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9.1 Vectors in 2-Space and 3-Space
(2K} 2 3K} S H0jA{2] W E)

" Scalar(2ZE}): HE¢ot Sk(scale)E THel= o0 272l A 7[0f 2|50

2385Hes ¥

of) 20|, 2=, M

= Vector(tiE{): 37|} &aF0f 2|510] ZEE[= . MEtA 2FLHO|ALE
It = Directed Line Segment(gtgfM &) Q.

|'

o) e &, A7, 121

« HIEO| HAl: 2 &~FAta b vE2E LIEHH. 7|2 M= b Y]
oF 20| gt &S AME. HIH 2| 1 2[F initial |00lnt(/\|JEUH
W=t B2 terminal point(ZM)2t g

o |a| : St EO| A|ZHE D 2 ALO[2] A2
Ol ((E= A7|) EE= norm (Euclidean norm)




9.1 Vectors in 2-Space and 3-Space
(2K} 2 3K} S H0jA{2] W E)

= Equality of Vectors (5 HIE{Q] &5)
= HE a b7t ZCh — T HE a bo| w3t Zo|7} 2}
> WO ST HEL 20| et ASo0|ct
(HE2| AISES o|2 =g 4 9g)




9.1 Vectors in 2-Space and 3-Space

(2K} 3 3% S 2H0j|A2] Y E))

® Components of a Vector (MlE{2| dF)
X, y, z Cartesian Coordinate System(Z! il Z}+ H# A|) 0| A{

wc #HH a9 d&

AEE P (g, )0 BE Q (6 v 2)8 4

= M 7Hel =& &2] Xt0]: ay, ay a3

4 =X=X =Y, =Y, {B=24,-4 — a:[aw a,, as]
Pythagorean theorem — |a| =+/a,® +a,? +a,’
mEx. 1P:(40.2), Q: (6, -1, 2) °

® Position Vector (¢ X|HlE)
ROEHEAONM & Alx y, 22| Position Vector r

— A&H0| EF0|L £50] AQl HlH

a

Pr o
a1 /O\yt\:\ a2
\\\ ,/l/
x/ \L\\I ™~
y
z
\
\
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|
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9.1 Vectors in 2-Space and 3-Space
(2K} 2 3K} S H0jA{2] W E)

= Vectors as Ordered Triples of Real Numbers
(EME ZH= AlA 3 E| AFSA 3 MO HIE)

« ™ E MU HEIF FOX|H 2 HEE §|EHot= 4222 2l &M 4=
MEZsE QUSHH 2™ E.

« A2 O|R0Z =ME 4= M50 Ciste H=2stA o 7He| HiE 7t T S &:
a:[a]_l al 83]

- A2 gtgko| gl ZOo|7F FQl Zero Vector(FHIE)0f CHSE.

= Addition of Vectors (5 HIE{9| g}
£ HE a=[ay, a a)]% b=[by, by, b]2| B — a+b=[a+by, a+b, a+b;]

i E ST TIskerY ol A




9.1 Vectors in 2-Space and 3-Space
(2K} S 3X}3 SHof|A{2] HE)

= Basic Properties of Vector Addition (HlE{&t2o| 7| =44 H)
(a) a+b=b+a (cummutativity (2t %))

(b) (u+v)+w=u+(v+w) (associativity (ZgHHAl))

(c) a+0=0+a=a

(d) a+(-a)=0 u+"“'




9.1 Vectors in 2-Space and 3-Space
(2K} 2 3K} S H0jA{2] W E)

= Scalar Multiplication by a Number (& 40f 2|t AZ2IH)

gelol AZeE c (07| = 25) #H a=[a), a, a;]0f Ciot AZets

— @=[ca, ca, ca;]
/ / v L
a

-a -0.5a

= Basic Properties of Scalar Multiplication (AZ2}=2| 7|2/ %)
(@) da+tb)=caa+dd (c) dka)=(cka or cka
(b) (c+ka=ca+ka (d) 1la=a

