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Summary : State of 2D Problems

‘A State of Plain Strain’

‘A State of Plain Stress’

y /\y 4
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X \

d
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If the ends of the cylinder are )
prevented from moving in the z A thin plate under the lateral load
coordinates, we can assume W =0 at uniformly distributed over its thickness

every cross section of the cylinder

gX:a_u’ gy:@’ gZ:O Gzzo’ TZXZO’ sz:O
OX oy
ou ov
= —+4 — , ’ :O’ x :0
Vxy oy ox Yy 4
Where U=U(X,Y), V=V(X,Y) Where 5 =0, (X,Y), o, =O'y(X, y)
g=&(XY), & =£,(XY), 7y =7y (% Y) Ty =Ty (u,v)

Given : body force

Z=0, X=X(XY), Y=Y(XY)
Find : Stress

Oys Oy, Ty

A4
N




Summary ...

If we are interested in finding only the stress
components in a body. we may reduce the system

of equations to six equations with six unknown Sr 00, 0%y 0T,y v %
stress components T oy a LMy =7y, =7y =
2 —
or oo, Ot ZM =7z, -7, =0
o . F -2 “% "'y y_ y Xz X
Given : Body force X Y / LRy et SM.—r, <0
z Xy yX
Find : Stress Ox: O-y’ O, Z-xy’ z-yz’ T ZFZ:67X2+%+%+Z:O
\_ x oy &
/
2
L a_x a_Y a_z +26_X+Vzo-x+ia_€):
l1-viox oy oz OX 1+v oX
2
L %4_%4_% +2ﬁ+V26y+L@:O
1-viox oy oz oy 1+v oy 3
2
Y %+ﬂ+% +2%+Vzaz+ia ? = Compatibility equations 3 /independent Equations
1-v{ox oy oz oz 1+v oz o%, 0o, o, 0%, _ 0 Oy o1 Oy
@_l X — , - | -y x4,
oY ox , 1 5% oy? ox*  oxoy oyoz  ox oX oy oz
.92 4y — =
ax + 8yj+ Txy+v+1axay 628y+6282 :az}/yz l azgy :g 67/yz_a}/zx +%
—_— e or*  oy*  oyor ozox oyl ox oy oz
T sV o —— = d’s, 0%, 0%, &% 0(0y, 0O 0y,
oy =y +1oyor - 2o n, Tx_n
ox* oz*  ozox oy ol ox oy @
X oz 1 ¢
a—+a—j+vzrzx = 0e =0 1 6 Relations btw. 6 Strain and 6 Stress
oz X v +1 0z0x ___ VB E = E p
i T Ae)-20)  @en oAv+) Y
6 Variables e E E
-/ 6 Equations A t-2) @) "o +1) "
XY, Z : bodyforce in x,y, and z direction repectively , PE 52 52 G:ShearMoId_qus| o = vE et E e E
v w0, +a,+0] ¥ o o o [t vamgs o ez vy
OX 0y OX|u,A:Lame Elastic constant| : Young's Modulus|
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T L g

18 Variables
15 Variables

18 Equa

T,,0

o -

y T

9 Stress O Ty Ty T ' T

65tfai/7 gv18\1187!yxy17/yziy/zx

X 1 U xy ! zy ' ¥xz !

tions > 15 Equations

z

6 Equations of force equilibrium

\

& +E,+6,
S




Summary

‘A State of Plain Strain’

ou ov
& =— =—, &,=0
ox 7 oy
au @ 0
j/xy ay a 17/yz ']/zx

18 Variables
15 Variables

Vi =0 <

Biharmonic Equation

V4 — (VZ)Z

(without gravitational force)
(80)( aTyx —O\
ox oy
or,, Oo
= O a—xy + Wy = O
X
\_ J
Define stress function y(x,y)
such that
0? 0? 0°
Ox = 2¥/’ Oy = 21//’ Ty = z
oy 0°X oxoy
- reduce no. of variables satisfying
force equilibrium eqn.
(62 0’y 0y
Lay X2 oxdy

1

[A-v)e, +ve ]\

(o,

C =1+—V[(1 Vo, —vo,] W
B _
:1+_V[(1 Vo, -vo,] ST L) -2v) e, +(A-v)s,]
- E
O-Z =7[8x +8y]
Txy (l+ V)(l— 21/)
}/xy = E . :L}/
Elasticity OS&; oo j \ 2Av+1) j

9 Stress Oy Ty 1Ty Ty 1Oy Ty 1 Ty 1Ty, 0,

65tfai/7 gv18\1187!yxy17/yziy/zx

18 Equations => 15 Equations

6 Equations of force equilibrium

\

aO-x 8ryx asz
ZFX— > +—ay +—az +X =0 ZMX:TyZ—Z'ZyZO
25 _aT %‘;JragzerY:O 2M, =7, -7, =0
z
N ZMZ=TXy—ryX=O
SF =%, e 00,7y
\_ x oy ot
( h
Compatibility equations 3 /'nde;pendent Equations
az‘gx az{;‘y — azj/Xy % g _%4_%4_%
o> ox* oxoy oyoz ox\ ox oy oz
e, o, Y, , O, _ 0 (n o1, L7y
az ay dyéz "ozox oyl ox oy @z
82 &, 82 Ex 8272x 825 0 67/ 7 67 57
L4 X = 2—t=—| X 0
ox*  oz° 010X oxoy oz\ ox oy oz
6 Relations btw. 6 Strain and 6 Stress E
o, = vE e+ E £ Ty T o T
T Lev)A-2v)  (L+v) (v +1)
vE E E
oy = e+ &y 1Ty, =
1+v)d-2v)  (1+v) o 2Av+])
vE E E
o, = e+ &, —
(1+V)(1—2V) (l-‘rV) 1T = 2(V+1) Vx

\ ,e=8x+€y+6‘z
- S W




Summary

‘A State of Plain Strain’

ou ov
&E=—, &§,=—, §,=0
ox 7 oy
ou ov
= —4 — , :O, ZX:O
j/xy ay 8X 7/yz 7
ou oV
2 2 2
0'X=82 ,Gy=82l//, TW:_&(// _ou, v
oy 0°X oxoy m—ay X

V4W:O V4 Oyi Oy, Ty @> Exr €y Vyx |T_n%> u, v, w

Biharmonic Equation

V= (V?)? c 1+v
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Summary

‘A State of Plain Stress’

c0,=0,7,=0, 7, =0

Where

o, =0,(%Y), o,=0,(X,Y)

Ty =Ty (U,V)

18 Variables
15 Variables

(without gravitational force)
4 P N
ox oy
OX
\*_ ¥
Define stress function y(x,y)
such that
2 2 2
O'X:azw, Gy:a;//, Tyx——al/j
oy 0°X oxoy

- reduce no. of variables satisfying
force equilibrium eqn.

Vi =0 <

Biharmonic Equation
V4 — (VZ)Z

(azgx 0%s, 0%,

Lay2 X oxdy

1
[gx = (o, —vo,)

1
&, ZE(Uy—VO'X)
g, =——(o,+0o,
_2Av+])

1
N\
o, :1_ - (&, +vgy)
~| o,= 7 (e, +ve,) —
Ty :nyy

9 Stress Oy Ty 1Ty Ty 1Oy Ty 1 Ty 1Ty, 0,

65tfai/7 gv18\1187!yxy17/yziy/zx

18 Equations => 15 Equations

6 Equations of force equilibrium

80‘X 8ryx asz —
2LF= OX +W+§+X_O zMx:Tyz_szzo
ZFy:aTXY_,’_%_,_aTJJFY:O ZM)’:TXZ_TZXZO
19)4 oy oz ZMZ :Txy_z-yx—o
or, 0t, oo
DR =" R4 7 =0
K ox oy oz
/

Compatibility equations 3 /independent Equations

az‘gx az{;‘y :azyXy ’2&23 _%4_%4_%
oy X2 oxoy oyoz  ox OX oy oz
0, s, O, 88 _ 0 (01 _or, 01y
oz oy oyor "ozox oyl ox oy @z
82‘92 azgx 8272x 825 0 67/ 7 67 57
L4 X = 2—t=—| X 0
ox*  oz° 010X oxoy oz\ ox oy oz
6 Relations btw. 6 Strain and 6 Stress E
o, = vE e+ E &y Xy 7xy
A+v)(1-2v)  (L+v) (v +1)
o - vE - E . _E
-y @) O
vE E E
o, = e+ &, —
(l+ V)(1—2V) (l+ V) 1T = 2(V +1) Vx
\ e=¢&, +&,+¢, Y,
- .




Summary

‘A State of Plain Stress’

ou ov
&E=—, &§,=—, § =0
ox ' oy
ou ov
= —+4 — , Z:O’ ZXZO
7y oy ox Yy Y
ou ov
(C"X:&l 8y:51
2 2 2
O'X:a2 , O'y:azw, yX:_aW y :a_u+@
5 y GX 8X8y Xy ay aX

V4W=O Eﬁ> 74 EE>6X, Oy Ty Eor Eyr €50 Yoy Eﬁb u, v, w

Biharmonic Equation

V4= (V?)? [ . =é(0'X -vo,) \
gy——(ay vo,)
&, =_E(0x+0y)
_ 2(v+1)
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Summary - Comparison

recall, differential equations of deflection curves*

b |<h L 4
] o7 Y s ; Y f)=w
¥ f dy _ FFTTTTTREFITEY’
IZ El 4 (X) X
P y Vey X
No distributed load f (x) =0
displacement v displacement v
v , P , P PL
V=—-—Xy" + X - X+
2El 6El 2El 3El
2 3 P s P 2 P s
V= P X3—PL x+PL at y=0 V=—X ——L°X+—
6EI = 2El  3El 6El 2El 3El
displacement u 42 displacement u
TP VLA LA S S [T I PRV L 1
2El 3EI 2 2El 2 No displace u component from this solution
u=0 aty=0

€. what is the difference between two solution
C}‘; and why?

u=u(xy)

The deflection of the
beam at any point along
its axis is the displacement
of that point from its

<

> original position,

v=V(X,y)

Elasticity 05 - 2D Problems

measured in the y
direction**

*Gere J. M., Mechanics of Materials (International Edition), Sixth Edition, Thomson, 2006, P906 (coordinates modified)
**Gere J. M., Mechanics of Materials (International Edition), Sixth Edition, Thomson, 2006, P301

[

FIG. 5-1 Bending of a cantilever beam:
(a) beam with load, and (b) deflection

curve




State of Plane Strain
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2D Problem - The Governing Differential Equation

A prismatic cylinder under the lateral load uniformly distributed along the axis

y

Given : body force Z =0, X = X(X,Y), Y =Y (X,

1
L 1
|_ << Find : Stress 0,, 0, 7,
| >X
N sin this case

The deformation of large potion of the body at some

Z ge p y
d distance away from the ends is independent of the Z

coordinates and U,V are function of X, Y only

If the ends of the cylinder are prevented from moving
in the Z coordinates, we can assume \\/ = () at every
cross section of the cylinder

In such a case, the strain components are function of X, Y

_au ov ou  ov

5T YTy T T

‘A State of Plain Strain’

Elasticity 05 - 2D Problems

Given : 3 /:'auat/'ons of force equilibrium :

ZFf ;; ﬂer 0
D F = Txy 9oy ;aﬂ+Y 0

i

6 Relations between 6 Strain and 3 Displacement :

N—r

ou Bv
gx =—, E. =— y gz = y
OX Y oz
au
7/xy ay zx 82

compatlblllty equatlons

6ng 628)/ 827/Xy 2 628X :E _67)’2 +%+%
%, 0%, 07, 2525y 0 (%% Orn +%
072 + oy? - oyor 070X ay ox oy oz
O, 06 _ 0y |06 _0(n Ors Oy
o o a1ox 6x6y al x oy oz

6 Relations between 6 Strain and 6 Stress

In case of “Plane Strain State”, &, =7/ =7Vy = 0
E E
=———[(1- 3 ———
T @) ecal o 2v )

o, = %[Vf;‘x ar (1*V)8y]
+n-2v) Generalized

P —— — Hooke's Law for
%= 1+v)1-2v) [5+2] “Plane Strain State”

Strain-stress relation for “Plane Stress State”

1+v T
—[(1 v)o, — ] Y =4

6= l*—”[(1 V), -vo,]




2D Problem - The Governing Differential Equation

A prismatic cylinder under the lateral load uniformly distributed along the axis

A ‘A State of Plain Strain’
x - X=X(XY), Y=Y(XVy), Z2=0
z & Al & Bl =6_u+@ e =v,=v,=0
X ax’ y 8y’ 7/xy 6}/ ax’ z 7/xz 7/yz
Where U= U(X, y), V=V(x,Y)

g =&(XY), &,=¢,(%Y), ¥y =7y (X Y)

Generalized Hooke's Law for Plane Strain State

gx’gy’yxy Gx’o-x’az’z-xy

Force equilibrium equation

9,
8o-X+ X =0
ox oy
0T, . do, Y —0
ox oy

Given : 3 /:'auat/'ons of force equilibrium :
6‘ryx
> F = ax Y /ﬂer 0
D F = Txy 9oy ;aﬂ+Y 0
ZF #;1/% -0

6 Relations between 6 Strain and 3 Displacement :

ou ov
gX:—' E :—' gZ: y
OX Y oz

Y Yy
o %83/

compatlblllty equatlons

au
ZX az

82£x 628y a27/><y 62 = E — a}/yz JL %+ aﬂ/xy
625y 8282 _ aZVyZ 2 6283’ a 67/311 a}/zx + ayx)’
o o i ax y\ x oy a
de, N %, 0y, 52 _ 097y L9 07y
o o a1ox 6x6y al x oy oz

6 Relations between 6 Strain and 6 Stress
=Yy =V

In case of “Plane Strain State”, ¢&; =7x
E E
o, =————[Q-V)e,+ve,] 1 =— —
1+v)A-2v) / Y2Av+1) Py

E
o, = 7[‘/‘%( + (171/)83/]
A+v)1-2v) Generalized

Hooke’s Law for

“Plane Strain State” )

Strain-stress relation for “Plane Stress State”

E
=—————[&+¢]
1+v)@-2v) Y

1+v 7,
—[(1 v)o,—vo,] Y :Ey

6= l+—”[(1 V), -vo,]




2D Problem - The Governing Differential Equation

A prismatic cylinder under the lateral load uniformly distributed along the axis

! ‘A State of Plain Strain’
. X=X(XYy), Y=Y(Xy), Z=0
ou ov ou ov
X — Al gy:_7 7xy:_+_
OX oy oy OX
Z 2
Exy Eys Vyy AT 0,,0,,0,,T

Force equilibrium equation
a 0 X
90, vy x —0 Do 2% pg,
ax oX oy
or,, 0o or,, OO
—2+—24Y=0 —+—2L+pg,=0
OX oXx oy

u=u(x,y)
V=V(X,Y)

& =&,(XY)

g, =&,(XY)

Vg =V (X Y)
€=V ="y =0
=0

This equation is satisfied if we introduce a stress function ¥ (X,Y)

2 2
O':—’O'z—al//’ ‘[:avl

7 oxoy

Elasticity 05 - 2D Problems

such that,

_pgxy_pgyx

Given : 3 /:'auat/'ons of force equilibrium :

