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Ch. 10 Vector Integral Calculus.

Integral Theorems
(4ME|SHEY. HEEeE|)
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S
. Line IntegraI(HI £) fE= Curve Integral(Z M A &2):
o
—

« Path of Integration (&.'—E—%'E) =M B A
B
C:r(t)=[x(t), y(t), z(t)]=xt)i+yt)j+z(t)k (a<t<b) =< ¢
% General Assumption: @ (b

MEZEO B=E MEFEEE 28 o 2 IfNNECLCt (Piecewise Smooth).

® Definition and Evaluation of Line Integrals

=8 Gl M HE B AFr)S X2 [F(r)edr = [FrE)er@d  r=9"

b
[F(r)edr = [(Fdx+ Fydy + Fydz) = [ (Fx+F,y+Fyz')dt
C C a




10.1 Line Integrals (A& E)

m Ex.1 Evaluation of a Line Integral in the Plane (HHO|A MAE9| #A4H

F(r)=[-y, —xy]=-yi—xyj .
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'10.1 Line Integrals (M%i#)

m Ex.1 Evaluation of a Line Integral in the Plane ("4 HO|A MAZO| A 4h)

F(r)=[-y, —xy]=—yi—xyj .
CE r(t)=[cost, sint]=costi+sintj, (0<t<z/2)2 E& A
= x(t)=cost, y(t)=sint C
= F(r(t))=-y(t)i—x(t)y(t)j = —sinti — cost sintj
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m Ex.1 Evaluation of a Line Integral in the Plane ("4 HO0j| A MA

F(r)=[-y, —xy]=-yi—xyj

CE r(t)=|[cost, sint]=costi+sintj, (0<t<z/2)Z2 HE&
= x(t)=cost, y(t)=sint
p—

F(r(t))= —y(t)i - x(t)y(t)j = —sinti — costsintj

r'(t)=[-sint, cost]=—sinti+ costj

7%
= jF(r)odr— _[[ sint, —costsint]e[—sint, cost]dt

T

—n °

0

Ism t—cos’ tsint ft = J?;(l—COSZtﬁt—j)‘UZ(—
0 1

du)="—0-1~04521
4 3
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F(r)=[-y, —xy]=-yi—xyj

m Ex.1 Evaluation of a Line Integral in the Plane (HHO|A MAE9| #A4H

£ r(t)=|cost, sint]=costi +sintj, (0<t<z/2)2 H&
= x(t)=cost, y(t)=sint
= F(r(t))=—y(t)i—x(t)y(t)j = —sinti — costsintj

r'(t)=[-sint, cost]=—sinti+ costj

%
= [F(r)edr = [[-sint, —costsint]e[-sint, cost]dt
C 0
7 721 0
- j(sinzt—cosztsint)jt: Ja(l—COSZt)dt—J'uz(—d
0 0 1

m Ex.2 Line Integral in Space

F(r)=[z, x, y], r(t)=[cost, sint, 3t] (0<t<27) ———

)="—0-1~04521
4 3




10.1 Line Integrals (A& E)

® Simple General Properties of the Line Integral

[kKFedr=k[Fedr (k= &%)
C C

J'(F+G)0dr:jF0dr+J.GOdr

C

jFodr jFodr+jFodr
C C,

G




10.1 Line Integrals (MXg)

m Ex.3 Work Done by a Variable Force

F ¢dO|C}.
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C FHR IS T2 0

m Ex4 Work Done Equals the Gain in Kinetic Energy.

FOt &0l d&8EZ2 LO0IC}.
b
W = [Fedr=[F(r(t))e v(t)dt
C a

b b
Newton2| M2 = = F=mr"(t)=mv'(t) = W :J'mv'(t)ov(t)dt:'[m(

12 Al2+0|2} 5l dl’dt:VE = 0|C}.

Vev
2

j-dt:




10.1 Line Integrals (A& E)

® Other Forms of Line Integrals

2101 eSOl AR < [Frit= [ Fr{E)dt = [[F(rt), F(r0) F(r(o)t

m Ex.5 Integrate F(r)=[xy, yzz] along the helix.
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® Other Forms of Line Integrals

20| HEQl M2 : | F(r)dtz.TF(r(t))dtz [[R(r@), F(r(t)), Fy(r(t)t

m Ex.5 Integrate F(r)=[xy, yzz] along the helix.

2r
IF(r(t))dt = {— %cos2 t, 3sint —3tcost, gtz}
0

’ ~lo, —6x, 622]
0

® Path Dependence




m Ex.5 Integrate F(r)=[xy, yzz] along the helix.