- HE{ gt AZetso| 7|28 E 0 25t
(a) 0a=0 (b) (-1)a=-a
(c) b+(-a)=b-a

—




9.1 Vectors in 2-Space and 3-Space
(2K} S 3K S ZHojA2] HE])

= Unit Vector(THHIE) i, j, kE 0| 8¢t a2

i, j ke AAZEAM 2 =9 Fo| o = THelHH

i=[1, 0, 0] j=[0, 1, 0] k=[0, 0,1 — a=[a, a,, a,]=aji+a,j+ak

c A
il
rn
T
El
Ja
re
FH
ret
rE

z zZ
a
k
. 3 a’k
1 \ oy ~—
X y X @) b%
= = HH a=[a, a, a]=ai+aj+akl| HE2 F =X ALK,
= Wi o] Bt AZELE0| HOlE 3K A% WE D7 RS WA

* i, j, k : Standard Basis (ET7|X)
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' 9.1 Vectors in 2-Space and 3-Space
(2K} A 3K} B 7HojA{2] HE)

PROBLEM SET 9.1

HW: 34, 38 (d), (e)




9.2 Inner Product (Dot Product)
(L (Ea))
* Inner Product of Vectors (HIE{Q| L{&): a-b
H E{ 9| Inner Product(Lf&)EE= Dot Product(B &)= & HIE{S| Z 0|2}
]

E{7F O|F= MAIL9 AR &9 &

a.b:{\aHb\coW (@=#0, b=0)
0 (@=0 or b=0)

a:[av a,, as]’ b:[bl’ b, bs] — aeb=apb +ab, +ab,

*asb=0 — HIE a2} HIE b= Orthogonal(%! i)

— a2t b= orthogonal vectors(Z! ul Hl E{)




= Orthogonality (= 1/d)

QU E{7} OFHl & W L{X0| Y0 § BRIERUL & WET A2 Hmots %,

= Length and Angle (Z0|2} Ztk)

.a=b - y=0 - aoa:\aHa\cosO":\a\2
aob: aelh
o] Vaeavbeb

. asb=albjcosy — cosy=

m Ex. 1 Find the inner product and the lengths of a = [1, 2, 0], b =

— |aj=+/aea

[3, -2, 1]

as well as the angle between these vectors.

aeb=-1

J14, 7 =96.865°




(LIS (&)

* LjZo| kx| Y

'9.2 Inner Product (Dot Product)

2olo| #HE a b, c@F AZEHE ) g 0 CHOHO

1.

lg,a+q,blec=qgaec+q,bec

aeb=Dbea

aea>0
aea=0

(a=0)
(a+b)ec=aec+bec
aob]<fab

a+b| <[a|+|b]

a+bl’ +|a—b[" =2(al’ +|o[’)
Example 3, 6

Linearity (M)

Symmetry (CHA )

Positive-definiteness (k2| A4 &l)

Distributivity (&8 & %!)
Cauchy-Schwarz inequality
Triangle inequality (MZtESA)

Parallelogram equality
(HSUAIHE S Al

O o




' 9.2 Inner Product (Dot Product)
W (=)

PROBLEM SET 9.2

HW: 34, 41, 42 (f)




9.3 Vector Product (Cross Product)
(215 (YEZ))

® Vector (Cross, Outer) Product of Vectors (HIE{Q| 2|&) aAX b

e a bJtE2&e L= 20l ALF BB = ottt SHE : axb=0

e R

b {EDI laxb| =|a|b|siny

gt

0d

'QEZ B0 26t0 28 (a, b2 SAIN =XQl HE])

Tv
/b %
Ta 8\%

i j Kk
al a'2 a'3
b, b, b

“« d=of ot 2Ho 77

a:[a'u a,, ae]’ b:[by b, bs] = axb= =[a2b3—a3b2, a;b, —ayb,, a’lbz_aZbl]

17




9.3 Vector Product (Cross Product)
(215 (HE{a))

® General Properties of Vector Products

(Wi XS 21=)  Provel

3. bxa=—(axb) (WSS DIEGHA 210 B & = (Anticommuative)=S 2HE)
( _

L T
| %2)

¥
ol
i
N
1o
0
M
Ql
>—|

Vector productl| H-&: Example 3, 5




' 9.3 Vector Product (Cross Product) \
(21F (4E{a))

m=rxp

"h\ B
( .;;%v A
/’j w V=WXTI




® Scalar Triple Product (&2Z2} M45H)

Ml ®8a=[a, a, a,} b=[b, b,, b} c=[c, c,, c,]° Scalar Triple Product:

& 8, 84
(a b c)=ae(bxc)=lb, b, b, Prove!
Cl C2 C3

® Properties and Applications of Scalar Triple Products

C LY OIATL QM OIAS A2 HFO{ T 28 O[T Prove!
(abc)=ae(bxc)=(axb)ec

« Geometric Interpretation
HUgt(abc)= HEa b, cOl 2SI ZEE = BHSHMAMAOICE.  Prove!

