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® Periodic Function (F7]| &)
x0il CHotd & &

O =
-4

* Al
* O 22 pIl EMHA 2 x0l CHSH f(x+ p)= f(x)
o f(x)2 F=I|& 2(Periodic Function)2t 6t10, pS f(x)2l 3=J|(Period)2t st Ct.
=J| e ==02I0l : sinx, cosx
FII& =010k Ol = x, X%, x°, €%, coshx, Inx o
® Properties | »
- B2 £(x)2 =210t pOlH, 2E x0l HGHO! f(x+np)=f(x) (n=12,3, --)

(=)

f(x)2 g(x)2 =210t pOlH, af (x)+bg(x)a, b= &

el o] A0 FI| & pOlCh




® Trigonometric Series (&Ztg )

- Trigonometric System (AZter=4|)

1, cosXx, sin X, cos2x, sin2x, ---, cosnx, sinnx, ---

- Trigonometric Series (&Ztg )

a, +8,Ccosx+b sinx+a,cos2x+b,sin2x+---=a

o

+ i(an cosnx +b_ sin nx)
n=1

&= a,, a, b, a,, b, ---= H ==(Coefficie nts)ct &t L.
- M2AZHIN B S0 O 2 FI10F 2201 F=I184=0(Ch

O_
S -
]
=
O
=
\]
=
o

T n
COoS X cos 2X cos 3x
0 b4 2n 0 b n 0 bid 2
! | | | | | | | |
sin x sin 2x sin 3x




® Fourier Series (£2]0] %) f(X)=a,+ > (a, cosnx+b, sinnx)

 Euler Formulas (2 2] 34!)

T

1
aozﬂjf(x)dx

T

n
72-—72'

T

n
72-—72'

 Fourier Coefficients (2|0 Ax): 2

 Fourier Series: Z2|0| A=

a :ijf(x)cosnxdx, n

b =+ | f(x)sin nxdx, n

2t
=

12, .-

rir

12 -

n=1




'11.1 Fourier Series (22| 2%

B Ex. 1 Rectangular Wave (F7|XQl 2| A1Zt3n)}) )

EE—— b S

Find the Fourier coefficients of the periodic function,

_ _ - 0 T 2n x
f(0)=d Cr<x<0) f(x+27)= f(x) N P
k (0<x<n)

Functions of this kind occur as external forces acting on mechanical systems,
electromotive forces in electric circuits, etc.
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® Ex. 1 Rectangular Wave (F7|&Ql XlAtZt<in}) )
Find the Fourier coefficients of the periodic function,

f(x):{_kk (EOZ <XX<<73) and  f(x+27)= f(x) T 9, T

Functions of this kind occur as external forces acting on mechanical systems
electromotive forces in electric circuits, etc.

*Tf(x)dx=k~zzOII’_ ]).f(x)dx——k 022 I (x)dx = If(x)dx+j (x)dx =0

a,=0
* jf(x)cosxdx=0 ~a, =0
_ 17 2 7% 2% 2 —cosnx|” 2k 4k nol &
*b, :—If(x)sinnxdx=—f f(x)sinnxdx:—_[ksinnxdx:—k =—(1-cosnz)=4nr =
T * V1 7T 74 N, nx o] A=
p 0 0 0 no] &

T

4k 1 1 1 1
f(%jzk—ﬂ(1—§ g‘*'“j = 1-Z+i-+-=2  Leibniz (1673)

L FEe 0 == ﬂ(sinx+%sin3x+%sin5x+---)
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® Orthogonality of the Trigonometric Systems:
Mzbete Ale P7F-m < x < TO|M @t

][cos nxcosmxdx=0  (n=m)

-

T :
sinnxsinmxdx=0  (n=m) Prove!
[sinnxcosmxdx=0 (nzm £ = n=m)

-

® Representation by a Fourier Series (2|0 2 0i 2|gt &E9)

« 717} 27%) 719

* TZF -r < x <z oA PiecewiseContinuous (7155

« Z} Zol| A Left-hand Derivative(Z+%= %)%} Right - hand Derivative(-¢-%=3) & 2t=t.
f(x)o] F&oll g+ A

—_L

H H

v BA%Q) AL AT BE Hol A Fe] T = f(x

v BA% Aol A e = f(x)e] AT} 95| B




/ 11.1 Fourier Series (¥2|0j %)