2r

27
IF(r(t))dt = {— %cos2 t, 3sint —3tcost, gtz}

0 0

~lo, —6x, 622]

® Path Dependence
MEEE2 dHtMo 2 DM Eotet AZ29| MM 20| QS & ofL|2t

HEO| FgiX|= A2 O AHHQt: 30| QUC.

mExample: 0<t<1, Cgr(t)=[tt 0] C.r(t)=|tt% 0} F=[0,xy,0]




' 10.1 Line Integrals (M%&)

PROBLEM SET 10.1

HW: 19, 20
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® Path Independence (A2 F£2&

. 22t A DOIA F, F,, FO¢

JIZ2J101HSEF UM BZ 00 S 2t6tL

[(Fdx+ F,dy+ F,dz)=f(B)- f(A)

B

tCt.
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OF

~
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DOIA B2

Fdx + F,dy + F,dzJt &< DO A

Fedr=

)

K
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® Exact (
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g9 DOl 2= 0AM 0IEJt=s




10.2 Path Independence of Line Integrals
(UEge 32 F&4Y)

m Ex.1 Path Independence
jF dr =I(2xdx+ 2ydy +4zdz), A:(0, 0, 0) to B:(2, 2, 2)
C

C




10.2 Path Independence of Line Integrals
(MEE2| 32 F&4)

m Ex.1 Path Independence
IF dr :J(Zxdx+ 2ydy +4zdz), A:(0, 0, 0) to B:(2, 2, 2)
C

C

F=[2x, 2y, 4z]=grad f
of of of

— T =2x=F, —=2y=F, —=47=F
ox 1 oy y="r oz 3

= f=x*+y*+27°
. HES A28 22
f

j (2xdx+2ydy+4zdz) = (B).— f(A)=1(2, 2, 2)- (0,0, 0)=4+4+8=16

C




® Criterion for Exactness and Path Independence
(2tH/dat d2 F290] ciet EHEI|E)

S Z[F(r)edr = [(Fdx+ F,dy + F,dz) 0l A
C

C

Jp

FLFy, FOF SO OIM @I 0|0, 42X 0l AR B

Rl
H
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4
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B
[w)
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>
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& Al Fedr =Fdx+ F,dy+ F,dz0| &&

o culF=0 [é’ oF, oF, oF _oF, OoF, 8F1]

oy oz o ox ' ox oy VxF=Vx(Vf)=0
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10.2 Path Independence of Line Integrals

(M E2e| F& F&3)

¥ ¥
A A
-1 -
(a) A simply connected domain (b) A simply connected domain
¥ ¥
A A
simply connected simply connected not simply connected  not simply connected
- -
(c) A multiply connected domain (d) A multiply connected domain

A sphere is simply connected because every loop
can be contracted (on the surface) to a point.

A torus is not simply connected.
Neither of the colored loops can be
contracted to a point without leaving
the surface.

© 2006 Encyclopzedia Britannica, Inc.
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10.2 Path Independence of Line Integrals
(MEE2| 32 F&4)

m Ex.3 Exactness and Independence of Path. Determination of a Potential

Show that the differential form is exact. Find the value of /
from A: (0, 0, 1) to B (1, /4, 2)

| = j[2xy22dx+(x222 +2C0S yz)dy + (2x2yz + YOS yz)dz]
C




m Ex.3 Exactness and Independence of Path. Determination of a Potential

Show that the differential form is exact. Find the value of /
from A: (0, 0, 1) to B (1, /4, 2)

| = I[nyzzdx + (xzz2 +2C0S yz)dy + (2x2yz + YOS yz)dz]

C

Al -
o -

MR

s

ra

(F), =2x°z+cosyz—yzsin yz =(F,),, (R),=4xyz=(R),, (R), =2xz*=(R),

f

i

o]
f= .[ F,dy = J‘(xzz2 + zcosyz}iy: x?yz? +sinyz+g(x,2)

= f,=2xy2?+g, =F =2xy7 = 9,=0 = g=h(z)

0z
4

f,=2x?yz+ycosyz+h'=F,=2x’yz+ycosyz = h'=0 = h

o f=x%yz? +sinyz, f(B)- f(A)=1-%-4+sin%—0=z+l




10.2 Path Independence of Line Integrals

(MY Ee F2 F849)

m Ex4 On the Assumption of Simple Connectedness

y X
E—_ E —
FoxPay? P X 4y?

) F3 :01

| = [(Fdx+F,dy)= j ydx xdy
C

x+y

R




y
= 4
x2+y? 7 xP4y? N\ : x
| = [(Fx+Fydy)= j_y?X“Zdy o
! X2 +y

C

oF, x2+y?-x-2x  y*-x? OF_ XY =y-2y ¥ -X oo gimsalo] DojA 2EGHH

ox (x2+y2 _(x2+y2)2’ oy (x2+y2 (x +y)2
Dlot M D} DOIA 2200 &5 D 22| 281 BHIA 1 =00IC

1Lt x=rcosd, y=rsingd, r=1 = dx=-sinddd, dy=cosald

27
= —ydx+xdy=sin@@+cos’AO=d0 = BAIHEE M2 |= J'dTH:Zn
0
- DIFSH=AHZO| OtLIZ2Z, DOWA 1DF B2 226100 282 WE &= SlLHL




10.2 Path Independence of Line Integrals
(M5 el 32 F84)

PROBLEM SET 10.2

HW: 10, 16

25
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® Double Integrals:
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o = R
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) %o __n Wlmum_

Al —
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gr KM 3
80 Al *
o o

5t

o f(x,y)7t ROIAI 912501 2 RO

RO A2l f(x,y)2l 0| == =(Double Integral) Ol 2+5t Ck.




