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® Partial Differential Equation PDE (O] &4t o"*')
= J4 o|Ato| E 2 O1| &g
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* Al (Order): 7t =2 =22 7
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m Ex.1 Important Second-Order PDEs
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- Solution: HO|2H A0 LIEILE RS HESSE 240 Qs 42N

TE MOIM FOIT HHAIS BIESHE B4
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m Ex. 8_“+a =02 HE : u=x"-y?, u=excosy,u=sinxcoshy,u:ln(x2+y2)

x> oy°
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- Additional Conditions (=7}& 90l =Z)

- Boundary Conditions (4 A =74), Initial Conditions (Z&7|Z=71)




12.1 Basic Concepts (7| £7]4)
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m Ex. 2 Solving u,, —u =0 Like an ODE. ’




® Fundamental Theorem on Superposition (Z 0| 2ot 7|27 2|)

U uJk Of © 424 ROIAL K XF &S B 0|2 2 Al O|5 240
u=cu, +Cc,u,

T A 22 YARMA D BMOIZLFACIGHIt ECh ¢,

O O M

m Ex. 2 Solving u,, —u =0 Like an ODE.

u=u(x,ypellA y& 4= .
Z,u=u(x) = u"-u=0 = u=Ae"+Be”

~u=u(xy)=A(ye*+B(ye™




12.1 Basic Concepts (7|£714)

m Ex. 4 Solving u,, =-u, Like an ODE




12.1 Basic Concepts (7| £714)

m Ex. 4 Solving u,, =-u, Like an ODE

u, = pet skAk.
Py

p=-p = ?:—1 = Inp=-y+C(x) = p=c(xe”’

ux y)= F(e 7 +aly) ()= [olxkix
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12.1 Basic Concepts (7| 27| 4d)

HW: 26
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12.2 Modeling: Vlbratlng String, Wave
Equation (23} ZIFsl= #, D59 4)

- T 2o gH
—T,cosa+T,cos5=0
= .. T,cosa=T,cos8=T (& =)
- A 2o gH
- NewtonO| M2 &l M8 —T,sina +T,sIn B = pAX U,

:>Tsm,8 T,;sina pru

= tanf—-tana =$Ax U,

T,cosfp T, cosa T




12.2 Modeling: Vibrating String, Wave
Equation (23} 215t ¥, ISYH4)

® 7§jE| u

N T,sing T;sina _P "
T,cosfp T, cosa T

= tanﬁ—tanazgdx Uy,

tana %‘j xoﬂ/qq @_g 7]%7] — tan“:(g—i

X
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tan 4 x+Axel A 2] @e] 7197] = tan = &j
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Ax—)OAx|:(anX+AX (axjx:| T tt aXZ CZ atZ( O O O—-') IO

—

X+AX




® Solution of the One-Dimensional Wave Equation

o‘u 0

EarEd

u(lL,t)=0 (2 t0ll Ch5t0)

() u(x0)=g(x) (0=x=<L)

L 1XFE THE WAL

- Boundary Condition: u(0,t)
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- Initial Condition: u(x,0)=
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12.3 Solution by Sepa ratln Variables.
Use of Fourier Series (._1- -.-E|01| o|tt &jf. Z2|0j|lZ2| AIR)

® 1CH|: T3S YH™A R RE F 72| ¥0|ZYEAL RE

1) —Z=F"(x)G()

u(x)=FBH) = f;‘;zp(xp A

L ERG0=ctF (o) = U _FT_y

0
c’G(t) F(x)

% EPME ¢ 0ro] 3401, SH2 x BIo| 40|22 YW AT} E[ofof Bt

. F"(x)—kF(x)=0, G(t)-c’kG(t)=0
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® 2CHA|: A=A UF
ZHZ2u(0,t)=F(0)G(t)=0, u(Lt)=F(L)G(t)=02 =
= F(0)=F(L)=0 _
F'(x)-kF(x)=0, G(t)-c’kG(t)=0

. F"(x)-kF(x)=0, F(0)=F(L)=0
Casel k=p*>0
F'(x)- p’F(x)=0 =

F(0)=A+B=0 = B=-A
= Al*-1)=0 = A=0[* =1} B=0

F(x)=Ae™ +Be ™

F(L)= Ae”™ +Be ™ =0

S F=0 = u=0(=2l0l¢et o)

Case2 k=0
F'(x)=0 = F(x)=Ax+B
F(0)=B=0, F(L)=AL+B=0

u=0(22 0|3 )

= A=0(L=0)

“F=0 =




F'(x)+ p’F(x)=0 =  F(x)= Acos px+ Bsin px
F(0)=A=0, F(L)=AcospL+BsinpL=0 = BsinpL=0
B=0 = F=0 = u=0(22 0l 3l

sinpL=0 = p="Z(n:H%)

F'(x)-kF(x)=0, G(t)-c?kG(t)=0

G(t)+ 4 °G(t)=0, A =cp= chn = G, (t)=B,cosAt+B, *sinit

u.(x,t)=(B, cosAt+B, *sin A t)sin nTﬂx (n=1 2,3, -
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u, (x,t)=(B, cosAt+B, *sin A t)sin nTﬂx (n=1 2,3, -
® Discussion of Eigenfunctions