PROBLEM SET 11.1

HW: 16, 28, 29




11.2 Functions of Any Period p=2L
(Rle]e] F7| p=2L& 7}X|& &)

® Fourier Series of the Function f(x) of period 2.

f(x)=a, +i(an cosnT”x+bn sinnTﬂx)

n=1

® Fourier Coefficients of £ (x)
1 L
— f X Jdx
=5 | XK
a

f (x)cosnLLX dx, n=12,---

_1
"L
b, ==

L

f(x)sinnLLde, n=1,2,--

n

—

—



11.2 Functions of Any Period p=2L
(Rlele| F7| p=2L& 7}X|& &)
m Ex. 1 Periodic Rectangular Wave (F7|& 90l ZlA}Zt&m})

Find the Fourier series of the function,

flx)

0 (-2<x<-1) o .
f(x)=4k (-1<x<1) p=2L=4, L=2 |

0 (l<x<2) 2 -1 0




m Ex. 1 Periodic Rectangular Wave (3

Find the Fourier series of the function

0 (-2<x<-1)
f(x)=1k (-1<x<1) p=2L=4 L=2 |
0 (l<x<2) =
11 1 k
=Zj2f :[kdx_Z-ZK_E
. 0 no| #<
* g =—jf(@COSgdx:ljkcos%dx_&smn—”— 2k n=1759, -
27 2 27 nz nz
L R AT
. Nz
2

L ZElol 22 f(x) K 2k(cos%x—%cos%zx+%0055—ﬂx—+---j




11.2 Functions of Any Periodf-ZL
(Rlele] 7] p=2L& 71| = =)

Example 2

Example 3




' 11.2 Functions of Any Period p=2L
(Rele] 7| p=2L& 7IX|&= &)

PROBLEM SET 11.2

HW: 13, 16




® Fourier Cosine Series, Fourier Sine Series (32|0]| @ A2, AlQl 2)

 FourierCosineSeries: 5=7]7} 2L¢] -&5=0] FEgjof =

f(x)=a,+> a, cosnTﬂx 11.2 Example 1
n=1
1 2 f ‘
FourierCoefficierts a, :—jf a, :—If COS—XdX n=1 2, -
Ly Ly L

« FourierSineSeries: 7|7} 2LSl 71gr2] F o &5

= . Nz
= b,sin—=x
n=1 I—

L
Fourier Coefficierts b, :%j f(x)sinnTﬂxdx, n=1, 2, ---

0
® Sum and Scalar Multiple (gta} AZ2HE)
- &0l & o| Ee2[0f A== 240 sfEdst= FE2|0 A2 gt 2Lt

T 2fut &
- g of o RO A== 10| dfEots FE|Of A0 ¢ & & Aot 2Lt

O

|0 [




' 11.3 Even and Odd Functions. Half-Range
Expansions (&2} 7| & <. g1t H7H)

flx)
m Ex. 3 Sawtooth Wave (§L|I})
Find the Fourier series of the function

f(x)=x+7 (~z<x<z) and f(x+27)=f(x)




11.3 Even and Odd Functions. Half-Range
Expansions (&2t 7| &< g2t F7H)

flx)
® Ex. 3 Sawtooth Wave (FL|n}) W/V

Find the Fourier series of the function

f(x)=x+7 (~7<x<7z) and

f(x+27)= f(x) I -
f,=x% f,=xctotH f =1 + f,0ICH
* 2 2|0 ==

e

Y So
5 SS\\
; _ S = #
21840122 a,=0(n=0,1,2, ---) g A
1 S8 PN
T Ry ‘\1\
bn=—ff1(x)smnxdx—— _[ xsinnxdx 7
T 0 0 _“',' Ls “-.‘1\
f‘ x, .'.:1
i i ’:}, "I j
2| —Xxcosnx 1 2 A
=— +—Jcosnxdx =——cosnx v AL
T n 0 n 0 n 'I:\ /7 '-'-
I\ 4
"-“ - ';A_,-"
LS f2 =7 \\\‘ ]"i"
\L,
) 1 . 1 .
f=rx+2 S|nx—§sm2x+—sm3x +

¥ et |
... -7 0 b x

3
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11.3 Even and Odd Functions. Half-Range
Expansions (&2} 7|&=. Btk FH)

® Half Range Expansions (gFtZF F7|)
« Even Periodic Extension (F7|& 0| 2at+2 23
.l

— O
« Odd Periodic Extension (F7|& 90l 7|&t=2 =23}

(a) The given function f(x)

/\/\/f:ﬂ/\/\/\

L L x

(b) flx) extended as an even periodic function of period 2L
f5(x)

. /N VAN
~ -L I~/ .

