without gravitational force

stress function

When solving for the stresses the compatibility equations must be used

2 2 2

2 2, ,x y yxy x x y
ψ ψ ψσ σ τ∂ ∂ ∂

= = = −
∂ ∂ ∂ ∂

4 4 4

4 2 2 4(1 ) 2 0
x x y y
ψ ψ ψν

 ∂ ∂ ∂
− + + = ∂ ∂ ∂ ∂ 

Poisson’s ratio ‘ν’
x

y z x E
σε ε νε ν= = − = −

2 22

2 2
y xyx

y x x y
ε γε ∂ ∂∂

+ =
∂ ∂ ∂ ∂

0 1
. . 0.27 ~ 0.30 for steel*i g

ν< <

4 4 4

4 2 2 42 0
x x y y
ψ ψ ψ∂ ∂ ∂

+ + =
∂ ∂ ∂ ∂

*Gere J.M., Mechanics of Materials, International Student Edition, Thomson, 2006, p913

( , )
( , )

( , )
( , )

( , )

0

x x

y y

xy xy

z xz yz

u u x y
v v u v

x y
x y
u v

ε ε
ε ε

γ γ

ε γ γ

=
=
=
=

=

= = =
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2D Problem - The Governing Differential Equation

x

y

z

A prismatic cylinder under the lateral load uniformly distributed along the axis

‘A State of Plain Strain’

Force equilibrium equation

( , )x yψ

0

0

yxx

xy y

x y

x y

τσ

τ σ

∂∂
+ =

∂ ∂
∂ ∂

+ =
∂ ∂

, , ,

, ,

x y z

xy yz zx

u v w
x y z
u v v w w u
y x z y x z

ε ε ε

γ γ γ

∂ ∂ ∂
= = =
∂ ∂ ∂
∂ ∂ ∂ ∂ ∂ ∂

= + = + = +
∂ ∂ ∂ ∂ ∂ ∂

Given : 3 Equations of force equilibrium :

6 Relations between 6 Strain and 3 Displacement : 

0

0

0

yxx zx
x

xy y zy
y

yzxz z
z

F X
x y z

F Y
x y z

F Z
x y z

τσ τ

τ σ τ

ττ σ

∂∂ ∂
= + + + =

∂ ∂ ∂
∂ ∂ ∂

= + + + =
∂ ∂ ∂

∂∂ ∂
= + + + =

∂ ∂ ∂

∑

∑

∑

2

2

2

2

2

2

yz xyx zx

y yz xyzx

yz xyzxz

y z x x y z

z x y x y z

x y z x y z

γ γε γ

ε γ γγ

γ γγε

∂ ∂ ∂ ∂∂
= − + + ∂ ∂ ∂ ∂ ∂ ∂ 

∂ ∂ ∂ ∂∂
= − + ∂ ∂ ∂ ∂ ∂ ∂ 

∂ ∂ ∂∂ ∂
= + − ∂ ∂ ∂ ∂ ∂ ∂ 

2 22

2 2

2 22

2 2

2 22

2 2

y xyx

y yzz

x zxz

y x x y

z y y z

x z z x

ε γε

ε γε

ε γε

∂ ∂∂
+ =

∂ ∂ ∂ ∂

∂ ∂∂
+ =

∂ ∂ ∂ ∂

∂ ∂∂
+ =

∂ ∂ ∂ ∂

compatibility equations 

6 Relations between 6 Strain and 6 Stress 
0z xz yzε γ γ= = =In case of “Plane Strain State”, 

Generalized 
Hooke’s Law for 

“Plane Strain State”

[(1 ) ]
(1 )(1 2 )

[ (1 ) ]
(1 )(1 2 )

[ ]
(1 )(1 2 )

x x y

x x y

z x y

E

E

E

σ ν ε νε
ν ν

σ νε ν ε
ν ν

σ ε ε
ν ν

= − +
+ −

= + −
+ −

= +
+ −

2( 1)xy xy
Eτ γ
ν

=
+

Strain-stress relation for “Plane Stress State”

1 [(1 ) ]

1 [(1 ) ]

x x y

y y x

E

E

νε ν σ νσ

νε ν σ νσ

+
= − −

+
= − −

xy
xy G

τ
γ =

without gravitational force

stress function

When solving for the stresses the compatibility equations must be used

2 2 2

2 2, ,x y yxy x x y
ψ ψ ψσ σ τ∂ ∂ ∂

= = = −
∂ ∂ ∂ ∂

4 4 4

4 2 2 42 0
x x y y
ψ ψ ψ∂ ∂ ∂

+ + =
∂ ∂ ∂ ∂

22 2
2 2

2 2 ( )
x y

 ∂ ∂
+ = ∇ ∂ ∂ 

4 0ψ∇ =2∇ Laplace or 
Harmonic Operator

Biharmonic Equation

( , )
( , )

( , )
( , )

( , )

0

x x

y y

xy xy

z xz yz

u u x y
v v u v

x y
x y
u v

ε ε
ε ε

γ γ

ε γ γ

=
=
=
=

=

= = =
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2D Problem - The Governing Differential Equation

x

y

z

A prismatic cylinder under the lateral load uniformly distributed along the axis

‘A State of Plain Strain’

, , ,

, ,

x y z

xy yz zx

u v w
x y z
u v v w w u
y x z y x z

ε ε ε

γ γ γ

∂ ∂ ∂
= = =
∂ ∂ ∂
∂ ∂ ∂ ∂ ∂ ∂

= + = + = +
∂ ∂ ∂ ∂ ∂ ∂

Given : 3 Equations of force equilibrium :

6 Relations between 6 Strain and 3 Displacement : 

0

0

0

yxx zx
x

xy y zy
y

yzxz z
z

F X
x y z

F Y
x y z

F Z
x y z

τσ τ

τ σ τ

ττ σ

∂∂ ∂
= + + + =

∂ ∂ ∂
∂ ∂ ∂

= + + + =
∂ ∂ ∂

∂∂ ∂
= + + + =

∂ ∂ ∂

∑

∑

∑

2

2

2

2

2

2

yz xyx zx

y yz xyzx

yz xyzxz

y z x x y z

z x y x y z

x y z x y z

γ γε γ

ε γ γγ

γ γγε

∂ ∂ ∂ ∂∂
= − + + ∂ ∂ ∂ ∂ ∂ ∂ 

∂ ∂ ∂ ∂∂
= − + ∂ ∂ ∂ ∂ ∂ ∂ 

∂ ∂ ∂∂ ∂
= + − ∂ ∂ ∂ ∂ ∂ ∂ 

2 22

2 2

2 22

2 2

2 22

2 2

y xyx

y yzz

x zxz

y x x y

z y y z

x z z x

ε γε

ε γε

ε γε

∂ ∂∂
+ =

∂ ∂ ∂ ∂

∂ ∂∂
+ =

∂ ∂ ∂ ∂

∂ ∂∂
+ =

∂ ∂ ∂ ∂

compatibility equations 

6 Relations between 6 Strain and 6 Stress 
0z xz yzε γ γ= = =In case of “Plane Strain State”, 

Generalized 
Hooke’s Law for 

“Plane Strain State”

[(1 ) ]
(1 )(1 2 )

[ (1 ) ]
(1 )(1 2 )