Eigenfunction or Characteristic Function: un(x,t)
cnrz

Eigenvalue or Characteristic Value: A, =

Spectrum: {2,1, Ay, }

u. : nx} 47715 (nth Normal Mode)

A cn . _ ) )
SN A S-S zke 2318 (HarmonicMotion) €% =
27 2L
| | | | l | l |
0 L 0 L 0 L 0 L
n=1 n=2 n=3 n=4
* Node (OFC|™): 40| A2] S &I0|X| b= H Y
. nax L 2L n—1 L
sin—=0 &t x=—, =— ... ——L A
L n n n




R2A0AO S HE = B, =2 f(x)sin X

EINEHEZOE XIS DOYSE

pul

u :[i( B, A, sin A t+B, %1 COSi t)sm—x} :iBn*insinn—ﬂx:g(x)

ot t=0 n=1 t=0 n=l L

— 25 . nrx

Zlo A S HE = B, *i, :Ejg(x)smedx = B *= jg sm—xdx
: cnz g
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12.3 Solution by Separating Variables.
Use of Fourier Series (<= £2/0] 2|gt 3j|. £2|0jiS2] ALS)

o0 o0

u(x,t)=>"u, (xt)=>(B, cosAt+B, *sin 1 t)sin nT”x

ZIEE g(xProel 32 0
g(x)=0 = B *=0

U(X,t)ziBn cosintsinn—”x, A ==
n=1 L L
ls o) N7 .| nz
= E,g; B, {SIH{T(X — ct)} + SIH{T(X n ct)H

1
=§[f *(x—ct)+ f*(x+ct)] 40 fre-ch

f*. odd periodic extension of 7 ' %
with the period 2. / \_/‘




12.3 Solution by Separating Variables.
Use of Fourier Series (8 £2|0f| 2|2t 8||. E2|0jlF52| ALS)

m Ex. 1 Find the solution of the wave equation corresponding to
the triangular initial deflection

2k ( Lj
—X O<x<—

H0=1 5 L
(L-x) (—<X<L)
L 2

and initial velocity zero.

8k| 1l . « 7iC 1 . 3x 37C
u(x,t)=— 7SiNTXC0s T t——sin : xcosTt+---

2 2
T 3

Section 11.3 Ex. 4 0| &




11.3 Even and Odd Functions. Half-Range
Expansions (&2} 7|&=. Btk FH)

m Ex. 4 “Triangle” and Its Half-Range Expansions b
Find the two half-range expansions of the function I/I\

(oK L 0 L/2 L x

—X (0<x<—j °
f(x):izll‘( . 2

(L-x) (—<X<Lj

L 2
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11.3 Even and Odd Functions. Half-Range
Expansions (&2 7| &= g2k i)
' k

O
m Ex. 4 “Triangle” and Its Half-Range Expansions
Find the two half-range expansions of the function
2—kx (0 <X< Lj
2
(L-x) (£< X< L]
2

L

-

(ZcosnT” —cosnrz —1)

2

1 F|H 2842 #E
[ L2
ao:i 2 _[xdx 2 (L X)X | = _k
Ly Ly, 2
[, L2 L
a, _2j % Ixcosn—”xdx+2—k | (L - x)cos™ xdx =j—
Ll Ly L L L n’z
i /2
k 16k 2 1 67
L )= —cos—x+—cos—x+
2 7?2 L 62 L
—




11.3 Even and Odd Functions. Half-Range
Expansions (&2} 7|&=. Btk FH)

2. =8 Jlg== =&,

L/2 L
b, _2)2K jxsinn—”xdx+2—k j (L x)sinZ xdx | = ?kzsinn”
L L4 o n?z? 2

’ f(X) 8Kk isinﬁx— L sin3ﬂx+ ! sin57[x—+...
. 72_2 12 L 32 L 52 L

(b) Odd extension
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12.3 Solution by Separating Variables.
Use of Fourier Series (= £2|0f 2|8t 8. F2|0|Z+2] ALS)

m Ex. 1 Find the solution of the wave equation corresponding to

the triangular initial deflection u(, 0)

2k L |
X (O <X< 5) 0 L 0 L
f(x)= Iparly T T e
2k L 2 5 TN TN 2 5 /—\
T(L— X) (E < X< L) |///>\ ] t=L/5¢
And initial velocity zero éf*(x“f)/\\ ,,,,, =
I < I L N ¢=20/5c
u(x,t) Lk L= by
2 2 //// 2 2
L == I I | =
8k[1 . 7 ac, 1. 37 3w = e
=— —23|n—XCOS—t——ZS|n—XCOS—t+"' -~
771 L L 3 L L N
1pw(x+ 3L L lpeo i
S, >’\//' S < 1 1=3L/5¢
. .
A CEE Y YA CEE SN |

5 - 1=4L/5¢
\\\>/\/ w

! I t=Llc

L |
v S *x-L)
=3+ D)




12.3 Solution b Separating Variables.

~

Use of Fourier Series (‘s £2|0j 2|2t 3||. F2|0fIZ2] AlS)