» Linear Independence

RSZHAS| Ml HIED LR =R EREEXRAS
Ol #EH =2 AZch &=5H0[ 0| Ot X0 L.




' 9.3 Vector Product (Cross Product) \
(21F (4E{a))

PROBLEM SET 9.3

HW: 24 (13), (15), 38




9.4 Vector and Scalar Functions
and Fields. Derivatives

(HE U 2AEEret Y. 28T

® Qo|o| M P Oj|AQ| Vector Function(#E{Et=r): v=v(P)=[v,(P), v,(P), v,(P)]

® Qo|o| M POJAQ| Scalar Function(AZtZtgts:): f = f(P)

® St9| Mo|d (domain of definition) = &7tLjo| ¥4A: 3XI& &7 =™

® Vector Field (#E{Z) = F0{Z G042 HE{ES: T2, TM

® Scalar Field (AZEH) = 0T S0 AN Azt 228, 7|¥E

o WE|gol AZRtE R0l 7|2 B
V(X y, 2)=[u(x y, 2) v(x ¥, 2) ws(xy, 2)]
F(x vy, 2)

—

22




9.4 Vector and Scalar Functions
and Fields. Derivatives

(HE U 2AEEret Y. 28T

® Convergence (+=3)

© HEE a,2 =8 (Converge) &tCt:
P+ a,n=1, 2, -0l (501 B #E aJt EXHEHO! limia, —a|=001 & &2
=& E (Limit Vector): az!]LrQa( )

o limv(t)=1 BEIE2 vit)= I 28 I 28 1S 2L

)
HIE{ S v(t)oll CHOHOS

o t2A(ts MAZOIE DYE) A Holsl Al (o]

limlv(t)-1)=001 8

t->t,

® Continuity (H=/d)

o BIE{ S v(t)= t=t,0il A 2125 (Continuous ) Ol C

gon
ol
o

o0l & R EN A Z 2 S 1 lim v(t)=v(t,)

t—t,

< V(tPH,E2 (LS

2= v, (t), v, (t), v,(t)IF t,0l A A =

Ao
09!

o v(t)=[v,(t), v,(t), v(O)]PF,OlAH S o o

—

o=
— T/

23




9.4 Vector and Scalar Functions
and Fields. Derivatives

(HE] 3 AFEiEset . 28 )

® Derivatives of a Vector Function (MlE{gt9| T g

B E] 8 v(tPH toll A 01 2 Ot s Differenti able) < v'(t)=1 AHOV(HAAtt) v(t) oF =8

Example 2, 3, 5

uev)=u'ev+uev' Prove!
(Uxv)=uxv+uxVv' Provel!

(uvw)=(uvw+uvw+uvw) Provel

24




9.4 Vector and Scalar Functions
and Fields. Derivatives

(g o 2T2E2L . 28 T)
® Partial Derivatives of a Vector Function (HlE{gt=0| I Iz Stx)
v=[v, v,, v,]=Vvi+V,j+V.K

N _ Ny, Vo Vg o’v. 0%, - 0%V, . 0%V, <

= = +—=2j+ ,
o, ot ot ot oot oot

25



' 9.4 Vector and Scalar Functions
and Fields. Derivatives

(HE| U Agratgtaol 3. E8He)

HW: 24




9.5 Curves. Arc Length. Curvature.
Torsion (4. 9| Zo|. Z§&. H|#)

® Differential Geometry (O] 27|5}et): 57t MO|Lt

Sk A

o
ASt 20F & =E|S0|Lt 7|StSt0M 5%t 9T

=

=

-

® Parametric Representation (Oj7}jtH

SEHY)
Z20IN S0l BHQ B2 B4

r(t)=[x(t). y(t). 2(t)]=x(O)i+y(t)i+z(tk




9.5 Curves. Arc Length. Curvature.
Torsion (F4. 2| Zo|. . t|#&)

mEx.1 X°+y°=4, z=0 o

r(t)=[2cost, 2sint, 0] or r(t)=[2cost, 2sint]

Positive sense (counter clockwise) .VS. Negative sense

mEx. 2 r(t)=[acost, bsint, 0] .

mEx. 4 r(t)=[acost, bsint, ct] .

