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® Line Integral ((

- Path of Integration (B2 Z=2): C: z(t)=x(t)+iy(t) (a<t<b)
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14.1 Line Integral in the Complex Plane
HL2PYA AL MHE)
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M52 Holo oo HYHOE Liet.

1. Linearity (M%) j[k f(2)+k, f,(2)z=k [ f,(z)dz+k, [ f,(z )z
c C

2. _Z[ f(z)dz :—]9 f(z)dz

Z

3. Partitioning of Path (A2 £§): .[ th = I f(z)dz + _[ f(z)jz
C C, c,




ol
Hr

ol

-

Hr

A
(i

= =
ol
| T

Simple Closed Curve (Th= T

e He=dZ2no UK T,

&

W Ex. Circular Disk(

- Indefinite Integration of Analytic Functions (5l A

H/\—|I-|
—

0

S DL Ol A

2
=

A
T'__Oil

=

(2) :

DU Ol F'(z)=f(2)2

f

2= F@zPt =M

100
X
iT)
JJ
e}

Kir

—t

—DUS & & 7,9 7




14.1 Line Integral in the Complex Plane
(RL2YAAML] HEE)

1+i 1 1+i
nex 1 [22dz=27°
) 3

mEx. 4 j'i%ani—Ln(—i):i—ﬁ—(—i—”):iﬂ

Lnz =Injz|+iArgz=Inr+id

Inz=Lnzx2na =Inr+i(0£2nr)
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- Integration by the Use of the Path (AZE A%t HE)
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[1(ap { f[2(0k()dt (z _ %j
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14.1 Line Integral in the Complex Plane
(FLYAA L] HEE)

m Ex. 5 A Basic Result: Integral of 1/z Around the Unit Circle

We show that by integrating 1/z counterclockwise around the unit circle

(the circle of radius 1 and center 0) we obtain dz ]

— =27 J
V4
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14.1 Line Integral in the Complex Plane
(F2PH AL M E)
m Ex. 5 A Basic Result: Integral of 1/z Around the Unit Circle

We show that by integrating 1/z counterclockwise around the unit circle

(the circle of radius 1 and center 0) we obtain dz ]

— =27 J
V4

C

A EHRI2 C:z(t)=cost+isint=e" (0<t<2r)

B, 2(t)=ie"

1 it
c. )= 20 e

d 27 27
D. §—Z= [etie"dt =i [dt =24
C z 0 0




14.1 Line Integral in the Complex Plane
(FLYAA L] HEE)

B Ex. 6 Integral of 1/z” with Integer Power m (44 AHSH&2 Z&dl= M)

Let A2)=(zz,)” where mis the integer and z, a constant. Integrate
counterclockwise around the circle C of radius p with center at z, J




—~

» ey » - . - B e . B A

F o

g

B Ex. 6 Integral of 1/z7 with Integer Power m (4 HEH &2 =86

Let A2)=(zz,)" where m is the integer and z, a constant. Integrate

counterclockwise around the circle C of radius p with center at z,

2(t) =z, + p(cost +isint) =z, + pe" (0<t<2r)
= (z-z,)" =p"e™, dz=ipe"dt
f(z— z,)"dz
Cc
2z _
_ ipm+1 J‘el(m+1)tdt

2z 2z
= ipm”{jcos(m +1)tdt + i jsin(m +1)tdt
0 0

_ {Zni (m=-1)
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® Dependence on Path (ZE 2|&EA)

gdetdoz SAMNE2 d2o T o= # oL,

— — — o [ = -

=
B22| 7|otety g0 = o &Y.

1 "1 -0

m Ex. 7 Integral of a Nonanalytic Fucntion. Dependence on Path

Integrate 7 (2)=Rez=x from 0 to 1+2/ (a) along *, (b) along C consisting of

G and C.

2+ z=1+2i

C*
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® Dependence on Path (ZE 2|&EA)

gdetdoz SAMNE2 d2o T o= # oL,

—

B29| 7oty w0 o[ETtrt.
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m Ex. 7 Integral of a Nonanalytic Fucntion. Dependence on Path

Integrate 7 (2)=Rez=x from 0 to 1+2/ (a) along *, (b) along C consisting of

G and C.
(@) C*: z(t)=t+2it (0O<t<1)
d)=1+2i, F[2(0)]= x(t)=t ¢
1 2 -
S Cj*Rezdz=£t(1+2i)jt=%(1+2i)=%+i
(b) C.:z(t)=t (0<t<1) = 2(t)=1 f(z(t))=x({t)=t o
C,:z(t)=1+it (0<t<2) = 2(t)=i, f(z(t))=x(t)=1
G

z=1+2i




14.1 Line Integral in the Complex Plane
(F2YHO M| MEE)
® Bounds for Integrals (H238t4|Z}). ML HEAl
({f(z)dz

L:CO 20, M:CRIS BE ROIA|f(zj<MS =5t &%

<ML (MLE S 4)

m Ex. 8 Estimation of an Integral

Find an upper bound for the absolute value of the integral

jzzdz C the straight-line segment from 0 to 1+/ °
C
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® Bounds for Integrals (M28tA|4}). ML BSA