PROBLEM SET 12.3

HW: 15-18




12.4 D’'Alembert Solution of the Wave Eiuatlon.
Characteristics (Il 5t% Al 0] D'Alembert 8. &

® Wave Equation: @ =2 @
ot? OX°
V=X+ct, w=x-—ct
= u,=uVv,+Uu,W =U, +U,,
u, =(u, +u,), =(u, +u,),v, +(u, +u,),w, =u, +2u, +Uu,,
u, =u,V, +U,W, =cu, —cCu,,

u, =(cu, —cu, ), =(cu, —cu,),v, +(cu, —cu, ), w, =c?u, —2c’u,, +c’u,,

62

- c’u, —2c%u,, +c’u,, =c*(u, +2u, +u,) = u,= =0
OWoV
%u: h(v) = u =_[h(vhv+ p(w) = u(x,t)=g(x+ct)+ep(x—ct)

D’Alembert’s solution

—




12.4 D’'Alembert Solution of the Wave Eguation.
Characteristics (II-5t% Al 0] D'Alembert 8jf. § )

® D’Alembert’s Solution Satisfying the Initial Conditions

u(x,t)=g(x+ct)+o(x-ct) = u(x,t)=cg'(x+ct)—ce'(x—ct)

0, (0)=00) = u,(x0)=cg(x)-co(x)=g0) = alx)-olx)=K(x,)+  Jols)s
o= 10+ Jalsss K0 )= 100 falskis- ki)
= ¢(x+ct)+go(x—ct):%f(x+ct)+%f(x—ct)+2iczij:g(s)ds

X+ct
u(x,t)=%f(x+ct)+%f(x—ct)+% [g(s)ks
x—ct

—



EHQI- I-I.H.o:l)

=F(x, y,u,ux,uy)

S EH ol &AA 12.1Z 2| 0l Al
e AC-B? <0 = PN
z=d AC-B*=0 o X ¢ bR Al
Et& AC —-B%>0 ct2ctA SEA

® Transformation to Normal Form (H1do 2 H

EHYUHA Ay*—2By+Cy=0

Sl N2 2 A

@‘3& :CD’ w="Y uVW:Fl

TEH V=X, w=0=VY Uy =F,

EI'% ((D \Il)l W= %(CD _\P) uvv + uW\N = F3
1




12.4 D’'Alembert Solution of the Wave Eiuatlon.
Characteristics (Il 5t% Al 0] D'Alembert 8. &

m Ex. 1 D'Alembert’s Solution Obtained Systematically

The wave equation u, —c’u, =0

y=ct = u-=uy =cu, U,=cu, = u,—u,=0
Sy 1= (y-1)y'+1)=

D(x,y)=y+x="F, P(xy)=y-x=4F

= V=O0=y+x=Ct+X, wW=¥Y=y-—X=cCct—-X
~ou=f(x+ct)+ f,(x—ct)




' 12.4 D'Alembert Solution of the Wave Equation.
Characteristics (I} 5% 4| 2| D'Alembert 8}. &)

PROBLEM SET 12.4
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® Derivation of the PDE of the Model (“2-D Wave Equation”) from Forces
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JJrZJJr wc-’r /] Holl A 207 A-gah= 3o &
~TAysina +TAysin g =TAy(sin f —sina)
~TAy(tan g —tana)=TAy|u (x+ Ax, y,)—u, (X, y,)]

U] 5 Hol =2 o 2285k 3o ¢
TAx[uy(xl, y+Ay)-u,(X,, y)|

Newton2] #l| 29 2| o 258 HUZHA A9 71

2

5
pAXAyglj = TAY[u, (X + A%, y, )=, (%, v, )]+ TAX[u, (%, y + Ay) - u, (x,, )]

o%u T [u (x+ax,y,)-u,(x, y2)+ u, (X, y +Ay)-u,(x,, Y)}

ar o, AX Ay

o’u L[ o 62 g T
~ ~—C 22 T =HE AN o2 = —
rEd ] GRA R RICE) p




® Solution of the Two-Dimensional Wave Equation

- 2XbE THE WAL

o
ot?

,( 0°u  o°u
=C 2t 22
ox° oy

- Boundary Condition: A Al u=0

- Initial Condition: u(x,y,0)= f(x,y), u,(x y,0)=g(x,Yy)

® ENSHE C&

- Method of Separating Variables:

u(x,y,t)=F(x y)G(t)et 2 &t

- BAZAEG AT

- O|522| HEf=Z BF

F

rn oz

Ol

F F(xy)=H(X)Q(y)2 F& Al JHel &0l 2 F A

—_—

Yyl ofE T

C}

HL

C}.




F(x,

d?

-III

Bl Ml 7H2| &0|=S

u(x,y,t)zF(x,y)G(t) = FG=c¢!(F,G+F,G)
G 1
CZG = F (FXX T FW):_V2
. Fy +F, +V2F =023+ Helmholtz 782)), G+c**G =0
d’H d’Q ,
= H H
-HRY) = Go-{n§ 2ol
d’H 1({d’Q , )
- _— — _k
dx’ Ql dy°
dZQ 2 2 2 2
+k*H =0, =0 =y -k
dx’ dyzﬂoQ (p Y )




12.8 Rectangular Membrane. Double
Fourier Series (Z|A{2tg2] &2}, 0|5 F2|0f S4

® 2tHA|: FAI=He| =

2 2
ddxtI +k?H =0, d ?+p2Q:O = H(x)= Acoskx + Bsinkx, Q(y)=Ccos py+ Dsin py

A=A
HO)=H(@)=0 = k="F H,()=sin""
Q0)-Qb)=0 = p="F. Q(y)=sin"