SF = ax a;yyx /ﬂer 0
D F = Txy 9oy ;?aﬂ+Y 0
e

6 Relations between 6 Strain and 3 Displacement :

ou
& =—,
OX

o /aﬂ
gy = —' gz = y
0z
/M "
compatlblllty equatlons

d%, 0%, _ %7,y

au
zx_ 82
2
O, _0( Op Oru , Oty
oyor ox\ ox oy oz

Vo =

oy*  ox* oxoy

625y 8282 aZVyZ 2 azgy a 67/311 a}/zx + a}/)(y
7z op oy aox oyl x oy @
dO’e, O’ 0y, 62 _ 0 [0y, O 07
o o a1ox 6x6y al x oy oz

6 Relations between 6 Strain and 6 Stress

In case of “Plane Strain State”, &, =7/ =7Vy = 0
E E
=—[A-v)g, +ve ==
> (L+v)1-2v) [a=v)e, +ve,] By 2(v+1) Ve

E
o =—————[ve, +(1-v)g,]
A+v)A-2v) Generalized
Hooke’s Law for

“Plane Strain State” )

Strain-stress relation for “Plane Stress State”

E
=—————[&+¢]
1+v)@-2v) Y

1+v 7,
—[(1 v)o,—vo,] Y :Ey

6= l+—V[(l V), -vo,]




2D Problem - The Governing Differential Equation

Given : 3 Equations of force equilibrium :

A prismatic cylinder under the lateral load uniformly distributed along the axis

A ‘A State of Plain Strain’ u=u(x,y)
v=v(u,v
. X=X(XYy), Y=Y(Xy), Z=0 (u.v)
v au o | &T&Y)
ST YTy Tyt g,=&,(%Y)
‘ [] Vyg = Vyy (UV)
gx’gy’yxy : : GX’O-X’UZ’TXy gZ:]/XZ:]/yZZO
Force equilibrium equation
ot ot
a0X+—VX+X:0 %+—W+pgxzo %+—yx=0
ox oy ox oy ox oy
0T, . oo, Y =0 or,, 0o, 0T, . oo, g
OX ox oy oXx oy
This equation is satisfied if we introduce a stress function ¥(X.¥) such that,
o’y o’y o’y
o, =——, O, =——, T, =— - P9,y —pg,X
Ty YT o y oxdy P9 Y—pP9,
o
If the gravitational force is neglected C)f? why?
o’y o’y o’y
O-X = 2 ] O-y = 2 7 yX - -
o’y 0°X oxoy

Elasticity 05 - D Problems

gX:ax'

0
ZF:aO_X+ Dy
x oy S

6r 80‘

o

6 Relations between 6 Strain and 3 Displacement :

u

8y=f

Yy

compatlblllty equatlons

P, 8o, Fyy 1205 _0
YA, - oxdy oyor  ox
625y &, B 827yz 298y 625y 0
oz oy:  oyor azox oy
do’s, 0%, 0%, 52 0
¢ | o2 eox 6x6y oz

ey

owTeu
Vo xaz

2%
oy
U _
oy

Uy _
OX

0
( Yo,
OX

Ly
0z

Wy
oz

6 Relations between 6 Strain and 6 Stress

o, =

o, =

E
a—=
L 1+v)@-2v)

In case of “Plane Strain State”,

E
m[(lfv)gx +V€y]

E
m[vf;‘x ar (1*V)8y]

[e.+4)]

=7yz=0

€ =7«

___E
¥ o)

Generalized
Hooke’s Law for

“Plane Strain State” )

Strain-stress relation for “Plane

1+v

s e (e siel

@MWG o,]

y

Stress State”




2D Problem - The Governing Differential Equation

Given : 3 Equations of force equilibrium :

A prismatic cylinder under the lateral load uniformly distributed along the axis

oo Ty X L
y - S A
‘A State of Plain Strain’ u=u(xy) o5, 0o, Zﬂ )ﬂ
F ilibri tion v=v(uv) i
orce equilibrium equati ]
. qua _ Se-S5 1
without gravitational force | x &(xY) , Zg Gy 7 @ ,
e — (X ) 6 Relations between 6 Strain and 3 Displacement :
z aGx az-yX =B £ _ £ —@ £, =
+ =0 7/xy:7xy(u’v) " aX' ’ ) 62’
OX 8}/ Y —y -0 'ou
gz_j/xz_]/yz_ Yy = Yy ay zx_ 82
or,, 0O
y 4+ y _ 0 compatlblllty equatlons
aX ay azgx 62‘9y a27/><y 2 628X =£ —a}/yz +%+%
introduce a stress function v (X,y) satisfying the equilibrium equation Fe, o Oy, 0% 0 [% o, Wy J
0’y O’y 0’y Wy we e ylx @
G — G = ’Z- - — 2 2 2 2 6 a 6
X 2,' “y 2, ' “wx 0, 06 0%y 906 _0(%n Oru Oy
0 y 0°X axﬁy o ot awox axay alox oy a
the problem thus reduces to the determination of the stress function ¥ Mhetw‘_‘"eﬂ 6"5”38'”_‘3”0:6 Sfroess
with appropriate boundary conditions. R G
, — : 0,0, T T aa T B gy
find ¥ then find X Ty Xy o, - E [ve, +(@-v)s,]
@+v)1-2v) :
E e
= 1+v)1-2v) L, +€V] “Plane Strain State”
Strain-stress relation for “Plane Stress State”

1+v Ty
—[(1 v)o,—vo,] Y =

6= 1+—V[(1 V), -vo,]
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2D Problem - The Governing Differential Equation

A prismatic cylinder under the lateral load uniformly distributed along the axis

y

stress function w(X,y)

‘A State of Plain Strain’

Force equilibrium equation
without gravitational force

80)( Gry
_|_

OX oy
+ =0

x:O

or

Xy

OX

2
T, = ov
g OX0y

u=u(x,y)
v=v(u,v)

& =&(%Y)
g, =&,(XY)
Vg = Vg (U,V)
€=V ="y =0

When solving for the stresses the compatibility equations must be used

0° 0°
Oy = 2l// y Oy = zl//
oy 0°X
azgx 625y _ aZ}/Xy
oy>  ox*  oxoy

825y 8252 a Vi

P oy:  oyoz
526‘2 ngx 5 0° o
ox> 07> 0zoX

Elasticity 05 - 2D Problems

2 0 0
zagx:i_ 7/yz+a?/zx+ 7xy
oyoz ox ox oy 0z
2628)’ _i 67/)’2 _ayzx +67XY
oox oy\ ox oy oz
62 a 67/)’2 + ayzx _ aﬂ/xy
axay oz\ ox oy 0z

|

Given : 3 Equations of force equilibrium :
P
ZFX:60*+ v Th
ox oy S

o7, aay 62; )ﬂ
F = + +¥=0
oy ‘oz
ZFZ :7@4%7%4. =0
ox Joy /ot

6 Relations between 6 Strain and 3 Displacement :

ou Bv
gx =—, E, =—, g = y
ox |17 oz
owTou
}/ Z ay ZX X az
compatlblllty equatlons

2
o, 62£y:827xy 26 _a(_a}/yhrayzx %J

o7 o oxdy oyor ox\ ox oy oz
o2 oy*  oyor 826X ay oX 8y oz
o, 625X:% 62 a(a}/yz+%_%J
x> oz*  ozox 6x6y ozl ox oy oz

6 Relations between 6 Strain and 6 Stress

=7yz=0

In case of “Plane Strain State”, ¢&; =7x
E E
o, =————[Q-V)e,+ve,] 1 =— —
1+v)A-2v) / Y2Av+1) Py

E
o, = m[vf;‘x ar (1*V)8y]

Generalized
Hooke’s Law for

“Plane Strain State” )

Strain-stress relation for “Plane Stress State”

[e.+4)]

E
a—=
L 1+v)@-2v)

1+v 7,
—[(1 v)o,—vo,] Y :Ey

aiﬂmm o,]




2D Problem - The Governing Differential Equation

A prismatic cylinder under the lateral load uniformly distributed along the axis

y

stress function w(X,y)
621//

X - 2 ! O-y
o7y

(o3

0°X

‘A State of Plain Strain’
Force equilibrium equation
without gravitational force
do, , 0Ty _ 0
ox oy
or,, OC
S A
ox oy
82
Ty =————
o oxoy

u=u(x,y)
v=v(u,v)

& =&(%Y)

g, =&,(XY)

Vg = Vg (U,V)
€=V ="y =0

When solving for the stresses the compatibility equations must be used

2 2
o’s, 0%,

_ 0%y

8y2
0 A, 0%, 0y,

i ay " oyor
252 a}ﬂ 62%1

x> /az 370X

Elasticity 05 - 2D Problems

01y,

2

2 s 0
o0z oX oy
2

2‘9 & _ 0 (97 _57zx+5w
20x oy\ ox oy oz
, 0%, _ 0 (9, _Org

OX /o1

OX /61

L O
oy

axay oz

;’W]

Given : 3 Equations of force equilibrium :
P
ZFX:60*+ WA
ox oy S

o7, aay 62; )ﬂ
F = + +¥=0
oy ‘oz
ZFZ :7@4%7%4. =0
ox Joy /ot

6 Relations between 6 Strain and 3 Displacement :

ou ov
gX:—' E :—' g = y
OX Y oz

Vxy Yy
%W

compatlblllty equatlons

owTeu
Vo xaz

82£x 628y _ a27/><y 2762 = a(—a}/yz +% ayxyj
628y 5282 _ azﬂ/yz 2=y 628)/ 0 % a}/zx +%

072 + oy>  oyer o10x ay ox oy oz
O, 06 _ 0y |06 _0(n Ors Oy
o o a1ox 6x6y al x oy oz

6 Relations between 6 Strain and 6 Stress

=7yz=0

In case of “Plane Strain State”, ¢&; =7y
E E
o, =————[Q-V)e,+ve,] 1 =— —
1+v)A-2v) / Y2Av+1) Py

[ve, +(1-v)e,]

= El 2
(L+v)(A=2v) Generalized

Hooke’s Law for

“Plane Strain State” )

Strain-stress relation for “Plane Stress State”

[e.+4)]

E
a—=
L 1+v)@-2v)

1+v 7,
—[(1 v)o,—vo,] Y :Ey

6= l+—”[(1 V), -vo,]




2D Problem - The Governing Differential Equation

A prismatic cylinder under the lateral load uniformly distributed along the axis

y

stress function w(X,y)
621//

X - 2 ! O-y
o7y

(o3

0°X

‘A State of Plain Strain’
Force equilibrium equation
without gravitational force
do, , 0Ty _ 0
ox oy
or,, OC
S A
ox oy
o’y
T =~
OXxoy

u=u(x,y)
v=v(u,v)

& =&(%Y)

g, =&,(XY)

Vg = Vg (U,V)
€=V ="y =0

When solving for the stresses the compatibility equations must be used

2 2
o’¢, 58y:

2
26 _ 8
0z ax

Zgﬂaz _0
zax_ay /C

2
mw “alox Sy ez

A, a5
Yoy

Ve =Yy =0

Given : 3 Equations of force equilibrium :

0
ZFX:60*+ VNS
x oy Ja

o7, aay 62; )ﬂ
F = + +¥=0
oy ‘oz
ZFZ :7@4%7%4. =0
ox Joy /ot

6 Relations between 6 Strain and 3 Displacement :

ou

ov
gX:—' E :—' E. = y
x| /g

Ty Vv
%W

compatlblllty equatlons

owTeu
Vo xaz

82£x 628y a27/><y 2762 = E —Lﬂ/yz + % %
%, %, 3 %7y 22 %y 628Y 0 (%% Orn +%

072 + oy>  oyer o10x ay ox oy oz
O, 6 0y |06 _0(n Ors Oy
o o a1ox 6x6y al x oy oz

6 Relations between 6 Strain and 6 Stress

In case of “Plane Strain State”, ¢, =7/x =7y = 0
E E

e L L e

o, = #[vgx +(1-v)e,]
@+v)1-2v) ;
E Generalized
P —— — Hooke’s Law for
7: = L+v)1-2v) [5+2] “Plane Strain State”

Strain-stress relation for “Plane Stress State”

1+v 7,
—[(1 v)o,—vo,] Y :Ey

ﬂMwG o,]

y




2D Problem - The Governing Differential Equation

Given : 3 Equations of force equilibrium :

A prismatic cylinder under the lateral load uniformly distributed along the axis

>F :60-*+a WA
. _ . B Ty Ja
‘A State of Plain Strain’ u=u(xy) o, 30, o )ﬂ
F, = & + . +¥=0

v=v(u,v)

Ex :gx(X’ y) ze z%%y%+ =0

6 Relations between 6 Strain and 3 Displacement :

Force equilibrium equation
without gravitational force

e, =&, (X,
olox or Sy (x.y) ou ov
z X yX _O & =—, gy:—' £, =/,
+ - 7/xy:7xy(uiv) OX 0z
OX 8}/ 'ou
gzzj/xz:yyzzo Vxy Yy zx_ A
or,, 0o ay <
Xy 4+ y _ 0 compatlblllty equatlons
OX ay Pz, e, Oy 208 _0( _00n 0w O0Fy
stress function (X, Y) e, e O, 0% _ 0[O ors O
y z _ yz v N
82 82 82 572 * oy>  oyer o10x ay ox oy oz
=] W =] W = —W 2 2 2 2 a a
GX 2 ) O-y 2 1 Tyx 6gz+agx_6yzx a a }/yz +%_ﬂ
0 y 0°X aXay Xt oz*  ozox 6x6y o\ ox oy oz
6 Relations between 6 Strain and 6 Stress

When solving for the stresses the compatibility equations must be used E—
In case of “Plane Strain State”, &; =/x, = 7y, =0

E E

828x n 628)’ _ 827/><y 2 o — i _ (9% + 0% + 87}7) R “2ven

&> ¢ oxoy oz ox\ “ox Soy S T L N

77 ¢a_0m %ﬂ _o(od om o) .., _g | krememerd | AmSE

07° /8y2 _/éyaz ZOX 0y \“OX oy oz 7 Strain-stress relation for “Plane Stress State”
1+v o] y = Ty

82}¢Z+82}¢X=§% 2%=§ Ovd , Ord  Ord 6= - v)o, -
X z

ox ey “oz 6= 1+7V[(1 Vo, -va,]




2D Problem - The Governing Differential Equation

A prismatic cylinder under the lateral load uniformly distributed along the axis Cree Equaﬂoans of force equijibrium -
ZFx:a;)-(*+ ayyx+ .
A ‘A State of Plain Strain’ u=u(xy) or, , 09, ;ﬂ )ﬂ
v=v(u,v) DTy e 7
Force equilibrium equation ’
_ B = +§1Z +%Z +7'=0
without gravitational force | éx = &(xY) , 2 Zg Gy 7 @ ,
. 6 Relations between 6 Strain and 3 Displacement :
oo, Ot &y =&/(%Y) au ov
7 X yX _O & =—, & =", &= ,
+ = V. =7 (U,V) x| oy oz
Xy Xy
OX oy Y =y -0 ou_ov ow owTou
gz_j/xz_]/yz_ 7/xy:7+71 yyz: W0 D +
a a oy oX oL oy X 0z
TXY 4+ Gy -0 compatibility equations

ey
2
0%y Oy 0%y %”%:Zat gZ [

ax ay o, . 62£y B 527xy EZ ( 7&
. o o oxay %
stress function v (X,Y) 7Z Z?
oy
= y O- — y T = 621 62)(_62 7% _ vz X _ Yy
oy Vo oox ™ oxoy od ot 2%‘ AE +7ayZ Z)

