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Ch. 13 Complex Numbers and Functions
(HA5et HAES)

o L|E SAFe SAEMHN MO 7[5t 7Y,
Cauchy Riemann 2 A0 2Tt 514 -d0] CHet AAE,
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® Complex Numbers (54): &4 x )o| =M¥ z =(x )) = x+1y

X

* Real Part (& &): x=Re ~
- Imaginary Part (6¢{&): y=Im z
- Imaginary Unit (5{=%F)): /= (0, 1)

 Pure Imaginary (&6{%): z = iy (x = 0)

® Addition, Subtraction, Multiplication, Division

- Addition: (x, +iy, )+ (x, +iy,)=(x +x,)+i(y, +y,)
» Multiplication: (x, +iy,)- (%, +iy,)= (%X, = y,¥,)+i(%Y, +%,Y,)

« Subtraction: (x1 + iyl)— (X2 + iy2)= (Xl - X2)+ i(y1 - y2)

. Division: X+ ?yl — (Xl + ?yl)(xz _i_yz) — Xlxi + ylZIZ +i X2y21 _ X1>2/2
X, Ty, (Xz 1y, )(Xz - 'yz) X2 Y, X2 Y,




a

13.1 Complex Numbers. Complex Plane
(250t HAH)

B Ex. 1, 2 Sum, Product, Difference and Quotient of Complex Numbers
z1 = 8+3/, 2z =9-2/ .




13.1 Complex Numbers. Complex Plane
(250 HAUH)

B Ex. 1, 2 Sum, Product, Difference and Quotient of Complex Numbers
z1 = 8+3/, 2z =9-2/ .

z+2z, = 17+ z;-2z, = -1+5/, zyz, = 78+11} z/z = 66/85+(43/85)/




13.1 Complex Numbers. Complex Plane
(250 HAUH)

® Complex Plane (22 EHH): EA+E HHAO Moz V|5t o 2 HA|H A
(Imaginary y
axis)
y L=
P x
z=x+1y
1 —
| (Real
© 1 x axis)
Fig. 215, The complex plane Fig. 216, The number 4 — 3i in

the complex plane

I
e
~z,

Fig. 317, Addition of complex numbers Fig. 318, Subtraction of complex numbers




13.1 Complex Numbers. Complex Plane
(F2sl FAYH)

® Complex Conjugate Number (S8 52 )

y
Z=X—Iy: Z=X+iy o ZoHEAL 2 z=x+iy=5+2i
¢ |
5  x
-2 Z=x—-iy=5-2i
Rez=x=>(z+2) mz=y=—

* \4{t4,)=2,+1,,

PR — Z -
2 2

m Ex. 3 Complex Conjugate Numbers
z1 = 4+3/ 2z = 2+5/

—
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13.1 Complex Numbers. Complex Plane
(F2el SAWYH)

PROBLEM SET 13.1

HW: 2




: . . Imagi
® Polar Form (2 Al): z=X+1y = r(COS(9+|S|n 9) mzf}'i!aw
P .
- Absolute value or modulus (EC{Zf EE= A7)): yp——————————: pz=x+iy
— |
Z]=r=\x+y? =+zz W\ |
(] | _
- Argument (FHZ): fd=argz= arctan% o° »i 1 Eﬁ:'
- Principal Value (£3Z}): Argz:argz9 54k, -7 <Argz<~x
- Triangle Inequality: ‘21 + Zz‘ < ‘21‘ + ‘Zz‘
. . . Y z; tz
* Generalized Triangle Inequality: . 17 %2
2
Z,+2,++2,|<|z|+|z,|++]z, Z
O




® Multiplication and Division in Polar Form (@Al A{2| F4dl 1} Li4l)
z, =r,(cos @, +isin 6,), z,=r,(cos@, +isin 6,)

- Multiplication: z, -z, =r,r,[cos(d, + 8,)+isin(6, +6,)]

- Division: 2 ="[cos(g, - 8,)+isin(6,-6,)]
ZZ rZ
Z
4 :‘1‘, argi:argzl—argz2
2 ‘Zz Z,

[r(cos @ +isin O)]' = r"(cosn@+isin no)
+ De Moivre's Formula (cos @ +isin )" =cosné+isin né@

c0s26 = cos’ §—sin’ @, sin20 =2cosfsind  Prove!