[ ]
(1 )(1 2 )

x x y

x x y

z x y

E

E

E

σ ν ε νε
ν ν

σ νε ν ε
ν ν

σ ε ε
ν ν

= − +
+ −

= + −
+ −

= +
+ −

2( 1)xy xy
Eτ γ
ν

=
+

Strain-stress relation for “Plane Stress State”

1 [(1 ) ]

1 [(1 ) ]

x x y

y y x

E

E

νε ν σ νσ

νε ν σ νσ

+
= − −

+
= − −

xy
xy G

τ
γ =

2 2 2

2 2, ,x y yxy x x y
ψ ψ ψσ σ τ∂ ∂ ∂

= = = −
∂ ∂ ∂ ∂

4 0ψ∇ =
solve

Stress determined

1 1[(1 ) ], [(1 ) ], xy
x x y y y x xyE E G

τν νε ν σ νσ ε ν σ νσ γ+ +
= − − = − − =

Strain determined

( , )
( , )

( , )
( , )

( , )

0

x x

y y

xy xy

z xz yz

u u x y
v v u v

x y
x y
u v

ε ε
ε ε

γ γ

ε γ γ

=
=
=
=

=

= = =
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2D Problem - The Governing Differential Equation

, , ,

, ,

x y z

xy yz zx

u v w
x y z
u v v w w u
y x z y x z

ε ε ε

γ γ γ

∂ ∂ ∂
= = =
∂ ∂ ∂
∂ ∂ ∂ ∂ ∂ ∂

= + = + = +
∂ ∂ ∂ ∂ ∂ ∂

Given : 3 Equations of force equilibrium :

6 Relations between 6 Strain and 3 Displacement : 

0

0

0

yxx zx
x

xy y zy
y

yzxz z
z

F X
x y z

F Y
x y z

F Z
x y z

τσ τ

τ σ τ

ττ σ

∂∂ ∂
= + + + =

∂ ∂ ∂
∂ ∂ ∂

= + + + =
∂ ∂ ∂

∂∂ ∂
= + + + =

∂ ∂ ∂

∑

∑

∑

2

2

2

2

2

2

yz xyx zx

y yz xyzx

yz xyzxz

y z x x y z

z x y x y z

x y z x y z

γ γε γ

ε γ γγ

γ γγε

∂ ∂ ∂ ∂∂
= − + + ∂ ∂ ∂ ∂ ∂ ∂ 

∂ ∂ ∂ ∂∂
= − + ∂ ∂ ∂ ∂ ∂ ∂ 

∂ ∂ ∂∂ ∂
= + − ∂ ∂ ∂ ∂ ∂ ∂ 

2 22

2 2

2 22

2 2

2 22

2 2

y xyx

y yzz

x zxz

y x x y

z y y z

x z z x

ε γε

ε γε

ε γε

∂ ∂∂
+ =

∂ ∂ ∂ ∂

∂ ∂∂
+ =

∂ ∂ ∂ ∂

∂ ∂∂
+ =

∂ ∂ ∂ ∂

compatibility equations 

6 Relations between 6 Strain and 6 Stress 

A thin plate under the lateral load uniformly distributed over its thickness

body force

0
( , )

( , )

Z
X X x y
Y Y x y

=
=
=

in this case
The plate is under the action of forces applied at the boundary, parallel to 
the plane of the plate and distributed uniformly over its thickness

We see that the surfaces of the plate               will be free of external 

forces and the stress components                  are zero there 

If the plate is thin we can assume that these components are zero 
throughout the thickness of the plate and the other three stress 
components                    remain practically constant over the thickness 
of the plate

2
hz = ±

, ,z zx zyσ τ τ

‘A State of Plain Stress’

1d
l
>>

z

y

l

, ,x y xyσ σ τ

( , )
( , )

( , )

x x

y y

xy xy

x y
x y
u v

σ σ
σ σ

τ τ

=
=

= 0z zx zyσ τ τ= = =

y

x
d
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2D Problem - The Governing Differential Equation

(1 )(1 2 ) (1 )

(1 )(1 2 ) (1 )

(1 )(1 2 ) (1 )

x x
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In case of “Plane Stress State”, 0z yz zxσ τ τ= = =
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Given : 3 Equations of force equilibrium :

6 Relations between 6 Strain and 3 Displacement : 
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A thin plate under the lateral load uniformly distributed over its thickness

In case of “Plane Stress State”, 0z yz zxσ τ τ= = =

Strain-stress relation for “Plane Stress State”
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A thin plate under the lateral load uniformly distributed over its thickness

When solving for the stresses the compatibility equations must be used
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6 Relations between 6 Strain and 6 Stress 
In case of “Plane Stress State”, 0z yz zxσ τ τ= = =

Strain-stress relation for “Plane Stress State”
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Given : 3 Equations of force equilibrium :
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A thin plate under the lateral load uniformly distributed over its thickness

When solving for the stresses the compatibility equations must be used
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6 Relations between 6 Strain and 6 Stress 
In case of “Plane Stress State”, 0z yz zxσ τ τ= = =

Strain-stress relation for “Plane Stress State”
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A thin plate under the lateral load uniformly distributed over its thickness

When solving for the stresses the compatibility equations must be used
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6 Relations between 6 Strain and 6 Stress 
In case of “Plane Stress State”, 0z yz zxσ τ τ= = =

Strain-stress relation for “Plane Stress State”
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A thin plate under the lateral load uniformly distributed over its thickness

Generalized Hooke’s Law for Plane Strain State
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When solving for the stresses the compatibility equations must be used

2 22

2 2
y xyx

y x x y
ε γε ∂ ∂∂

+ =
∂ ∂ ∂ ∂

4 0ψ∇ =

In same way with the case of Plane Strain

biharmonic Equation

6 Relations between 6 Strain and 6 Stress 
In case of “Plane Stress State”, 0z yz zxσ τ τ= = =

Strain-stress relation for “Plane Stress State”
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A thin plate under the lateral load uniformly distributed over its thickness
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6 Relations between 6 Strain and 6 Stress 
In case of “Plane Stress State”, 0z yz zxσ τ τ= = =

Strain-stress relation for “Plane Stress State”
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σ ε νε τ γ
ν

= +
−

= + =
−

Generalized Hooke’s 
Law for “Plane 
Stress State”

1 ( )

1 ( )

( )

x x y

y y x

z x y

E

E

E

ε σ νσ

ε σ νσ

νε σ σ

= −

= −

= − +

2( 1)
xy xyE

νγ τ+
=

y

x
d
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2D Problem - The Governing Differential Equation

, , ,

, ,

x y z

xy yz zx

u v w
x y z
u v v w w u
y x z y x z

ε ε ε

γ γ γ

∂ ∂ ∂
= = =
∂ ∂ ∂
∂ ∂ ∂ ∂ ∂ ∂

= + = + = +
∂ ∂ ∂ ∂ ∂ ∂

Given : 3 Equations of force equilibrium :