LR

* ijfdxdy = ijj f dxdy

+ [[(f +g)xdy = [ fdxdy + [[ gdxdy R,
| R R Rl\

* Ljfdxdyzg fdxdy+£f f dxdy

* O|SHZ 0 e @2t & cl(Mean Value Theorem)

A= RS HXO|LE




® Evaluation of Double Integrals by Two Successive Integrations
(A5Hel F HEof st o|3H =22 Al4h

h(x) h(x)\ O
[ T yxdy = | { (j f(x, y)jy}dx o
R 9 9 I
i \g(x)i
— 1';
(Y) d___;(_y)_—\—; ————— -0
.U (x, y Hixdy= j{ jf X, y)dx}dy R
i p(y)
o © S




® Applications of Double Integrals
- YO RO BN : A= [[dxdy
R

. z="f(xy) (>0) Ol 2 y BB AR SR O|RO K= M X i

1V = [[ f(xy)dxdy

R x B
* f(XvY) XYHHUANEHEEZNLS(=CH HNG & Eh

« ROIM & 22 0 M =[] f(xy)dxdy

R

* ROIIA & 22 2 H = &(Center of Gravity) : x——ﬂxf X,y )dxdy, y——”yf X,y Jdxdy
« ROIIA 2 2 2] 24 2 0l E(Moments of Inertia) : 1, = [[y*f(xy)dxdy, 1, =[] x*f(xy)dxdy
R R

« ROIA & 22l 2284 2 ¢l E(Polar Moments of Inertia) @ I, =1, +1, = jj(xz + yz)f (x,y )dxdy
R




Y =

® Change of Variables in Double Integrals (0|
c OIZHZUAMx yHldu, vE22 B HEZA
o(xy)
FHx yjdxdy = ]| f yuv){ dudv
IRJ ) g (wv) o(u,v)
x
Jacobian : J = olx, y): ou ov|_Oxoy OXoy
ou,v) [y 9| ouov oveéu
ou ov

=232 A r =4, x=rcosd, y =rsind
_ J:(’?(x,y)zc?sé’ ~rsing|
o(r,0) |[sind rcosd
= _Uf X, y )dxdy = ﬂ (rcosé,rsind)rdrded
R
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/ 10.3 Calculus Review: Double Integrals
O|SHE)

m Ex. 1 Evaluate the following double integral over the square R.

IRI (x2 + yz)dxdy Y




10.3 Calculus Review: Double Integrals
OIS5E)

m Ex. 1 Evaluate the following double integral over the square R.

Lj (x2 + yz)dxdy Y

rige

RO RUAORE

IX+Y=U X—y=V = x=%(u+v), y:%(u—v)

o(x.y) % % ! =2
J == =1 11775 Jza(x,y):au ov|_ Xy oxoy
ouv) L _1f 2 ouv) | | v avau

2 2 ou - ov




10.3 Calculus Review: Double Integrals
O|SHE)

m Ex. 1 Evaluate the following double integral over the square R.

.Lj (x2 + yz)dxdy Y

RO RAUOZRH HE

o(x.y) % 2|1 =2
1=50H-2 2o g |oxy) _lou av|_oxdoy oxdy
ouv) L _1f 2 ouv) |y | auav avau

2 2 ou v
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/ 10.3 Calculus Review: Double Integrals
OIS5E)

PROBLEM SET 10.3

HW: 9, 12

34




® Green’s Theorem in the Plane
(Transformation between Double Integrals and Line Integrals)

R:xy&HUHANAES FHES
C:metHeflNdEe =82=EE R E

H
F(xy) F(x,y) : RE ZE5l=e N H HA DEFWAM AS0| 1D

ozmoipeas i Fog o aa
oy = X
oF, OJF, C
= —=——= |dxd F.dx+ F,d
({2 T foay = P )
« HEO|UE: CS [12} AME [} ROIBE0) U 2 &

e F=[F,F,]=Fi+F,j = [[(curlF)ekdxdy={Fedr
R C




' 10.4 Green’s Theorem in the Plane
(BHO A2 Greens] HE|)

m Ex. 1 Verification of Green’s Theorem in the Plane

F=y*-7y, F,=2xy+2x,
C:x*+y*=1

36



10.4 Green’s Theorem in the Plane
(HWHO A2 Green] HE|)

m Ex. 1 Verification of Green’s Theorem in the Plane

F=y*-7y, F,=2xy+2x,
C:x*+y*=1

o oK

HERABHA: 7 = ﬂ(
ox oy

R

jdxdy = IRI[(Zy +2)—(2y —7)[dxdy = QIRJ dxdy =97

37



10.4 Green’s Theorem in the Plane
(B A 2] Greens] H2))

m Ex. 1 Verification of Green’s Theorem in the Plane

F=y*-7y, F,=2xy+2x,

C:x*+y*=1 .
QA ROIPIR: ;o ﬁ(%_%jdxdy: T2y +2)~(2y—7)licty = o[ dxdly = 9=

R

C : BHAl Al &t

09

= r(t)=[cost ,sint], r'(t)=[-sint , cost]