13.2 Polar Form of Complex Numbers.
Powers and Roots (84 %2 284 AEHZ1 2)

® Roots (2)

- nth Root (n H|22): z=W"2

M:W(cos

= 4| - |
Dl_l-__ll_ol-t w s

0+ 2k
n

0+ 2k
n

+isin

- nth roots of unity (St n HlZ2): 11

n
St mWX|™MO| 10 QoA CH Qo) LIS n7lo] BE
y y
a
el I AN

2k . .
=COS——+I1SIn——,

j, (k=0, 1, -, n—l) Prove!

2k7Z' (k .
n
JHel Frteteol 2

—=4

ol

n=>5

®
P ~N
w2 \
Q// \
/ | \
I
1 X
J
/
7
w*

0,1 - n-1)

NE=
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/13.2 Polar Form of Complex Numbers.
Powers and Roots (8242| 3¥4. HExZ1t 2)

PROBLEM SET 13.2

HW: 26 (a), (b), (c), 35




—
-

® Circles and Disks. Half-Planes (&1} &l

r.la

g )

- Unit Circle (TH2l): ‘z‘ =

- Open Circular Disk (8% TH: [z—al<p Unit circle
- Closed Circular Disk (2%l 913h): [z—-a/<p |
~£

a

* Neighborhood (Z4}): \Z—a\<,0 ol dz| lut

- Open Annulus (g2l ). p <\Z —a\ < P, x
Circle in the

- Closed Annulus (23l 28): p, <[z—a|<p, complex plane

- (Open)Upper Half-Plane ((gzl)AtdtEH): > 001 H=9| &gt »
)

. ol M=o| XIS P,
-J/<0._| =2 oY \%’
~1

- Right Half-Plane (RHIEM): x > 001 HE9| Zlgt ’

- Lower Half-Plane (6}di=H

X

o
- Left Half-Plane (Z}dtd™

X
\V4
o
ro
o
m|n
10
12}
9_}

Annulus in the
complex plane




® For Reference: Concepts on Sets in the Complex Plane

S
(BATYHOIM Heta g

o

£l 52 7hx] 7H'E)
. Point Set (MZ%): 93t £ 230 B MEOo| Ty
- Open (EFICH: el 2= HO| =X g &) U= T
JRD e
- Connected (HZE|QICH: Tto| Ol & HE Tt 43t HEZT 0|2
S stsk ME29| Broken Line(IfM)S 2 0| A IIf

- Domain (2%): Open Connected Set (Z2l HAZAZXEH
- Complement (O 8): Zeof $81%| b= =

- Boundary point (ZA|H): ol ZE ZHt0| ETHo| &£5t=

- Boundary (ZA#]): 2 £ ZAF

- Region (Z<): Domainl} 19| AAHe| A& c= MEQ]
~ Domain




® Complex Function (S28s): S TR 449 AA0|M Q| 2=£(0]2t
=t|s S22 wE X8 F= 3

Il
c
—~~
2

<
~
+
=
—~~
X
<

w= f(z)

r
:|z
N

- Complex Variable (524
- Domain (H9o|H):. EA L0 Xt §

- Range (X|9): gt 2= gfo et

m Ex. 1 Function of a Complex Variable (B AtHZ=9| Stx)

W= f(Z)= 22432 Find vand vand calculate the value of fat z=1+3; ——=




® Complex Function (54 gt): S g9
CEI
w= f(z)

- Complex Variable (8§ At

Il
c
—~~
2
<
~
+
<
—~~
X
<

T):

« Domain (®d9|d¥): EAH09]

N

- Range (] 2}): 40

m Ex. 1 Function of a Complex Variable (B AtHZ=9| Stx)