(o2
oz?  fzox
When solving for the stresses the compatibility equations must be used 6 Relations between 6Stra/n_anci65fress
In case of “Plane Strain State”, ¢, =7/x =7y = 0
2 2 2 2 o, =—[a- __E
06 | 0&y _ Oy 2061 _0( 9%l 0y Ong ‘ (1+v>é1—2v)[( Vsl =
ayz 8X2 8Xay az aX 8X ay az O, =m[vgx +(17V)8y]
Generalized
— E Hooke’s Law for
a}ﬂ &g _ 01 zgﬂa _0 (% oy Org a2yt : '
0z

2
i Plane Strain State” ‘
52 8y2 d/az 26X ay 8X ay Strain-stress relation for “Plane Stress State”
2 2 1+v Oy
O O _Oya p0n_0(% o O R
& 2 ouox Xoy oz
Elasticity 05 - B_E’foblemjs

ox oy oz 5, = [0V, 0]
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2D Problem - The Governing Differential Equation

Given : 3 Equations of force equilibrium :

A prismatic cylinder under the lateral load uniformly distributed along the axis

oo 3Tyx
DR =+ Ly
y ] . . _ x oy Ja
A State of Plain Strain u=u(x,y) or, 09, Zaﬂ )ﬂo
—+ =
Force equilibrium equation v=v(Uuv) N .
r uilibriu uati
_ B = +§1Z +%Z +7'=0
without gravitational force | éx = £(%Y) , 2 Zg Gy 7 @ ,
— (X ) 6 Relations between 6 Strain and 3 Displacement :
lolox loka &y =&y ou ov
z X yX -0 &s=—ll& == &=~
+ = Vo =V (U,V) X oy o
Xy Xy

ox oy o u ov ow ow ou

gz_j/xz_]/yz_o 7/xy:7+71 Vv = t— I = +—

62’ a(f oy oX oL oy X 0z

Xy + y _ O compatibility equations
ax 525X 625y _827/Xy gz ( 7Z Z 7%
oy o oxey ox 7oy

stress function w(X,y) 623 625 o g ﬂ
y 7 _ yz 2
621// 821// 82(// 6 2 * 8y a oyoz [ oy

o, = , O, = y Ty = — _ 4 i y
oty Y ox Y oxoy ax ZZ 2%%‘62 ox +7@Z‘%

6 Re/at/ons between 6 Strain and 6 Stress

When solving for the stresses the compatibility equations must be used

In case of “Plane Strain State”, ¢, =7/x =7y = 0

2 2 2 S - __E

0 g, N 0 8y _ 0 }/Xy o, (1+V)I(El_2v) [@-ve+va] 7, “20 1D Y
2 2 _ _
oy OX oXxoy o= Taa et Vel .
: e
< 72 = 1+v)@-2v) L&+ SV] “Plane Strain State”

82 1+ v 82 1+ v 82 T Strain-stress relation for “Plane Stress State”
——I[1-v)o, -vo ] +——[(1- V)O' —vo,]=——| = , 1+—V[(1 Vo, —ve,] gy =
oy> E ox* E oxoy | G — ¥~ G

1+v

&, = —[(1 v)o, -vao,]

Elasticity 05 - 2D Problems




2D Problem - The Governing Differential Equation

A prismatic cylinder under the lateral load uniformly distributed along the axis

A ‘A State of Plain Strain’ u=u(x,y)
v=v(u,v
Force equilibrium equation (u.v)
without gravitational force | éx = &:(xy)
e, =&.(XY)
z aGx az-yX _ ' '
+ =0 Vg = ey (UV)
aX 8y Xy Xy
€, =Va=Vyp=0
or,, 0o
S A
ox oy
stress function (X, Y)
0° 0° 0°
Oy = azl//’ Oy = azl// Ty = e £ recall, G =L
y X X0y 2(1+v)
When solving for the stresses the compatibility equations must be used
o? 1+v 0° 1+v 0

ﬁ?[(l v)o,—vo,] +87?[(1 v)o, —vo,]=—— (%)

oxoy

H?V{;;—Z[(l v)o, —vo,] +§72[(1 v)o, —vo ]} 2(1:/) ZX;X;
o 0° 82r

—[A-v)o, —v0]+—[(1 v)o, —vo,]=2
Elasticity 05 - 2D Problems

8x8y

Given : 3 Equations of force equilibrium :

0
ZFx:aJ* + 90
ox oy /Joz

o7, aay 62; )ﬂ
F = + +¥=0
oy ‘oz
ZFZ :7@4%7%4. =0
ox Joy /ot

6 Re/at/ons between 6 Strain and 3 Displacement :

compatibility equations

&

g b
* 8x v = /g
ow/'ou
:7—{—7, Z: +7’ ZX: +
Yo "oy " ox yy/%ﬂay 4 /3x/z

525X 625y 827/xy gz ( ﬂ
+ =

o2 a2 oxay oy
37 [ 7Z7ZJ
ozt oy oyar oy

2 2 2
7 z 0 X _ 0 X 2 - yz + %zx _ Yy
ox* “oz*  bzox %xay az ox “oy ‘oz

)

6 Relations between 6 Strain and 6 Stress

o, =

o, =

E
a—=
L 1+v)@-2v)

In case of “Plane Strain State”, ¢&; =7x

E E
sl =

=7yz=0

I [ve, +(1-v)e,]

@+v)1-2v) ;
Generalized

Hooke’s Law for

“Plane Strain State” )

[e.+4)]

Strain-stress relation for “Plane Stress State”

1+v 7,
—[(1 v)o,—vo,] Y =

G
1+v

&, = —[(1 v)o, -vao,]




2D Problem - The Governing Differential Equation

Given : 3 Equations of force equilibrium :

A prismatic cylinder under the lateral load uniformly distributed along the axis

oo, 07y,
P
y 1 . e g _ ox ay oz
A State of Plain Strain u=u(x,y) ey o0, jﬂ )ﬂo
+¥ =
Force equilibrium equation =) o ”
r uilibriu uati
= F, = + AL AT 7 =0
without gravitational force | ¢x~ £(%Y) . 2 Zg%/% ‘
g, =&,(XY) 6 Relations between 6 Strain and 3 Displacement :
y — ¢y\
YA 50)( az_yx —O gxzaiu' gy:@' £, = ,
T = Vg = Vg (UsV) ox o o
Xy Ty
ox oy T, — . T
©5Vae TV T 7/xy:7+&’ 7yz:az+7, Vx = X+E
or,, OO % o
atl + y — 0 compatibility equations
OX d%s, 0%, 0y, XZ ( 7Z 0341
ay o ok oy ox 76yﬂ

stress function w(X,y) 623 625 o g ﬂ
y 7 _ yz 2
621// 821// 82(// 6 2 * 8y a oyoz [ oy

o, = , O, = y Ty = — _ 4 i y
oty Y ox Y oxoy ax ZZ 2%%‘62 ox +7@Z‘%

6 Re/at/ons between 6 Strain and 6 Stress

When solving for the stresses the compatibility equations must be used

In case of “Plane Strain State”, ¢, =7/x =7y = 0
2 2 82 E
a a o, =—1——[1-V)g, +ve,] ¢ =L
~7l0-v)o,—vo, ]+ [1-V)o, e
8y 6x6‘y E .
> (L+v){d-2v) [Vgx . 7V)SY] Generalized
2 2 2 2 2 _ E Hooke’s Law for
(1-v) 0o, —v 0o, +(1-v) ooy —v 0oy _ 2 07y C w20 “Plane Strain State” | )
2 2 2 2
ay 8y aX 8X 5X5y Strain-stress relation for “Plane Stress State”
1
o°c, 820' %o, O°c ot a=Tgliva vl oy, :%
(1-v) — v 1y
T ox OX OX0y & =g (Ao, ~vel

Elasticity 05 - 2 Problems




2D Problem - The Governing Differential Equation

A prismatic cylinder under the lateral load uniformly distributed along the axis Given : 3 Equaﬂoans of force equilibrium :
ZFx:a;)-(*+ ayyx+ .
! ‘A State of Plain Strain’ u=u(xy) or, , 00, ;ﬂ )Zo
F ilibri ti V=v(u,v) i ECN
orce equilibrium equation Z
_ ER= +§1+;%Z +7=0
without gravitational force | éx = &(xY) , 2 Zg Gy 7 @ ,
e — (X Y) 6 Relations between 6 Strain and 3 Displacement :
) 80 @z- y y \

X e —O gx:aiu' gyzg' 827@’
Pe + 8y = Vg = Vg (U,V) ox oy oz
gzzj/xz:]/zzo V. :aiu_*'@i Yy = +@’ yzx:}?w/_l—au
o a y Yooy ox Y o1 oy X o1
TXY 4+ Gy -0 compatibility equations
X oy Oe, 6, _Fry 12 %fg ( /g? 7Jq
. oy*  ox* oxoy
stress function v(X.Y) % % &7 gZ 7Z
62 82 82 oz Kevi 2 oy
4 4 v 2 oy’ oyar
= , O = . T = - 621 sz_az 4 _ Y vz x Yy
oty Y ox Y oxoy o Tt %ngm%7%1

(o
oz?  fzox
. . 6 Relati bet 6 Strai d 6 St
When solving for the stresses the compatibility equations must be used o oot ra/n_an - _ress
2 82 2 az 82 In case of “Plane Strain State”, &; =/x, = 7y, =0
1— 0 Oy O-y _ 0 O, Gy —92 TXY 05#[(1*‘/)%“’%] T =L7/X
- v+
( V) ayz arF GXZ 1% 0X2 + 8y2 8x8y 1+v)1-2v) Y o) Y
Oy =m[v‘€x +(1*V)8y]
4 4 4 4 4 r=— B o ig] Hoake's Law for
(1 V) 5 l// n a W > 6 5 l// _ 2 a '// fol+v)a-2v) Y “Plane Strain State”
5y4 8X4 8X 8y 8y 8X 8X28y2 Strain-stress relation for “Plane Stress State”
1+v T
T I
84 84 84 64 YT G
P e a2 I a2 W PRATR B

4 2,2 2,2 & = 7[(1 v)o, -vao,]
Elasticity 05 - : @(oblemsx OX 0}/ OX ay i
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2D Problem - The Governing Differential Equation

A prismatic cylinder under the lateral load uniformly distributed along the axis CUCEE Equaﬂoans of force equilibrium :
ZFx:a;)-(*+ ayyx+ e
A ‘A State of Plain Strain’ u=u(x,y) or, , 00, zaﬂ )ﬂ
F — = v=v(u,V) YT x ey e 70
orce equilibrium equation e oA, A T
without gravitational force | éx = &%) , 2F Zg Gy 7 @ ,
. 6 Relations between 6 Strain and 3 Displacement :
0 ok & =&, (%) au ov
z Oy yX =0 &=—ll&=— 1&=
-+ = v =7 (U,V) ox' oy
ox oy o~

oz’

—y =y =0 L o o ow :/%w/au
a a gZ 7/XZ j/yz }/xy ay+axi }/yz az+ay’ ]/zx X+82

z-xy 4 Gy _ O compatibility equations
OX oy o, 35O, gz ( 7, A, 7@

: functi _—_ oyt oxE oxay oy
Stress runction ) 2 2 2
2 2 2 /644-%:8 z gZ [ 7Z 7ZJ
6 l// 8 l// a (// oz 8y oyoz oy

G — ) O- = ) T s== 7% _ yz x Yy
X 62y g GZX & 8X8y /axﬁ 7£ ZaZx 2%%‘& ox +7ayZ 76@]

. . 6 Relati bet 6 Strai d 6 St
When solving for the stresses the compatibility equations must be used % g w€en - rag/n_an - _roess
a4 a4 64 a4 In caseé)f Plane Strain State”, = 7/Exz =Vyp =
d-v) W —V —— |=0 ey L ey
6)(4 8X 5»y aXZayZ (L+v)1-2v) 2v+1)

E
o, = m[vf;‘x ar (1*V)8y]

Generalized

E Hooke’s Law for

84 64 %: = 1+v)@-2v) le, +€V] “Plane Strain State”

A-v)| 22+ 1) 222 |=0 —

ay OX 8 ay Strain-stress relation for “Plane Stress State”
1+v T
==0-vIo,-ve,] g, =2

4 4 Xy
0 v, o'y ¢

d-v)

1+v

T

2,2 & = 7[(1 v)o, -vao,]
Elasticity 05 - 2D_Prob|ems aX aXay _




2D Problem - The Governing Differential Equation

A prismatic cylinder under the lateral load uniformly distributed along the axis

A ‘A State of Plain Strain’ u=u(x,y)
v=v(u,v
Force equilibrium equation (u.v)
without gravitational force | éx = &:(xy)
= X’
60 az- gy Sy( y)
z X yX _ O _
ax + 5y - 7/xy_7xy(u’v)
. . €, =Va=Vyp=0
T o)
S A
ox oy
stress function (X, Y)
621// 621// 82
GX = 2 ) O-y = 2 TyX - —
o 0°X oXoy
When solving for the stresses the compatibility equations must be used
2¢. 0%, 0° o'y . 0 o
08 08 Oy 1-v) +2 2W2+ V::O
oy>  ox*  oxoy ox'  ox*ey* oy
0<v<l
v'Poisson’s ratio ‘v’ i.g. 0.27 ~ 0.30 for steel*
O-X
Ey =&, =-VeE, = V— a4l// 84l// 841//
T2 st
OX ox-oy. oy

Elasticity 05 - 2D Problems

|*Gere J.M., Mechanics of Materials, International §tudenf Edition, T_F\_S-ncmgoﬁ, ¢2(-)6_674p913

Given : 3 Equations of force equilibrium :

0
2 F= 80‘X i?ﬂy@ 0
6r 80‘ ZZ )ﬂ
az

6 Relations between 6 Strain and 3 Displacement :

ou ov
gx =—, E :—' gz = y
OX Y oz
+ ow au
7/xy Z ’ ]/zx 82

compatlblllty equatlons

2
o, +625y zazyxy 2%‘,9] 6( 572 %
62 82 aZ

y

7 .07 0 71 oV
’az£2+’§:ayayz Z?Z [ 7<9VZ

o ol &

Z X ZX

— Z%ﬂ %
o T faox X0y 62 ax 7o ]

6 Relations between 6 Strain and 6 Stress
=Yy =V

In case of “Plane Strain State”, ¢&; =7x
E E

o, =————[Q-V)e,+ve,] 1 =— —

1+v)A-2v) / Y2Av+1) Py

o, = %[Vf;‘x ar (1*V)8y]
(L+v){d-2v) Generalized
Hooke’s Law for

“Plane Strain State” )

Strain-stress relation for “Plane Stress State”

E
=—————[&+¢]
1+v)@-2v) Y

1+v T
& —[(1 v)o,—vo,] Yy =—

1+v

&, = —[(1 v)o, -vao,]




2D Problem - The Governing Differential Equation

A prismatic cylinder under the lateral load uniformly distributed along the axis Given : 3 Equaﬂoans G oty el g <

ZF :6(’;x+ c;yyx+ oz

A ‘A State of Plain Strain’ u=u(x,y) o5, 0o, zﬂ )ﬂ
Force equilibrium equation v=v(Uuv) i

r uilibriu uati
_ F, = + A" +%Z +7'=0
without gravitational force &= &,(%Y) ) 2 Zg% @ )
e — (X Y) 6 Relations between 6 Strain and 3 Displacement :
y y 2
-+ = v =7 (U,V) ox' oy
OX oy S

oz’
ou ov ow ow/'ou
gzzj/xz:]/yzzo Yy = oot 7yz%’ 7zx7'/+
oy oX oL oy X 0z
or,, OO