6 Relations between 6 Strain and 3 Displacement : 

0

0

0

yxx zx
x

xy y zy
y

yzxz z
z

F X
x y z

F Y
x y z

F Z
x y z

τσ τ

τ σ τ

ττ σ

∂∂ ∂
= + + + =

∂ ∂ ∂
∂ ∂ ∂

= + + + =
∂ ∂ ∂

∂∂ ∂
= + + + =

∂ ∂ ∂

∑

∑

∑

2

2

2

2

2

2

yz xyx zx

y yz xyzx

yz xyzxz

y z x x y z

z x y x y z

x y z x y z

γ γε γ

ε γ γγ

γ γγε

∂ ∂ ∂ ∂∂
= − + + ∂ ∂ ∂ ∂ ∂ ∂ 

∂ ∂ ∂ ∂∂
= − + ∂ ∂ ∂ ∂ ∂ ∂ 

∂ ∂ ∂∂ ∂
= + − ∂ ∂ ∂ ∂ ∂ ∂ 

2 22

2 2

2 22

2 2

2 22

2 2

y xyx

y yzz

x zxz

y x x y

z y y z

x z z x

ε γε

ε γε

ε γε

∂ ∂∂
+ =

∂ ∂ ∂ ∂

∂ ∂∂
+ =

∂ ∂ ∂ ∂

∂ ∂∂
+ =

∂ ∂ ∂ ∂

compatibility equations 

body force
0

( , )
( , )

Z
X X x y
Y Y x y

=
=
=

‘A State of Plain Stress’1d
l
>>

z

y

l

( , )
( , )

( , )

x x

y y

xy xy

x y
x y
x y

σ σ
σ σ

τ τ

=
=

=

0z zx zyσ τ τ= = =

A thin plate under the lateral load uniformly distributed over its thickness

2 2 2

2 2, ,x y yxy x x y
ψ ψ ψσ σ τ∂ ∂ ∂

= = = −
∂ ∂ ∂ ∂

4 0ψ∇ =
solve

Stress determined

1 1 1[ ], [ ], [ ], xy
x x y y y x y x y xyE E E G

τ
ε σ νσ ε σ νσ ε σ σ γ= − = − = − + =

Strain determined

6 Relations between 6 Strain and 6 Stress 
In case of “Plane Stress State”, 0z yz zxσ τ τ= = =

Strain-stress relation for “Plane Stress State”

2

2

( )
1

( ),
1

x x y

y y x xy xy

E

E G

σ ε νε
ν

σ ε νε τ γ
ν

= +
−

= + =
−

Generalized Hooke’s 
Law for “Plane 
Stress State”

1 ( )

1 ( )

( )

x x y

y y x

z x y

E

E

E

ε σ νσ

ε σ νσ

νε σ σ

= −

= −

= − +

2( 1)
xy xyE

νγ τ+
=

y

x
d
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2D Problem - The Governing Differential Equation

, , ,

, ,

x y z

xy yz zx

u v w
x y z
u v v w w u
y x z y x z

ε ε ε

γ γ γ

∂ ∂ ∂
= = =
∂ ∂ ∂
∂ ∂ ∂ ∂ ∂ ∂

= + = + = +
∂ ∂ ∂ ∂ ∂ ∂

Given : 3 Equations of force equilibrium :

6 Relations between 6 Strain and 3 Displacement : 

0

0

0

yxx zx
x

xy y zy
y

yzxz z
z

F X
x y z

F Y
x y z

F Z
x y z

τσ τ

τ σ τ

ττ σ

∂∂ ∂
= + + + =

∂ ∂ ∂
∂ ∂ ∂

= + + + =
∂ ∂ ∂

∂∂ ∂
= + + + =

∂ ∂ ∂

∑

∑

∑

2

2

2

2

2

2

yz xyx zx

y yz xyzx

yz xyzxz

y z x x y z

z x y x y z

x y z x y z

γ γε γ

ε γ γγ

γ γγε

∂ ∂ ∂ ∂∂
= − + + ∂ ∂ ∂ ∂ ∂ ∂ 

∂ ∂ ∂ ∂∂
= − + ∂ ∂ ∂ ∂ ∂ ∂ 

∂ ∂ ∂∂ ∂
= + − ∂ ∂ ∂ ∂ ∂ ∂ 

2 22

2 2

2 22

2 2

2 22

2 2

y xyx

y yzz

x zxz

y x x y

z y y z

x z z x

ε γε

ε γε

ε γε

∂ ∂∂
+ =

∂ ∂ ∂ ∂

∂ ∂∂
+ =

∂ ∂ ∂ ∂

∂ ∂∂
+ =

∂ ∂ ∂ ∂

compatibility equations 

x

y

z

A prismatic cylinder under the lateral load uniformly distributed along the axis

( , ), ( , ), 0X X x y Y Y x y Z= = =

, , ,x y xy
u v u v
x y y x

ε ε γ∂ ∂ ∂ ∂
= = = +
∂ ∂ ∂ ∂

‘A State of Plain Strain’

0

0

yxx

xy y

X
x y

Y
x y

τσ

τ σ

∂∂
+ + =

∂ ∂
∂ ∂

+ + =
∂ ∂

Force equilibrium equation

Generalized Hooke’s Law for Plane Strain State

, , ,x x z xyσ σ σ τ, ,x y xyε ε γ

Where ( , ), ( , )u u x y v v x y= =
( , ), ( , ), ( , )x x y y xy xyx y x y x yε ε ε ε γ γ= = =

0z xz yzε γ γ= = =

Recall a State of Plain Strain

2 22

2 2
y xyx

y x x y
ε γε ∂ ∂∂

+ =
∂ ∂ ∂ ∂

Compatibility equation
6 Relations between 6 Strain and 6 Stress 
In case of “Plane Stress State”, 0z yz zxσ τ τ= = =

Strain-stress relation for “Plane Stress State”

2

2

( )
1

( ),
1

x x y

y y x xy xy

E

E G

σ ε νε
ν

σ ε νε τ γ
ν

= +
−

= + =
−

Generalized Hooke’s 
Law for “Plane 
Stress State”

1 ( )

1 ( )

( )

x x y

y y x

z x y

E

E

E

ε σ νσ

ε σ νσ

νε σ σ

= −

= −

= − +

2( 1)
xy xyE

νγ τ+
=
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Example - Cantilever
Bending of a Narrow Cantilever of Rectangular Cross Section under an End Load

x

y

d
h L

P

A cantilever beam of narrow rectangular cross section under an end load      . 
With its width      small compared with the depth     , the loaded beam may 
be regarded with as an example in plane stress

P
h d

31
1 2( ) ( )

6
c xy yf x f xψ = + +

Boundary condition : shearing force at          is  equal to 0x = P
If     is large compared with      , the gravitational force can be neglectedgρP

From the static considerations, 
Bending moment at any section will be proportional to      and
the stress component        at any point of the section will be proportional to   

x
xσ y

2 2

1 12 2, : constant ,xc xy c
y y
ψ ψσ∂ ∂

= =
∂ ∂



x xyσ ∝
Accordingly we shall assume for a trial 

body force

0
( , )

( , )

Z
X X x y
Y Y x y

=
=
=

‘A State of Plain Stress’1d
l
>>

z

y

l

( , )
( , )

( , )

x x

y y

xy xy

x y
x y
x y

σ σ
σ σ

τ τ

=
=

=

0z zx zyσ τ τ= = =

2 2 2

2 2, ,x y yxy x x y
ψ ψ ψσ σ τ∂ ∂ ∂

= = = −
∂ ∂ ∂ ∂

4 0ψ∇ =
solve Stress determined

1 1 1[ ], [ ], [ ], xy
x x y y y x z x y xyE E E G

τ
ε σ νσ ε σ νσ ε σ σ γ= − = − = − + =

Strain determined

Recall,

21
1( )