(¢) fix) extended as an odd periodic function of period 2L




11.3 Even and Odd Functions. Half-Range
Expansions (&2} 7|&=. Btk FH)

m Ex. 4 “Triangle” and Its Half-Range Expansions b
Find the two half-range expansions of the function I/I\

(oK L 0 L/2 L x

—X (0<x<—j °
f(x):izll‘( . 2

(L-x) (—<X<Lj

L 2




0

11.3 Even and Odd Functions. Half-Range
Expansions (&2 7| &= g2k i)
' k

O
m Ex. 4 “Triangle” and Its Half-Range Expansions
Find the two half-range expansions of the function
2—kx (0 <X< Lj
2
(L-x) (£< X< L]
2

L

-

(ZcosnT” —cosnrz —1)

2

1 F|H 2842 #E
[ L2
ao:i 2 _[xdx 2 (L X)X | = _k
Ly Ly, 2
[, L2 L
a, _2j % Ixcosn—”xdx+2—k | (L - x)cos™ xdx =j—
Ll Ly L L L n’z
i /2
k 16k 2 1 67
L )= —cos—x+—cos—x+
2 7?2 L 62 L
—




11.3 Even and Odd Functions. Half-Range
Expansions (&2} 7|&=. Btk FH)

2. =8 Jlg== =&,

L/2 L
b, _2)2K jxsinn—”xdx+2—k j (L x)sinZ xdx | = ?kzsinn”
L L4 o n?z? 2

’ f(X) 8Kk isinﬁx— L sin3ﬂx+ ! sin57[x—+...
. 72_2 12 L 32 L 52 L

(b) Odd extension

—
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' 11.3 Even and Odd Functions. Half-Range
Expansions (&2} 7| &=, g2t F7H)

PROBLEM SET 11.3

HW: 10, 11, 19




® Complex Fourier Series (524 ZE2|0] 23): f(X):

® Complex Fourier Coefficient (54 ZE2|0] A|$):

T

:%__[[f(xk"‘xdx, n=0, £1, +2, -

z=7|7k 2001 B4 Zajof 24

o0

f(x)=>c, e

n=

n

L .
iJ‘f x)e_mﬂ%dx, n=0, +1, +2, ---
2L 3




11.4 Complex Fourier Series
(F2 2|0 =

m Ex. 1 Complex Fourier Series

Find the complex Fourier series of 7(x) = e if -t<x< 1 and Ax+2 mM)=7(x)

and obtain from it the usual Fourier series




m Ex. 1 Complex Fourier Series

Find the complex Fourier series of (x) = e if —-t<x< m and Ax+2 m)=7(X)

and obtain from it the usual Fourier series o

1 % . i _i 1 i _i 1 v n _Sinhz 1+in Ay
cn_g[zee dX_Zﬂl—ine X=—”_27r1—in(e ° Xl)_ T 1+n2( 1)

sinh i(_1n1+in einx (—7Z'<X<7Z')

= FourierSeries: e = .
T o 1+n

(1+in)e™ = (1+in)cosnx +isinnx)=(cosnx — nsinnx)+i(ncosnx+ sinnx)

(1—in}e™ = (1—in)cosnx—isinnx) = (cosnx — nsinnx)—i(ncosnx +sinnx)
=  (I+ine™+@1—-inf™ =2(cosnx—nsinnx)

e* = ZsmhnF_ L ~(cosx —sinx)+ 1 5 (cost—Zsian)—+--}
T 2 1+1 1+2

—




Section 2.8 Revisited

® Free Motion (X} & 5): 2|20| 9= 429 = X|Hjet™ Al

my"'+cy'+ky =0

r~—t
N

my''+cy'+ky =r

« Driving Force (& 0|L} 1 E=): r(t)

* Response (E3 E= LS20f Cfst A|AHIOl 2

L 10
o
o
Mo

Mol %-&ot= 8

= y(t)

(@)
T

o




11.5 Forced Oscillations (ZH| %I E)

my"'+cy'+ky = r(t)

® y = y(t): displacement from rest

® c¢: damping constant

® k: spring constant (spring modulus)
® r (t): external force

External
force r(t)