= F =y’-7y=sin“t-7sint, F, =2xy+2x=2costsint+2cost
2r
= {(Fx +Fy dt= j[(sinzt—7sintX—sint)+ 2(costsint + cost Ycost)dt
Cc 0

2
= j(—sin3t +7sin?t +2cos? tsint + 2cos’ t )t
0

= 0+ 770+ 27 =97
38
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10.4 Green’s Theorem in the Plane
(BHO|AM2| Greens| “F2|)

® Some Applications of Green’s Theorem

m Ex. 2 Area of a Plane Region as a Line Integral Over the Boundary

39



10.4 Green’s Theorem in the Plane
(B A 2] Greens] H2))

® Some Applications of Green’s Theorem

m Ex. 2 Area of a Plane Region as a Line Integral Over the Boundary

F=0 F=x = ”dxdy=§xdy

3 : T A:E§(xdy— ydx)

F=-y, =0 = dedyz—fydx / 20
R c

Lj(%iz = %I;/l]dxdy: i(Fldx+ F,dy)

40




10.4 Green’s Theorem in the Plane
(B A 2] Greens] H2))

® Some Applications of Green’s Theorem

m Ex. 2 Area of a Plane Region as a Line Integral Over the Boundary

F=0 F=x = ”dxdy=§xdy

3 : T A:E§(xdy— ydx)

F=-y, =0 = dedyz—fydx / 20
R c

® Ex. 3 Area of a Plane Region in a Polar Coordinates

41




® Some Applications of Green’s Theorem

m Ex. 2 Area of a Plane Region as a Line Integral Over the Boundary

- ngdy:iXdy \»A:£§(xdy—ydx)

F=-y, , =0 = ”dxdy=—§ydx / 2C
R c

® Ex. 3 Area of a Plane Region in a Polar Coordinates

X=rcos¢, y=rsind = dx=cosédr—rsin@dd, dy=sin&r+rcosadé

= A= 2§(xdy ydx) = §[rcos€)(3|nédr+rcos¢9d¢9) (rsin@)cosadr - rsinado)]= ifrzde

C




m Ex. 4 Transformation of a Double Integral of the Laplacian of a Function

into a Line Integral of Its Normal Derivative y
wix,y): A& Aolan 1ake} 23be] A&H QA BPFE T I
F=-W W 1t
oy OX
C
:> O
2 2
8F2_8F1:6\;v+8v2vzvzw = j ———d xdy= ﬂV wdxdy
OX oy ox° oy o
s §(F1dx+F2dY)=§f(F %JFF dyjds=f —GWdX+aWdy ds= %s
2 U tds *ds s\ oy ds oxds 2 on
owdy owdx _ ﬁw,aw {dy’_dx}:(gradw).n:@
oxds oyds |ox oy |[ds ds on

oW
g Ljvzwdxdy: i%ds




' 10.4 Green'’s Theorem in the Plane
(HHO|A2] Greene] HE|)

PROBLEM SET 10.4

HW: 5, 20




/ 10.5 Surfaces for Surface Integrals

(BE oINS Z2)

® [HHo ESAl z=f(xy) E£= g(xy,z)=0
° ZoiSo|pfIE 4 HEA Curve €
In space
r(u.v)=[x(u.v). y(u.v) z(uv) 2| fro
=x(uv)i+y(uv)j+zuvk & 3
(uv)eR
. . t
a b
(t-axis)
(A) Curve

&N

w4 .
v Surface S
r(u,v) in space
X y

R

\__ /A

(uv-plane)

(B) Surface

45




/ 10.5 Surfaces for Surface Integrals
(HAEHE0AML =H)

m Ex. 1 Parametric Representation of a Cylinder

X*+y*=a®, -1<z<1

46




10.5 Surfaces for Surface Integrals
(HEE0AS] =3)

m Ex. 1 Parametric Representation of a Cylinder
X*+y°=a’, -1<z<1

A =F A4 :r(uv)=[acosu, asinu, v]=acosui+asin uj+vk

« T7|S= uet vis uvEA Y] FAAAE (R 0<u<2z, —1<v<])
oﬂ}ﬂ 1:1516]-

* re] A& : x=acosu, y=asinu, z=v

s A=

Zl o
s

<

K
[‘3:
<
of

2~ .,
A

*

| &

_IN

2= .
&

T
r

[

[l

¥
o,

47




10.5 Surfaces for Surface Integrals
(BEE0A 2 2H)

m Ex. 2 Parametric Representation of a Sphere




10.5 Surfaces for Surface Integrals
(BEE0A L =H)

m Ex. 2 Parametric Representation of a Sphere y NP

* X2+ y?+z4=a’2 DHoHEHSES A

: r(u,v)=acosvcosui +acosvsinuj + asinvk

R:0<u<2r, ——<v<Z
2 2
« CHE ODHOHEHSESA! - r(u,v)=acosusin vi +asin usin vj+ acosvk