2
c xy f x

y
ψ∂

= +
∂

2

12 dy c xy dy
y
ψ∂

=
∂∫ ∫

21
1( )

2
cdy xy f x dy

y
ψ∂  = + ∂  ∫ ∫

y

x
d
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Example - Cantilever
Bending of a Narrow Cantilever of Rectangular Cross Section under an End Load

x

y

d
h L

P

A cantilever beam of narrow rectangular cross section under an end load      . 
With its width      small compared with the depth     , the loaded beam may 
be regarded with as an example in plane stress

P
h d

31
1 2( ) ( )

6
c xy yf x f xψ = + +

Boundary condition : shearing force at          is  equal to 0x = P
If     is large compared with      , the gravitational force can be neglectedgρP

From the static considerations, 
Bending moment at any section will be proportional to      and
the stress component        at any point of the section will be proportional to   

x
xσ y

2 2

1 12 2, : constant xc xy c
y y
ψ ψσ∂ ∂

= =
∂ ∂



x xyσ ∝
Accordingly we shall assume for a trial 

body force

0
( , )

( , )

Z
X X x y
Y Y x y

=
=
=

‘A State of Plain Stress’1d
l
>>

z

y

l

( , )
( , )

( , )

x x

y y

xy xy

x y
x y
x y

σ σ
σ σ

τ τ

=
=

=

0z zx zyσ τ τ= = =

2 2 2

2 2, ,x y yxy x x y
ψ ψ ψσ σ τ∂ ∂ ∂

= = = −
∂ ∂ ∂ ∂

4 0ψ∇ =
solve Stress determined

1 1[ ], [ ], xy
x x y y y x xyE E G

τ
ε σ νσ ε σ νσ γ= − = − =

Strain determined

Recall,

21
1( )

2
c xy f x

y
ψ∂

= +
∂

2

12 dy c xy dy
y
ψ∂

=
∂∫ ∫

21
1( )

2
cdy xy f x dy

y
ψ∂  = + ∂  ∫ ∫

1 2, ( ), ( ) :f x f x funciton of x

y

x
d
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body force
0
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X X x y
Y Y x y

=
=
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‘A State of Plain Stress’1d
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z

y

l

( , )
( , )

( , )

x x

y y

xy xy

x y
x y
x y

σ σ
σ σ

τ τ

=
=

=

0z zx zyσ τ τ= = =
2 2 2

2 2, ,x y yxy x x y
ψ ψ ψσ σ τ∂ ∂ ∂

= = = −
∂ ∂ ∂ ∂

4 0ψ∇ =
solve Stress determined

1 1[ ], [ ], xy
x x y y y x xyE E G

τ
ε σ νσ ε σ νσ γ= − = − =

Strain determined

Recall,

Example - Cantilever
Bending of a Narrow Cantilever of Rectangular Cross Section under an End Load

x

y

d
h L

P

A cantilever beam of narrow rectangular cross section under an end load      . 
With its width      small compared with the depth     , the loaded beam may 
be regarded with as an example in plane stress

P
h d

31
1 2( ) ( )

6
c xy yf x f xψ = + +

Boundary condition : shearing force at          is  equal to 0x = P
If     is large compared with      , the gravitational force can be neglectedgρP

From the static considerations, 

Bending moment at any section will be proportional to      and

the stress component        at any point of the section will be proportional to   

x
xσ y

2

12x c xy
y
ψσ ∂

= =
∂

x xyσ ∝
Accordingly assume for a trial 

4 0ψ∇ =

Substitution of      into governing equation 

4 4 4
3 3 31 1 1

1 2 1 2 1 24 2 2 4( ) ( ) 2 ( ) ( ) ( ) ( ) 0
6 6 6
c c cxy yf x f x xy yf x f x xy yf x f x

x x y y
∂ ∂ ∂     + + + + + + + + =     ∂ ∂ ∂ ∂     

4 4 4
4

4 2 2 4, 2
x x y y
∂ ∂ ∂

∇ = + +
∂ ∂ ∂ ∂

ψ

( )
4

1 24 ( ) ( ) 0yf x f x
x
∂

+ =
∂

y

x
d
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body force
0
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( , )
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X X x y
Y Y x y

=
=
=

‘A State of Plain Stress’1d
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z

y

l

( , )
( , )

( , )

x x

y y

xy xy

x y
x y
x y

σ σ
σ σ

τ τ

=
=

=

0z zx zyσ τ τ= = =
2 2 2

2 2, ,x y yxy x x y
ψ ψ ψσ σ τ∂ ∂ ∂

= = = −
∂ ∂ ∂ ∂

4 0ψ∇ =
solve Stress determined

1 1[ ], [ ], xy
x x y y y x xyE E G

τ
ε σ νσ ε σ νσ γ= − = − =

Strain determined

Recall,

Example - Cantilever
Bending of a Narrow Cantilever of Rectangular Cross Section under an End Load

x

y

d
h L

P

A cantilever beam of narrow rectangular cross section under an end load      . 
With its width      small compared with the depth     , the loaded beam may 
be regarded with as an example in plane stress

P
h d

31
1 2( ) ( )

6
c xy yf x f xψ = + +

Boundary condition : shearing force at          is  equal to 0x = P
If     is large compared with      , the gravitational force can be neglectedgρP

From the static considerations, 

Bending moment at any section will be proportional to      and

the stress component        at any point of the section will be proportional to   

x
xσ y

x xyσ ∝
Accordingly assume for a trial 

4 0ψ∇ =then, from the governing equation 

( )
4

1 24 ( ) ( ) 0yf x f x
x
∂

+ =
∂

4 4
1 2

4 4

( ) ( ) 0f x f xy
x x

∂ ∂
+ =

∂ ∂
∵x,y : independent

4 4
1 2

4 4

( ) ( )0 0f x f xand
x x

∂ ∂
= =

∂ ∂
3 2

1 2 3 4 5
3 2

2 6 7 8 9

( )

( )

f x c x c x c x c
f x c x c x c x c

 = + + +
∴ = + + +

integrate four times

2

12x c xy
y
ψσ ∂

= =
∂

y

x
d
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body force
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z
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l

( , )
( , )

( , )

x x

y y

xy xy

x y
x y
x y

σ σ
σ σ

τ τ

=
=

=

0z zx zyσ τ τ= = =
2 2 2

2 2, ,x y yxy x x y
ψ ψ ψσ σ τ∂ ∂ ∂

= = = −
∂ ∂ ∂ ∂

4 0ψ∇ =
solve Stress determined

1 1[ ], [ ], xy
x x y y y x xyE E G

τ
ε σ νσ ε σ νσ γ= − = − =

Strain determined

Recall,

Example - Cantilever
Bending of a Narrow Cantilever of Rectangular Cross Section under an End Load

x

y

d
h L

P

A cantilever beam of narrow rectangular cross section under an end load      . 
With its width      small compared with the depth     , the loaded beam may 
be regarded with as an example in plane stress

P
h d

31
1 2( ) ( )

6
c xy yf x f xψ = + +

Boundary condition : shearing force at          is  equal to 0x = P
If     is large compared with      , the gravitational force can be neglectedP