2.8 Modeling: Forced Oscillations.
Resonance (2 4sk: ZHZIE. 2%)

® \With Periodic external forces:

my| I+Cyl+ky — FO COS&I k Sp”ng
o 0| A =0f ofst yp a7 m Mass ir(t)=F0cosmt
y, =acoswt +bsin ot cgﬂ’ashpot
m(a)02 —~ a)z) aC

a=F, , b=F,

2 2
mz(a)o2 —a)z) +w°c’ mz(a)o2 —a)z) +w°c’

k/m




® Case 1. Undamped Forced Oscillations (H|

0

F
2

® Resonance (

Sin w,t

|:O
2Ma,

CoSmt —> Y, =

R
m

y:

2
0

y''+




2.8 Modeling: Forced Oscillations.
Resonance (23} ZX|ZIE. %)

Tacoma Narrows Bridge
(1940. 11. 4)

—




2.8 Modeling: Forced Oscillations.
Resonance (23} ZX|ZIE. %)

® Beats (W=0|): (HAFLlQ D FFOt0| X7 HZ [

A B ZLATS (W — wp)

F, 2F . (o, +o,) . [w,—o
= cosawt —coSw.t )= 0 sin| =2 t |sin| —> t
y m(a)oz—a)z)( @ o) m(a)oz—a)z) ( 2 ) ( 2 j

%
-7\ /// o N
7% N
ﬂ ﬂ\\ ﬂ [\\\
T \ vl N
Vi /
, Ny Ny
'S 5
\V . \U // {
/
\\ / R /
\\ // \\ //
P -~ e ~

—



® Case 2. Damped Forced Oscillations (Zta| ZH|E1S)
- Transient Solution (2} = 8}): H| X X} 2™ Alo| ldHts|

- Steady-State Solution (%dArAFEfSH): H| XX 2t A0 E
&4 AR HEjo| T50| FojXE LTS

INEa=
oot 2 At 20| 2NN 2 Fh7F YOl

< NFESHe ®MAAENSHE &M 2BiC),

Hot= HEo, £ ¢|°I Z%%’—OHE O|t 2 Slg2 US| =Lt
Of R0 F2 & FetotLt, cof 2|Est= o w Of Chsl =[Mets 712 =




2.8 Modeling: Forced Oscillations.
Resonance (233} ZH|ZlE. &%)

®y, o TE (wo| 2 HH): C*(w)=+a’+b’=

ddC = FO(—% R‘3’2j[2m2 (& — 0*)(-2w) + 2ax?]
)

=—F0(% R‘3’2)[2a)(02—2mk+2m2a)2)] «—c*>2mk e I C*(w)e

. k¢ 2 c?
" mo2m? Y 2m?

C* (., )=a? +b? =2

cydm’m,? —c?

—

w7t S7tetof| ef B Zagh




2.8 Modeling: Forced Oscillations.
Resonance (23} ZX|ZIE. %)

c Wo n
Fo T ——¢=0
4 | c=1/2
: c=1
3 | c=2
|
T
2 Fin
|
|
1 |
|
|
|
Do - l
0 UD 1 2 0]

e o/
- ¢>0 91 C*w_ ) StsICts HS Y % UL
- c?<2mk & i C*(e )2l 22

It Ztastoy| et S74stD, 7t 0

g
i
oot
)
fif]
_I
%
=
Hu

asiry,

—




11.5 Forced Oscillations (ZH| %I E)

m Ex. 1 Forced Oscillations under a Nonsinusoidal Periodic Driving Force

Find the steady-state solution y (¢). °
t+2 (-7 <t<0)
y"'+0.05y'+25y =r(t), r(t)=1 27[ r(t+27z)=r(t)
t+3 (0O<t<rx) o)




m Ex. 1 Forced Oscillations under a Nonsinusoidal Periodic Driving Force

Find the steady-state solution y (¢).