49



® Tangent Plane and Surface Normal (
® Tangent Plane: 1 ™HO| ot H2 E15}

1 —-— - 1O

® Normal Vector (|HMHIE]): HTHO| $=Z

*
ild

S :r=r(uyv)
2Ol T C - F(t) = r(u(t)v(t))
£ SAOIA COl B aE: ()= 9090y, dry

= +
dt du dv
POIA BHE& 2t r,= POHIA SOl oA &

*
w

J

= S = POIA SAFBLIMSE = POIM SOl By

BB O SR ns T NSt p
Nt
* S :g(xyz)=0 = n= grad g

lgrad g

Bl : N=r,xr,#0




10.5 Surfaces for Surface Integrals
(BEE0A L =H)

°®
o
=
«Q
oD
-}
=k
9
Q
-
D
Q
-}
o
(V)]
Cc
3,
Q
N
(0]
2
(@]
=
3
Q
iRl
okl
g
=
JH
a2
IE
L—tl--

m Ex. 4 Unit Normal Vector of a Sphere (12| Tt MHIE])

g(x,y,z)=x*+y*+z°-a’> =0

51




| 10.5 Surfaces for Surface Integrals
(BEE0A L =H)

°®
o
=
«Q
oD
-}
=k
9
Q
-
(0]
Q
-}
o
(V)]
Cc
3,
Q
(@]
(0]
2
(@]
=
3
Q
iRl
okl
g
=
JH
a2
IE
L—tl--
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/ 10.5 Surfaces for Surface Integrals
(HE RIS Z)

m Ex. 5 Unit Normal Vector of a Cone

g(X,y,2)=—z2+x*+y* =0

53




10.5 Surfaces for Surface Integrals
(HEE0AS] =3)

m Ex. 5 Unit Normal Vector of a Cone

g(X,y,2)=—z2+x*+y* =0

_ X y -1
\/2(x2 +vy?) | \/2(x2 +v?) V2

n(x,y,z)

54




/ 10.5 Surfaces for Surface Integrals
(HE RIS Z)

PROBLEM SET 10.5

HW: 9, 18

55




® Surface Integrals
20 S :r(uv)=[x(uv) y(uv), z(uv)]= xuv)i + yuv)j+ z(uvkeE 2 2= S 20 D& CH
* HAHE  N=r,xr,
1 1

ol AME s n= 1 N=
* AHAHY 1 n ‘N‘ ‘ruxrv‘ru

HE{ B <= FOIl CHOH SO A2 ¢ [[FendA=[[F(r(u,v))e N(u,v)dudv
R

S

er

+ ndA=n|N|dudv = Ndudv coSa =n-i /‘nHi‘
* Fen: FOHAME cos a dA = dy dz

F=[F,F,,F,] N=[N,N,,N.] n=[cosa,cosp,cosy| (a, B, y=nt ZHEZA0| 22 T)
= [[FendA=[[(F cosa+F,cosB+F,cosy)dA
S S
= [[ (RN, + F,N, + F,N, )dudv = [[ (F,dydz + F,dzdx + F,dxdy)
R S

Surface integral — double integral
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m Ex. 1 Flux Through a Surface (ZHZ E1}5l= S&F)

Compute the flux of water through the parabolic cylinder S: y=x* 0<x<2,0<z<3
if the velocity vector is, v=F=[322, 6, 6xz], speed being measured in m/s.
(Generally, F=pv, but water has the density p=1 gm/cm3=1ton/m?3) J




m Ex. 1 Flux Through a Surface (ZHZ E1}5l= S&F)

Compute the flux of water through the parabolic cylinder S: y=x* 0<x<2,0<z<3
if the velocity vector is, v=F=[322, 6, 6xz], speed being measured in m/s.
(Generally, F=pv, but water has the density p=1 gm/cm3=1ton/m?3) J

VA

X=U, 2=V = y=x"=U° -3
= S :r=luuiv] (0<u<2 0<v<3) F(S)=[3v, 6, 6uv] |
N=r,xr, =[l, 2u, 0]x[0, 0, 1]=[2u, -1, 0] B

- F(S)eN =6uv’ -6 /K\\\\:/y‘\y

ijF endA= Iz(wvz — 6 Hudv= z(suzv2 ~6u]_dv= I(12v2 ~12hv=(av?-12v] = 72[m3 Sec}




m Ex. 1 Flux Through a Surface (ZHZ E1}5l= S&F)