From the static considerations, 

Bending moment at any section will be proportional to      and

the stress component        at any point of the section will be proportional to   

x
xσ y

x xyσ ∝
Accordingly assume for a trial 

4 0ψ∇ =then, from the governing equation 

3 2
1 2 3 4 5

3 2
2 6 7 8 9

( )

( )

f x c x c x c x c
f x c x c x c x c

 = + + +
 = + + +

3 3 2 3 21
2 3 4 5 6 7 8 96

c xy y c x c x c x c c x c x c x cψ    = + + + + + + + +   

2 2

2 ,y yxx x y
ψ ψσ τ∂ ∂

= = −
∂ ∂ ∂

2

12x c xy
y
ψσ ∂

= =
∂

y

x
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body force
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( , )
( , )

( , )

x x

y y

xy xy

x y
x y
x y

σ σ
σ σ

τ τ

=
=

=

0z zx zyσ τ τ= = =
2 2 2

2 2, ,x y yxy x x y
ψ ψ ψσ σ τ∂ ∂ ∂

= = = −
∂ ∂ ∂ ∂

4 0ψ∇ =
solve Stress determined

1 1[ ], [ ], xy
x x y y y x xyE E G

τ
ε σ νσ ε σ νσ γ= − = − =

Strain determined

Recall,

Example - Cantilever
Bending of a Narrow Cantilever of Rectangular Cross Section under an End Load

x

y

d
h L

P

A cantilever beam of narrow rectangular cross section under an end load      . 
With its width      small compared with the depth     , the loaded beam may 
be regarded with as an example in plane stress

P
h d

31
1 2( ) ( )

6
c xy yf x f xψ = + +

Boundary condition : shearing force at          is  equal to 0x = P
If     is large compared with      , the gravitational force can be neglectedgρP

From the static considerations, 

Bending moment at any section will be proportional to      and

the stress component        at any point of the section will be proportional to   

x
xσ y

x xyσ ∝
Accordingly assume for a trial 

4 0ψ∇ =then, from the governing equation 

3 3 2 3 21
2 3 4 5 6 7 8 96

c xy y c x c x c x c c x c x c x cψ    = + + + + + + + +   

2 2
3 3 2 3 21

2 3 4 5 6 7 8 92 2

2 2
3 3 2 3 21

2 3 4 5 6 7 8 9

6

6

y

yx

c xy y c x c x c x c c x c x c x c
x x

c xy y c x c x c x c c x c x c x c
x y x y

ψσ

ψτ

∂ ∂     = = + + + + + + + +    ∂ ∂  
∂ ∂     = − = − + + + + + + + +    ∂ ∂ ∂ ∂  

2 21
2 3 43 2

2xy
c y c x c x cτ∴ = − − − −

2 6 3 76( ) 2( )y c y c x c y cσ∴ = + + +

2

12x c xy
y
ψσ ∂

= =
∂

y

x
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body force
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σ σ
σ σ

τ τ

=
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=

0z zx zyσ τ τ= = =
2 2 2

2 2, ,x y yxy x x y
ψ ψ ψσ σ τ∂ ∂ ∂

= = = −
∂ ∂ ∂ ∂

4 0ψ∇ =
solve Stress determined

1 1[ ], [ ], xy
x x y y y x xyE E G

τ
ε σ νσ ε σ νσ γ= − = − =

Strain determined

Recall,

Example - Cantilever
Bending of a Narrow Cantilever of Rectangular Cross Section under an End Load

x

y

d
h L

P

A cantilever beam of narrow rectangular cross section under an end load      . 
With its width      small compared with the depth     , the loaded beam may 
be regarded with as an example in plane stress

P
h d

31
1 2( ) ( )

6
c xy yf x f xψ = + +

Boundary condition : shearing force at          is  equal to 0x = P
If     is large compared with      , the gravitational force can be neglectedgρP

From the static considerations, 

Bending moment at any section will be proportional to      and

the stress component        at any point of the section will be proportional to   

x
xσ y

x xyσ ∝
Accordingly assume for a trial 

4 0ψ∇ =then, from the governing equation 

3 3 2 3 21
2 3 4 5 6 7 8 96

c xy y c x c x c x c c x c x c x cψ    = + + + + + + + +   

2 21
2 3 43 2

2xy
c y c x c x cτ = − − − −

2 6 3 76( ) 2( )y c y c x c y cσ = + + +

from
2 2

2 ,y yxx x y
ψ ψσ τ∂ ∂

= = −
∂ ∂ ∂
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y
ψσ ∂

= =
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τ τ
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0z zx zyσ τ τ= = =
2 2 2

2 2, ,x y yxy x x y
ψ ψ ψσ σ τ∂ ∂ ∂

= = = −
∂ ∂ ∂ ∂

4 0ψ∇ =
solve Stress determined

1 1[ ], [ ], xy
x x y y y x xyE E G

τ
ε σ νσ ε σ νσ γ= − = − =

Strain determined

Recall,

Example - Cantilever
Bending of a Narrow Cantilever of Rectangular Cross Section under an End Load

x

y

d
h L

P

A cantilever beam of narrow rectangular cross section under an end load      . 
With its width      small compared with the depth     , the loaded beam may 
be regarded with as an example in plane stress

P
h d

Boundary condition : shearing force at          is  equal to 0x = P
If     is large compared with      , the gravitational force can be neglectedgρP

From the static considerations, 

Bending moment at any section will be proportional to      and

the stress component        at any point of the section will be proportional to   

x
xσ y

31
1 2( ) ( )

6
c xy yf x f xψ = + +

x xyσ ∝
Accordingly assume for a trial 

4 0ψ∇ =then, from the governing equation 

3 3 2 3 21
2 3 4 5 6 7 8 96

c xy y c x c x c x c c x c x c x cψ    = + + + + + + + +   

2 21
2 3 43 2

2xy
c y c x c x cτ = − − − −
2 6 3 76( ) 2( )y c y c x c y cσ = + + +

from

2 2 2

2 2, ,x y yxy x x y
ψ ψ ψσ σ τ∂ ∂ ∂

= = = −
∂ ∂ ∂ ∂

2 6 3 7/2

2 6 3 7/2

6( ) 2( ) 0
2 2

6( ) 2( ) 0
2 2

y y d

y y d

d dc c x c c

d dc c x c c

σ

σ

=

=−

= + + + =

= − + + − + =

from boundary condition 0 at
2y
dyσ = = ±

Since this must be valid for all x

2 6 3 7

2 6 3 7

( ) 0, ( ) 0
2 2

( ) 0, ( ) 0
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4 0ψ∇ =
solve Stress determined

1 1[ ], [ ], xy
x x y y y x xyE E G

τ
ε σ νσ ε σ νσ γ= − = − =
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Recall,

Example - Cantilever
Bending of a Narrow Cantilever of Rectangular Cross Section under an End Load
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P

A cantilever beam of narrow rectangular cross section under an end load      . 
With its width      small compared with the depth     , the loaded beam may 
be regarded with as an example in plane stress

P
h d

Boundary condition : shearing force at          is  equal to 0x = P
If     is large compared with      , the gravitational force can be neglectedgρP

From the static considerations, 

Bending moment at any section will be proportional to      and

the stress component        at any point of the section will be proportional to   
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Recall,