-

T
t+= (-7 <t<0)
y"+0.05y+25y =r(t), r(t)=1 27[ r(t+27)=r(t)
s (0O<t<x) )
/2|
rt)2 F210 22 :r(t)= 4(cost+ic053t+—c055t+ j -
T 3 —/2 1~

FourierCosineSeries: =717} 2L2l $-3k2] Fglol &+

f(x)=ao+Zan cosnTﬂx

n=1

L L
Fourier Coefficierts a, = — f(x)dx, a, _2 f(x)cos"Z xdx, n=1, 2, -
Ly L2 L




m Ex. 1 Forced Oscillations under a Nonsinusoidal Periodic Driving Force

Find the steady-state solution y (¢).

r

7T
t+= (-7 <t<0)
y'+0.05y'+25y = r(t), rt)={ 2 r(t+27)=r(t)
\—t+§ (0O<t<n) 0
/2L
2o 24 r(t)=2 1 1 - l
r(t)2 Zeloll 22 : r(t)= ”(cost+ 7 cos3t + = cos5t + ) n L n

&0l A y"+0.05y'+25y:4cosnt (n=1, 3, ---)2 HAAEN off : y, = A, cosnt+B,sinnt
n“z

Y

4\25—n? 0.2 2 o3
- B = 04JIM D, =(25-n?f +(0.05n
A nzD, " naD, " ( )2 (0.05n) 0.2

LEMAMEN Oy =y Ry Y o1r

Qutput

I

o

—
T

n=5 term is dominant. 02}

Input
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11.5 Forced Oscillations (Z A% &)

PROBLEM SET 11.5

HW: 2, 3




11.6 Approximation by Trigonometric
Polynomials (&Z{CHgA{0]] 2|8t A}

® Approximation Theory (ZA}0| £):
Fo|0f| a2 T2 S& =02 thett =M O 22| ZAHIS
BASHE FOf
- Idea
F(x)= F717) 2290 Flo] B4 BdE 4 T8 (r<x<n)
= N} FEFLS f(xpll the A gk

N
- f(x)~a,+>_(a, cosnx+b, sinnx)
n=1

» Question

Aol f o] Al NAF AHZaka] F(x)= A, +i(A] coshx+ B, sinnx) (N& 314) 7-5}7]

n=1




- Square Error (M| & 2X})
E= ][(f ~FYdx: 22t -z <x< A0 A & 4= FOI &4 f 0fl 28 Kl & 2 XkSquare Error)

® Minimum Square Error (X|AX| &2 X})

T2t -z <x<A0lA FOf f Ol 28t Ms2Xt= R Hl==IF f 2 F2|0 Hl=0lH =20t

SN BENANEEE S = 2 A8

ot Al =l Ck.
: 2 (a2, n2) 1 2
- Bessel's Inequality: 2a, +Z(an +b, )S—If(x) dx
n=1 72-_7[
o] 1 T
- P I's Identity: 2a,’ “+b,%)== [ f(x)d
arseval’s Identity: 2a, +n21:(an + n) ”J; (x)* dx




® Ex. 11.3 Sawtooth Wave (EL|In})

Find the Fourier series of the function
f(x)=x+7 (~7<x<7z) and

f.= xS f,=72t5H0

o4 f = f,+ f,0|Ch
* o F2|0 ==

f,2J18=0122 a,=0(n=0,1,2, )

n

b =—I fl(x)sinnxdx=3_|'xsin nxdx
T 0 T 0

_ 2| —xcosnx
T n

+1Jcosnxdx
0 n 0

T

=——Cosnrx
n

oo f =7z+Z(Sinx—%sin2x+lsin3x—+---j

\LL
NS |
- 0 b X
3
—

f(x+27)= f(x)

11.6 Approximation by Trigonometric
Polynomials (AZIC1EHA{0] o|# 24}

W/

-

/77| Gibb's

phenomenon




11.6 Approximation by Trigonometric
Polynomials (AZtCHEHA[0)] o|# 2AD

W/

- T

f(x+27)= f(x) .

® Ex. 11.3 Sawtooth Wave (EL|In})

Find the Fourier series of the function

f(x)=x+7 (~7<x<7z) and

E*= j(X+ﬂ)2dX—ﬂ|:2ﬂ2+4z—2i| ! < 320\
—r 5L s, 3\ﬂ ’
51 \*\,'?/ \
S
N E* J - ‘\‘\1
t// ‘J
1 8.1045 7 }E
Y7 .
2 4.,9629 h "}/
10 | 1.1959 v 7. | Gibb's
W phenomenon
20 0-6129 \‘\L]”
100 0.0126 — 5 P




/ 11.6 Approximation by Trigonometric
Polynomials (&Z}C&4{0] 2|3t ZAD

PROBLEM SET 11.6

HW: 5, 14




® Fourier series are powerful tools for problems involving
functions that are periodic or are of interest on a finite
interval only.

® However, many problems involve functions that are
nonperiodic and are of interest on the whole x-axis.