Compute the flux of water through the parabolic cylinder S: y=x* 0<x<2,0<z<3
if the velocity vector is, v=F=[322, 6, 6xz], speed being measured in m/s.
(Generally, F=pv, but water has the density p=1 gm/cm3=1ton/m?3) J

VA

X=U, 2=V = y=x"=U° -3
= S :r=luuiv] (0<u<2 0<v<3) F(S)=[3v, 6, 6uv] |
N=r,xr, =[l, 2u, 0]x[0, 0, 1]=[2u, -1, 0] B

- F(S)eN =6uv’ -6 /K\\\\:/y‘\y

ijF endA= Iz(auv2 — 6 Hudv= z(e,uzv2 ~6u]_dv= I(12v2 ~12hv=(av?-12v] = 72[m3 Sec}

Ct

i

ol &
N =|NJn =|N|[cosa,cosB,cosy]=[2u, -1, 0]=[2x, -1, 0] = cosa >0, cosB<0, cosy =0

HFondA:J.J-322dde—J-J.6dde:J.4(322):|Z_J'(6.3)sz4.33 _6.3.2-72
S 00 00 0 0




® Orientation of Surfaces

0
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—

Ae x| -

=
—

J

_
(@]

ol H&:ng n2 = X

100
10

QIC} (Orientable).

o0

- EXOR 0fna

T QUCt Ex) Mdbius strip

<

2Lt HH =2 CisiA =




® Surface Integrals Without Regard to Orientation (}af2 112{5}X| Y= H

.Ddzj'

A

o thE F4 : [[G(rHdA= [[G(r(u,v)IN(u,v)dudv

S:z=1f(x,y) = u=x,v=y,r=[u,v,f]
= IN|=|r,xr,|=|L 0, f,]x[0, 1, f,]=|-f, - f, 1]=1+ 7 +f2

= [[olrua=[aluy. 1 y))Ju@fJ {%}}XW

- 59 WA (G =1): A(S)z”dAzmruxrv\dudv . N

S:z=f(x,y) = A(S H\/l{ J (%jzdxdy ==




/ 10.6 Surface Integrals (H&£)

m Ex. 4 Area of a Sphere

r(u,v)=[acosvcosu, acosvsinu, asinv] 0<u <2z, —%svs%




m Ex. 4 Area of a Sphere
' ' <y< T/ <y< T
r(u,v)=[acosvcosu, acosvsinu, asinv] 0<u <2z, A_v_/

roxr _[azcoszvcosu, a’cos’vsinu, a cosvsva

cos’u+sinu=1 cos’v+sin®v=1
= |rxr|= (cos VCOS? U + cos* vsin®u + cos? vsin v)y *lcosy
AZﬂ 77
= A(S)=a° Iﬂcosv\dudv 27’ _[cosvdv 47a°
Ty 0 7




10.6 Surface Integrals (HY£)

m Ex. 5 Torus Surface (Doughnut Surface): Representation and Area

r(u,v)=[(a+bcosv)cosu, (a+bcosv)sinu, bsinv] 0<u<2z, 0<v<2z




m Ex. 5 Torus Surface (Doughnut Surface): Representation and Area

r(u,v)=[(a+bcosv)cosu, (a+bcosv)sinu, bsinv] 0<u<2z, 0<v<2z

r =[-(a+bcosv)sinu, (a+bcosv)cosu, O]

u

r, =[-bsinvcosu, —bsinvsinu, bcosv]

Vv

r, xr, [b(a+bcosv)cosucosv b(a+bcosv)sinucosy, b(a+bcosv)smv]
=  |r,xr,|=b(a+bcosv)

272w

= AS)= [ [b(a+bcosv)dudv=4zab
00




/ 10.6 Surface Integrals (H&£)

PROBLEM SET 10.6

HW: 30 (a), (b), (c), (d)




10.7 Triple Integrals. Divergence
Theorem of Gauss (A4SXg. Gauss?| &4H82|)

: Brrol Trel Qi 3%t AN ol ME

3, =2 F(X Y 2)AV, 2 22 HENO| B S QHECH(AV, : KB AR o] ST

Te et = =80 2o Mgt=Ch) otd

= 290l 28 2FHS SATHAM f(xy.2)2 S0/

J'_U f (X’ Y, Z)dXdde: ”] f (X’ Y, Z)dV

—



® Divergence Theorem of Gauss
(Transformation Between Triple and Surface Integrals))

T: 25U SEHe A

o

SEANAZHZHUARHESES e sHLZ2 T2 HH
FAE0/0HT E E€ot= 2QUHAMASA GBS +=S A= HEHE =+

[[[ divFdV = [[F e ndA

F=[F, F,, F,]0I 2 SO 2| &F & H % E n=[cose, cosp,cosy [0l

m(aF oF, | 2 ]d xdydz = ﬂ (F,cosa +F,cos 5+ F, cosy dA= ﬂ (F,dydz + F,dzdx + F,dxdy)