® 2CHA|: ZAIZHL| oHEF
i~ +k*H =0, —=+p?’Q=0 = H(x)= Acoskx+Bsinkx, Q(y)=Ccospy+ Dsin py
3 H A A
H(0)=H(a)=0 = k:%, Hm(x):sm%
QO)=Qb)=0 = p="F, Q(y)=sh=F

+ Fan¥) = Hi (X)Q, (y) = sin = =sin 2%

a b

G+A2G=0, A=cv0lD p?=v?-k?0|B2 1=ck?+ p?0lLk
2 2
k=" 0= g —ex (mj +(E) , G, (t)=B,_ cosA t+B_ *sinA_t
a b a b
~ou(x,y,t)=(B,, cosA t+B,  *sinA_t)sin M sjn 0

a b




o 3cHA|: Bo| 3. o|FF 2|0 24

u(xy,t)= iiumn(x, y,t)= ii(an cosA t+B. *sinA_t)sin 1 sin 1

m=1n=1 m=1n=1 a b

ZKm(y)sin%:f(x,y) = Km(y):éif(x,y)sianﬂxdx




® 3THA|. mEo| . O|FZFE2|0 S

u(xy,t)= iiumn(x, y,t)= ii(an cosA t+B. *sinA_t)sin 1 sin 1

m=1n=1 m=1n=1 a b

ZKm(y)sin%:f(x,y) = Km(y):éjf(x,y)sin%dx

AN ab
a@t_uto = 2.2 B * gy Sin TEsint Y = g(x,y) = By *= abimn Mg(x, y)sin™sin 2 dxay




[ -~ -
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= AN o e Y P-Y- B
= = - = =& AP T Ayd-

-r'ue e ~— e o S 4 e
Q¥ !

m Ex. 2 Vlbratlon of a Rectangular Membrane (
= Ib ! slug 2 e HO) x|
z=0l 125l 2=t 25 Az(mtﬁ_ 120 AQ), ST}

f(x,y)= 0.1(4x - x2X2y - y2) ft

2 [MH B2l Z0I1JF 22 a=4ftet b=2ftQ! A2 890l &4 Eol= &Y

) —

v

—

-

R :
4 x
4 i
C2:I:12_'5:5[ft2 2:|
p 25 sec
4 %% mzx 7zy 256-32  0.426050 -
B, =——1]0.214x—-x" )2 sm—sm dxd ~ mh 25 ==
mn 4-2{! ( Xy y) 4 Y= oot T ( )
u(x,y,t)= [”\/m +4n? ftsin X sin 1
o n odd m3n3 4 4 2
=0.42605 cos\/§7[\/§t3|n—5m7Zy —cos\/_m/_tsmﬁsm ﬂy \/_”\/—tsm
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/ 12.8 Rectangular Membrane. Double
Fourier Series (X|A1Zf82) e}, o5 Fz2|of S4)

PROBLEM SET 12.8

HW: 23




« : Thermal Diffusivity (&

« K : Thermal Conductivity (8 E)

- o :H[E
cp ENQ EE
o 2X|
« 1IXH EF

- Boundary Condition:

« Initial Condition:

SEAL

—_/ L=

A=)

- Gp
0 x :L_
Bar under consideration
OX’
u(0,t)=u(L,t)=0 (2= t0oll T 5t 09
u(x,0)=f(x), (O0<x<L)




- F'(x)+ p?F(x)=0, G(t)+c?p*G(t)

|
o




ZAHAZEAu0,t)=F(0)G(t)=0, u(L,t)=F(L)G(t)=02 HE
= F(0)=F(L)
. F"(x)+ p°F(x)=0, F(0)=F(L)=0

F'(x)+ p?’F(x)=0 =  F(x)=Acos px+ Bsin px

F(0)=A=0, F(L)=AcospL+BsinpL=0 = BsinpL=0 =
g F(X):Fn(x)zsinn%x (n=12,3, -
cnzw

60+ 4760)=0, 4 =p="" = G,(1)=Be*"

U, (xt)= aninnTﬂXe‘lnzt (n=1,2, 3, -




12.5 Heat Equation: Solution by Fourier
Series (BT 'Y 4|)

o 3tHA|: N 2X|of LAt of. Eajof 23




12.5 Heat Equation: Solution by Fourier
Series (BT 'Y 4|)

m Ex. 1 Sinuroidal Initial Temperature
=010] ZoIE 20l 80cm P2l 2 EI12% It 100sin(zx/80) COI 1, X20| 0°CZ SXIE M

2T 2

2% u(x,t)2 Poteh ol 2tHel H D2 %I 50°C2 WOolXl=0l Zelse Al 011Dt

Felol et 221= G018 : 2=8.92gm/cm®, HIZ 0.092cal/gm°C, €& &= 0.095cal/cmsec’C —e
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~ P

m Ex. 1 Sinuroidal Initial Temperature

o0l EA

o1&l 201 80cm P2l2Hel =II2E I 100sin(zx/80) COI D, ¥&20| 0°C2 KX O

(x,t)2 Fotet. Ol HCHel 2 D2=J 50°CE SO K=l Zele Al2t2 L0teIDt?