Xy 4+ y _ 0 compatibility equations
OX oy e, O Oy 12 ZZ ( 7Z ﬂ 7@
) o o oxdy ox 7oy
stress function v (X,Y)

v Py _ v 2902 -5
8%y Oy Ty T OXdy ,axﬁﬂ o ng%vz 6;Z+7ayg_7§]

When solving for the stresses the compatibility equations must be used 6 Relations between 6 Strain ang 6 Stress

(o3

In case of “Plane Strain State”, ¢, =7/x =7y = 0
4 4 - & - __E

Y oy 0V 6 Y _o S w2 AT my = o T

6X4 GX ay ay o, =m[‘/€x +(@1-v)e ]
82 52 2 = Gekneralizedf

Hi 's Law for
pvl + W = (V?)? L] “Plane Stran State® | |

X

Strain-stress relation for “Plane Stress State”

4 Biharmonic Equation 1+v T
2 Laplace or p— O & 7[(1 v)o,—va,] =
\V P V W G

Harmonic Operator

1+v

7[(1 v)o, —vo,]

SY
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2D Problem - The Governing Differential Equation

A prismatic cylinder under the lateral load uniformly distributed along the axis Given : 3 Equaﬂons of force equilibrium :
y . . 2F= ax ay %/Z
‘A State of Plain Strain’ u=u(x,y) o5, 0o, zﬂ )ﬂ
0z

v=v(u,v)

X Ex =5X(X, y) ze z%%y%+ =0

5y _ 5y (X, Y) 6 Relations between 6 Strain and 3 Displacement :

) solve ( ) g:ai 82@ 87@
4 Yy = VsV oy
V w :O Yy Y

o’
gzzj/xz:]/yzzo 7W:5+&’ 7y2%ay’ sz%@Z

compatibility equations

Stress determined ‘?;ygzx 6{; 2)(7(;3 %‘Z ( 7'§
L Oy oy Oy L |- (R

X = > O'y = > Tyx = —_— ayaz
oy OX OX0y 2 Z+az 1_0%% zgﬂ:i W A 2
ox? az2 20x X0y 62 ox  “oy

In case of “Plane Strain State”,
Strain determined E E

@, = 7(:“‘/)(1_2‘/) [A-v)e, +ve,] Ty = 5 n Y

1+v 1+v Ty e (v+1)

¢ =—I[Q-v)o,-vo,], &, —[(1 v)o,—vo,], 7y = o= Tmaay et .
E G Generalized

_ E [e, +¢,] Hooke’s Law for
+v)a-2v) 7 “Plane Strain State” }

Strain-stress relation for “Plane Stress State”

1+v 7,
—[(1 v)o,—vo,] Y :Ey

1+v

&, = —[(1 v)o, -vao,]
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State of Plain Stress
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2D Problem - The Governing Differential Equation

A thin plate under the lateral load uniformly distributed over its thickness

AY d AY
‘1"1'\1'\1'\1'\1' \H \11\11\1/\1/ T >>1 =body force
i Z =0
d 1, Z X = X(xY)
O Y =Y (x,y)
> Ie |

MMM

*in this case
The plate is under the action of forces applied at the boundary, parallel to
the plane of the plate and distributed uniformly over its thickness

We see that the surfaces of the plate %= J—FE will be free of external
forces and the stress components O,:7,:7, are zero there
If the plate is thin we can assume that these components are zero

throughout the thickness of the plate and the other three stress
components o,,0,,7,, remain practically constant over the thickness

of the plate
‘A State of Plain Stress’
o, =0,(XY)
o,=0,(XY)
z-Xy:Txy(u’V) o, =12X=TZY=O

Given : 3 Equations of force equilibrium :

0
Zﬁzaguiwﬂuxzo
ox oy 0z
or,, 0o, OF
SR =—L+—L1 A7 4Y=0
ox oy ‘oz

ZFZ=%+ 7%+ =0
ox Joy / oz

6 Relations between 6 Strain and 3 Displacement :

ou ov ow
gX:—' E =—, 8227’
ox 7 oy oz
ou ov oV ow ow  ou
7/xy:7+7’ yyzzi a9 P
oy oX oL oy ox oz

compatibility equations
d%, 0%, 0, _
P, o, Oty i 900 _0(%n Orw O
2 op oy ioax ylx oy @
dO’e, O’ 0y,

828 0 57yz 67/2X a7/><y
2 Z=-— e 0
x> oz*  ozox oxoy o\ ox oy oz

6 Relations between 6 Strain and 6 Stress
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2D Problem - The Governing Differential Equation

Generalized Hooke's Law for Plane Stress
6 Relations between 6 Strain and 6 Stress 6 Relations between 5E5t" ain and g Stress
- 1%

é, %[ax Vo, +0,)] i, ~AvED TR VTIPS R TR R R T

Y Xy E z-xy

vE E E

o, = €+ & T, =¥\,

6, =10, v(o, 1o} 7, =2, eva-2v) @) T 0
E E vE E E

2Av+1 o, = e+ & ir =
£, = 1[GZ—V(0'X+0'y)] Vo = (E )rzx @+v)@-2v)  (1+v) = )

*E

B=c, vE, e,

In case of “Plane Stress State”, 0, =7, = 7,, =0

ZX
1 2(v+1)
& :E(O'X—VO'y) 7xy:Tz—xy

X

1

£, = E(O'y —vo,)

Generalized Hooke's
Law for “Plane

V ”
g, = __(Gx s ) Stress State
E y
Strain-stress relation for “Plane Stress State”
E

O =17 (e, +ve,)

o, = (e, +ve,)
YT 1,2\ X

Ty = G;/Xy
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2D Problem - The Governing Differential Equation

Given : 3 /:'auat/'ons of force equilibrium :

A thin plate under the lateral load uniformly distributed over its thickness

/\y d N y

—>>1 ‘A State of Plain Stress’
WA A |
A =body force o, =(7X(X, y)
d Z=0 B
. z< X = X (x,y) o, =0,(X,y)
Y =Y(XY) Ty =Ty (u,v)
- | = | O, =Ty =Ty =
MMM

Generalized Hooke's Law for Plane Strain State

Ex1 E1E Yy P 0,,0,,T

Xy
agx (%YX 0

Force equilibrium equation without gravitational force OX oy
97y 99y _j

ox oy

and introduce stress function W(X, y) satisfying the force
equilibrium equations

0

SF-%

Tyx/ﬂ+X0
ax oy

D F = Txy 9oy ;aﬂ+Y 0
e

6 Relations between 6 Strain and 3 Displacement :

) gz = H

2 o2

/M "
Oy

e, 0
oyor  Ox OX

278 _0(%
070X ay

&= & , gy =—
7/xy
compatlblllty equatlons

d%, 0%, _ %7,y

oy>  ox*  oxoy

%, %, _ %7,

o2 oy*  oyoz

dO’e, O’ 0y,

ox*  oz*  0zox

62 _ 0 [0y,
6x6y oz

au
zx_ 82
2 O Oy
oy oz
o, O
ox oy oz
O Oty
ox oy oz

6 Relations between 6 Strain and 6 Stress

&x

y

"

1
=—(o, -
c (o

1
:E(O'y—va )

In case of "Plane Stress State”, 0, =7,

vo,)

X

14
= _E(O-x +O_y)

_2Av+])

xy = E Xy

=7, =U

Generalized Hooke's
Law for “Plane
Stress State”

|

Strain-stress relation for “Plane Stress State”

Oy

E
:_—Vz(gX +ve,)




2D Problem - The Governing Differential Equation

Given : 3 Equations of force equilibrium :

A thin plate under the lateral load uniformly distributed over its thickness

ZF ,80- Q/ﬂm =0
AY 9 o1 A y ‘A State of Plain Stress’ or,, aai Zaﬂ v
WA A | —— Ecan
/ - =
\ - o, =0,(X,Y) SF, 7@}1%+ =
d 7 X = X o,=0, (X, y) 6 Re/atlons between 6 Strain and 3 Displacement :
> X < = X(%.y) _ & = &, = %
Y=Y(xy) Ty =Ty(XY) & oz
ou
> Ié I O, =Tu =Ty =0 g %W & %;(/az

o¢ 6zey_8zyxy 296 _ O

X

MMM cmprtit eq”at'°25 JEAUR

When solving for the stresses the compatibility equations must be used

, 0%, e _ 0 [67/yz a?’zx N 6}/Xy J

2 a 6 & L 8252 — az7/yz y
826‘ 82‘S‘y 827/xy 2 0 X — Q _ 7/yz + ayzx + 7/xy o*  oy*  oyor a2ox aylox oy
] - yaz ax 6281 aZEX az}/zx 62 a (a}/yl + 67/2x _%J
2

+
oy ? OX? OXoy OX oy oz ox | a2 omox 6x6y al ox oy @

2 2 2 o°e o (0 O 0 6 Relations between 6 Strain and 6 Stress
a % + 8 gz — a 7/)’2 Zgﬂ = — 7/yz — }/ZX + 7/xy In case of “Plane Stress State”, 0, =7,, = 7, = 0
2 2 )
012 oy: oyer zox oy\ ox oy oz fo-tio, vy 72D,
2 2 2 2
0 gz n a/éﬂx 0 o 2 0 &, — i ayyz + a?/ZX _ 87)(3' &y :é(ay_vo-x) Generalized Hooke's
ox* o*  ozox oxoy o\ ox &y @ ey | s
\" e y
Gex l (80X .y 80'y _ aO'X _ aO_y -0 Strain-stress relation for “Plane Stress State”
oz E oz oz "oz oz o, =—E (e +ve,)
X 1—V X
in same way ai:o, %, _q E
0z 0z Oy = 1—V2 (gy +Vgx)' Ty = nyy
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2D Problem - The Governing Differential Equation

Given : 3 Equations of force equilibrium :

A thin plate under the lateral load uniformly distributed over its thickness P
>F, :i+ﬁ+ L+ X =0

Ay 9 >>1 N y ‘A State of Plain Stress’ or, aai 7@%

‘1,‘1'\1,\1,\1,‘1, ‘N ‘1"1"1,\1’ | body force = a

/ L] _

% Z=0 GX—GX(X,y) > F 7@/61/%+ =0

d Z X — X o, =0, (X,y) 6 Re/at/ons between 6 Strain and 3 Displacement :
> X < = (X’ y) B 5 = = %
Y =Y(X, y) z-xy - z-xy (U’V) 8x oz
> Iel GZ:’[ZX:z'Zy:O Vxy Z}Zay ZX:%;(/&

i = oz
When solving for the stresses the compatibility equations must be used ap o ef oy a{
2683/ a[ayﬂ a}/zx+a7/x}’J

62 y 8252 _ azyyz
s, e, o, 08 _ 0 4 oya Oy | @ a om e ala
X y = y N / / 625 626 62}/ 62 a a}/yl a7/z>< 67)0’
yoz OX OX . e L
0°g

compatlblllty equatlons
TTTTTT ,T‘TT,T\T,T\ azgx 628y 827xy 5 628X i ( ﬁyyz 0%,y . 67/ny

+
ayz ox* OX0y o o auox 6x6y o\ ox oy oz
2 o (0 0 O 6 Relations between 6 Strain and 6 Stress
a % a a M Zgﬂ = — /M—/)/J—l— 7/xy In case of “Plane Stress State”, O, Sy = T = 0
5%32 zox oy\“ox oy oz ) % ovo) 72D,

& = Vi y Xy E xy
2 2 2 1
gZ 3/87 a % 2 a a 6M+ a?//zz_ 87Xy &y = E(GY ~vo,) Generalized Hooke's
w for “Plane
a 5/8)( axay aZ /ax /ay aZ k‘c" =—L(O' +0,) Léatress Sfate” )
z E X y
O O Strain-stress relation for “Plane Stress State”
= = ‘T =7 =
Vox =7y x zy o, = —1—Ev2 (e, +ve,)
o, = g (gy tve,), 7,=0Gy,
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2D Problem - The Governing Differential Equation

Given : 3 Equations of force equilibrium :

A thin plate under the lateral load uniformly distributed over its thickness

Jo, az-y>< X _

y d y . ZF :7+W+ - +X=0
A A ‘A State of Plain Stress’ or, , 00, ;ﬂ

= +Y =0

WA A 77 m— Z5-
N oL o, =0,(XY) S, 7@;1/%+ Lo

o =0 (X 6 Re/at/ons between 6 Strain and 3 Displacement :
X =X(X,y) (%.Y)

d Z

— y y\
_ & = g = ,
Y :Y(X, y) Ty =Ty (U’V) 8X /g
9 F I GZ:’Z'ZX:’[Zy:O x z}ﬂay zx%x/az

1\1\1\1\1\1\ /T\:T\IIVT\T/T\ compatlblllty equatlons
e % 827/ azgx 0 ( a7/YZ ayzx 67/’0’}
Ftoa T Ty x| ox oy ez
When solving for the stresses the compatibility equations must be used o o Oxy Zg o(or, o e oy
s, 0%, 0%, i,%% [ﬂ 97w XYJ
2 2 T2 T *
e, 825y 527/xy 5 0°s7 _ o 0% . Oy4 s 5W 2 o oy 8226x y\ox oy
2 T2 = yoz  OX ox oy Z O, 0o Oy (06 _0(0 Orw Oy
oy OX OX0y ot T mx oy ok Ty @
2 2 2 O’e 0 O 0 6 Relations between 6 Strain and 6 Stress
a % 4+ a gz — a 7% Zgﬂ = i M M / In case of "Plane Stress State”,0, =7, = 7,, = 0
2 2 y
07’ oy?  dyor zox  oy\“ox oy o b- Loy =20,
2 2 2 2 1
a EZ - a/ﬂx — a % 2 a a aM_F a?//ZZ_ 8% &y :E(Gy_vo-x) Generalized Hooke'’s
Law for “Plane
R R ooyl oy e ey | e
NG J
a a a Strain-stress relation for “Plane Stress State”
Ty _AviD 9% o T _g o= (6 e,
0z E oz 0z c
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2D Problem - The Governing Differential Equation

A thin plate under the lateral load uniformly distributed over its thickness
y

‘A State of Plain Stress’

d AY
WA, | >>1

, .:bgdy force o, =0.(XY)
d oz X=X(xy) O =)
>X <€ Y=Y(xy) o =T UY)
>{| e | R
M 1A

Generalized Hooke's Law for Plane Strain State
Exr Ey1E51 Yy

sy

00T
stress function w(X,Y)

o’y o’y
O-X: azy’ O-y: azxa TyX:

821//
OXoy

Given : 3 Equations of force equilibrium :

SF, 76; a;yyx /ﬂer 0
D F = Txy 9oy ;aﬂ+Y 0
e

6 Relations between 6 Strain and 3 Displacement

ou ov BW
& =—, & =—, & =—
X Yoy 0z
_ou 6v _ov 6\N _ow Lo ou
compatibility equatlons
o, 62£y B 827/xy

%ﬂ%%ﬂ
%TEVZZZ %1% axay az% ZﬁyZ J

6 Relations between 6 Strain and 6 Stress
In case of “Plane Stress State”, O, Sy = T = 0

£, =E(0'X -vo,) o =¥7xy
When solving for the stresses the compatibility equations must be used |
2 2
828)( +a Ey:ajfxy y
oy>  ox*  oxoy

Vi =0

biharmonic Equation

In same way with the case of Plane Strain
Elasticity 05 - 2D Problems

&y (o, -vo,) Generalized Hooke's
Law for “Plane
\% Stress State”
k‘c"z =_E(O-x+o-y) )