W= f(Z)= 22432 Find vand vand calculate the value of fat z=1+3; ——=

U=Ref(z)=x*—y*+3x, v=2xy+3y

f(1+3i)=(1+3i) +301+3i)=1-9+6i +3+9i =—5+15i




® Limit, Continuity, Derivative (&8, =, £gh)

o lim f(z)=

721,

e FF f(2PF 2,0 FHelA AolHar, 2ol 2 BE zoll tial f ghol le] A

s 40| Z20l= TR
Az et gk x7}
) 2 DY 5 AKX,

« Continuity: 3= f(z)7} z=29014 9% < f(zPF A= lim f(z)= f(z, oI T}

2124

. f Az)— f :
- Derivative: f'(z))= A'!rﬂo (& + AZZ) o) N ZIETZ] -1
0 %0




m Ex. 3 Differentiability. Derivative (0| &7}s54. E8H%)

The function 2)=2 is differentiable for all zand has the derivative f(2)=2z —

2 2 2 2 2
(2)= tim EHA2) =28y 22202+ (00) — 2 i g 4 (a2 ) 22
Az—0 AZ Az—0 AZ Az—0

® Differentiation Rules (O] & 11 %)

o (cf)y=cf', (f+g)="f+g', (fg)="f'g+fg' (é]:fgg——zfg

C AMRHT AFAF 71 (@) =nzol 4

o T2t Z,M A DIZIHS012 7,0 A S 0(CH




13.3 Derivative. Analytic Function
(=g} 8l A ')

m Ex. 4 Not Differentiable

f(z)=z=x-iy .
f(z+Az)-f(z) (z+Az)-z Az Ax—iAy [1 Ay=0
Az N Az Az _Ax+iAy_ -1 Ax=0

R —
« M

rol

2 oHet z0lM = EMotKl E=C

y




® Analytic Functions (o] A1&t=%x)

A

- Analytic (M H): 27t Ho[Ho| Z= HOM Folx/1 O|=7tsE W

« Analytic Functions: HO|H0j| A of{ A A Ol F

AL
= - O T

m Ex. 5 Polynomials, Rational Functions (C}2t4]. |{2|gt=)

A% ATAF 1, 2, 22, 2 A BaGEAA A4 Hol}

= T f(z)=c,+Cz+C,2% +---+C 2" = a4 Z o]},

= 2] ¥~ (Rational Function) f(z):ﬁ (g(z), h(z}t— t} k2

h(z)

(h(z) =021 7 =] 2])




13.3 Derivative. Analytic Function
(=2} 8l A ')

PROBLEM SET 13.3

HW: 15, 17, 22




® Cauchy-Riemann Equation: U, =

® Cauchy-Riemann Equation
f(z)=u(x,y)+iv(x,y) 7} 8t & z=x+iy O Ojt 2HIO|A HO||n G<0|H
C}.

O] 2 7}-s 5t
— 1 ™A vt vo| 1A et~ =S|I Cauchy-Riemann HZ A S 0=

1K
rot

« f'(z)=u, +iv, =—iu, +v, Prove!

® Cauchy-Riemann Equation

AW xH yel 7 Agilts T

o] o| A Cauchy —Riemann -4 24]-& THS A
= I B23E f(z)=u(xy)+iv(xy)ye 314 ot}




13.4 Cauchy-Riemann Equations.
Laplace’s Equation

m Ex. 2 Cauchy-Riemann Equations. Exponential Function (X|3%t)

f(z)=u(x,y)+iv(x,y)=e*(cosy+isiny) analytic? o




13.4 Cauchy-Riemann Equations.
Laplace’s Equation

m Ex. 2 Cauchy-Riemann Equations. Exponential Function (X|3%t)

f(z)=u(x, y)+iv(x,y)=e*(cosy +isiny) analytic? o

u=e*cosy, v=e*siny
= UX :ex Cosy, Vy :eX Cosy’ uy :_exsiny’ VX :exsiny
—  Cauchy-Riemann g 2]-& "=