Telol thet 221 G0IE : 2 < 8.92gm/cm?®, HIZ 0.092cal/gm’C, & & & 0.095cal/cmsec’C —e

u(x0)=3B,sin" = £(x)=100sin® = B, =100, B,=B,=-=0
n=1
c’r?
7=
2 K 0.95 8[cm ] 19.870
1 —0.00178
T op 0092892 Ved = A= e dsec |

u(x,t)= 1OOsin%e‘°'001785t

1006000178 _59  — ¢—_ N0 —38gsec|~ 6.5[min]
~0.001785




12.5 Heat Equation: Solution by Fourier
Series (T =Y 4|)

m Ex. 4 Bar with Insulated Ends. Eigenvalue 0

AAZHE & B0 CHEE RS o] RHOZ HRt D N E HHA O S| E 3t
—e




— P

m Ex. 4 Bar with Insulated Ends. Eigenvalue 0
GAz=ds & 20| HEEAS Mo =Ho = Hiti EHE HFHA S| S| E ot
— o

=4l Aol ot S 2
¢ Eol s Fo] gt &7+ oolﬁ}
AAZA u(0,t)=0, u(Lt)=0 (2= to] tj3l4)
u (0,t)=F'(0)G(t)=0, u,(Lt)=F'(L)G(t)=0 = F'(0)=F'(L)=0
F(x)= Acospx+Bsinpx =  F'(x)=—Apsin px+ Bpcospx
_pn -7
P=DPy= L

. F'(0)=Bp=0, F'(L)=-ApsinpL+BpcospL=0 = B=0,

. F(x)= cosnT7ZX




12.5 Heat Equation: Solution by Fourier

Series (BT YY)
u,(x,t)=F (x)G,(t)= A, cos—e™" (/1 :%j
u(x t)=i;u (x t):gAncos—e A A :chnj
Z7|Z2Ho2HE  u(x,0)= i A, cos % = £(x)
= A(,:—_Tf(x)dx An:—jf(x)cos—dx




— P

® Steady Two-Dimensional Heat Problems. Laplace’s Equation

Coxtel R wmay . M OV O
ot ox* oy

AR

© SF T OFE A MSteady) = A|a+o1|$a—+,z—‘::o

2 2
=Z—‘j+2y—‘j:0(a+%arﬁ St A)
X

® Boundary Value Problem, BVP (ZAA|Z} 2&X|)

= Va

* Dirichlet 2XI|: CRI0l A ull gt0| =0 Xle= B

« Neumann 2K: CRNMEE =S u, :8_9| sl0l =0A=&d=

>

M, Robin =Xl : C2 tF =0 AH=u2l g0l =01 Al L,

[
]
D

A j:”DI—

O A1 BA

9
lo
C
2
b
alll
ML
2
x
c
lo
_'\J_
o
1
Q
>

rir



12, 5 Heat Equation: Solution by Fourier
Series (B =9734))

® Dirichlet Problem in a Rectangular R Y 1)
HESE2HAEZ ’
u=0 R u=0
d’F d3G
R e T e S
1 d%F 1d°G
- ST 8Py
F dx? G dy?
9% W ezl Az : F(0)=F(a)=0
2 nzy _hny
=["E]a F0=F(=sinx, Gly)=G,(y)=Ae * +Be * n-12
ol el A o] B A=A 1 G,(0)=0
ny N nzy
A +B,=0 = Gn(y)=A{ea -e j 2A, sinh—=




12.5 Heat Equation: Solution by Fourier
Series (FT 'Y 4)

0

u(x,y)=>u,(xy)= i A, *sin n?ﬂxsinh n?ﬂy
n=1 n=1

AHNMBAHZEZA: u(x,b)= f(x)

= u(x,b)= f(x)=iAn xsin VX sjnh 122
n=1 a a
= by=A*sih 22Tt (sin Pax = Ar=— 2 [ f(x)sin "
a apg a . Nz 3 a
asmha




/12.5 Heat Equation: Solution by Fourier \
Series (BT =Yg 4)

PROBLEM SET 12.5

HW: 13, 23, 25, 34




12.6 Heat Equation: Solution by Fourier
Integrals and Transforms (@ X 2% 4])

® Bars of Infinite Length

- Heat Equation:

ou ., o0
— = —
ot OX

« Initial Condition:

u(x,0)= f(x)
u(x,t)=F(x)G(t) = F"+p’F=0, G+c’p°G=0

" F(x)=Acospx+Bsinpx, G(t)=e*""
= u(xt; p)=FG =(Acos px+ Bsin px)e """

—



/12.6 Heat Equation: Solution by Fourier \
Integrals and Transforms (ZX % 4|)

® Use of Fourier Integrals

u(x,t)= Tu(x,t; p)dp= T(Acos px + Bsin px)e " 'dp
0

0




® Use of Fourier Integrals [A(w)coswx + B(w)sinwx pw

*
—_—~
X
N2
[l

O 3 8

° < . —c2p? :i <
u(x,t):gu(x,t; p)dp = [(Acos px + Bsin px)e**"dp Aw) z-[of(V)COSWVdV

