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Ch. 16 Laurent Series, Residue Integration
(Laurent 2. 5 E)
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® Laurent 22| C}

f(2)= ioan(z—zo)”, . (Zf(zz’;) dz* (1=0, +1, 42, --)

m Ex. 1 Use of Maclaurin Series

Find the Laurent series of zsinz with center O. o
z‘5sinz=zﬂzz”‘4: 14— 12+ - PLI (2| >0)

& (2n+1) z* 6z° 120 5040
P B AR ANG A 2w




m Ex. 2 Substitution (CH2))

Find the Laurent series of Zel/Z with center 0.

Zze%=22(1+lli+ +---):22+z+£+i+ L
Z

2172 Az 4172 i

m Ex. 3 Development (F17|)

Develop 1/(1-2) (a) in nonnegative powers of z

(b) in negative powers of z




m Ex. 4 Laurent Expansions in Different Concentric Annuli
(M2 CHE SHEF0M2| Laurent FIH)

Find all Laurent series of 1/(2-2*) with center O.

1 = .1 1 1
—23_24:_EOZ 3:?+?+E+1+Z+ (O<‘Z‘<l)
1 Z"O 1 1 1
Z3—Z4:_=oZn+4:_?_?_.“ (JZ‘>1)




16.1 Laurent Series (Laurent &%)

m Ex. 5 Use of Partical Fractions (. 2&%2| 0| &)
. . -2 .
Find all Taylor and Laurent series of f(z)= Z¥3_\jith center 0.
723242




m Ex. 5 Use of Partical Fractions (225 49| 0| &)

Find all Taylor and Laurent series of f(z)= —22¥3 ith center 0.
2°—32+2
REREE RASHY f(1)=-—m—
z-1 z-2
1 . 1 1 = 1
—— 9] Laurent 95 b — = = z" z|<2
-2 e z-2 201-%1z) nZ:(;ZnH q ‘ )

< n—o0 Z
2| <1 f(z)=i(l+ 2n1+1jz”=g+—z+—zz+
n=0
o) _OO 1 “_OO 1 _E E =72 ..._E_i_...
1<‘Z‘<2 UH’ f(z)_gznﬂz ;Zn+l_2+4z+ Z + 7 22
‘Z‘>2%] uf, f(z):—i(Z” +1) n1+1 :_g_ 32_ 53_ 94 -

— Z z 1° 7° 1




16.1 Laurent Series (Laurent 2%)

PROBLEM SET 16.1

HW: 9, 16, 24 (c)
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16.2 Singularities and Zeros. Infinity
(H0| &1l BH. Fech)

m Ex. 1 Poles. Essential Singularities

1 3

g f(z)= + 2 z2=00014 He52 2,

2(z-2] (z-2)

z = 20]| A] HT7} 5 =& Z=t.
1 1
=1+=+ +... 3
nlz z 27°
Sin1=2 Clf 11,1 e -oldnunaseEe 2

z Z(2n+1)z2" 7z 3¢ 5




m Ex. 2 Behavior Near a Pole

® Poles (&)
f(zPt A0 D z=2,0lA 2SS JIXH U YUHO2 7 5 7, [[H\f(z){—moOIl}.
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m Ex. 3 Behavior Near an Essential Singularity




® Picard’s Theorem
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® Zeros of Analytic Functions (s} A
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m Ex. 4 Zeros
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® Taylor Series at a Zero (ZH™H| M2 HIYZ 2)
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16.2 Singularities and Zeros. Infinity
(F0|Eat B&. FECh)

® Analytic or Singular at Infinity (2 StCHO|A] SHA X 0| AHL} E0|$t &)

2 [0 THBHOI &4 f(A 2= 12 W=O9_IEU*O1I/df(z)_f(% _gwE EA
o gwpPlw=00ll A A < f(z)PF LSOOl A ol & =
. g(wP w=00I A S0IBHCH < f(z)0F SETHOI M S0I5HCH
« SERU0EN < g(0)=lm g(w)
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/ 16.2 Singularities and Zeros. Infinity
(H0| &2} H. FEHH)

PROBLEM SET 16.2

HW: 9, 18




o f(z)zian(z_zo)uzflzo +(Z_b220)2 e Ol A blzzimif(z)dzom.