Let L — oo (period: 2[)




11.7 Fourier Integral (32|0) H£)

m Ex. 1 Rectangular Wave (Z]A}Z&d 1))

Consider the periodic rectangular wave £(x) of period 2/>2 given by

0 (-L<x<-1)
f(x)=41 (-1<x<1)
0 (l<x<L)
The nonperiodic function 7(x) obtained from 7, if we let L — oo.
. 1 (~1<x<1)
f(x)=limf =
) L () {O otherwise )




-
[ )
IT =
11.7 Fourier Integral (¥2]0j H&
£ I afw,)
w, =nn/L
j;(x} n=35
e mer e ’{*
P2 0 2 ! j "
2L =4 I "
2
1) n=10
o B o B 1 f‘*"'":{d
P4 0 4 o Y
fe—2L = §— .
=4
£ 1 4 n=20
A = - —
D8 0 8 * v
n=]2 n=28
fe——2L = |6———
Six)
.
P10 1 2
—




® From Fourier Series to Fourier Integral (L— )

f (x)=a, +i(an COSW X +b, sinw x), W, :nTﬁ
n=1
L w |
j v)dv+ L COSW xjf )cosw, vdv + sin w xj f(v)sinw vdv}
n=1] -L -L

0

L L .
_ 2_1I_ j f(v)dv+ iz (cosw x)Aw j f_(v)cosw, vdv + (sin an)ij f_(v)sin andv}
L

7T n=1 L L

AW =W, —W :(n+1)7z_n7z:

T
"L L L 1
aozzj'f(x)dx




® From Fourier Series to Fourier Integral (L— )

f (x)=a,+ i(an cosw X +b, sinw x), w = nTﬂ
n=1
L w |
j v)dv+ L COSW xjf )cosw, vdv + sin w xjf )sin w vdv}
n=1] -L -L
1 & 1 & [ L L
- Z_IL f(v)dv+ ;E (coswnx)AW_jL f_(v)cosw, vdv + (sin an)Aw_jL f(v)sin andv}
AW= W, —W, = (n+1)7z_ nz_rz
L L L
f(x)=lim f,_(x =lj{coswxjf v)coswvdv +sin ijf sin wvdv}d
T o

L—oo

= Z2l0&Z:

f(x)

—0o0 —00

[ A(w)coswx + B(w)sin wx dw

o—38

0

v)coswvdv, B(w)=— [ (v)sin wvdv
T

éllld

=210

—00




= 0l &4

X
=

[If(x)axel

b
b—o0 0

dx + lim

11t (x)

a—>—w

* lim

11.7 Fourier Integral (32|0) H£)

® Fourier Integral

Al

=
I8
50




11.7 Fourier Integral (32|0) H£)

m Ex. 2 Single Pulse, Sine Integral flx)

Find the Fourier integral representation of the function

f(x):{l (¥ <1) SRR

0 (x>2)




m Ex. 2 Single Pulse, Sine Integral

Find the Fourier integral representation of the function

0 s

0 - 1 .
A(w):l f(v)coswvdv:ijcoswvdv:smwv _asinw
e W | W
B(w)=i f(v)sinwvdv=— '[smwvdv 0
T =,
g"j’ oswxsmw
7%
F COSWXSinw
DirichletDiscontinwus Factor (21521 4}) j
w
0

dw

=<




11.7 Fourier Integral (32|0) H£)

Sine Integral (AF214 %) : Si(u

jsmw

Si(u)

dw mEERs L

a .
f(x)zEJ‘COSWXS'”W
T W

R R et
X

a .- a .- \i B
_ Ljsinbwway, LESIMW-Wy ey et
Ty W Ty W ok
(x+l)a - (x-1)a -
:i .[ sint It—i J- sint it 1k
Ty ot Ty ot oz
\/ 2
~ L si(a[x+1])- L si(alx—1]
T
y y Yy
[/\aS /Ww\aw /\y\ a=32
20 o 17 2# 5 0 o 1 2s 2 00 1 2x




® Fourier Cosine Integral and Fourier Sine Integral

* Fourier Cosine Integral: 22+ [, £2|0| X &

f(x):TA(w)coswxdw Alw)== j f (v)coswvdv
0
- Fourier Sine Integral: 7|4 [, &2|0| &

= I B(w)sin wxdw, B(w)= %Z f (v)sin wvdv




11.7 Fourier Integral (32|0) H£)

m Ex. 3 Laplace Integrals (2}E2tA M EZ)

We shall derive the Fourier cosine and Fourier sine integrals of 7(x) = e*;, where
x> 0 and k > 0. The result will be used to evaluate the so-called Laplace integrals.
L ]

.