0

ZI|ZAC22Eu(x0)=

O'—.S

(Acos px + Bsin px)dp = f(x) B(w)=i T f (v)sinwvdv
72.—00

o0 o0

= A(p):%jf(v)cos pvdv, B(p):ijf( )sin pvdv = u(x,0)=

—00 —0

-\lll—‘

Tﬁ v)cos(px — pv)dv}dp
0 o0

u(xt j ){Je ‘ cos(px— pV)dp}

G fe‘sz costsds:%ebz% -8t S Ny
0 =—— b=——+—
o 2 p C\/E ZC\/E
u(x,t)= 1 Jf(v)exp _(xy) dv
' 5 \/g_oo Ac?t 2bs=(x-v)p, dS:C\/fdp

%Lf(x+2cz\f)e dz Z:;/c;\/)%




12.6 Heat Equation: Solution by Fourier
Integrals and Transforms (ZX 2% 4A|)

m Ex. 1 Temperature in an Infinite Bar

Find the temperature in the infinite bar if the initial temperature is

[Uy=const  (x|<1)
f(X)—{ 0 (x>1) ’ °
0

Fig. 296.  Solution u(x, t) in Example 1 for U, = 100°C,
¢? = 1 ecm?*/sec, and several values of t




<

/12.6 Heat Equation: Solution by Fourier
Integrals and Transforms (X 2% 4])

® Use of Fourier Transforms

m Ex. 2 Temperature in the Infinite Bar in Example 1

3|0 MBS AFRSIO] O X| 12 Z0jzt °

(=F(u)E xo| 842 231X,

FHCHHA = F(u)=c’F(u, )= cz(— WZ)‘}'(U)— —c*wd P 522 fi{f (X)} = —Wzg{f (X)}
F(u,)= % Tute"wxdx = % g Tue"w"dx _A %u =—c*wd
T ot

cod(wt)= f(w)e ™t even .VS. odd

= u(w,t)= % j f (w)e et dw = ZL I f(v){ jeczwztei(wx‘”")dw}dv =$ j f(v){ je‘czwzt cos(wx —wv )dw [dv

—00




m Ex. 3 Solution in Example 1 by the Method of Convolution

gdao 25 offX 12 EHE ZHE =012}

8




/12.6 Heat Equation: Solution by Fourier \
Integrals and Transforms (ZX 2% 4))

PROBLEM SET 12.6

HW: 10 (e), (f), (9)




® Laplacian into Polar Coordinates (FZIE 0| A{2| E2IE2tA AHAX}

=ItE N & o°u 1ou 1 o%u
Vau=u, +U » ViUu=—S+ -+
x Yy o’ ror r°oo’
2
r=4x"+y?, 0=arctany — rxzi, <9X:——y2 = rXX=—y3, 0., __2>iy
X r r r r

u,=ur +U,06,, U, =ur, +u,0,

2 2
X
= U, =—U, 2—yur9+y4 Ugy + y ~—u +2—yu9,
r? r r r? r
y° Xy X? x Xy
u =-—u.+2—Uu,+—UuU — U, —2—u
yy rz rr r3 rg r4 499 r r o

. Viu=u, +U _62u+16u+1 o
' o ror r’ o6




—_

o°u  ,(0u lou 1 ¢4 , T
2 Tt T ¢ =—
r- ror r°o0 yo,

X|20| ROI Etat2 112438t0] HEALAF CH&l(radially symmetric) Q1 s E F8}X}.
o’u L(d°u 1lau y

2 S| aE oA

ot or: ror

u(R,t)=0 (2 &t>00ilCH5H)




® 1THA|: TS THALERE F 712 ¥0|ZYEAe RE

U(r)=W(rsl) = Cfi;: Vlv(w'-+%w-j:_k2

W"+EW'+k2\N =0, G+A°G=0, A=ck

r
sokr — W,:dW:dW ds:de’
dr ds dr ds
2
W d (kdwj: d (kdw) ds_kzd V;/
dr ds ds ds ) dr ds
2
' dW+Ed—W+W 0
ds* s ds Bessel's equation

Section 5.5

X2y"+xy+(x? =2 Jy =0




12.9 Laplacian in Polar Coordiantes. Circular Membrane. Fourier-
Bessel Series (3Z}ZOIA2| 2HFatA HAX}. fgute) 2 of-Hl4d 24

® 2cHA|: AH XL UE

AW LW oW =0 = W()=3,(6)=2kr) 0, Yy(r) >0
ds® s ds
ZAHZEA W(R)=J,(kR)=0 = k=km=%"

G+A4G=0, A=ck = A =—", G,(t)=A, cosit+B_sinAt

~ou (r,t)=(A cosA t+B_ sin /Imt)Jo(a—F;“ r)




Kir

ol

)

(%
R

0

ot)d

sin

=(A, cosA t+B

t)

u,.(r,

=3

m

2
Normal modes of the circular membrane in the case of vibrations

m

m=1

independent of the angle



12.9 Laplacian in Polar Coordiantes. Circular Membrane. Fourier-
Bessel Series (2X}H20f|A{2] 2HEEIA SIAIXL. 2igutal, &2|o)-ud S4)