® Residue (8%): z = 7,0 M2| 4= b, =Res f(2)

m Ex. 1 Evaluation of an Integral by Means of a Residue

Integrate the function A2)=z%sinz counterclockwise around the unit circle & ——

- 3
f)=nz_1_ 1,2 2, emap-—lot

74 73 37 5 7 3l
T dz = 27 = -2
2 Z 3




m Ex. 2 CAUTION! Use the Right Laurent Series!
Integrate {2 = 1/(z2-Z2) clockwise around the circle C |4=1/2.

22" =1-zP|BZ f(2)9] 5olH :z2=07 z=1
z=12 9 Co| ool EAstER a1 HsHA] B+
1 1

=+ 1 +1+1+z+---(0<\z\<1)01l1§ 7 =0o14¢] H4+ 10|t}
22—z 72 7 2

%dz:—zm Res f(z) =24
AR 2=

CAUTION!
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® Formulas for Residues (50| CHot S 4l)

- Simple Poles (tt==
() 84 Pt N SE=2S X = B2

: Res f(z)=b, = lim(z-z,)f(z)

7=1, -1,

(i) #(z)=PA oA plz,) %001 T q2fe 20 M B2 TS B S

q(z)
(z) _ p(z,)

- Res f(z)=Res B2 = P
= q(2)  a'(z)

- Poles of Any Order (12| £|+2| 3)

m-1
A (2F 2,0l M 914 mel 22 JHX= Z 2 Res f(z)= - lim
22, (m—1) >z | dz

0ol

4= 2(m=2)°! = : Res f(z)=lim [(Z—Zo)2 f(z)]'

7=z, 711,




16.3 Residue Integration Method

(F+EHEE)

m Ex. 3 Residue at a Simple Pole

. : 9z +i
22 +1=(z+i)z-ip (z) S
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16.3 Residue Integration Method
4T EY)

m Ex. 3 Residue at a Simple Pole

22 41=(z+i\z-i0I22 f(2)=2" = oM 228 IR
2 +1
: 9z+i . i 9z +1i 9z +1 10| ,
Re = P
() S Pz zlgll( z+|)(z i) [ z+|} °

(i) p(z)=9z+i, qz)=2+z = q(z)=32"+1

9z +i {92+|} 10i
. Res 3 = 5 =—=-
=i z2°4+z | 3z°+14,; -2




16.3 Residue Integration Method
FTyHEY)

m Ex. 3 Residue at a Simple Pole

22 41=(z+i\z-i0I22 f(2)=2" = oM 228 IR
2 +1

: 9z+i1 . 9z +1i 9z +1 10| :

() I:\Z)Sisz3+z_Izlgi](z_I (z+i)z-i) [ z+|} =

(i) p(z)=9z+i, qz)=2+z = q(z)=32"+1

9z +i [92+|} _10_ o
. Res— = -0l
=i 2 +z 32241, -2

m Ex. 4 Residue at a Pole of Higher Order

f(7)= 2" S0} (z2+4)z-1PD 201 20 z=101A $I% 29 =2

rr

72 +272 77+ 4




22 41=(z+i\z-i0I22 f(2)=2" = oM 228 N,
®+7
() R393,2+|_I|m(z 9z+| [9z+|} 1OI:—5i
=i P4z o 2(z+i)z-i) [z(z+1)
(i) p(z)=9z+i, q(z)=2%+z q'(z)=32"+1