Circular helix (right or left-handed)

oSS QD g

Curves with multiple points

28




9.5 Curves. Arc Length. Curvature.
Torsion (ZM. 9| Zo|. Z&. H|E7)

® Tangent to a Curve (Z412| HM)

r'(t): 2234 AH0] 2191 O A 0f| Al 2| & & Bl E (Tangent Vector)

- P20 = r(t):E PN 2ECO B BIE

1,
= u=—r"=2&C9

o

4

o
40

II-I
=]

X
=
m

- B POIACI BHCO T HEZE AL g(w)=r+wr

Example 3

=

29



9.5 Curves. Arc Length. Curvature.
Torsion (F4. 2| Zo|. . H|#7)

m Ex. 5 Find the tangent to the ellipse

%x2+y2=1 at P:(ﬁ, 1/\5) °

H POIA O 2HCO &M LR AL g(w)=r+wr

r(t)=[2cost, sint]
r'(t)=[-2sint, cog]

t=xl4

qw) = [2@-w), AN2)@+w)]

30



9.5 Curves. Arc Length. Curvature.
Torsion (4. 9| Zo|. Z§&. H|#)

® Length of a Curve (Z412] Z0]|)

N N (N

® Arc Length or Arc Length Function (Z410{|A2] 2| Z0])

t
52120l s(t)=[Vrerdt (r'zg—g

a

2 2 2 2
*(Ej =£o£:\r'(t)(2 :(%j +(ﬂj +($j = ds’ =dredr =dx® +dy’ +dz’
dt dt dt dt dt dt

ds= CO| linear element (M 2)2} €t
« WA 0] F o] 2o
B A Al 2 =
uzi'r. Ht Al sE AIES > U(S)=r'(S):%‘?4@}{1H—ﬂE1
Ir] Example 6
31

—




® Curves in Mechanics, Velocity, Acceleration

- rt):SXo=SHo AR C

« v(t)=r'(t): & Co A B E Q% & B E{Velocity Vector)
«alt)=v(t)=r'(t): ST =& =0l It T B E{Accelerat ion)

® Tangent and Normal Acceleration (M7l et HMII5E) a=a,, +a

tan norm

« Tangential Acceleration Vector (B8N 7t&5E HIEH): A2 MMUtsk a

o o tan
- Normal Acceleration Vector (M 7t&E HE): A2t =243k A, .,

\/

dr dr ds ds dv d
1)=— —, t
V=T e g =g dt( u(s

dsj du(ds] d?s
+u(s)——
dt ds \ dt dt
9.4 Example 4
E

S uspil =5 = ( ) P H SIS CEE, u()dS:Q@DPﬁ—EU—*! -

aey
tan = V. VV’ anorm - Example 7

* a




9.5 Curves. Arc Length. Curvature.
Torsion (4. 9| Zo|. 2. H|F&)

® Curvature and Torsion (Z2410] 2 &1} H|E2])

- r(s)2 HalEe

Jd

& Col PE Ol A 2 = E(Curvature) x(s)

L PR Ol A Ol EHI B A B Efu(s)2)

<(s)=w(e) =ir(s) [=97)

}

tol
10

« CA PEOIA Sl HI S ETorsion) z(s)

N =1

: & = & H(Osculating Plane)(2 & ulb u'0ll 2loll &= B2 CH2 PEHOU ML H

—

Aol =

e
PEUHA=EHCIH EHNAMLO0IEEE 3

lz(s) =|b'(s), z(s)=—-p(s)eb'(s)

p= (%{)J SR 2 & B E{Unit Principal Normal Vector)

b= UX(}/)J uxpb': &S 8 & ¥ E{Unit Binormal Vector) -




é N

9.5 Curves. Arc Length. Curvature.
Torsion (4. =9| Zo|. F&. H|#7)

HW: 15, 30, 35




9.6 Calculus Review:
Functions of Several Variables.

(DI B&o| Ba: CHESES)
® Chain rules (H2tH%l)