— ( = 2E zolA elX Aol




13.4 Cauchy-Riemann Equations.
Laplace’s Equation

m Ex. 3 An Analytic Function of Constant Absolute Value Is Constant

f2) is analytic in a domain D and |{2)|=k=const in D, then A2=constin D. ——




m Ex. 3 An Analytic Function of Constant Absolute Value Is Constant

f2) is analytic in a domain D and |{2)|=k=const in D, then A2=constin D. ——

f(2)=k=4F = [f| =u+iv =u?+v2=k?
m A8 = uu +v, =0, uu, +vv, =0
Cauchy - Riemann 42 #-&

= uu,—vu, =0, uu, +vu, =0

= (u¥+v?l, =0, (¥ +v2l, =0

(i) kK=u’+v*=0 = u=v=0 = f=0
(i) kK?=u*+v’%0 = u,=u,=0 = u=74F

Cauchy - Riemann A2 4 -&




® Laplace’s Equation

H44 & 0l Ct

0

f(z)=u(x y)+iv(x,y)Pt H2l< DOl A

JIJ
AK
(I
<k
o0
H
ol

oJ

4dr
&l

10

Kir

ol

Lt

H

® Harmonic function: 30l 0| |

® Conjugate harmonic function (

Cauchy-Riemann

L
—

F

DO A o] A =sleta2t 2.

=
=

IC}. O] O v




13.4 Cauchy-Riemann Equations.
Laplace’s Equation

m Ex. 4 How to Find a Harmonic Conjugate Function by
the Cauchy-Riemann Equations

Verify that u=x2-)2-y is harmonic in the whole complex plane

and find a harmonic conjugate function v of w.




m Ex. 4 How to Find a Harmonic Conjugate Function by
the Cauchy-Riemann Equations

Verify that u=x2-)2-y is harmonic in the whole complex plane

and find a harmonic conjugate function v of w.

-2y-1 = u,=2, u,=-2 = Vu=0

c
Il
N
2
c
Il

V,=U,=2X, V,=-U,=2y+l = v=2xy+h(x)

= VX:2y+@:2y+1 = @:1 = h=Xx+c
dx dx

SV =2Xy+X+C

f(z)=u+iv=x>—y?—y+i(2xy+x+c)=z> +iz+ic




13.4 Cauchy-Riemann Equations.
Laplace’s Equation

PROBLEM SET 13.4

HW: 11, 23, 27




® Exponential Function (24 X|$8$): e =expz=e*(cosy +isin y)

xOl CHot0de” =e* (-y=0 = cosy=1 siny=0)

iz
1>
Il

Le'2 A s=gsetl HHAHE 2 EO0IL

® Further Properties

- e'2 A g2 = z0l CHot O off & A 2l

ol

F )01 Ck
.+ et —ghe 50| e’=e'e” = eY=cosy+isiny(22E2) Prove!

* EAL02HA z=r(cosh+isind)=re’ = e =1




13.5 Exponential Function (X|$8<)

® Periodicity: %" =g’
Lw=edt JIHE =A== g2 F 2702 =F 0 etoll A = Ch
2 A HAFundament al Region) : w=e’2] 2 = gt0| 2tE= 28t [
y
T
X
————t- .

m Ex. 1 Function Values. Solution of Equations.

e’ =3+4i




—_ e —
~ 7~ —~ — ~ — %

= — —_— / —

—_— —

_—_— T - & ¥ A A B A J B AR 1L _ A = e .S

Z+27

® Periodicity: e —e

Lw=e dl JFE &= A

z

C
Jl 2 d HFundamental Region) : w=e’2l 2= gt0| Bt== £t [

y

b/

-

m Ex. 1 Function Values. Solution of Equations.