® 3THA|: M ZHlofl chet si

u(r,t)= ium(r,t)z i(An cosA t+ B, sin Amt)Jo(a—I_\;“ rj

ZIZAHYEZE u(r,0)= iAmJO(%"rjz (r)

m=1

: 2 p a
F -Bessel 2 4= M = = rf —+r|d
ourier - Bessel 2 = = A =7 )£ (r)JO( = rj r

Section 5.8 (10)




m Ex. 1 Vibration of a Circular Membrane

SEXIS0] 1ft0] 0 L&D} 2slugs/ft? Q! Y& BHot0l| Z25H= Z20| 8lb/ft0] 1,

ZI15E0F 0010 RIIHRADE f(r)=1-r?[ft]2 ©, O JSS Fatek

C2:I—§:4[ﬁ2 2]
Jo, 2 SecC

%2715%=0 = B =

R=1
2 2

‘]Z(am):_Jl(am)_‘]o(am):_‘]l(am)
am am

= A = 2 _l[r(l—rz)J (a, r Yr = 43;(a,) = 8
le(am)o amz‘]lz(am) amS‘Jl(am)

- f(r)=1.108J,(2.4048r)-0.140J,(5.5201r )+ 0.045J,(8.6537r)—---




: 12.9 Laplacian in Polar Coordiantes. Circular Membrane. Fourier-
Bessel Series (SZ}E0j|A{2] 2HE2tA A4IX) @A@Y} Fa2|of-8|14d S)

PROBLEM SET 12.9

HW: 4, 16




| 12.10 Laplace’s Equation in Cylindrical and Spherical Coordinates.
Potential (R S=tE S FEHE0|AMS| 2HE2EA Y4 ZHIA)

p S 201 — _
® Laplace’s Equation: V°u=U, +U,  +U, = 0
« V2 : ue] 2tE2kA HAXE (Lapacian)
- Potential Theory (HEIAMO|2): 2} E2tA HAIO| &0 &5t 0|2
- Harmonic Functions (Z2}gts): A0l 24 WESH+E 2= 2IE2tA B AIO]

-, 7|, SYYHE €5

ajn
st
=[o)
2t
ot
ajn
on
<2
R
on
0z




® Laplacian in Cylindrical Coordinates

ASHE Hg

2
Viu=u, +u,+U,

® Laplacian in Spherical Coordinates

S R=2
1O

2 _ EoE
Viu=u, +u, +u, T

_ 1

Q.

‘(J o)

~_, 0°u lou 1 ¢°u o4
> Viu=——+——+5—F5+t
or- ror r°o0° oz
0°u 2du 1 0°u  cotg ou 1 d%u

= o=
or’> ror r?o¢’

+
r’ 0¢ r’sin®¢o6?

, ou 1 o(. ,éu 1 &%
r +— sin ¢ +— 5
or) sing o¢ op) sin“¢ o6

&

¢ (r.6,9)




|
ru
[0iE

® Boundary Value Problem in Spherical Coordinates

- Assuming that the solution v will not depend on &

Vzu:lz{a(ﬁanjL 1 a( q@ﬂ
re|or or) singog 0P
u(R.4)= f(¢)

lim u(r,¢)=0

r—oo

- Separating Variables

1d(,dG) 1 d
u(r,¢)=G(r)H(g) = Edr(r drj_ Hsing d¢

2
er C2;+2rd—G kG, 1 a S|n¢— +kH =0
dr dr sing d¢ dg

:

‘”7

HE

—_—




: 12.10 Laplace’s Equation in Cylindrical and Spherical Coordinates.
Potential (R &XI8 3 #XHE0|AMS| 2HEEIA Y4, ZHIA)

,d?G . dG

1. r 2r — =kGel| 4] k =n(n+1)c+ SFAF
ar? I (Lt shh
, d°G dG ° °
r o +2rW_n(n +1)G=0 Euler-Caucy Eqaution (Section 2.5)




12.10 Laplace’s Equation In Cylindrical and Spherical Coordinates.
Potential (288 9 TEHEAQ] 2HERIA LA ZH4A)

2
1. 29 ?+2rd—G:kGoﬂ/ﬂ k =n(n+1)2} 3}A}.
dr dr
d°G . dG . .
o +2rW—n(n +1)G=0 Euler-Caucy Equation (Section 2.5)
a(a-1)+2a-n(n+1)=0 = a=n, -n-1 = G, (r)=r", Gn*(r):rnl+1
1 d{_. ,dH Sy = =
2. ———|sing— |+kH =00l 4] cosg = we} x| &-5}A},
b sing 90 o k00 cosg - we A k314
d_daw__Ggd i[(l—wz)d—"'}n(nﬂ)H:o
dg¢ dwdg dw dw dw
2
= (1—W2)(3W|_2| —2W(;—H+ n(n+1)H =0 Legendre’s Equation (Section 5.3)
w




® Fourier-Legendre 22| A}

* Interior Problem: Potential Within the Sphere S

u(r,¢)=gun(r,¢)=§Anr”Pn(cos¢) (r<R)

S&HOI A 2] Dirichlet =24 &

2n+1 f

'—.