= f(x(u,v). y(u,v), z(u,v))

OW _ OW OX 8W6y OWOZ OW _ OWOX 8W0y OW 0z

ou axau 8y8u oz ou’ v axﬁv 8y8v 0L oV

Independent .VS. Dependent .VS. Intermediate variables

U z
(=
m [x(u, v), Y, V), =(, V)]
Example 1 O i /\
x Yy

Problem Set 7

35




9.6 Calculus Review:
Functions of Several Variables.

(O|H2=te] 55 CHETE=)

® Mean Value Theorem (742l ™Ha|)

ool

b= f(x,y,z)PF xyz B2t LIS H O DOl A ¢501 10, A0 IR B EE =S =L
B P (X, Yo, Z0) Pi(xg+h,y, +k,z, +1)0I DOl ol D, 0l & B S ALZSH L2
P Lot DO ol JACE B Hd= PP B2 B0HA B =ai==2

0)= h(;i+ki+li
X

oy oz

all

o0

f(x, +hy, +Kk, 2y +1)= (X5, Yy, 2

Ot

—

jo
o

Ck

J

36




0.7 Gradients of a Scalar Field.
Directional Derivative.

(AFEFEe] 7| &7]. SEEE)

Tames (‘Iprk Maxwell

=) "

\\A |’

2 vols., Oxf '

37




9.7 Gradients of a Scalar Field.

Directional Derivative.
(AT 7|&7|. YSE=ET)

Z
m
]

® Gradient (7|27|):
gtstoz o] 20[(Hel)ol st Hat=(J1221) 2

f(x,y,2)2 x,y,z 2t &
grad f =Vf = af, af, of :afi+_j+_
OX oy 0Oz oy~ oz
V:ai+aj+gk
OX 0Z

Example: f(x, y, z)=2y3+4xz+3x
38
—



9.7 Gradients of a Scalar Field.
Directional Derivative.

(AFEFEe] 7| &7]. SEEE)

® Gradient (7|27)):

- Rate of change of 7(x, y, z) in any direction in space
- Direction of maximum increase

- Surface normal vector

- Deriving vector fields from scalar fields

39



0.7 Gradients of a Scalar Field.
Directional Derivative.

U TEOL YYERD

e Directional derivative (H}gkE Sh4~) ~""Q
b
Dbf:%:lingf(Q);f(P) P

A4 L r(s)=x(s)i+y(s)i+2(5) k=py+sb (b]=1, p,i= Pl 91])

D, f= df = af X'+ af y'+ af Z'=begrad f
ds dx dy~ dz

* D, f = laogradf
@

mEx. 1 f(XV,2)=2x"+3y*+2° at P: (2,1,3) in the direction of a = [1,0,-2]

D, f = [1.0,-2]+[8,6,6] =—1.789

\/g 40
—




0.7 Gradients of a Scalar Field.
Directional Derivative.

(AFEFEe] 7| &7]. SEEE)

® Vector Character of Gradient. Maximum Increase

f(P)=f(xyz): AEA D BHEEE A

| >

Zch

A
e

ool

= grad f I =M 3D A L&E2 32!

-

Ol A

o
FH

FEH 2 & &8t

X POl Al grad f(P)20 = grad fJF & POIA f2 2 THS O}

* D, f =£aograd f
al

[z

rr
]

]
T

=11

o

® Gradient as Surface Normal Vector

f(x,y,z)=c=2t=

=

OH

2HAH0I A 242l

()

ild

01S

i
FH

Al
S&ol ® POIA grad f(P)20 = grad f It & PO ALl SO & & B EH

41
—




0.7 Gradients of a Scalar Field.
Directional Derivative.

(2F2FEL] 7|87 YS=E )
o Zuio| YMME|ZNO| 7|27

© f o] S22 BH(Level Surface) : f(x(t), y(t), z(t))=c=HF=2 FEIH 24 S
* A PollA S2] & H MH(Tandgent Plane):

S&e] defe] A PollA PE Au= EE Ao HAAHE S

ﬂx#ﬂ y'+ﬂ z'=grad f er'=0 Tangent plane
dx dy~ dz

= gadfes ZEHADE YH X0

POIAM =2 Sl HEEEOITE

= M

Example 2

f = const

42




® Vector Fields That Are Gradients of Scalar Fields (Potentials)
(2ZetEe 7|27]2 HEZ (& H)

f(P)2 v(P)2l I &l & 8t 4(Potential ) : v(P)=grad f(P)

-

v(P)2t Ol 0ll H & &l = HE & = &2 & F{Conservative )0l 2+ SHCH.