Example - Cantilever
Bending of a Narrow Cantilever of Rectangular Cross Section under an End Load
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P

A cantilever beam of narrow rectangular cross section under an end load      . 
With its width      small compared with the depth     , the loaded beam may 
be regarded with as an example in plane stress

P
h d

Boundary condition : shearing force at          is  equal to 0x = P
If     is large compared with      , the gravitational force can be neglectedgρP

From the static considerations, 

Bending moment at any section will be proportional to      and

the stress component        at any point of the section will be proportional to   
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31
1 2( ) ( )

6
c xy yf x f xψ = + +

x xyσ ∝
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4 0ψ∇ =
solve Stress determined

1 1[ ], [ ], xy
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ε σ νσ ε σ νσ γ= − = − =

Strain determined

Recall,

Example - Cantilever
Bending of a Narrow Cantilever of Rectangular Cross Section under an End Load

x

y

d
h L

P

A cantilever beam of narrow rectangular cross section under an end load      . 
With its width      small compared with the depth     , the loaded beam may 
be regarded with as an example in plane stress

P
h d

Boundary condition : shearing force at          is  equal to 0x = P
If     is large compared with      , the gravitational force can be neglectedgρP

From the static considerations, 

Bending moment at any section will be proportional to      and

the stress component        at any point of the section will be proportional to   

x
xσ y

31
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c xy yf x f xψ = + +

x xyσ ∝
Accordingly assume for a trial 

4 0ψ∇ =then, from the governing equation 
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2 3 4 5 6 7 8 96

c xy y c x c x c x c c x c x c x cψ    = + + + + + + + +   

2 21
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c y c x c x cτ = − − − −
2 6 3 76( ) 2( )y c y c x c y cσ = + + +

from
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from boundary condition 0 at
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4 0ψ∇ =
solve Stress determined

1 1[ ], [ ], xy
x x y y y x xyE E G

τ
ε σ νσ ε σ νσ γ= − = − =

Strain determined

Recall,

Example - Cantilever
Bending of a Narrow Cantilever of Rectangular Cross Section under an End Load
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A cantilever beam of narrow rectangular cross section under an end load      . 
With its width      small compared with the depth     , the loaded beam may 
be regarded with as an example in plane stress

P
h d

Boundary condition : shearing force at          is  equal to 0x = P
If     is large compared with      , the gravitational force can be neglectedgρP

From the static considerations, 

Bending moment at any section will be proportional to      and

the stress component        at any point of the section will be proportional to   

x
xσ y

31
1 2( ) ( )

6
c xy yf x f xψ = + +

x xyσ ∝
Accordingly assume for a trial 

4 0ψ∇ =then, from the governing equation 

3 3 2 3 21
2 3 4 5 6 7 8 96

c xy y c x c x c x c c x c x c x cψ    = + + + + + + + +   

2 21
2 3 43 2

2xy
c y c x c x cτ = − − − −
2 6 3 76( ) 2( )y c y c x c y cσ = + + +

from
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solve Stress determined

1 1[ ], [ ], xy
x x y y y x xyE E G

τ
ε σ νσ ε σ νσ γ= − = − =

Strain determined

Recall,

Example - Cantilever
Bending of a Narrow Cantilever of Rectangular Cross Section under an End Load
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A cantilever beam of narrow rectangular cross section under an end load      . 
With its width      small compared with the depth     , the loaded beam may 
be regarded with as an example in plane stress

P
h d

Boundary condition : shearing force at          is  equal to 0x = P
If     is large compared with      , the gravitational force can be neglectedgρP

From the static considerations, 

Bending moment at any section will be proportional to      and

the stress component        at any point of the section will be proportional to   
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xσ y

31
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6
c xy yf x f xψ = + +

x xyσ ∝
Accordingly assume for a trial 

4 0ψ∇ =then, from the governing equation 
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2 3 4 5 6 7 8 96
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Example - Cantilever
Bending of a Narrow Cantilever of Rectangular Cross Section under an End Load
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A cantilever beam of narrow rectangular cross section under an end load      . 
With its width      small compared with the depth     , the loaded beam may 
be regarded with as an example in plane stress

P
h d

Boundary condition : shearing force at          is  equal to 0x = P
If     is large compared with      , the gravitational force can be neglectedgρP
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Example - Cantilever
Bending of a Narrow Cantilever of Rectangular Cross Section under an End Load
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A cantilever beam of narrow rectangular cross section under an end load      . 
With its width      small compared with the depth     , the loaded beam may 
be regarded with as an example in plane stress

P
h d

Boundary condition : shearing force at          is  equal to 0x = P
If     is large compared with      , the gravitational force can be neglectedgρP
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Example - Cantilever
Bending of a Narrow Cantilever of Rectangular Cross Section under an End Load
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A cantilever beam of narrow rectangular cross section under an end load      . 
With its width      small compared with the depth     , the loaded beam may 
be regarded with as an example in plane stress

P
h d

Boundary condition : shearing force at          is  equal to 0x = P
If     is large compared with      , the gravitational force can be neglectedgρP
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Example - Cantilever
Bending of a Narrow Cantilever of Rectangular Cross Section under an End Load
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A cantilever beam of narrow rectangular cross section under an end load      . 
With its width      small compared with the depth     , the loaded beam may 
be regarded with as an example in plane stress

P
h d

Boundary condition : shearing force at          is  equal to 0x = P
If     is large compared with      , the gravitational force can be neglectedgρP
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4 0ψ∇ =
solve Stress determined
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Strain determined
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Example - Cantilever
Bending of a Narrow Cantilever of Rectangular Cross Section under an End Load
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A cantilever beam of narrow rectangular cross section under an end load      . 
With its width      small compared with the depth     , the loaded beam may 
be regarded with as an example in plane stress

P
h d

Boundary condition : shearing force at          is  equal to 0x = P
If     is large compared with      , the gravitational force can be neglectedgρP
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Example - Cantilever
Bending of a Narrow Cantilever of Rectangular Cross Section under an End Load
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A cantilever beam of narrow rectangular cross section under an end load      . 
With its width      small compared with the depth     , the loaded beam may 
be regarded with as an example in plane stress

P
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Boundary condition : shearing force at          is  equal to 0x = P
If     is large compared with      , the gravitational force can be neglectedgρP

body force
0

( , )
( , )

Z
X X x y
Y Y x y

=
=
=

‘A State of Plain Stress’1d
l
>>

z

y

l

( , )
( , )

( , )

x x

y y

xy xy

x y
x y
x y

σ σ
σ σ

τ τ

=
=

=

0z zx zyσ τ τ= = =
2 2 2

2 2, ,x y yxy x x y
ψ ψ ψσ σ τ∂ ∂ ∂

= = = −
∂ ∂ ∂ ∂

4 0ψ∇ =
solve Stress determined

1 1[ ], [ ], xy
x x y y y x xyE E G

τ
ε σ νσ ε σ νσ γ= − = − =

Strain determined

Recall,

moment of inertia of the cross section

,x
Pxy

I
σ = − 0,yσ = 2 21

2 4xy
I P y dτ  = − 

 

3

12
hdI =

, , ,

, ,

x y z

xy yz zx

u v w
x y z
u v v w w u
y x z y x z

ε ε ε

γ γ γ

∂ ∂ ∂
= = =
∂ ∂ ∂
∂ ∂ ∂ ∂ ∂ ∂

= + = + = +
∂ ∂ ∂ ∂ ∂ ∂

Strain and Displacement : 