10.7 Triple Integrals. Divergence
Theorem of Gauss (&4=X&. Gauss| 4t 2|)

m Ex. 1 Evaluation of a Surface Integral by the Divergence Theorem

| = ” (x3dydz+ x*ydzdx+ xzzdxdy)
S

S: x2+y?=a?(0<z<b), z=0, z=h(x* +y? <a?) .
4
d
|
|
|
//// T——\\\
4 g N




m Ex. 1 Evaluation of a Surface Integral by the Divergence Theorem

| = J‘J‘ (x3dydz+ x*ydzdx+ xzzdxdy)
S

S: X’ +y’=a*(0<z<b) z=0, z=b(x’+y? <a?) o
F=x’, F,=x, F=xz = divF=3x" +x* + x* =5x° z
2 HE(x=rcosh, y=rsind) ¥ =  dxdydz=rdrddiz b

a

I—ﬂ 5x2dxdydz= j _[ I(Sr COS H)rdrdétiz

I
|
|
— I —
7=06=0r=0 //f”’ T T
J\\

// S~

5_[ j —4cos «9d6dz_5j

z=060=0

57[4b xa ay




/ 10.7 Triple Integrals. Divergence \
Theorem of Gauss (A4=%g. Gauss2| &4t a|)

m Ex. 2 Verification of the Divergence Theorem

[] (7xi— zk)-ndA

S: X°+y’+2°=4




10.7 Triple Integrals. Divergence
Theorem of Gauss (A'=XE&. Gauss| &A= 2|)

m Ex. 2 Verification of the Divergence Theorem

[] (7xi—zk)- ndA

S: xX*+y*+2°=4 °

(a)divF=6 = 6-(4/3)r-2°=64r
(b) S: r=[2cosvcosu, 2cosvsinu, 2sinv]
N=r xr,=[4cos’vcosu, 4cos’vsinu, 4cosvsinv]

[ j F(S)-NdA =64z




® Coordinate Invariance of the Divergence (‘&He| XtH A £H)

« Mean Value Theorem for Triple Integrals (M4 &ZX&9°| W7} Ha|)
FEEh A dE 99 T AL f(x,y, 200 thal, TolA
(] 160, 28 = o,y 2 V() V(7)1 7
‘?}——7’% 3= A (Xg ¥or 2o 7F S

- Invariance of the Divergence

0| A 1K} HES4T A0l HE S

[ot

o] grite X7t mEZ o Mo S




/ 10.7 Triple Integrals. Divergence
Theorem of Gauss (ASXEE. Gauss?| &4Hd2))

PROBLEM SET 10.7

HW: 8, 24

~




m Ex. 1 Fluid Flow. Physical Interpretation of the Divergence

We consider the flow of an incompressible fluid of constant density p=1
which is steady, that is, does not vary with time. .

« SE2 4o & PUIM ZEHHE v(POI 2AohA 2F

* S S22 SF T2 JAHEH

L O —

1. G A2IS S2 S5l TREH B2 52= S0 MAE jv.ndA
S
279 992 52 BRREY : = [[venda
V S
x HQYEN A0 =T BIE yO| A2 (HSEWAC 1] 520 MAT
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m Ex. 2 Modeling of Heat Flow. Heat or Diffusion Equation

Physical experiments show that in a body, heat flows in the direction of decreasing
temperature, and the rate of flow is proportional to the gradient of the temperature.
This means that the velocity v of the heat flow in a body is of the form

v =-KgradU

Where U (x, u, z t) is temperature, tis time, and K'is called the thermal
conductivity of the body; in ordinary physical circumstances K'is a constant.
Using this information, set up the mathematical model of heat flow, the so-called

heat equation or diffusion equation.




m Ex. 2 Modeling of Heat Flow. Heat or Diffusion Equation

Physical experiments show that in a body, heat flows in the direction of decreasing
temperature, and the rate of flow is proportional to the gradient of the temperature.
This means that the velocity v of the heat flow in a body is of the form

v =-KgradU

Where U (x, u, z t) is temperature, tis time, and K'is called the thermal

conductivity of the body; in ordinary physical circumstances K'is a constant.