Strain-stress relation for “Plane Stress State

o, —m(&'x +V8y)

y —m(gy +ve,), Ty =G}/xy




2D Problem - The Governing Differential Equation

A thin plate under the lateral load uniformly distributed over its thickness

/\y

Wb %

d 1
W 7>

/\y

‘A State of Plain Stress’

Z-:b(())dy force o, =O'X(X, y)
i > X ‘< X=X(xy) Or=oY)
Y=Y(xy) Ty (x,y)
Iel Gz:sz:szZO
RN EE X
4
Viy =0
Stress determined
0° 0° 0°
o=, 0,=22, 7, =——
oy OX oxoy
Strain determined
1 1 Vv X
&, :E[O'X -vo,], &, :E[O'y -vo,], &, = —E[O'X +0,], 7y =2

Elasticity 05 - 2D Problems

i e e g

Given : 3 Equations of force equilibrium :

0
SF, —% T b x =0
oy 0z
07, 80‘ 6
D F = J4+Y =0
(3

i

6 Relations between 6 Strain and 3 Displacement :

ou ov ow
G =—, & =—, &=—

ox oy o

ou, v N aw _ow au
Wiyt ey TR &

compatibility equations

Pe e, Oy 625 0 ( a ,ﬂ]
X y _ Xy -

¢ Xt oxdy ‘9

g y 0% 5 y2 626 -2 (7[7@ 7@

+—F= ~

ozt oy oyar ) oz

%, g? A 261 6 ZJ

ax ZOX 6x8y 62 6x

6 Re/at/ons between 6 Strain and 6 Stress
In case of "Plane Stress State”,0, =7, = 7,, = 0

2(v+1)
Vo—v) Vo = E Ty

1
& =—(o,—
==,

1
&, =E(0'y—v0' )

23 Generalized Hooke's
Law for “Plane
v ”
& = _7(0. +o ) Stress State'
\ z E X y

Strain-stress relation for “Plane Stress State”

o, Zm(gx'FVEy)
E
o, =m(3y +ve,), Ty =G}/xy




2D Problem - The Governing Differential Equation

A thin plate under the lateral load uniformly distributed over its thickness

/\y

9 >>1 N y ‘A State of Plain Stress’
WA A AN T
7\ Z-:b(())dy force o, = O'X(X, y)
d \ X Z/ X :X(X, y) O-y :O-y(x’ y)
Y=Y (X’ y) Ty = Ty (X1 y)
Iel Gz:sz:szZO
MMM
4
Viy =0
Stress determined
2 2 2
zeal/zl’()':az’ X__G—l//
oy ) ¢ g OXOY
Strain determined
&, :%[O'X -vo,], &, :%[O'y -vo,l, &, = —i[ax +o,], 7y :%

Elasticity 05 - 2D Problems

i e e g

Given : 3 Equations of force equilibrium :

ZF —ai_'.%_'.

B oy /o
2F =

0Ty 80- ;?aﬂ+Y 0
e

6 Relations between 6 Strain and 3 Displacement :

x4+ X =0

ou ov ow
G =—, & =—, &=—

ox oy o

ou, v N oW _ow
Wiy T a ! T &

compatibility equations

Pe e, Oy 625 0 ( a ,ﬂ]
X y _ Xy -

¢ Xt oxdy ‘9

G o, 37 628 L0 (j 7Z 7%]
+—~Z= ~

ozt oy oyar ) oz

%, g? A 261 6 ZJ

ax ZOX 6x8y 62 6x

6 Re/at/ons between 6 Strain and 6 Stress
In case of "Plane Stress State”,0, =7, = 7,, = 0

2(v+1)
Vo—v) Vo = E Ty

1
& =—(o,—
==,

1
&, =E(0'y—v0' )

23 Generalized Hooke's
Law for “Plane
v ”
& = _7(0. +o ) Stress State'
\ z E X y

Strain-stress relation for “Plane Stress State”

o, Zm(gx'FVEy)
E
o, =m(3y +ve,), Ty =G}/xy




2D Problem - The Governing Differential Equation

Given : 3 Equations of force equilibrium :
oo, 57 O or

A prismatic cylinder under the lateral load uniformly distributed along the axis

> F = 21X =0
y ) . . x oy oz
A State of Plain Strain or, 0o, or,
ZFY:F+W+§+Y:O
asz a’[yl aUz —
X X=X (X1 y)l Y ZY(X, y)l Z=0 ZFZZWJrWJrEJrZ_O
6 Relations between 6 Strain and 3 Displacement :
_ou _ov _ou o ~0 L v _ow
: & T 8y_5’ 7xy_5+&’ &=V =V = Tx YTy T a
_aou 6v oV  ow ow au
=+t Y = -t
oL oy ox oz

Where U =U(X,Y), V=V(X,Y) Yy X

compatibility equations

&x = EX(X, y)1 &y =&y (X’ y)1 Yy = 7/xy(X1 y) e, 06 O 2 0%, a( e 57zx 67/ny
Generalized Hooke’s Law for Plane Strain State 0%, L0 _ %Yy [57yz 6}/zx 57ny
o2 oy:  oyer 525X
gx ) gy ) 7/Xy — GX ] GX ) GZ ) Txy 6251 azgx B aZyZX 62 a (a}/yz +67/ZX_%J
x> oz*  ozox 6x6y ozl ox oy oz

6 Relations between 6 Strain and 6 Stress

Force equilibrium equation Compatibility equation T case of “Plane Stress State”, 0, —7,, = 7,, = 0
1 _2Av+]
0 ot o%c, 0O, Oy SEOe) =T
O, yX x 4~ %y _ Xy
a + + X N O 8y2 axz - aXay &y ZE(GV _Vo-x) Generalized Hooke’s
X ay E Law for “Plane
v ”
e, =—2(o, +0,) Stress State
z E X y
0t,, 00, \_ Y
+ + Y - 0 Strain-stress relation for “Plane Stress State”
X ay o =i2(8x+1/8y)

o l-vy
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Example - Cantilever

Bending of a Narrow Cantilever of Rectangular Cross Section under an End Load

L A cantilever beam of narrow rectangular cross section under an end load P .
> <h 7 -
iy /4 With its width h small compared with the depth  , the loaded beam may
I:I d:k —> X be regarded with as an example in plane stress
Z Boundary condition : shearing force at X =0 is equal to P
P y 9 q
y

If P is large compared with 20, the gravitational force can be neglected

From the static considerations,
Bending moment at any section will be proportional to X and
the stress component O, at any point of the section will be proportional to y

o, € XYy Recall, d
—>>1 A Y[ 4 state of Plain Stress
Accordingly we shall assume for a trial /\y | ate ot Flain Stress
62l// ~ . - - azl// ‘1"1"1"1"1"1’ \kaw =body force . =0, (X, y)
- =C Xy ,C ;- constant . o, = > 7 -0
oy d Z DR o,=0,(XY
>x < A _
0? o C _ Ty =Ty (XY
[y =[exydy o “E=2xy*+f,(x) Y=y ¥ ¥
@yz 6y 2 > Ie.l Gz:z-zx:rzy:O
Oy , MM MMM
I— dy = —L Xy + fl (X) dy solve Stress determined
? e
C
Y = El Xy3 + yfl(X) ot f2 (X) Strain determined
_1 L __1 _ Dy
Elasticity 05 —gD _Pro_k.)I;t_ems _ &x = E[O-X —Vo,l &= E [O-Y Vol &, = E [O-X +O-y]’ Vy = G




Example - Cantilever

Bending of a Narrow Cantilever of Rectangular Cross Section under an End Load

L A cantilever beam of narrow rectangular cross section under an end load P .
> <h 7 -
iy /¢ With its width h small compared with the depth  , the loaded beam may
I:I d:k —> X be regarded with as an example in plane stress
Z Boundary condition : shearing force at X =0 is equal to P
P y 9 q
y

If P is large compared with 20, the gravitational force can be neglected

From the static considerations,
Bending moment at any section will be proportional to X and
the stress component O, at any point of the section will be proportional to y

O, C XYy Recall, d
—>>1 A Y[ A state of Plain Stress’
Accordingly we shall assume for a trial /\y | ate ot Flain stress
azw azw WA AN A *body force o =o.(XY)
7 =Xy G constant - o, = — i 2-0 T Y
= X’
! d ‘xz< X =X(xy) Gyi Y
62 0 C i — Ty =TylX Y
[y =[exydy o “E=2xy*+f,(x) Y=y ¥ ¥
5)/ 6y 2 > Ie.l Gz:z-zx:rzy:O
I dy = —L Xy + fl (X) dy solve Stress determined
oy 2 V4l//=0 0_2621// 0_2821// . _ 9y
C oyt Y e ™ oxoy
Y = El Xy3 + yfl(X) + f2 (X) Strain determined
} 1 1 Ty
clasticty 05 - 20 problems _» 11(X), F,(x) : funciton of x & =glo-vo)l e =2loy-vol 7y =1




Example - Cantilever

Bending of a Narrow Cantilever of Rectangular Cross Section under an End Load

S K<h L v A cantilever beam of narrow rectangular cross section under an end load P .
iy /¢ With its width h small compared with the depth  , the loaded beam may
I:I d:k —> X be regarded with as an example in plane stress
=) Z Boundary condition : shearing force at x =0 is equal to P
y If P is large compared with 20, the gravitational force can be neglected
From the static considerations, szl d_, ‘A State of Plain Stress’
Bending moment at any section will be proportional to X and y ! \&y ate of rain oress
the stress component O, at any point of the section will be proportional to y N *body force
d Q z, Z=0 Oy :O-x(x’ y)
Z X K
O, < Xy = X =X(x,y) Oy =0y,(X,Y)
: : oy AR T Y =Y(Y) 7y =7,(%Y)
Accordingly assume for a trial |0, = > =C,Xy A ' vy
C 5 ay solve Stress determined Oz — ‘zx = fzy = 0
J— l 62 62 82
=—=xy” + yf, (x) + f,(x 4, v, v OV
l// 6 y yl( ) 2( ) V?//—O Ox ayz'o_y o Ty axdy
l Substitution of I/ into governing equation Strain deternined

1 Ty
&y :E[GX 7V0y]1 gy :E[Gy 7VO_><]! yxy ===

G

4 4 4 4
Viy =0 V4=§4+28§ay2+§/4
X X

4 4 4

C 3 0 C 3 0 (¢ 3 _
TG 00+ 100 o 22T Sy v 00+ .00 S| Sy 0+ 1,0 )0

4

%(yfl(xw f,(%))

0
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Example - Cantilever

Bending of a Narrow Cantilever of Rectangular Cross Section under an End Load

L A cantilever beam of narrow rectangular cross section under an end load P .
>t <h 2 9
iy /¢ With its width h small compared with the depth  , the loaded beam may
I:I d:k —> X be regarded with as an example in plane stress
) Z Boundary condition : shearing force at x =(Q is equal to P
y If P is large compared with 20, the gravitational force can be neglected
From the static considerations, Recall, d_, ‘A State of Plain Stress’
Bending moment at any section will be proportional to X and y | \&y a%e of Tain oress
the stress component O, at any point of the section will be proportional to y N *body force
d Q z, Z=0 Oy :O-x(x’ y)
O chy i X = X o,=0,(%Y)
X = X(x,y) Y
621// OO 9 v —v(xy) TYZTY(X y)
Accordingly assume for a trial |0, = > =C,Xy A ' vy
C 5 ay solve Stress determined O, =T =Ty = 0
-1 4 Oy oy _ o’y
W 6 Xy + yfl(x)+ fZ(X) V WZO O-X_W‘ O-y_y’ Tyx_ axay
then, from the governing equation VA'(// =0 1 Strain determined
g, =—lo,~vo,l, & ==l[c,-vo ]l y,=—
4 E y yTERY Y G
2 (yfl(x) + fz(x)) =0
OX
o' f,(x) 0°f,(x) : 0" f,(x) 0", (x)
1 2 -0 X,y : independent 1 =1 d 2 =0
Y= T = =& el ="
OX OX OX OX
_ 3 2 integrate four times

f,(X) =c,X° +C,X* +CX+C,

Elasticity 05 - 2D PrQbIems
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Example - Cantilever

Bending of a Narrow Cantilever of Rectangular Cross Section under an End Load

y If P is large compared with

From the static considerations,
Bending moment at any section will be proportional to X and

the stress component O, at any point of the section will be proportional to y

o, oC Xy

2

Accordingly assume for a trial o, 1/2/ = C Xy
oy

C
=20+ ¥,00+ £,

then, from the governing equation V4(// =0

f (X) =C,X* +¢,X° +C,X+C,

f,(X) =X +C,X° +CyX +C,

S K<h L v A cantilever beam of narrow rectangular cross section under an end load P .
iy /¢ With its width h small compared with the depth  , the loaded beam may
I:I d:k —> X be regarded with as an example in plane stress
P Z

Boundary condition : shearing force at x =0 is equal to P

, the gravitational force can be neglected

Recall,

1 X
X _E[Gx 7V0y]1 gy :E[Gy 7VG><]! 7xy ==

d
, ol ‘&y ‘A State of Plain Stress’
3 =hody force
d Lz Z=0 o, =0,(XY)
7 X ~
X =X (xy) Oy =0,(XY)
TSN >/E\<I Y=Y(XY) 7,=74(XY)

V solve Stress determined O, =Ty =Ty = 0

Ty T Y awey

:O (e} :6271,{/ (e —82!// T ——62‘//

Strain determined
T

G

CL .3 3 2 3 2
%/:Exy + Y[ €X° +Cx% +Cx+ ¢ |+ €X° 46X + X+, |

S

y 2, ‘w T
Elasticity 05 - 2D Problems _ "X 6x8y
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Example - Cantilever

Bending of a Narrow Cantilever of Rectangular Cross Section under an End Load

S K<h L v A cantilever beam of narrow rectangular cross section under an end load P .
iy /¢ With its width h small compared with the depth  , the loaded beam may
I:I d:k —> X be regarded with as an example in plane stress
) Z Boundary condition : shearing force at x =(Q is equal to P
y If P is large compared with 20, the gravitational force can be neglected
From the static considerations, szl d_, ‘A State of Plain Stress’
Bending moment at any section will be proportional to X and y | \&y ate of TTain otress
the stress component O, at any point of the section will be proportional to y N *body force
d Q z, Z=0 Oy :O-x(x’ y)
Z X K
O, < Xy = X =X(x,y) Oy =0y,(X,Y)
. . oy AR T Y =Y(Y) 7y =7,(%Y)
Accordingly assume for a trial |0, = > =C,Xy A ' A
C \i solve Stress determined Oz — ‘zx ~ fzy = 0
w =—=xy° + yf. (X)+ f,(X) Viy =0 SN2 2
6 1 2 V= Tyt e T axey
then, from the governing equation V4(// =0 . strain determined
&x :E[ax 7V6y]1 &y :E[Gy 7‘/6)(]’ Vxy :Ey

C .3 3 2 3 2
—V =5 + Y[ €)X +CX° €, X+ |+] CX° +C X7 +CX+G |

o’w| o0° [c
>0, = axl/zj = y{é Xy + y[czx3 +C, X +c4x+c5]+[06x3 +C,X° +c8x+c9]} 7.0, =6(C,y +Cg)x+2(C;y +¢C;)

O’y o [c 3 2 3 2 : _ b .0 2
ST, = Exy +y[czx +CyX +c4x+c5]+[c6x +C,X +ch+cg} STy = Ey 3C,X" —2CX—C,