21 2
1

2 2( ) ( ) (1 )(1 )
2 2 4

g y g xP P Py x d
y EI x EI EI

aν ν∂ ∂ +
− + = − + − =

∂ ∂

2 2 21 2
1 1

( ) ( ) (1 )(1 )
2 2 4

,g y g xP P Py x d
y EI x EI

a
EI

aν ν∂ ∂ +
∴ − + = − + − =

∂ ∂

2 2 21 2
1 1

( ) ( ) (1 )(1 ) ,
2 2 4

g y g xP P Py a x d a
y EI x EI EI

ν ν∂ ∂ +
= + + = − −

∂ ∂

21
1

( ) (1 )
2

g y Pdy y a dy
y EI

ν∂  = + + ∂  ∫ ∫

3
1 1 2( ) (1 )

3 2
Pg y y a y a
EI

ν
= + + +

y

x
d

60/75



Elasticity 05 - 2D Problems

Example - Cantilever
Bending of a Narrow Cantilever of Rectangular Cross Section under an End Load
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A cantilever beam of narrow rectangular cross section under an end load      . 
With its width      small compared with the depth     , the loaded beam may 
be regarded with as an example in plane stress
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Boundary condition : shearing force at          is  equal to 0x = P
If     is large compared with      , the gravitational force can be neglectedgρP
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Example - Cantilever
Bending of a Narrow Cantilever of Rectangular Cross Section under an End Load
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A cantilever beam of narrow rectangular cross section under an end load      . 
With its width      small compared with the depth     , the loaded beam may 
be regarded with as an example in plane stress
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Boundary condition : shearing force at          is  equal to 0x = P
If     is large compared with      , the gravitational force can be neglectedgρP

body force
0

( , )
( , )

Z
X X x y
Y Y x y

=
=
=

‘A State of Plain Stress’1d
l
>>

z

y

l

( , )
( , )

( , )

x x

y y

xy xy

x y
x y
x y

σ σ
σ σ

τ τ

=
=

=

0z zx zyσ τ τ= = =
2 2 2

2 2, ,x y yxy x x y
ψ ψ ψσ σ τ∂ ∂ ∂

= = = −
∂ ∂ ∂ ∂

4 0ψ∇ =
solve Stress determined

1 1[ ], [ ], xy
x x y y y x xyE E G

τ
ε σ νσ ε σ νσ γ= − = − =

Strain determined

Recall,

moment of inertia of the cross section

,x
Pxy

I
σ = − 0,yσ = 2 21

2 4xy
I P y dτ  = − 

 

3

12
hdI =

, , ,

, ,

x y z

xy yz zx

u v w
x y z
u v v w w u
y x z y x z

ε ε ε

γ γ γ

∂ ∂ ∂
= = =
∂ ∂ ∂
∂ ∂ ∂ ∂ ∂ ∂

= + = + = +
∂ ∂ ∂ ∂ ∂ ∂

Strain and Displacement : 

21 2
1

2 2( ) ( ) (1 )(1 )
2 2 4

g y g xP P Py x d
y EI x EI EI

aν ν∂ ∂ +
− + = − + − =

∂ ∂

2 2 21 2
1 1

( ) ( ) (1 )(1 )
2 2 4

,g y g xP P Py x d
y EI x EI

a
EI

aν ν∂ ∂ +
∴ − + = − + − =

∂ ∂

2 2 21 2
1 1

( ) ( ) (1 )(1 ) ,
2 2 4

g y g xP P Py a x d a
y EI x EI EI

ν ν∂ ∂ +
= + + = − −

∂ ∂

3
1 1 2

3 2
2 1 3

( ) (1 )
3 2

(1 )( )
6 4

Pg y y a y a
EI
P Pg x x d x a x a
EI EI

ν

ν

= + + +

+
= − − +

y

x
d

62/75



Elasticity 05 - 2D Problems

Example - Cantilever
Bending of a Narrow Cantilever of Rectangular Cross Section under an End Load
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A cantilever beam of narrow rectangular cross section under an end load      . 
With its width      small compared with the depth     , the loaded beam may 
be regarded with as an example in plane stress
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Boundary condition : shearing force at          is  equal to 0x = P
If     is large compared with      , the gravitational force can be neglectedgρP
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Example - Cantilever
Bending of a Narrow Cantilever of Rectangular Cross Section under an End Load
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A cantilever beam of narrow rectangular cross section under an end load      . 
With its width      small compared with the depth     , the loaded beam may 
be regarded with as an example in plane stress

P
h d

Boundary condition : shearing force at          is  equal to 0x = P
If     is large compared with      , the gravitational force can be neglectedgρP
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Example - Cantilever
Bending of a Narrow Cantilever of Rectangular Cross Section under an End Load
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A cantilever beam of narrow rectangular cross section under an end load      . 
With its width      small compared with the depth     , the loaded beam may 
be regarded with as an example in plane stress
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h d

Boundary condition : shearing force at          is  equal to 0x = P
If     is large compared with      , the gravitational force can be neglectedgρP
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Example - Cantilever
Bending of a Narrow Cantilever of Rectangular Cross Section under an End Load
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A cantilever beam of narrow rectangular cross section under an end load      . 
With its width      small compared with the depth     , the loaded beam may 
be regarded with as an example in plane stress
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Boundary condition : shearing force at          is  equal to 0x = P
If     is large compared with      , the gravitational force can be neglectedgρP
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Example - Cantilever
Bending of a Narrow Cantilever of Rectangular Cross Section under an End Load
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A cantilever beam of narrow rectangular cross section under an end load      . 
With its width      small compared with the depth     , the loaded beam may 
be regarded with as an example in plane stress
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Boundary condition : shearing force at          is  equal to 0x = P
If     is large compared with      , the gravitational force can be neglectedgρP
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Example - Cantilever
Bending of a Narrow Cantilever of Rectangular Cross Section under an End Load
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A cantilever beam of narrow rectangular cross section under an end load      . 
With its width      small compared with the depth     , the loaded beam may 
be regarded with as an example in plane stress
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Boundary condition : shearing force at          is  equal to 0x = P
If     is large compared with      , the gravitational force can be neglectedgρP
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Example - Cantilever
Bending of a Narrow Cantilever of Rectangular Cross Section under an End Load
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A cantilever beam of narrow rectangular cross section under an end load      . 
With its width      small compared with the depth     , the loaded beam may 
be regarded with as an example in plane stress
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Boundary condition : shearing force at          is  equal to 0x = P
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body force
0

( , )
( , )

Z
X X x y
Y Y x y

=
=
=

‘A State of Plain Stress’1d
l
>>

z

y

l

( , )
( , )

( , )

x x

y y

xy xy

x y
x y
x y

σ σ
σ σ

τ τ

=
=

=
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4 0ψ∇ =
solve Stress determined
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τ
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Recall,

moment of inertia of the cross section
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Strain and Displacement : 
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Pxy Pxy P dy
EI EI EI
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Example - Cantilever
Bending of a Narrow Cantilever of Rectangular Cross Section under an End Load

x

y

d
h L

P

A cantilever beam of narrow rectangular cross section under an end load      . 
With its width      small compared with the depth     , the loaded beam may 
be regarded with as an example in plane stress