Using this information, set up the mathematical model of heat flow, the so-called
heat equation or diffusion equation. -

1. S| A2 S T2 EH LIt g2k . jjv.ndA
S

div(gradU)=vU =U, +U, +U, = [[vendA=—K|[[[div(gradU Jixdydz=—K [[[ vZUdxdydz
S T T




10.8 Further Applications of the
Divergence Theorem (g4Hg2|2| 88)

2. TIo] Ae] AAZ: H = [[[opUdxdydz (o: &4 A=) ¥, p: A7

H] & —ﬁz—”_[o-p%—gdxdydz
T

—I—l

H7} Zdaske AR po

H7b skt AR &2 TEHE Wobs A9 9t gopop @tk

= Iﬂ ap%dxdydz: —K_[_TUVZU dxdydz

= m (O‘p%— KV°U ]dxdydz= 0
T

SV Koy K thermaldiffusivity
ot op op

Heat equation or diffusion equation

—

Uh:)
= a1




® Potential Theory. Harmonic Functions (IjEld 0]

x313H)
2 2 2
- Laplace’s equation: V2f = 0 Z + 9 Z + 0 Z -0
OX oy 0z
* Potential theory: 2f=2tA 27HA S

& ool tiet o=

« Harmonic functions:

AENQ 2A HEYeE 4= orEcks B
[[V-Fdv =([[v*fdv
T T
[[V-FdV = [[F-ndA= ”Vf .ndA = H@d
.3['. -S- n
® A Basic Property of Harmonic Functions
FEMOR A PO|D WHS T 4 U JEON Ztetsol
B HEgf2 00] Lt

f&
>

jﬂvzfdvzozjs

>
>




m Ex. 4 Green’s Theorem

Let Fand g be scalar functions such that F=7gradg satisfies the assumption of the
divergence theorem in some region 7.

divF=div(fgradg)zdivqfa—g, £ 99 fa—QD
OX oy 0z

2 52 2
(o9, 409, [N G| [N, 09 fy2g,grad f egradg
X X  oOX oy oy oy 0z 01 oz

‘%= = Fen=neF=ne(fgradg)=(negrad g)f

ol

f I AZct

nogradg:g—?] = JH f Vg +gradfogradg}iv ”f—dA (Green2| & HIH 24)

JJj(f vg-gv2t hv =ﬂ(f Zﬂ 9 ;jd’* (Greeno| = BT Z4))
T S




— —~

® Harmonic Functions

f: 9o DOl X3t
S: DU PEXHCRNY DL YSHS = 4 Y= 20
T:DOl £5t= S2 2ME B S

fIOl S 2=&80A0100ICH = f=TOHAMNSZ0kAH00|LC

4 o

® Uniqueness Theorem for Laplace’s Equation

T 248 eIE = 2HEot= 89

f: T T2 2D SE Ea5ls W DOA Xatat

SalUlA et = TUHUH M =&otH 28 = Ch

o

rIr

= f
® Uniqueness Theorem for the Dirichlet Problem

I ILEO0I B E ) etSckA S E A0 CH St Dirichlet 2 X TOH M oHE JH&ICHEA

Ol o= =& ottt




/ 10.8 Further Applications of the
Divergence Theorem (g&44Hdz2|2] 88)

PROBLEM SET 10.8

HW: 7, 8
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® Stokes’ Theorem (Transformation Between Surface and Line Integrals)

S:BUNAN TEHOR2MNY D LSS 2= DO
C:SO A2 REHCR2MNY D Has 2l 2H

F: S E&otle EQUANMASA B +=S A= HH1HH

o
e

= [[(curlF)endA={Fer'(s)ds

(2]

0z OX OX

C

= | K@—@jl\ll +(ﬁ—@jl\|2 +(£—%}N3}dudv: §(Fdx+ F,dy + F,dz)




10.9 Stokes’s Theorem

m Ex. 1 Verification of Stokes's Theorem

F=[y,z,x}, S: z=f(x, y)=1—(x2+y2), z>0




10.9 Stokes’s Theorem

m Ex. 1 Verification of Stokes’s Theorem

F=[y,z,x}, S: z=f(x, y):l—(x2+y2), z>0

Case 1 Line integral
C : r(s)=[coss, sins, 0] = £l B&HH : r'(s)=[-sins, coss, 0]

F(r(s))=[sins, 0, coss]

§F odr= IF ))er'(s)s= I[(sms)(—sins+0+0) S=-7




m Ex. 1 Verification of Stokes’s Theorem

F=[y,z,x}, S: z=f(x, y):l—(x2+y2), z>0

Case 1 Line integral

C : r(s)=[coss, sins, 0] = £l B&HH : r'(s)=[-sins, coss, 0]

F(r(s))=([sins, 0, coss] )

§F odr= IF r'(sis = .[[(sms)(—sins+0+0)}is:—7r /\

Case 2 Surface integral
F=y, F,=2, ,=x = curlF=curl[FR, F,, F]=curly, z, x]=[-1, -1, -1]

SOl HAEE : N=grad(z— f(xy))=[2x, 2y, 1]

= (curlF)eN=-2x-2y-1

g ﬂ (curlF)e ndA= H(curlF)oNdxdy: H (- 2x -2y —1)xdy

2r 1 2w
= [ [(~2r(cos0+sing)-1)rdrdo = j(—%(cos@%in@)—%)d@=O+O—%(27z)=—

6=0r=0 0=0




/ 10.9 Stokes’s Theorem

PROBLEM SET 10.9

HW: 19