T oxoy | oxoy
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Example - Cantilever

Bending of a Narrow Cantilever of Rectangular Cross Section under an End Load

S K<h L v A cantilever beam of narrow rectangular cross section under an end load P .
iy /¢ With its width h small compared with the depth  , the loaded beam may
I:I d:k —> X be regarded with as an example in plane stress
) Z Boundary condition : shearing force at x =(Q is equal to P
y If P is large compared with 20, the gravitational force can be neglected
From the static considerations, szl d_, ‘A State of Plain Stress’
Bending moment at any section will be proportional to X and y | \&y ate of TTain otress
the stress component O, at any point of the section will be proportional to y N *body force
d Q z, Z=0 Oy :O-x(x’ y)
Z X K
O, < Xy = X =X(x,y) Oy =0y,(X,Y)
. . oy AR T Y =Y(Y) 7y =7,(%Y)
Accordingly assume for a trial |0, = > =C,Xy A ' A
C \! solve Stress determined Oz — ‘zx ~ fzy = 0
w =—=xy° + yf. (X)+ f,(X) Viy =0 SN2 2
6 1 2 V= Tyt e T axey
then, from the governing equation V4(// =0 . strain determined
&x :E[ax 7V6y]1 &y :E[Gy 7‘/6)(]’ Vxy :Ey

Ci o\ 3 3 2 3 2
V=X + Y[ €)X +CX° €, X+ |+] CX° +C X7 +CX+G |

2 2
from o :8—W __oy

) TX__
Yooox2 T ™ oxoy

o, =6(C,y +C5)X+2(cy +¢;)

C
_ G2 2
Txy__Ey —3C,X" —2C,X—C,
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Example - Cantilever

Bending of a Narrow Cantilever of Rectangular Cross Section under an End Load

S K<h L v A cantilever beam of narrow rectangular cross section under an end load P .
iy /¢ With its width h small compared with the depth  , the loaded beam may
I:I d:k —> X be regarded with as an example in plane stress
=) Z Boundary condition : shearing force at x =0 is equal to P
y If P is large compared with 20, the gravitational force can be neglected
From the static considerations, Recall, d__, A
. . . . 1 y | ‘A State of Plain Stress’
Bending moment at any section will be proportional to X and y \&
the stress component O, at any point of the section will be proportional to y N "body forcea —o.(%Y)
O oC Xy d > Z< Z = 0 x — Fx\™M
X _821//_ ’ X =X(x,Y) O'y=0'y(X1Y)
Accordingly assume for a trial Oy = 7 = Xy > |l
C 3 f£,(x) + f,(x) % AOBONOBN A Y=Yy 7y =7,(xY)
=2 xy” + yf,(X)+ f,(x
# 6 y y ! 2 4 \! solve Stress determined Oz — ‘zx — fzy = 0
then, from the governing equation \Y% Y = 0 4 Oy oy A
C 3 3 2 3 2 Viy =0 Ty |7 T T oy
p=-2xy° + Y[ €X° +CX° +CyX+ Gy |+ 66X+ C X7+ X+ |
6 ) 5 5 Strain determined
0 0 0 = 1 7,
from Ox = ayl/zl y oy = 6X(/2/ Ty = 8xg/y Oy 6(%21y ': Ce)x+22(csy + C7) & =E[0'X -vo,], &, :E[Gy —vo,], 7y :Ey
Ty = Y y® —3c,X" —2¢,X—¢,

d
from boundary condition o, = Oat y= iE

Since this must be valid for all X

GV‘H’Z:6(C2§+CG)X+2(CSE+C7):O (G 5+6)=0, (G5 +¢)=0 ¢,=0,¢,=0, ¢,=0,¢,=0
d d ' d 0 d . Gy:O
O-y‘ =—d/2:6(_C2_+CG)X+2(_C3_+C7):0 (_Cz—+06)— ,(—C3—+C7)_
z-xy_ 2 y C4
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Example - Cantilever

Bending of a Narrow Cantilever of Rectangular Cross Section under an End Load

S K<h L v A cantilever beam of narrow rectangular cross section under an end load P .
iy /¢ With its width h small compared with the depth  , the loaded beam may
I:I d:k —> X be regarded with as an example in plane stress
=) Z Boundary condition : shearing force at x =0 is equal to P
y If P is large compared with 20, the gravitational force can be neglected
From the static considerations, szl d_, ‘A State of Plain Stress’
n Str
Bending moment at any section will be proportional to X and y ! \&y areoral ess
the stress component O, at any point of the section will be proportional to y N "body forcea —o.(%Y)
O oC Xy d . Z/ Z=0 X Fx\™M
X o’y T X = X o,=0,(XY)
Accordingly assume for a trial Oy == =C0Xy > |l (y) /
C 3 f£,(x) + f,(x) % AOBONOBN A Y=Yy 7y =7,(xY)
=2 xy” + yf,(X)+ f,(x
# 6 y y ! 2 4 \! solve Stress determined Oz — ‘zx — fzy = 0
then, from the governing equation \Y% Y = 0 4 Oy oy A
C 3 3 2 3 2 Viy =0 Ty |7 T T oy
V=X + Y[ X%+ CX° +CuX+ € |+ 66X+ 6 X7 + X+ | R
32,/, 32(/, 82l// g . L . Strain deterr:lned
from Ox= PY: .o, = poa Ty :_6X8y o, = (%y-&-CG)X—}— (Csy+c7) &, =E[avac7y], &, =E[c7yfvax], Yy =€
Ty = _El y? —3c,X* —2¢,x —c,
iti _0at y=+3 —0,7, =Ly ¢
from boundary condition o =0at y= _E o, =Y, 7, = E y 4
" d
from boundary condition 7, =0at y= iE
2
c, d C
S T L WP
XY y=td/2 2 4 4 w="5 Y T3
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Example - Cantilever

Bending of a Narrow Cantilever of Rectangular Cross Section under an End Load

L A cantilever beam of narrow rectangular cross section under an end load P .
>t K<h 7 -
iy /¢ With its width h small compared with the depth d , the loaded beam may
I:I d:k —> X be regarded with as an example in plane stress
Z Boundary condition : shearing force at x =0 is equal to P
y If P is large compared with 20, the gravitational force can be neglected
From the static considerations, szl d_, ‘A State of Plain Stress’
ate of Plain Stress
Bending moment at any section will be proportional to X and y ! \&y
the stress component O, at any point of the section will be proportional to y N "body forcea o (% Y)
d z Z=0 -
T Xy o’y T X = X(x,y) O =0,(6Y)
Accordingly assume for a trial Oy == =C0Xy > |l B Y g /
C 3 f£,(x) + f,(x) % AOBONOBN A Y=Yy 7y =7,(xY)
=2 xy” + yf,(X)+ f,(x
# 6 y y ! 2 4 \! solve Stress determined Oz — ‘zx — fzy = 0
then, from the governing equation \Y% Y = 0 4 Oy oy A
_G s 3 2 3 2 Viy =0 STy T e T ey
V=X + Y[ X%+ CX° +CuX+ € |+ 66X+ 6 X7 + X+ | R
) o e 1 L Strain deter;mned
from o-ngyl/;, o, = 8X(/2/' Tyx:_% O, :6(%y+ce)x+2(cgy+c7) &‘X:E[O'X*VO'Y], EYZE[O'Y*VO'X], yxyzéy
Ty = _El y? —3c,X* —2¢,x —c,
cnq d _ O _ Cl 2
from boundary condition o, =0at y= E o,=U, 7, = —E y"—¢C,
from bound diti _oaty-+34 _ Gy Gge
rom boundary condition 7, = y—_2 Xy__Ey +—=
8
from boundary condition the sum of the distributed shearing forces must be equal to P on the loaded end of the beam , = P

+d/2 +d/2 1 1 2 5 .
[ ryhdy=—[ |- y +8d hdy = j ah(4y*—d)dy=P
Elasticity 05 - 2D Probllems




Example - Cantilever

Bending of a Narrow Cantilever of Rectangular Cross Section under an End Load

S K<h L v A cantilever beam of narrow rectangular cross section under an end load P .
iy /¢ With its width h small compared with the depth  , the loaded beam may
I:I d:k —> X be regarded with as an example in plane stress
=) Z Boundary condition : shearing force at x =0 is equal to P
y If P is large compared with 20, the gravitational force can be neglected
From the static considerations, szl d_, ‘A State of Plain Stress’
n Str
Bending moment at any section will be proportional to X and y ! \&y areoral ess
the stress component O, at any point of the section will be proportional to y N "body forcea —o.(%Y)
O oC Xy d . Z/ Z=0 X Fx\™M
X o’y T X = X o,=0,(XY)
Accordingly assume for a trial Oy == =C0Xy > |l (y) /
C 3 f£,(x) + f,(x) % AOBONOBN A Y=Yy 7y =7,(xY)
=2 xy” + yf,(X)+ f,(x
# 6 y y ! 2 4 \i solve Stress determined Oz — ‘zx — fzy = 0
then, from the governing equation \Y% Y = 0 4 Oy oy A
C 3 3 2 3 2 Viy =0 STy T T gy
V=X + Y[ X%+ CX° +CuX+ € |+ 66X+ 6 X7 + X+ | R
52,/, 82(/, 82l// g . L L Strain deterr;nned
from 9x = oy Oy = Y % =_M Oy = (%y+C6)X+ (C3y+C7) Ex :E[O_vao-y]' &y :E[Gyfvo-x]’ £ :%
T, =——= Y —3c,x* —2¢;x—c,
2
from bound diti _0aty—2+3 —0,7, =—2y? ¢
rom boundary condition o, = y—_E o,=0,7,, = 2 y 4
d . - T Xy:negative
from boundary condition gy — 0 at y= iE = =l y2 aF —1d 2
2 8 +d/2
from boundary condition the sum of the distributed shearing forces must bde/equal to P on the loaded end of the beam , —J- gy Txyhdy = P
+d/2 =
+d/2.C c, |4 c,. |4 2 C
2 2 3 2 3 2 3
P=[,, ah@y’ ~d?dy="2h| Jy'~d’y| =-th|=.od*~d’-d|=-hd

412 8 |3 ., 8 138
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Example - Cantilever

Bending of a Narrow Cantilever of Rectangular Cross Section under an End Load

S K<h L v A cantilever beam of narrow rectangular cross section under an end load P .
iy /¢ With its width h small compared with the depth  , the loaded beam may
I:I d:k —> X be regarded with as an example in plane stress
=) Z Boundary condition : shearing force at x =0 is equal to P
y If P is large compared with 20, the gravitational force can be neglected

From the static considerations,

Bending moment at any section will be proportional to X and

the stress component O, at any point of the section will be proportional to y
o, € Xy Py

O, =—5 =CXy

X

Accordingly assume for a trial

C, .3
y =20+ Y00+ (%)
4
then, from the governing equation \Y% Y = 0
C
y = Elxy3 + Y[ X%+ CX° +CuX+ € |+ 66X+ 6 X7 + X+ |

Recall,

y | ‘A State of Plain Stress’

=body force

dh Q z, Z=0 O-x:O-x(X’y)
i X =X(x,Y) O'y=0'y(X1Y)
AOBONOBN >/II\<I Y=Y(xY) 7, =74(XY)

N s

Viy =0

7=

1 1
&y :E[O-x *Vﬂy], gy :E[Gy 7VO_><]1 7><y =

V Stress determined 0, =T = TZV =0

Oy |, v _

Ty T Y awey

O

Strain determined
Dy

G

2 2 2
from Ox = 0 2 lo, _0 Y . =- G o, =6(C,Y +Cs)X+2(C,y +C;)
oy OX Oxoy G 3e.x% 9
Ty ——Ey —3c,x" —2¢,x—¢,
from bound diti _oaty-+2 o, =07, =—2y? ¢
rom boundary condition o, = y==% > y=U7,= > y ;
- d C,.o C >
from boundary condition 7, = Oaty=+— W= Yo+ = d
2 2 8
from boundary condition the sum of the distributed shearing forces must be equal to P on the loaded end of the beam ,
g3 12 12 (1, 1
P=- hd l:__3P . T :—3P _yz__
2 hd Y hd® (27 8
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Example - Cantilever

Bending of a Narrow Cantilever of Rectangular Cross Section under an End Load

L A cantilever beam of narrow rectangular cross section under an end load P .
> [<h 4 caneve .
iy % With its width h small compared with the depth  , the loaded beam may
I:I d:k —> X be regarded with as an example in plane stress
=) Z Boundary condition : shearing force at x =0 is equal to P
y If P is large compared with 20, the gravitational force can be neglected
From the static considerations, Recall, d__, A
. . . . 1 y | ‘A State of Plain Stress’
Bending moment at any section will be proportional to X and y \&
the stress component O, at any point of the section will be proportional to y N *body force
o, o€ Xy ' d z Z=0 o, =0, (%)
- ) _oy _ . X = X(xy) Gy =0,(XY)
Accordingly assume for a trial Oy = 7 = Xy > |l
C 3 £.(x)+ f(X) AOOENAEEN Y=Yy 1y =7(xY)
=2 xy” + yf,(X)+ f,(x
# 6 y y ! 2 4 \! solve V Stress determined Oz — ‘o — Ty = 0
then, from the governing equation \Y% Y = 0 4 Oy oy A
C 3 3 2 3 2 Viy =0 STy T T gy
p=-2xy° + Y[ €X° +CX° +CyX+ Gy |+ 66X+ C X7+ X+ |
6 5 5 5 Strain determined
oy oy o B 1 Ty
from |Ox = 8y2 1 Oy = 2 Tyx :_6X8y &x _E[fovay]’ &y _E[Gy -vo,], Yy _Ey

d d +d/2
and boundary conditions o, =0 at y=i5 » 7,y =0at y=+5 , —J- iy Txyhdy

12 12 1, 1,
O'X=—pry, Gy:O, Txy——P —y ——d

moment of inertia of the cross section

_he?




moment of inertia of the cross section

Example - Cantilever =2

12

Bending of a Narrow Cantilever of Rectangular Cross Section under an End Load

S K<h L v A cantilever beam of narrow rectangular cross section under an end load P .
iy /¢ With its width h small compared with the depth  , the loaded beam may
I:I d:k —> X be regarded with as an example in plane stress
=) Z Boundary condition : shearing force at x =0 is equal to P

y If P is large compared with 20, the gravitational force can be neglected
Recall, d
ny 0 | 5 1 d 2 y Tl y | ‘A State of Plain Stress’
Ox=7"— O-y - TXV ZE = y _Z \ *body force
I d Q z, Z=0 Oy :O-x(x’ y)
A . X = X(xy) Gy =0,(%Y)
& —1[0' -vo,], € —i[o- —vo.,], v —Ti AHHOOONADABMN >,m\<l Y=Y(Xy) 7,=7,(XY)
' E ' o ' E ’ - Y G \! solve M Stress determined 0, =T = TZ)/ =0
4 Oy v _ &y
Vig=0 L) agr o 5r Sgy
— O-X _ ny \! Strain determined
Ey _E - El exzé[avaay], gyzé[ayfvax], }/Xy:Tny
o = vo, vPxy
: E El
- 21+v)z,, _P@l+v) (2 d2)
Y E El 4

Elasticity 05 - 2D Prorblems
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moment of inertia of the cross section