e’ =3+4i
e‘|l=e"=5 = x=1In5=1.609
e*=5 e*cosy=3, e*siny=4 = cosy=0.6,

. 2=1.609+0.927i +2n7i (n=0,1, 2, --)

siny=0.8 = y=0.927




13.5 Exponential Function (X| %)

PROBLEM SET 13.5

HW: 15, 22




13.6 Trigonometric and Hyperbolic
Functions (af4g2t 34 <)

® Definitions _ o
e” =cosy+isiny

1 iz —iz : _i iz 4-iz
cosz=§(e +€ ), smz—zl(e € )

sinz C0SZ 1 1
tanz=——, cotz=——, SseCz=——, CSCZ=——
COSzZ sinz C0SZ sinz

® Properties

cosz®l sinze= A XS0 CE

tan z2} secz= cosz =001 A

[}
cotz®@ cscz= sinz=001 &

[ ]
—_
()
o
wn
N
N—
Il
|
@,
>
~.N
@,
-
N
N—
Il
(@)
(@]
wn
-N
—+
QD
=)
N
N—
Il
wn
D
(@)
N

e =cosz+isinz

—



13.6 Trigonometric and Hyperbolic
Functions (4 &2} ‘454 &)

m Ex. 1 Real and Imaginary Parts. Absolute Value. Periodicity

c0Sz =cosxcoshy —isinxsinhy

sinz =sinxcoshy +icosxsinhy
2 .
cosz|” =cos’ x+sinh” y

sin 2\2 =sin® x +sinh?y

coshz :%(eZ +e‘Z), sinh z =%(eZ —e‘z)

sinhz coth _ coshz

coshz’ sinhz’

tanh z =

cschz =

sechz = : -
coshz sinhz




13.6 Trigonometric and Hyperbolic
Functions (af4g2t 34 <)

m Ex. 1 Real and Imaginary Parts. Absolute Value. Periodicity J

c0Sz =cosxcoshy —isinxsinhy

sinz =sinxcoshy +icosxsinhy COShZ=£(eZ+e_Z) SinhZ=£(eZ—e_Z)
2 ’ 2
2 . .
cosz|” =cos’ x+sinh” y anpp o SINZ . coshz
, coshz’ sinhz’
: L2 )
sinz|” =sin” x+sinh 1
‘ ‘ y sechz = , cschz=—
coshz sinhz
cos z = (e S +1y) + e z(*r:+zy))

1
AL
=S¢ Y(cos x + i sinx) + 5e¥(cos x — isinx)

l(»5* + e Y cosx — —F(E‘ — ¢ Yysinx

—




13.6 Trigonometric and Hyperbolic
Functions (&4 &2} ‘454 &)

m Ex. 2 Solutions of Equations. Zeros of cos zand sin z

Solve COS Z =5 (which has no real solution!)




13.6 Trigonometric and Hyperbolic
Functions (af4g2t 34 <)

m Ex. 2 Solutions of Equations. Zeros of cos zand sin z

Solve COS Z =5 (which has no real solution!) .

cosz=5
- %(eiZ +e“z): 5

— e _-10e"+1=0

— e?=¢ V™" =5+,/25-1=9.8999} 0.101
;. e7=9899 ¥+ 0101 e*=1

= y=12.292 Xx=2nrx
sz=22n7+2292 (n=0,1, 2, )




13.6 Trigonometric and Hyperbolic
Functions (of 22t @54 B<)
® General Formulas
. cos(z, £z,)=cosz,cosz, Fsinzsinz,, sin(z, +z,)=sinz cosz, +cosz,sin z,
« cos’z+sin’z=1

® Hyperbolic Functions (=M g4)

Lot o) cinhy o L(az oz
coshz:a(e +e ) S|nhz—2(e e )

tanh z = sinh z . cothz= c?shz . sechz= 1 . cschz=—
coshz sinh z coshz sinh z
® Formulas

« (coshz)=sinhz, (sinh z)=coshz

« BAAIZISIAQL WM SkAO| ;A COshiz=cosz, sinhiz=isinz
cosiz =coshz, siniz =isinh z

M2 2B 4350 A HEjo] 2A3S0ME M2 SO E.