9z +i [9z+|} _10_ o
. Res— = —ol
= 23 +7 |322+1),,; -2

m Ex. 4 Residue at a Pole of Higher Order

50z — 2
f(z)= =32 40z -1
@) 724272 7744 Fz+a)z-12

rr

Il =20 z=101AK ?I== 22/ =

200:8

. Resf(z)= Iimi[(z—l)2 f(z)]: Iimi( 50z ):

7=i 7-1dz z-1dz\z+4

52




® Residue Theorem (SH2|)
C.tt==sld=z

i (z )dz—ZMZResf( )

1ZZ

m Ex. 6 Another Application of the Residue Theorem

Integrate (tanz)/(2-1) counterclockwise around the circle C |4=3/2.

e A c ulgl o] Q)
FolRl o] B 22 1=(z+1)z-1)& +1o|A =Szt

§tanzllz=27zi(Res tanz . tanzjzzﬂi(tanz Jtanz

2 27

=1 z°-1 =17°-1

PZeN
j 27 tan1=9.7855

z=1




16.3 Residue Integration Method

(FHEY)

m Ex. 7 Poles and Essential Singularities

Evaluate the following integral, where Cis the ellipse 9x+)# = 9 (counterclockwise).

§( 42e +ze%jdz o
t\ 2" -16




m Ex. 7 Poles and Essential Singularities

Evaluate the following integral, where Cis the ellipse 9x+)# = 9 (counterclockwise).

ze™
§ 7 +ze/7 |dz o
C(z -16 )

= cujte] EAEkE 120l A TR 2=t

~

i

e

z*-16

ze™ ze™ 1 ze™ ze™ 1
= Res 3 =——, Res— =| = -
2=2i 7 —16 47 o 16 =2 2" 16 | 4z s 16

T aoll A A EelHL Flx . T, x - LA
ze/2= 0ol FAFEO)HE 7HRY ze z 1+z+2!22+3!z3+ _z+7z+2!z+3!22+ Qz\>0)

2

7 T
= Res zeA = —
2=0 21

7z 2
| 2Btz 2= 24 LR =7r(7z2—1)i=30.22]i
I\ z*-16 16 16 2 4




16.3 Residue Integration Method

(REZIEY)

HW: 8, 25




16.4 Residue Integration of Real Integrals
Y22 F=EHE)

27
® cosf 2} sin@ 9] Le|etfo| ME: J = J‘F(COSH sm@)dé’
Z

+1j, sing =%(e“’ —e‘“"):i_(z —EJ

0
e’ =ze} x| &3t cosd = E(e“g +e“9)= 1(
2 2 4 | 21 4

= F(cosé, sind)=f(z), do

= J:if(z)%, C:|z| =1(RFA AL 3F)
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16.4 Residue Integration of Real Integrals
(AEEo R+HE)

m Ex. 1 An Integral of the Type (1)

T o _,_
O«E—cose




m Ex. 1 An Integral of the Type (1)

f 0 =27
* \J2 —cosd
T _f dz/lz _§ §
5 V2 —C0SH f c 2\/72 +1 C J2 - 1Xz
e =\E+1f «J Cﬂfoﬂ tXH st Al H.
g g, =ﬁ ~12 9 CuUFol glom=
1 1
Res =—
z= 22( 2 1XZ \F+1) |: - 2_1i|z=ﬁ—1 2
27
do ([ 2Y 1
: =20 —— | —< |=2x
!ﬁ—cos@ ( l)( ]

2+1)




® Improper Integral (O] &X &)
0 0 b

[ (0w im [ 5 (xpb im (k= i fRf (x)ix

R—w
—o0 a

pr.v.]o f (x)dx

® Cauchy Principal Value:

sum over all the residues at the poles of f(z) in the upper half-plane.

o0

j f (x)dx = 27> Res f(z)