Example - Cantilever =0

12

Bending of a Narrow Cantilever of Rectangular Cross Section under an End Load

S K<h L v A cantilever beam of narrow rectangular cross section under an end load P .
iy '/¢ With its width h small compared with the depth d , the loaded beam may
I:I d:k —> X be regarded with as an example in plane stress
P Z Boundary condition : shearing force at x =0 is equal to P
y If P is large compared with 20, the gravitational force can be neglected
P et 11 ‘A State of Plain Stress’
Xy 0 IP ; 1d2 , y ate of Plain Stress
O, =~ y Oy =Y, Ty = E y _Z R =body force
| DL zzo  e=aw
A . X = X(xy) Gy =0,(%Y)
b = Pxy . vPxy Pd+v) (y? dz) /BN >/m\<l Y=Y(XY) 74 =74(XY)
X EI ’ y o EI ’ yxy E 4 MSOWE MStress determined Oz ~ Txx = Ty =0
4 Oy v _
VI//ZO O_x_ayz' y T2 w axdy
‘v rain determine:
ou _ ny e % ) St] dt_Txy d
ax_— EI EX—EGX vay,gy—an VO'X,]/XY—G
ov _ vPxy
5'y El Strain and Displacement :
ou_ v P(1+v)( d2) =2 g, aV,
X
oy " ox El . /@ Z/é
"oy o & o
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moment of inertia of the cross section

Example - Cantilever =2

12

Bending of a Narrow Cantilever of Rectangular Cross Section under an End Load

S K<h L v A cantilever beam of narrow rectangular cross section under an end load P .
iy '/¢ With its width h small compared with the depth  , the loaded beam may
I:I d:k —> X be regarded with as an example in plane stress
=) Z Boundary condition : shearing force at x =0 is equal to P
y If P is large compared with 20, the gravitational force can be neglected
I 1 Recall, d 1
ny > 5 , 17 y | ‘A State of Plain Stress’
O, =— , Oy =0, Ty ZEP y _Zd R 4 =body force
I d Q z, Z=0 Oy :O-x(x’ y)
A . X = X(xy) Gy =0,(%Y)
_ Pxy _vPxy P@+ d? ABEENAHEN >/m\<l Y=Y(xy) 7,=74(xY)

N .
= AT A=

Wy -9
I 4 \! solve M Stress determined 0, =Tn= sz =0
2 2 2

‘v Strain determined
ou Pxy ou Pxy _ P 1 % z
_— = —dx = —2 (dx U=——-"2X + g =—lo,-vo,l, §,==[o,-vo,], 7, =2
ox  El '”tegfatejax I( El j 261 Y %.(Y) € € "¢
ov vPx VP
oy Ely [y = [“2 %y =——Xy* +0,(x)
8y 8y El 2E| Strain and Displacement :
) L L 7%
ou +8v - P1+v) (y? _d_) X oy oz
oy ox  El 4 L e i P e A
dy Ox oz oy X 0z
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Elasticity 05 - 2D Problems

Example - Cantilever e
12
Bending of a Narrow Cantilever of Rectangular Cross Section under an End Load
S K<h L v A cantilever beam of narrow rectangular cross section under an end load P .
iy '/¢ With its width h small compared with the depth d , the loaded beam may
I:I d:k —> X be regarded with as an example in plane stress
P Z Boundary condition : shearing force at x =0 is equal to P
y If P is large compared with 20, the gravitational force can be neglected
Recall, d
ny 0 B | P . 1 d . , Tt y | ‘A State of Plain Stress’
O, =——— o, =V, Txy —E y _Z ¥ *body force
| DL zzo  e=aw
A . X = X(xy) Gy =0,(%Y)
Py _vPy , _P+v) oy d2) AT T Y =Y(Y) 7, =7,(%Y)
X EI ’ ! EI Ty E 4 M solve M Stress determined Oz — ‘zx — lzy = 0
R % R
V4W=0 Ox="72" Oy=— 751 T=-
oy OX oxoy
8_” — _m y gl(y) M Strain determined
OX El Integrate 2EI g, :E[avaay], g, =é[ay7v0'x], Yy =%y
ov  vPxy
~ y +0,(X)
oy El 2EI
7 | Strain and Displacement :
ou ov | Pl+v d’
MNP (e O R
oy o El 4 ox oy or
o( P 5 P( @2, | ry=+ 2 y=@/—@ 7=%Wzé—”
2l Toxy+ g, [+ o Zoowt+ .00 |-y Sy [ e ey
2El ox\ 2El El 4




moment of inertia of the cross section

Example - Cantilever =2

12

Bending of a Narrow Cantilever of Rectangular Cross Section under an End Load

S K<h L v A cantilever beam of narrow rectangular cross section under an end load P .
iy /¢ With its width h small compared with the depth  , the loaded beam may
I:I d:k —> X be regarded with as an example in plane stress
=) Z Boundary condition : shearing force at x =0 is equal to P
y If P is large compared with 20, the gravitational force can be neglected
Recall, d
ny 0 B | P . 1 d . , Tt ‘&y ‘A State of Plain Stress’
Oy ===+ 0y=Y Ty= E y _Z R =body force
I d Q z, Z=0 Oy = O-x(x’ y)
o( P 6(vP P+v), , d? silla o iay((i’ yi
ooy ) | ey Gy () =R (v ) | A TR YY) =g (Y
ay 2EI ax 2EI EI 4 \!solve M Stress determined 0, =T = TZ)/ =0
2 Viy =0 0=2Y, 6,2 o -2V
P . dg(y), vP , 09,(x) PQ+v), , d V= T T T oy
——x*+ oY+ = (Y =—) VT stai determined
2E| ay 2E| ax EI 4 Y Strain determine
g, :E[aX -vo,] &, =E[ay S :g

agl(Y)+ vP y2 - PA+v) Y2 z_agz(x)+ P 2 P(l"‘V)dz

oy 2El El OX 2El 4El

Strain and Displacement :
8953(/)/) B EPI (1+§)y2 . agg(X) ' 2F|;| K PE11E+|V) d ou v
X = —_— = — =
“Tx YTy gz/%’
Function of y Function of x ou oV ov ow 0
agl(y)_ P (1+K)y2=_agz(X)+ P X2_P(1+V)d2:a1 yXy:E'i'a_Xi yyZ:a_ E’ 72)(: X+a_z
El 2 OX 2El 4E|
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Example - Cantilever -5

Bending of a Narrow Cantilever of Rectangular Cross Section under an End Load

S K<h L v A cantilever beam of narrow rectangular cross section under an end load P .
iy /¢ With its width h small compared with the depth  , the loaded beam may
I:I d:k —> X be regarded with as an example in plane stress
) Z Boundary condition : shearing force at x =(Q is equal to P
y If P is large compared with 20, the gravitational force can be neglected
P | 1 et 11 ‘A State of Plain Stress’
)(y . . 5 2 g y !
O, =— 1 O'y—O, Txy_EP(y _Zd j R & =body force
I d Q z, Z=0 Oy = O-x(x’ y)
. X =X(x,Y) o,=0,(x,Y)
69%(/}/) B ; (1+%)y2 z_agé(x) N 2E| A P(j;v) 42 S TS Y=Yy o, =1, (0)
2 \! solve M Stress determined Oz — ‘zx = Tz = 0
& o &
O P v o ), P, P e Vig=0 L) o=gr o gr
ay E I 2 ’ 8X 2 E I 4 E I M Strain determined
&, =—lo,-vo,], &, =i[ay —-vo,], 7y = 5ol
E E G
agl(y)= P (1+K)y2+a1’ agz(x)z P XZ_P(1+V)d2_
oy El 2 OX 2El 4EI
Strain and Displacement :
0 P 1%
I%dy:j(a(l'FE)yz'Faljdy . _a_u . _@ . =
T oy Z/% ’
P V3 ry =y Ny N, SN
Sl Ty w Ty <o
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Example - Cantilever -5

Bending of a Narrow Cantilever of Rectangular Cross Section under an End Load

S K<h L v A cantilever beam of narrow rectangular cross section under an end load P .
iy /¢ With its width h small compared with the depth  , the loaded beam may
I:I d:k —> X be regarded with as an example in plane stress
=) Z Boundary condition : shearing force at x =0 is equal to P
y If P is large compared with 20, the gravitational force can be neglected
P I l Recall, d 1 ¢ -
Xy _ ’ ’ , s y | ‘A State of Plain Stress’
O, =~ 1 O'y—O, Txy__P y ——d 4 =body force
I 2 4 d% i z, Z=0 O-X:O-x(x’y)
og,(y) P 0,00 P, Pliv) ol xen ot
géyy B (1+%)y2 = - gé to X% — 4EIV d2 = AR T Y =Y(Y) 7y =7,(%Y)
2 \! solve M Stress determined Oz — ‘zx = Tz = 0
g 5 5
O P v o ), P, P e Vip=0 ) o35 o 50 Sy
ay E I 2 ’ 8X 2 E I 4 E I M Strain determined
&, =—lo,-vo,], &, =i[ay —-vo,], 7y -
P x) P P+ : : 2
591()’) — (1+K)y2+a1, agz( ) — X2_ ( V)dZ_
oy El 2 OX 2El 4EI
Strain and Displacement :
09, (x I P P+
I 952)5 ) X:J(ZEl K E‘rE|V)dz_a1jdX P
T oy Z/% ’
ou ov ov ow_~ou
P 1+V P 7)( :_+_i Z:_ T~ 7ZX: +——
gz(X)ZEX?’—%dZX—%XﬁL% ey oxT Y o oy X oz
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Example - Cantilever =2

12
Bending of a Narrow Cantilever of Rectangular Cross Section under an End Load
S K<h L v A cantilever beam of narrow rectangular cross section under an end load P .
iy /¢ With its width h small compared with the depth  , the loaded beam may
I:I d:k —> X be regarded with as an example in plane stress
=) Z Boundary condition : shearing force at x =0 is equal to P
I Is large compared wit , the gravitational force can be neglecte
y fP sl d with 29, th itational f b lected
Recall, d
B ny o -0 B l P 2 l d . , Tt ‘&y ‘A State of Plain Stress’
O, =~ J y Txy o 2 y A y =body force
I d Q z, Z=0 Oy = O-x(x’ y)
- X =X(x,y) Oy =0,(XY)
agé;y) _ ; (1+%)y2 — _agaz(x) + ZEI X2 _ Pg—glv) d2 — 31 A000ONDDODON >M\<I Y =Y(XY) Ty :rxy(x,y)
X \!solve M—“ determined Oz =T =Ty =0
oy oy A
agl(y)_ P (1+K)y2:a1’ _agz(x)+ P XZ—P(1+V)d2:al V4V/:0 O-X_‘ayiz' GY_?’ Tyx__axay
ay E I 2 8X 2 E I 4 E I \! Strain determined
g =—lo,-vo,], ¢, =i[ay L Oy
0 P, v 6g,(x) P PA+v - - 2
gl(y)= (1+_)y2+a1’ gz( )= X2_ ( )d2_
oy El 2 OX 2El 4EI
P Strain and Displacement :
VN3
gl(y)stl (1+§)y TASTE, gng—i’ 8v:%’ 827%’
P : (I+v)P , ou  ov ov ow .~ ou
9,(x)=—x*————2_d*x—ax+a, e e o R R
6EI AEI . X
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Example - Cantilever =

Bending of a Narrow Cantilever of Rectangular Cross Section under an End Load

S K<h L v A cantilever beam of narrow rectangular cross section under an end load P .
iy '/¢ With its width h small compared with the depth  , the loaded beam may
I:I d:k —> X be regarded with as an example in plane stress
=) Z Boundary condition : shearing force at x =0 is equal to P
y If P is large compared with 20, the gravitational force can be neglected
P et 11 ‘A State of Plain Stress’
Xy 0 IP ; 1d2 , ‘&y ate of Plain Stress
O, =—"", O-y = Txy —E y _Z N *body force
I d Q z, Z=0 Oy = O-x(x’ y)
A . X = X(xy) Gy =0,(%Y)
[ Pxy . vPxy 3 P(1+v)( . _d_z) A e Y=Y (XY) 7y =7,(%Y)
X EI ’ y o EI ’ yxy B EI y 4 MSOWE MStress determined Oz ~ Txx = Ty =0
R % R
V4W=0 Ox="72" Oy=— 751 T=-
oy OX oxoy
ou PX 2 | , :
— __y int . —_- X y + gl(y) L \¥ Strain deter;mned
OX S 2EI Ex:E[fovay]r SY=E[0y7Vo'X], 7><y:éy
ov  vPxy vP
= V=S +0,(%)
oy El 2El
7 | Strain and Displacement :
u P+ d’ P 1 V2
5_+@:M(yz__) 0,(y)==—@+)y’ +a,y +a, g ol e
dy ox El 4 3El - 2 ox' gy oz
g,(x) = P o QP d°x—ax+a,| » _a N, N, WL
? 6El 4EI Yooy o T al oy Y o a
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Example - Cantilever e
P 12
Bending of a Narrow Cantilever of Rectangular Cross Section under an End Load
S K<h L v A cantilever beam of narrow rectangular cross section under an end load P .
iy /¢ With its width h small compared with the depth d , the loaded beam may
I:I d:k —> X be regarded with as an example in plane stress
k 7

_ | 2 1.5
7. =-F 0=0. 5, =gP(y 40"

Py _vPxy Pd+v) d?
B g e g O
u=——yia(y) [ =-——a+ )y +ay+a
2E| ' .where 1 3El 2
L s @+v)P
=oE Xy’ +d,(X) = ———d*x-ax+a,
e —(A+)y’+ay+a
2E1 3EI( Sy rayta,
vP P (1+V)P .
V=—— —x -——2 _d°x—ax+a
2El . 6El AEI AXT
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Boundary condition : shearing force at x =0 is equal to P

If P is large compared with 20, the gravitational force can be neglected

Recall, d
, ol y | ‘A State of Plain Stress’
=hody force
d% N 2 Z=0 O, =0 (X y)
7 X ~
X =X(xy) oy =0,(xY)
RO, TR Y=Y (uY) Ty =7y (0Y)

V solve V Stress determined O, =T =Ty = 0

A Gy Sy o
VW—O O-X_ay2‘ O-y_aXZ’ Tyx_ axay

v Strain determined

1 Ty
&x :E[GX 7V0y]1 &y :E[Gy 7VO_><]! Yy =

G

Strain and Displacement :

ou ov /@
Ex = ) (C,'Z ~ )
OX

g, =—
Yooy

au+@
ox’ Yy

_62

W//ﬂ %w/éu
T A A VT +—
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Bending of a Narrow Cantilever of Rectangular Cross Section under an End Load
S K<h L v A cantilever beam of narrow rectangular cross section under an end load P .
iy '/¢ With its width h small compared with the depth  , the loaded beam may
I:I d:k —> X be regarded with as an example in plane stress
=) Z Boundary condition : shearing force at x =0 is equal to P
y If P is large compared with 20, the gravitational force can be neglected
P I 1 Recall, d 1 ¢ -
Xy ’ ’ , s y | ‘A State of Plain Stress’
O, =— 1 O'y—O, Txy_EP(y _Zd R 4 =body force
I d Q z, Z=0 Oy = O-x(x’ y)
A . X = X(xy) Gy =0,(%Y)
__Py Py P d2) A e Y=Y (XY) 7y =7,(%Y)
X EI ’ y o EI ’ yxy B EI y 4 MSOWE MStress determined Oz ~ Txx = Ty =0
4 Oy v _
2 P ! V)3 Vy =0 T Tl T oy
U=——XYy+—@Q+-)y +ay+a | , :
2E| y 3E| 2 y aly 2 P | % / Str]aln detfr;\:;ned
ye i B e T T e S ——
2El 6El AEI =
assume that the point (X, y) = (L,0) is fixed. u=v=—=0 at (x=L, y=0)
OX Strain and Displacement :
o :l:VP Y2+ P X2—(1+V)Pd2—a1} _ P I_2_(1+V)sz_a1:0 au v B
OX|yLy—o L 2El 2El 4E| Ly 2El 4E| Ex T &y —5’ € 2 oz
P s (I+v)P ., ou ov ov ow_ou
— _ _ — u =a :0 =—+—, , =¥, ~ = —
Veetie0 = 6El - 4E| d"L-al+a=0 hetyeo =22 Wy T Ty TR @
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Bending of a Narrow Cantilever of Rectangular Cross Section under an End Load

> Kh L ,IZ/
0 >
P Z
y
Pxy
GX:_T’ O-y:O’ Ty

moment of inertia of the cross section
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A cantilever beam of narrow rectangular cross section under an end load P .