13.6 Trigonometric and Hyperbolic
Functions (&Z}&+2t B34 8<)

PROBLEM SET 13.6

HW: 16, 17




=re’ = e'=r, v=

u+iv

® Natural Logarithm (X} 2 1): X|$8t40| Asts2 F O (W:Inz (z#20) & e" :z)

Z=e" =e ¢ = u=Inr . w=Inz=u+iv=Inr+ié

® Principal Value (FZ}): Lnz :In‘z‘+iArgz =Inr+ié
Inz=Lnzx2na=Inr+i(0+2nr)

® XtHE10f CHok 2hA 4

e In(z,z,)=Inz, +Inz,

Z
o In[—lj =Inz,-Inz,
22

. Ln(zz,)#Lnz +Lnz,

mz=2=-1 = Lnz=Lnz,=741 = Ln(zz,)=Ln1=0, Lnz +Lnz,=2x
. Ln(z,z,)#Lnz, +Lnz,




13.7 Logarithm. General Power
(2. 2 ASH =)
® Analyticity of the Lagarithm (22| 5j A1)

« 2= n=0, £1, £2, --.0fl ot = d&+== 0t S2 == Mgt S0A oH<H0ICH,

rn

+ (Inz)= (22 0 =& 89 847} of)
Inz=Inr+i(0+2nr) =%In(x2 +y2)+ i(arctanlian;zj
X




)
('

® Analyticity of the Lagarithm (22| s{ A1)
= 0t 2o A== Hest UM oiH&XHOICH.

0[0

2 +1, £2, ---0l CHot =& =+

n=_0,
_1
Z

rn

0 E£ SO M7} ot)

rir

(z

°
L —
-
N
N’

Inz=Inr+i(0+2nr) :%In(x2 +y2)+ i(arctaninnnj
X

T SV
oxr+yt ) 1+ (ylx)°

y 1 y
U =—/7—-—"-—5=-V, = .
Coxteyt T Ly ( j
: : X : 1 y X—iy 1
InNz) =u, +1IV, = ————+1 -2 = 7 _=
( ) X X X2+y2 1+(y/X)2 ( ij X2+y2 7




® Analyticity of the Lagarithm (22| sjjA1/d)

o

rn

- 2

1
« (In )'=; (z= 0 E= 22| 27} Otd)

—

N

n=0, £1, £2, --.0fl ot = 1&=+== 0t S2 == Mg S0lA oHAH0ICH.

F

[ot

* Branch (7I%]): £obvljel B2 21 o=

« Branch Cut (7}X|™EH: 29| A=

* Principal Branch (F7}X|): n =0 @l 7}X]




13.7 Logarithm. General Power
(2. i HEH=)

® General Power (2t ASHZ)

2° =" (ccomplex, z#0) a’=e”" (acomplesnumber)

- Principal Value (F3g}): z° =e°-"*

m Ex. 3 General Power

i, @iy o




® General Power (Y4t ASXH|2)

C clnz Z zlna

2°=e" (ccomplex, z=0) a’=e"™ (acomplesnumber)

- Principal Value (F3g}): z° =e°-"*

m Ex. 3 General Power
- - \2—i
i, (L+i) .

e Lnz=Inz|+iArgz=Inr+i6
i = e = expli Ini)=exp{i(§ii2nﬂiﬂ:e 2

Inz=Lnz+2nad=Inr+i(6+2nrx)




® General Power (Y4t ASXH|2)

C clnz Z

2°=e" (ccomplex, z=0) a’=e"™ (acomplesnumber)

- Principal Value (F3}): z° = e

m Ex. 3 General Power

iY, (L+i) y
Lnz=Inz|+iArgz=Inr+i6

i' =" =expli Ini)=exp{i 7 i2n7ziﬂ —e 2 " _ _
2 Inz=Lnz+2nxa=Inr+i(6+2nx)

(1+i)" =exp[(2—i)In(1+i

N—

::exp{(Z—i){ln\/E+%m' iZnMH

_es " sin[1 In 2) +i cos(l In 2)
2 2




/ 13.7 Logarithm. General Power
(2. e HEHF)

PROBLEM SET 13.7

HW: 17, 30 (a), (f)