® Gravitational Field. Laplace’s Equation (9= %, 2lE2tA B Al)

Py (X Yor 20)2F , Pi(x,y, 2l S1AI8E 7 1A} Afe]e] Q18L&
(Newton®] WH-F-Qle 2] o] o]5}o])
c {x X Y- y0 Z-1, }

p:-—r:—c
rs r3 rs r

2 39y, JdAaLS f(x,y,z)= / Jt}. 714 r(>0)2 % A P9} PAlolo] Aot
webA p=grad f =grad V)o 1 A8EY, o7 Hed f=uey e gfZals dbgale

r

W,

o’f o*f o°f
V2f28x2+8y2+822:0 Prove!




' 9.7 Gradients of a Scalar Field.
Directional Derivative.

(AR 7|87|. YHEES)

HW: 26, 42




9.8 Divergence of a Vector Field
(HE{ 2| R

® Divergence (&4h:
- Source and sink

- Deriving scalar fields from vector fields

45




® Divergence (&4

v(x,y,z) : DI 2t S8t E &

ve| & M(Divergence) £ = vE 2| HIH A Eab: dvv=—""1+

divvel g2 MHEHSIHERN a2 0l S2HH 2 va e B ol [HEC

o = = - aV * aV * av *
X*, y*, z*0fl i Sot=vel &=20| Vl*, vz*,vs*0|g=| dvv=—L_ 4+22 78
ax* ay* 82*

® f(xy2): T ¥ WEIeE 2qeel

o*f o°f ot
+—+

x> oy* oz’

=v*f Laplacian

v=grad f _{% —, Z—} = div(v)=div(grad f )=

Example 2




Description of the Ideal MHD Model

« Ideal MHD model

o .
—'0+V-pv =0 Mass continuity equation

av - = . . . .
pa =JxB-Vp Single-fluid equation of motion
daf p 0 Energy equation (equation of state):
dt\ o7 adiabatic evolution
E+VxB=0 Ohm's law: perfect conductor — “ideal” MHD
VxE = _8_B

A M |l ti

VB - /Joj axwell equations
V-B=0

47
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9.8 Divergence of a Vector Field
(HE{&2] ’4h

HW: g, 10, 17/




9.9 Curl of a Vector Field
(M E{ 2] 3|7)

® Curl (2|™):
- Rotation

- Deriving vector fields from vector fields

49




® Curl (3|H)
v(x,y,z) : DI 2Jt S8 S E & 2

vol B ®Curl) =, vE2 =0 X B E & 0| 5

J
ccurlv=Vxv= 0 0

d
| o - 4,
® Rotating Body and Curl (2| %2} 2|F) & D v
2 /.
A 2|10 CHet HEEe| 2|2 o| = greknt .
ve WBE G, 1 Wl AsHe S WAL ES oy \yxr |




9.9 Curl of a Vector Field
(M E{Ee| 3|H)

® Grad, Div, Curl

\J

|2 7| & (Gradient Field)2 H| 3| (rrotational)olct. =, curl(grad f)=0 Prove!

- HlE{Sa0] B|HO gt wAts FuE 7L ©ct div(curv)=0 Prove!

® Invariance of the Curl (Z]& 92| St M)

curlv = WlE ol wlekyl 7] 27

2

A EAel Aels) ks,
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9.9 Curl of a Vector Field
(M E{ 2] 3|7)

HW: 10, 20




Gradient, Divergence,

Curl of a Vector Field
VxE = _('3_B Faraday's law
ot
VxH = +%D Ampere’s law
V-D=
o Gauss's law

V-B=0

VV =-E
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