—00

§C f(z)dz= L f(2)dz+ j_RR f(x)dx =27 Res f(z)
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16.4 Residue Integration of Real Integrals
(WEEe| R+3E)
m Ex. 2 An Improper Integral from 0 to «

de T

J1+xt 242




16.4 Residue Integration of Real Integrals
(Y22 F=HE)

m Ex. 2 An Improper Integral from 0 to «

T dx 7z .
J1+xt 242
?fjk/-li f(Z)— 1+lz % Lﬂ 7H*q ﬂ‘;}f::—f‘ z, = em/4 z, = esm/4 z,=¢ 37/4 z,=¢€ m/4% ;%_E_q_
= z,=e" z,=e"""% Aty EAE e y
1 1 1 1
Res f(z)= == a4 e,
=7 ( ) i 1+2* Joea, |:4Z3 2=2, 4 4 Z?g/\o Z
Res f(Z)I 1 . _ |:i3:| 1 e—97z1/4 1 e—m/4 \
2=2, \+2°) ], L4z, 4 4 & X
K dx 27 7if4 —7i/4 T T
— =— =———":21-SIN—=— z z
[o 1+x* 4 ( ) 4 2 3 4
T dx _1]3 dx 7
J1+xt 2014xt 242




—_——

)

—
” U . e .
— -

® Fourier Integrals

Tf(x)cossxdx i) Tf(x)sinsxdx (s= &

—o0

= 27y Res|f(z)e™ |= T f(x)e™dx = T f (x)cossxdx +i T f (x)sin sxdx

o]

T f (x)cossxdx = 273 Im Res|f(z)e | [ £(x)sin sxdx = 27" Re Res|f (z)e™ ]

m Ex. 3 An Application

0

COSSX . 7 s [ Sinsx .
_Lk2+xzdx_Ee o -7 dx=0 (s>0, k>0)
T PN W R B 2 =ikE b
+2
isz isz —ks © isx —ks
=  Res 2e ~ = € _E 2e ~dXx = 27i T s
=ik K47 22 " 21k ke +X I k
COSSX T © sinsx
dx=—ge™*, dx=0
Lk2+x2 k _jk2+x2




® Another Kind of Improper Integral (O] &AM 29| CIE HEH)

- DM 2SI HEZE o H a oM R3cizE g (lim f(x)] =)

X—a

Tf (x)dx = lim J' f (x)dx + lim jf(xﬁx: lim rff (x)dx + Tf(x)dx}

—0
A n a+n a+¢

B
+ Cauchy Principal Value: pr.v.| f(x)x
A
1 —& 1
m Ex. dx .. dx rdx
X pr.v.j—sz Ilm{j+ — |=0
® Simple Poles on the Real Axis (&= 49| Thx=)

g fPrd=s g8 z=allM S8 HE B2 lim[ f(z)}dz =7 Res f(2)
r— S, =




16.4 Residue Integration of Real Integrals
(Y22 F=HE)

o pr.v.T f(x)dx = 274> Resf(z)+ 7> Resf(z)
I C

A OER o2 JdEEE A= 2= SS00| CHof AsHX|H
FHE 2 25 2o A= 2= 350 Chsh Ao &Lk

m Ex. 4 Poles on the Real Axis

Find the principle value pr.v T ax
(e —3x+2)x +1)




m Ex. 4 Poles on the Real Axis

Find the principle value pr.v ]O ax
) (x2—3x+2)x? +1)

! =L 7=1 =2, z=i, z=-i°|t}.

(22 -3z +2)2*+1)
z=—i& shubge] stz AlelH,

Res = L :—1 Res 1 — 1 } :l
1 (22 -3z2+2) 2% +1) | (z-2)02+1) ], 2" =2 (22-3z+2)z2+1) |(z-1l\2+1)], 5’

Res 1 = 1 = L =3_i
i (22-32+2)22 +1) | (22-3z+2fz+i)]_, 6+2i 20

. pr.v T dx :2m(ﬁj+m(_i+lj:£
U e -3k 2 X2 +1) 20 2 5) 10
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16.4 Residue Integration of Real Integrals
(MEEC| R+5E)

PROBLEM SET 16.4
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