CI: f(z)dz

<ML (MLE S 4)
L:C2 20, M:CRIYR2E RUAM|f(z)<MS 2=t &=

m Ex. 8 Estimation of an Integral

Find an upper bound for the absolute value of the integral

Izzdz C the straight-line segment from 0 to 1+/
C

Sa e =

L=v2, |f(2)=]?<2 T

— j 7%dz| < 24/2 =2.8284
C
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14.1 Line Integral in the Complex Plane
(F2YH AL MEE)

PROBLEM SET 14.1

HW: 28, 34 (b)




14.2 Cauchy’s Integral Theorem
(Cauchy2| X £°32|)

® Simple Closed Path (St= 2ol AR): AAZ WXISHAL HHSHA| U= ol A2
mEx 2 B Bol dEO[X[T 8AtY w42 the Bl B27F OfL|Ct.
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Simple Simple Not simple Not simple




® JHoj cist H2

» Simply Connected Domain (tt=HZdHA):
Aol B the Hol 3271 2% Yol HET SMe Ae B9

mEx 9, E}Q L O3t Cha TH3| ZMO| LY

« Multiply Connected (C}5HZ): A AL X 42 A

m Ex. Annulus (2tH)
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Simply Simply Doubly Triply
connected connected connected connected




| ot 2lo| Lyof

Of S a2l

A

® Bounded Domain (84| EHA):

® p-fold Connected (p-ZHZ)
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® Cauchy’s Integral Theorem
f(zPF =2 H oY DUIA oA =01 H

=2 =gl
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m Ex. 1 No Singularities (Entire Functions)(§0|™d=0| ¢

e’, cosz, 72" AT (ET zol diF] slA A<
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§ezdz:0, fcoszdz=0, ifz”dzzo (n=0, 1, --)
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m Ex. 2 Singularities Outside the Contour (22fM

Ll
C: &
T 3T 1 _ -
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2 2 C0OSZ
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j:seczdz 0, j: =0
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m Ex. 3 Nonanalytic Function (H|5{A{ % Ql gt<)
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§Edz=2f e lieldt =27 (C:z(t)=e" (0<t<27))
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® Independence of Path (
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® Principle of Deformation of Path (A 2H
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® Existence of Indefinite Integral (X &22| =xd)
D: T d 949

f(z): DA A4
= DollA XA o)a F'(z)=f(2)& W3t f(z)2] A&

® Cauchy’s Integral Theorem for Multiply Connected Domains
(CHSAZ S4H0| CHet Cauchyo| )

D:gtZ ZH=ECU AZ FAHA=HC,ER=0SHE2ES
D*:De BAHSLHES ESot=Z 22 S

f(z): D*LHOIl Al ol & &

;ff(z)dz:jf(z)j
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14.2 Cauchy’s Integral Theorem
(Cauchy?| X £’g2|)

PROBLEM SET 14.2

HW: 16, 23




® Cauchy’s Integral Formula

D:H=3HZ 3 o %
f(z): DOIl Al ot &4 X c
C:822F z,E scIMIL U= DRI P2 t= el =54
: 1, f(z) - -
B A R T I dz (B2 @Ere UhAIH 2atolC
iz . z = 27if (z,) (z,) 27ziiz—zo z ( | A | Ck)

m Ex. 1 Cauchy’s Integral Formula

YA
2, =22 SeIMNE 220 RBHH 0| TH5H0] e—2d2= 27ie?| = 2ie? = 46,4268
Z— 2=

m Ex. 2 Cauchy’s Integral Formula




® Cauchy’s Integral Formula

D:H=&E I o %
f(z): DOIl Al ot &4 X c

C:2olo|E 7,2 S M U= DOl Yojolcha 25l 2

§%d2=2ﬂif(zo), f(zo)zziﬂi§ f(Z)

m Ex. 1 Cauchy’s Integral Formula

— 27ie® = 46.4268
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m Ex. 2 Cauchy’s Integral Formula
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14.3 Cauchy’s Integral Formula
(Cauchy2| X E&4)

® Multiply Connected Domains (C}5¢HZ HH)
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14.3 Cauchy’s Integral Formula
(Cauchy?| X EZ4|)

PROBLEM SET 14.3

HW: 14, 18




14.4 Derivatives of Analytic Functions
(CHM &2 =§<F)
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/ 14.4 Derivatives of Analytic Functions
(GHA g2 =)

PROBLEM SET 14.4

HW: 12