— SR -

m Ex. 3 Laplace Integrals (2}Z2}A &)

—_— |

We shall derive the Fourier cosine and Fourier sine integrals of f(x) = e* where
x> 0 and k > 0. The result will be used to evaluate the so-called Laplace integrals

1
1. Fouriercosineintegral
A(w):g_fe“‘vcoswvdv:g - 2k 2e"V(—ﬂsinwvjtcoswvj = 22k 5 0
Ty | kP+w k ok +w?)

2k ¢ coswx
- f(x)=e™ =
=e =2

COSWX e
o = j ——"dw
0 0

k? +w? 2k




- —~ —

- . —
—

m Ex. 3 Laplace Integrals (2}E2tA M EZ)

We shall derive the Fourier cosine and Fourier sine integrals of f(x) = e* where
x> 0 and k > 0. The result will be used to evaluate the so-called Laplace integrals
L ]

1

1. Fouriercosineintegral

2% 2 k _ W . 2k
A(w):;_([e kvcoswvdv:;[— I kV(—?smwvjtcoswvﬂo =) 0

—kx

2k ¢ coswx COSWX
L f(x)=e™ = d ———dw
(X) e 71"([k2+W2 w = '([k2+W 2k \

2. Fouriersine integral
E"(W)_go,fe_kvSinWVdV_g - e_kv[—ESinWV—I-COSWVj R !.aplace
% 7| K2+w w ke Ew) integrals
: :g Wsmwx - J'WSIHW;( we Fek /
K=+ w 2

7Z'0k ]




~

11.7 Fourier Integral (¥2|0) H£)

PROBLEM SET 11.7

HW: 20




® Integral Transform (H&ZH2H):
C

FOIZ £ CHE B0 355t MER S UEs M2 HEfjo wet
0f]) Laplace Transform (Ch. 6)
Je f(t)t
- Fourier Cosine Transform (ZF2|0f| 3 AIQl H2t)
f(x)= [ Aw)coswxdw, A(w)=-  (v)coswvdv
0 T 0
Aw)=,7, f.(w)
— FourierCosineTransform: &( \fj' (x)coswxax,

InverseFourierCosineTransform: f ‘/

0

0

I fe(w)

O

coswxdw




* Fourier Sine Transform (ZF2|0f A}Ql HEl)

| [ -

jB w)sinwxdw, B(w)= 3'[f(v)sinwvdv
0 72-0

B(w):@ f,(w)

— FourierSine Transform: J' \fj

0

o0

Inverse FourierSine Transform: f(x)= \fj

0

(x)sinwxdx,

smwxdw




N

! 11.8 Fourier Cosine and Sine Transforms
(F2]0f] ZAIR! N AlQl HED

m Ex. 1 Fourier Cosine and Fourier Sine Transforms

k (0O<x<a) P
f(x):{o (x>a)

rX=a X




11.8 Fourier Cosine and Sine Transforms
Z2|0f| ZALe! AU AlQl HEH

m Ex. 1 Fourier Cosine and Fourier Sine Transforms

k (0O<x<a) %
f(x):{o (x> a)

X=a X

f.(w)= \/%k_:[coswxdx = \/7 (smawj
fs(w):\/%stinwxdx:( (1 cosawj




® Linearity

g (af +bg)=a%(f)+b%(g)
g (af +bg)=a%(f)+b%(g)

® Cosine and Sine Transforms of Derivatives

07t BH0|1, x= oM BUHHE 75

7t 2= get20M 2 @5

x =, f(x)>0




11.8 Fourier Cosine and Sine Transforms
(F2]0f] ZAIR! N AlQl HED

m Ex. 3 An Application of the Operational Formula (9)
Find the Fourier cosine transform f(x):e‘ax(a > 0) in two ways




11.8 Fourier Cosine and Sine Transforms
Z2|0f| ZALe! AU AlQl HEH

m Ex. 3 An Application of the Operational Formula (9)

Find the Fourier cosine transform f(x):e‘ax(a > 0) in two ways

D120 213104, (6™ )'=a%e 0122 a?f (x)= f"(x)