P
h d

Boundary condition : shearing force at          is  equal to 0x = P
If     is large compared with      , the gravitational force can be neglectedgρP

body force
0
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=
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0z zx zyσ τ τ= = =
2 2 2

2 2, ,x y yxy x x y
ψ ψ ψσ σ τ∂ ∂ ∂

= = = −
∂ ∂ ∂ ∂

4 0ψ∇ =
solve Stress determined

1 1[ ], [ ], xy
x x y y y x xyE E G

τ
ε σ νσ ε σ νσ γ= − = − =

Strain determined

Recall,

moment of inertia of the cross section

,x
Pxy

I
σ = − 0,yσ = 2 21

2 4xy
I P y dτ  = − 
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Strain and Displacement : 
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Example - Cantilever
Bending of a Narrow Cantilever of Rectangular Cross Section under an End Load
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P

A cantilever beam of narrow rectangular cross section under an end load      . 
With its width      small compared with the depth     , the loaded beam may 
be regarded with as an example in plane stress

P
h d

Boundary condition : shearing force at          is  equal to 0x = P
If     is large compared with      , the gravitational force can be neglectedgρP

body force
0
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Z
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=
=
=
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0z zx zyσ τ τ= = =
2 2 2

2 2, ,x y yxy x x y
ψ ψ ψσ σ τ∂ ∂ ∂

= = = −
∂ ∂ ∂ ∂

4 0ψ∇ =
solve Stress determined

1 1[ ], [ ], xy
x x y y y x xyE E G

τ
ε σ νσ ε σ νσ γ= − = − =

Strain determined

Recall,

moment of inertia of the cross section

,x
Pxy

I
σ = − 0,yσ = 2 21

2 4xy
I P y dτ  = − 
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Strain and Displacement : 
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Example - Cantilever
Bending of a Narrow Cantilever of Rectangular Cross Section under an End Load

x

y

d
h L

P

A cantilever beam of narrow rectangular cross section under an end load      . 
With its width      small compared with the depth     , the loaded beam may 
be regarded with as an example in plane stress

P
h d

Boundary condition : shearing force at          is  equal to 0x = P
If     is large compared with      , the gravitational force can be neglectedgρP

body force
0
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Z
X X x y
Y Y x y

=
=
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‘A State of Plain Stress’1d
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0z zx zyσ τ τ= = =
2 2 2

2 2, ,x y yxy x x y
ψ ψ ψσ σ τ∂ ∂ ∂

= = = −
∂ ∂ ∂ ∂

4 0ψ∇ =
solve Stress determined

1 1[ ], [ ], xy
x x y y y x xyE E G

τ
ε σ νσ ε σ νσ γ= − = − =

Strain determined

Recall,

moment of inertia of the cross section

,x
Pxy

I
σ = − 0,yσ = 2 21

2 4xy
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,u vDisplacement determined
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Pxy Pxy P dy
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Example - Cantilever
( )f x w=y

x
4

4 ( )d yEI f x
dx

=

recall, differential equations of deflection curves*

Integrate four times

Boundary Condition

( )

( )
( )

0 0
(0)

0

0,

EI
EI P

L

L

ν

ν
ν

ν

′′ =

′′′ =

=

′ =

No distributed load ( ) 0f x =

4

4

( ) 0d xEI
dx
ν

=

2 3
4 3 2 1

1 1( )
2 6

x c c x c x c x
EI

ν = + + +

2
3 2 1

1( )
2

x c c x c x
EI

ν ′ = + +

2 1
1( )x c c x
EI

ν ′′ = +

1
1( )x c
EI

ν ′′′ =

2
3 2 1

1 1( )
2

L c c L c L
EI

ν  ′ = + + 
 

2
1(0) c

EI
ν ′′ = 1

1, c
EI

ν ′′′ =

2 3
4 3 2 1

1 1 1, ( )
2 6

L c c L c L c L
EI

ν  = + + + 
 

by the boundary condition

2 0c∴ =2
10 c

EI
=

1c P∴ =1
1P c

EI EI
=

2
3 2 1

1 0
2

c c L c L+ + =
2

3
1
2

c PL= −

3 3 3
4

1 1 1
2 6 3

c PL PL PL= − =2 3
4 3 2 1

1 1 0
2 6

c c L c L c L+ + + =

3 2 3

3 2 3

1 1 1( )
3 2 6

1 1 1( )
6 2 3

EI x PL PL x Px

x Px PL x PL
EI EI EI

ν

ν

∴ = − +

= − −

x

y

d
h L

P

No bending moment at x=0

Shear force P at x=0

No displacement at x=0

No slope at x=0

v y←

*Gere J. M., Mechanics of Materials (International Edition), Sixth Edition, Thomson, 2006, P906 (coordinates modified) 73/75
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Example - Comparison
Bending of a Narrow Cantilever of Rectangular Cross Section under an End Load

x

y

d
h L

P

A cantilever beam of narrow rectangular cross section under an end load      . 
With its width      small compared with the depth     , the loaded beam may 
be regarded with as an example in plane stress

P
h d

Boundary condition : shearing force at          is  equal to 0x = P
If     is large compared with      , the gravitational force can be neglectedgρP

moment of inertia of the cross section

3

12
hdI =

2 2 3
2 3 3 2 3(1 ) [ (1 ) ] ,

2 3 2 2 2 2 6 2 3
P P P d P P PL PLu x y y L y v xy x x
EI EI EI EI EI EI EI

ν νν= − + + + − + = + − +

3 2 3

6 2 3
P P Pv x L x L
EI EI EI

= − +

4

4 ( )d yEI f x
dx

=

recall, differential equations of deflection curves*

*Gere J. M., Mechanics of Materials (International Edition), Sixth Edition, Thomson, 2006, P906 (coordinates modified)

v
2 3

2 3

2 6 2 3
P P PL PLv xy x x
EI EI EI EI
ν

= + − +

The equation of the deflection curve is 
given by the expression of     at  0y =

2 3
3

6 2 3
P PL PLv x x
EI EI EI

= − + same
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Example - Comparison
moment of inertia of the cross section

3

12
hdI =

2
2 3 3(1 ) [ (1 ) ]

2 3 2 2 2
P P P du x y y L y
EI EI EI

ν ν= − + + + − +

*Gere J. M., Mechanics of Materials (International Edition), Sixth Edition, Thomson, 2006, P906 (coordinates modified)
**Gere J. M., Mechanics of Materials (International Edition), Sixth Edition, Thomson, 2006, P301

0at y =
2 3

3

6 2 3
P PL PLv x x
EI EI EI

= − +

( )f x w=y

x
4

4 ( )d yEI f x
dx

=

recall, differential equations of deflection curves*

No distributed load ( ) 0f x =

x

y

d
h L

P v y←

3 2 3

6 2 3
P P Pv x L x L
EI EI EI

= − +

2 3
2 3

2 6 2 3
P P PL PLv xy x x
EI EI EI EI
ν

= + − +

No displace u component from this solution

same displacement v

0at y =0u =

what is the difference between two solution 
and why? The deflection of the 

beam at any point along 
its axis is the displacement 
of that point from its 
original position, 
measured in the y 
direction**

( , )
( , )

u u x y
v v x y
=
=
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