With its width h small compared with the depth  , the loaded beam may
be regarded with as an example in plane stress

Boundary condition : shearing force at x =0 is equal to P

If P is large compared with 20, the gravitational force can be neglected

| 1
P 2__d2
2 -5¢)

ov
assume that the point (X, y) = (L,0) is fixed. u=v =

—

—=0at (x=L, y=0)
OX

6|I:E>I L3—(1ZI;/I)Pd2L—a1L+a3:O---(l)
P (1+V)P .
12— d’—a =0 _
2E| AE| % %
_a2:O
@ >0 — L3—(1+V)Pd2L—(
6El AE]
—LL3+a3:O -

3El
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2E| LZ‘OZE.)P“”'(Z)
P I_2_(1+V)P0|2j|_+a3:O
2E| AE|

P

Recall, d
, Tt y | ‘A State of Plain Stress’
N =body force
d Q z, Z=0 Oy :O-x(x’ y)
2 X <
X =X(x,y) 0y =0,(X%Y)
ABOBNAON >/II\<I Y=Y(XY) 74 =74(XY)
\! solve M Stress determined 0, =Ty = TZ)/ =0
4 Oy oy __ v
Viy =0 vl R R Ve
\! Strain determined
1 Ty
gx:E[Gxivay]l gy:E[ayivo-x]! yxy: G
Strain and Displacement :
ou ov
Ex = 8y = (C,'Z = )
OX oy 0z
Yo = ou . ov _ov y = oW~ ou
Yooy ox " e ey T X ez
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Bending of a Narrow Cantilever of Rectangular Cross Section under an End Load
S K<h L v A cantilever beam of narrow rectangular cross section under an end load P .
iy /¢ With its width h small compared with the depth d , the loaded beam may
I:I d:k —> X be regarded with as an example in plane stress
=) Z Boundary condition : shearing force at x =0 is equal to P
y If P is large compared with 20, the gravitational force can be neglected
P I l Recall, d 1 ¢ -
Xy ’ ’ , s y | ‘A State of Plain Stress’
O, =— 1 O'y—O, Txy_EP(y _Zd R =body force
I d i z, Z=0 O, =0 (X y)
ov T Tl x=xey) oy =0,y
aj'_sume that the point (X, y) = (L, 0) is fixed. u=v =& =0 at (x=L, y=0) AT >/E\ Y=Y(xy) 7, =1,(%Y)
P L3 _ (1+ V) P d 2 L _ all_ + a3 — O .. (1) \! solve M Stressac;etermined aoz-l =T = szazz 0
4 Oy _ _%w 0Oy
6EI 4EI V W:O O-x_‘ayz' y T2 w axdy
P L2_(1+V)Pd2_a1:O aj_: P L2_(1+V)Pd2(2) \¥ Straindeter;nined
2El AEI 2El AEI e=glo-vo,l &y =gloy-val 7y =7
a,=0
P 3
= BE e (3) Strain and Displacement :
P ; @+v)P ,, P 3 ou ov
H-o>1): —L———dL-alL+—L"=0 E=—, & =—, 827%,
() >0 5g 4EI " 3E ox 7oy oz
ou ov ov ow_~ou
P 1+v)P 22 :—f—@, =Z/é—
P L3 (1+V)Pd L al 0 _ a1= L2 ( V) d2 7xy ay+ax yyz o ay Y ax X+8Z
2E| AE| 2El 4El
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12
Bending of a Narrow Cantilever of Rectangular Cross Section under an End Load
S K<h L v A cantilever beam of narrow rectangular cross section under an end load P .
iy '/¢ With its width h small compared with the depth d , the loaded beam may
I:I d:k —> X be regarded with as an example in plane stress
=) Z Boundary condition : shearing force at x =0 is equal to P
y If P is large compared with 20, the gravitational force can be neglected
P | 1 et 11 ‘A State of Plain Stress’
__ Y 5 =0, 7, =—P|y*-=d? s /
Gx _ J y Xy 2 y 4 3 *body force
| DL zzo  e=aw
ov N X =X(xy) 9y =0,(XY)
assume that the point (X, y) = (L,0) is fixed. u=v N 0at (x=L, y=0) . >/E\<I Y=Y(xy) 7, =7, (%)
B P 3 (1+ V) P B . P I_Z . (1+ V)P q 2 MSOWE M Stressac;etermined aoz-l =Tn = leazz 0
— L - dL L+ 0 B 4y — Gz—u/,az—l//,r:— id
6EI 4E| al a‘3 2El 4El \% /4 =0 x ‘ayz YT o2 T oxay
=) L2 B (1+V)P d2 B a2 = O 1 % / Str]ain detfr;\:;ned
2El AE| P TR TV TR TN T
a,=0 % 3El
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Bending of a Narrow Cantilever of Rectangular Cross Section under an End Load

S K<h L v A cantilever beam of narrow rectangular cross section under an end load P .
iy '/¢ With its width h small compared with the depth  , the loaded beam may
I:I d:k —> X be regarded with as an example in plane stress
=) Z Boundary condition : shearing force at x =0 is equal to P
y If P is large compared with 20, the gravitational force can be neglected
Recall, d
B ny o -0 B l P 2 1 d . , Tt ‘&y ‘A State of Plain Stress’
Gx - J y Txy o 2 y 4 3 *body force
I d Q z, Z=0 Oy = O-x(x’ y)
A . X = X(xy) Gy =0,(%Y)
__Py Py P d2) A e Y=Y (XY) 7y =7,(%Y)
X EI ’ y o EI ’ yxy B EI y 4 MSOWE MStress determined Oz ~ Txx = Ty =0
V4 =0 Gzaz—w G:az—l// T:_Gzy/
P i (1 V)3 i S ar o oar o
U=——XYy+—>0A+-)y +ay+a | , :
2E| y 3E| 2 y aly 2 P | % / Str]aln detfr;\:;ned
e P e P VP o o via S ——
2El 6El AEI .
assume that the point (X, y) = (L,0) is fixed. u=v=—=0 at (x=L, y=0)
— OX Strain and Displacement :
a P ., (@+v)P , - N
= - u
2EI 4EI gx_&l gy_ai 827%’
3, =0 M v W owou
P, WEa T Ty TR &
& =
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Bending of a Narrow Cantilever of Rectangular Cross Section under an End Load

S K<h L v A cantilever beam of narrow rectangular cross section under an end load P .
iy '/¢ With its width h small compared with the depth  , the loaded beam may
I:I d:k —> X be regarded with as an example in plane stress
=) Z Boundary condition : shearing force at x =0 is equal to P
y If P is large compared with 20, the gravitational force can be neglected
Recall, d
ny 0 | P . 1 d . , Tt ‘&y ‘A State of Plain Stress’
O, =~ y Oy =Y, Txy - E y _Z R =body force
I d Q z, Z=0 Oy :O-x(x’ y)
A . X = X(xy) Gy =0,(%Y)
__Py Py P d2) A e Y=Y (XY) 7y =7,(%Y)
* EI ’ y EI ’ yxy - EI y 4 MSOWE MStress determined @ = :TZ)/ =0
V4 =0 Gzaz—w G:az—l// T :—62‘//
P i (1 V)3 i S ar o oar o
U=—-—"-XYy+—>0+— Ha | : .
2E| y 3E| 2 y @ 2 e | % / Str]aln detfr;\:;ned
VP, P 5 (1+v)P ET T e s

V=—Xy’ +—X°— d?x +
2El Y 6El 4EI @ %

assume that the point (X, ) = (L, 0) is fixed. U:V:@:0 at (x=L, y=0)
— OX Strain and Displacement :
- u
26l 4EI A= g 827%,
8)=0 L v v W owou
P, WEa T Ty TR &
& FEoor
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Bending of a Narrow Cantilever of Rectangular Cross Section under an End Load
S K<h L v A cantilever beam of narrow rectangular cross section under an end load P .
iy '/¢ With its width h small compared with the depth  , the loaded beam may
I:I d:k —> X be regarded with as an example in plane stress
=) Z Boundary condition : shearing force at x =0 is equal to P
y If P is large compared with 20, the gravitational force can be neglected
Recall, 9 1 ] - ]
_ ny o -0 . l P 2 1 d » , ‘&y A State of Plain Stress
O, = J y Xy 2 y A N =body force
I d Q z, Z=0 Oy = O-x(x’ y)
A . X = X(xy) Gy =0,(%Y)
__Py Py P d2) A e Y=Y (XY) 7y =7,(%Y)
X EI ’ y o EI ’ yxy B EI y 4 MSOWE MStress determined Oz ~ Txx = Ty =0
4 Oy v _
P P P 1 P ] V=0 e Y
+ [
U=— Xzy +_(1+ K) y3 4| —— L2 _& d 2 y \! Strain determined
2EI 3EI 2 2EI 4EI i gX:E[avaay], gy:é[ayfvo'x], ]/Xy:Tny
P P 1+v)P P 1+v)P P
v=""xy? 4 x3—( V) d’x— L2—( V) d? |x+—1L°
2El 6El 4EI 2El 4AEI 3El
Strain and Displacement :
P ., P vis P .. @+v) _ou _ 7%
U=—-XY+—A+)y"'+—| L' - d T ST ST
e e Y g { 2 Y o8 oy oz
ou ov ov ow_~ou
P P P P =—+—, =—#—, =—+—
Ve xy? X - —— x4 — Ty Tw Ty TR @
2El 6El 2El 3El
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Bending of a Narrow Cantilever of Rectangular Cross Section under an End Load

S K<h L v A cantilever beam of narrow rectangular cross section under an end load P .
iy /¢ With its width h small compared with the depth  , the loaded beam may
I:I d:k —> X be regarded with as an example in plane stress
=) Z Boundary condition : shearing force at x =0 is equal to P
y If P is large compared with 20, the gravitational force can be neglected
Recall, 9 1 -
ny o -0 3 l P 2 l d » , ‘&y A State of Plain Stress
O, =~ y Oy =V Ty = y =body force
| 2 4 % _
d Q z, Z=0 Oy _O-x(x’ y)
A . X = X(xy) Gy =0,(%Y)
__Py Py P d2) A e Y=Y (XY) 7y =7,(%Y)
X EI ’ ! EI TN EI 4 \! solve M Stress determined Oz — ‘zx — lzy = 0
R % R
V41//:O Ox=—> 72" O_yzy’ P
oy
P P P d? |
= Xzy 4+ — (1_|_ K) y3 + _[L3 _ (1+ V) _]y \! Strain determined
2EI 3EI 2 2EI 2 gX:E[aX—Vay], gy:é[ay—vo‘x], }/xy:Tny
vP , P , PL? P
V=—-—-X X — X+ Displacement determined U,V
261 "6EI 2E1 3El [V epiacerdie o
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Example - Cantilever

recall, differential equations of deflection curves*
> <h L 7
0 a7 /o = V| f=w
y i y \ 4 y
: . g 9V g EEEEEETEE
V&Y
No distributed load f(x) =0
Boundary Condition "0 1 v”’—ic
No bending moment at x=0 = Elv"(O) =0 i )_ECZ ’ El *
Sh f P at x=0 " .
ear force P at x —>EIW"(0)=P V'(L)Zi(%"’CzL“‘lCﬂ—zj ,v(L)=L(C4+C3L+£C2L2+lclL3j
No displacement at x=0 — ( L) -0 El 2 El 2 6
by the bound diti
No slope at x=0 9V'(L):O, yl € bounaary condition
0=—oc =0
d“v(X) El °
= dx* =0 L =P
Integrate four times El El *
" _ 1 1
e C3+c2L+%clL2: c3=—§PL2
1
V"(X) =C, +—CX 1 2.1 3 1o 155 150
c,+c.L+—c L"+—cL°=0 c,=—PL"——=PL ==PL
El 4TS 601 475 5 3
i _ L 2
V(X)_C3+C2X+2E| X S Elv(x) = —PL3—%PLZX+2PX
_ 1 ., 1
v(x)—c4+03x+2c2x +oErOX v(x)—iPx s_ 1 o, 1 opps
Elasticity 05 - 2D Problems GEl 2El 3EI
R T e

o

M

*Gere J. M., Mechanics of Materials (International Edition), Slxth Edition, Thomson, 2006 P906 (coordinates modlfled)
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0 99
P

12
Bending of a Narrow Cantilever of Rectangular Cross Section under an End Load
L v A cantilever beam of narrow rectangular cross section under an end load P .
VA With its widt small compared with the dept , the loaded beam ma
*// ith i idth h Il pared with the depth  , the loaded b y
—> X be regarded with as an example in plane stress
Z Boundary condition : shearing force at X =0 is equal to P
y If P is large compared with 20, the gravitational force can be neglected
. ) . 4 .............. VPPPL2 .............. P|_3 ......
2 3) 3 : 2 3 :
U=—XY+—00+2)y +—[LU-Q+v)—=]y, iv="=—Xy" + X" — X+
T W G-I ==
The equation of the deflection curve Is recall, differential equations of deflection curves*
given by the expression of V at y =0
4
vP P PL> P d'y
=—xy +— X —— X+ El —=f(X)
2El 6EI  2EI  3El dx
P , P P P s P o P
6EI  2ElI  3El 6El  Z2El SEl
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*Gere J. M., Mechanics of Materials (International Edition), Sixt-h Edition, Thomso;I, 200"6, P906 (coordinates modified) d e
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recall, differential equations of deflection curves*

h L %
¥ ( dy _ TTTTTTTTITITTY)
IZ El 4 (X) X
P y V&Y X
No distributed load f (x) =0
v—ixy2+ P x3—PL2x+PL3 displ
2F] 6El 2E| 3E| same displacement v
P o PL _PU 4y-o0 Vet 3 P e, P s
V= oy X g X7 Y= 6EI  2EI  3EI
6El 2El 3El
2
YLV IR LA SV LA L RN 1
2El 3EI 2 2El 2 No displace u component from this solution
u=0 aty=0
T AP
€., what is the difference between two solution A B
c’; and why? The deflection of the ;
beam at any point along . \a)
its axis is the displacement ' .
u= U(X, y) of that point from its . g |
< > original position, : 5 f x
— d in th (b)
v=v(x,y) measured nthe

Elasticity 05 - 2D Problems

*Gere J. M., Mechanics of Materials (International Edition), Sixth Edition, Thomson, 2006, P906 (coordinates modified)
**Gere J. M., Mechanics of Materials (International Edition), Sixth Edition, Thomson, 2006, P301

FIG. 5-1 Bending of a cantilever beam:
(a) beam with load, and (b) deflection

curve
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