Fourier - Legendre === &8 & = AR"=

2n+1
f cos sSin
=R I @)sin ¢d ¢

Exterior Problem: Potential Outside the Sphere S

u(rg)= P coss)  (r=R)

n=0

. B, = 2n+1R“”jf P (cos¢)sin ¢dg

n

HE > U(R,¢):§A1Rnpn(005¢):f(¢)

(w)dw Section 5.8 (7)




12,10 Laplace’s Equation in Cylindrical and Spherical Coordinates.
Potential (X EXtE N FEHEAM S| 2HERIA Y4 ZHIA)
m Ex. 1 Spherical Capacitor

9K S 1T E0| £ 24 ui2 Y8 1 SH|o| U 9l 9Ro| HHES Rotet & urp
S Mol olotol B2 £0= Ralw|o] 9ln, YAFO| ¥RE 1102ER QXL OlH%LS HX

Y B

o o .o (110 (0<p<z/2)
oA BAHxA2 f(¢)_{ 0 (r/2<¢p<n)
L 110 volts
7/2 !
A - 2n +lollojpn(cos¢)sin¢d¢= 2n2+1-110_[Pn(W)dW
0 0
B e M WO
_55(2n+1)m:0( 1) an!(n_m)!(n—Zm)!!W w
C552n+) & (2n—2m)
== mz=‘6( 1) mi(n—m)(n—2m+1)

s e HEA u(r,¢)=55+%Srﬁ(cos¢)—%%r3P3(cos¢)+---

SO 2R HEA u(r,¢)=$+;ir25a(cos¢)—zT8EP3(cos¢)+---




: 12.10 Laplace’s Equation in Cylindrical and Spherical Coordinates. \
Potential (R 8XtE 3 7EHE0AS] 222 Y4 ZHA)

PROBLEM SET 12.10

HW: 1, 11
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m Ex. 1 Semi-Infinite String (Bt5¢F &)

Che FAS M2 EHYEO| B9 mx)E Totat 70
1_
(i) 82 XSO0l x=001 Al oDt x= A0l HXIoH ACLEHR S &) | 5
T T
(ii)AI2F t>00AE B2 2% B2 ST 22 HACR 2S3I0H -1F
sint (0<t<2x)
wo)= f(t):{ 0 (0 el 2<)
(iii) =8 t > 001l CHSHO4 lim w(x,t)=00]C} °
X—>00
=2 Foo] 71 o2 UE = GX|EL O BEE2 1 2EE £0| x=2| M XoM =
19 Es HE(EES FAY = As)S LHEHH Ao|Ct
2 2
meuma IV 20w 2 T
ot? OX? D
Z2H &2 w(ot)=f(t), limw(xt)=0  (t>0)
X—>0

I E2H w(x0)=0, w(x,0)=0




12.11 Solution of PDEs by Laplace Transforms
(222 HErof| ojpt Po|2Y7E 42| )

toll 25101 2tE2tA HE = B{—}=52£{w}—sw(x,o)_wt(x,o)=cz B{a_‘;"}

o’w| T ¢ 0w o* 7 o o
B{W}:ge st = dt = v _([e Stw(x,t)dtzyﬁ{w(x,t)} = SZB{W}:CZFB{W(x,t)}

2 2 _
Wogh) > sW-ctC% = IW _Sw-0 = W(xs)=Alsk” +B(sk ¢

W(0,5)= 20,0} = £{F ()} = F(5) limW (x.5)= lim o w(x,thit = [e* lim w(x,thit =0

X—>00

= limW(x,5)=A(s)=0, W(0,s)=A(s)+B(s)=F(s)

X—>00

S W(xs)=F(s)e 7




S — —_

® Unit Step Function(TH| A THet)2| 2tECtA HEt

. . iy . 0 (t<a)
 Unit step function or Heaviside function: u(t —a):
1 (t>a)
. CEQIFTHEtao| BHERLA WS : Llu(t—a))= e; Prove!
A
wlt—a)
: ]
>
a f

® Second Shifting Theorem (X| 20|37 2|), Time Shifting (t-0|-3)

L(ft)=F(s) = £(f(t-aut-a)=e>F(s) f(t-aut-a)=Le>F(s)




12.11 Solution of PDEs by Laplace Transforms
(2HE22 e 2T Po| Y42 )

2 2
toll 2t5t0f 2tEctA B8 = B{a—w}=32£{w}—sw(x,o)_wt(x,o)=cz B{a_‘;"}

ot X
L1 oW je . azwdt: l Te‘“w(x,t)dt:iﬁ{w(x,t)} = SZE{W}zcziB{W(X,t)}
ox) g X ox’ ox? ox?
2 2 2
W=ewl = sw=c22W aa_"zv SW=0 = W(xs)=Ask’ +B(sk ¢
X x> ¢

W(0,5)= 20,0} = £{F ()} = F(5) limW (x.5)= lim o w(x,thit = [e* lim w(x,thit =0

—>0

= limW(x,5)=A(s)=0, W(0,s)=A(s)+B(s)=F(s)

X—>00 =0
—SX
_ = N
..W(x,s):F(s)e v (t—27)c<x<ct - 2n)l\/ 2me
. X X X (r=4mnl 7N
B = w(xt)= f(t——) [t_§j= sm(t—zj (E<t<g+27’) NS
N o Qe @) oon N

—



~

! 12.11 Solution of PDEs by Laplace Transforms
(EHEStA HErof 2T Mo|& 'z'!%’-‘l-l 5H)

PROBLEM SET 12.11

HW: 8