~

! 11.8 Fourier Cosine and Sine Transforms
E2|0f| IAIQ! AU Apel HEH

PROBLEM SET 11.8

HW: 4, 18




11.9 Fourier Transform. Discrete
and Fast Fourier Transforms

(2iof HE. o] 3 % F2|0f HE

® Complex Form of the Fourier Integral (2|0 HZ2| 542 A)

. Alw)= 1 _[ f (v)coswvdv
7T -0

f(x)= j [A(w)coswx + B(w)sinwx dw -
° B(w)= ;_j f (v)sinwvdv




H4))

® Complex Form of the Fourier Integral (F£2|0f] M 22| 24
1 o0
- j f (v)coswvdv
T

w)coswx + B(w)sinwx dw
W):— _[ f (v)sinwvdv

O'—-o8

iﬂ_]? D f (v) cos(wx — wv)dv} Prove!

zim“’ f(v)sin(wx—wv)dv}dw:o " = cosX +isinX

(x)=L

’r TTf e"Vdvdw  Prove!




11.9 Fourier Transform. Discrete
and Fast Fourier Transforms

(2|0l Hek o|4t A 1% F2jof HED

® Complex Form of the Fourier Integral (2|0 M 22| SEA YAl

\/1_ ]O \/1_ T f(v)e ™ dv]e™ dw
f(w)=

f(x)=

_T (x)e ™*dx

1
V2r
% T f (w)e" dw




® Complex Form of the Fourier Integral (2|0 M 22| 54

« Complex Fourier Integral: f(X)— >

—00—

- Fourier Transform: #(f)= f(w)=% I f (x)e""dx
T %

- Inverse Fourier Transform: f(x)=% I f (w)e™ dw
T —0

® Existence of the Fourier Transform (3=2|0j| tHH=t
F(XPHXE AN 2R EI50D

= f(x)2 Z2lol e f(we =50 f(w):%
T

H4))

_ iﬂ ]O T £ (v)e 0 dvdw




! 11.9 Fourier Transform. Discrete
and Fast Fourier Transforms

F2|0f Hg 0|2 3l D& Fa|of HEY

m Ex. 1 Fourier Transform

f(x)=1if |x|<land f(x)=0otherwise




11.9 Fourier Transform. Discrete
and Fast Fourier Transforms

(2iof HE. o] 3 % F2|0f HE

m Ex. 1 Fourier Transform

f(x)=1if |x]<land f(x)=0otherwise

—iwxdx — 1 e—iwx |1 1 (e—iw . eiw)

. 1 1
f = — . =
W) J2r _jle Jor —iw|, —iw/2r

_ —2isinw 2 sinw

— 1WA/ 27 T W




11.9 Fourier Transform. Discrete
and Fast Fourier Transforms

Folof Hek oj4k U 1 F2of HED

® Linearity. Fourier Transform of Derivatives (= 2t+2| Z£2|0j] HEhH

* Linearity of the Fourier Transform
F(af +bg)=a%(f)+b%F(g)
* Fourier Transform of Derivatives
2 7 x= JoM g5
7 x= doM 2™ = 7ts
X| = o0, f(x)—>0
o FHEO)=iwF (X)), FE (X)) =—wFF (X)) Prove!




! 11.9 Fourier Transform. Discrete
and Fast Fourier Transforms

(2|0 EE. o|dk U 15 F2|0f HED

m Ex. 3 Application of the Operational Formula (9)
2

Find the Fourier transform of X€

fi(e“"‘x2 )= L (a>0)

J2a




11.9 Fourier Transform. Discrete
and Fast Fourier Transforms

(2iof HE. o] 3 % F2|0f HE

m Ex. 3 Application of the Operational Formula (9)
2

Find the Fourier transform of X€

5l )= %e‘% (a>0) .




11.9 Fourier Transform. Discrete
and Fast Fourier Transforms

Fo|ofl HE oj4t A % 2|0 HE)
® Convolution (g4 &) fi( fg)i fi(f )fi(g)

- Convolution: (f *g)(x): T f(p)g(x— p)dp= T f(X— p)g(p)dp

- —00

_I_

2 (02 g7t FEFEH0|1, oo, x= oM BUHE7ts

f'i(f % g): 27rfi(f )fi(g) Prove using x-p=¢q




' 11.9 Fourier Transform. Discrete
and Fast Fourier Transforms

F2|0f HE 0|4 3 D& F2|of HEY

HW: 14




