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Equilibrium: 2-D Configurations

 Introduction

- Consider the axisymmetric torus, the simplest, multi-dimensional
configuration
- We shall derive the Grand-Shafranov equation for axisymmetric equilibria.
- This provides a complete description of toroidal equilibrium:
radial pressure balance, toroidal force balance,
B limits, g-profiles, magnetic well, etc.
- It applies to the following configurations (circular and noncircular);
RFP, ohmic tokamak, highp tokamak, flux conserving tokamak,
spherical tokamak, spheromak, toroidal multipole




Equilibrium: 2-D Configurations

 The Grad-Shafranov Equation

| | ~ JxB=Vp
- obtained from the reduction of the ideal MHD equations ~ ~
- exact (no expansion) VxB=yp,d
- Toroidal axisymmetric 0/0¢=0 B» 0

- 2 dimensional
- nonlinear o
- partial differential equation

- elliptic characteristics /%\

- Grad and Rubin (1958), Shafranov (1960) Ea Row

* Plan of action

1. Derive the exact Grad-Shafranov equation

2. Solve by means of an asymptotic expansion in a/R

3. Zero order: (a/R)°? —1-D screw pinch radial pressure balance
4. First order: (a/R)! — toroidal force balance

¥




Equilibrium: 2-D Configurations

 The Grad-Shafranov Equation
« The v:B Equation

B= OB
V-B=0 10(RB,) 1B, B, _,
R QR R &

Stream function
B, :_iﬁ_w’ B, zia_i” w =RA, for the poloidal
R 0Z R OR l magnetic field

S_RA . B Toroidal component
B=Bg, +B, of vector potential
— 1 _
Bp :vaxe¢
B =VxA=Vx(Ag )—iﬁRAé' —%é

P P ROR ' oz ¢




Equilibrium: 2-D Configurations
 The Grad-Shafranov Equation

- The stream function yis closely related to the poloidal flux in the plasma.

v, =B, dA
27T R
= d¢j dRRB, (R, Z =0)

‘R 1oy
= 27zR dR =
. R 2R w = const

_ zﬂ{W(R,O)—l//(Ra’O)} il ol

= 27Z'W R-EI \i}V
Poloidal flux on axis is zero i




 The Grad-Shafranov Equation

« Ampere’s law

yoj:Vxé

1od :VX(Rqu
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Equilibrium: 2-D Configurations

 The Grad-Shafranov Equation

« Ampere’s law

—

Hod = Hod )€, + g,

- 1 N
,UOJ D ZEV(RB¢)XG¢

. 1 ’
Ay =RV (Zl’zyj = R@%(Eg—g)+ 22? elliptic operator




/ Equilibrium: 2-D Configurations

 The Grad-Shafranov Equation
« Momentum equation jx § = Vp

B-Vp=0 €, -VyxVp=0

B Vi x€
¢8p_|_ WX ¢'Vp:O
R 0 R

- p=p(w), p is an arbitrary free function of .
- There is no way to determine p(y) from ideal MHD.
We need transport theory or some other simple physical model.

J-Vp=0 & -VyxV(RB,)=0




Equilibrium: 2-D Configurations
 The Grad-Shafranov Equation

Interpretation of F(v)

W = const

l,=[J,-dA
=—["dg[ dRRJ, (R,Z =0) R
27 R 1 _
= [, dg[ dRR= V(RB,) xe,

S P S Sl T
0 R oR
= —27{F(R,0)- F(0,0)}

=27+ (y)

—

i

I,(vy) is the total poloidal current passing through the circle w (R, 0) = const.
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 The Grad-Shafranov Equation

V- (JxB-Vp)=0
T, =—th-VP=—ﬂ(Vt//)2
dy

T, :(jp +J¢§¢)X(|§p +B¢§¢)-Vt//
= {jpxép +jpXB¢§¢+§¢X§p3¢+(§¢X§¢)J¢B¢}'VW

(Lot Loy, v
Ho \ R R
1 dF . . Vi xgé 1
= — (Vi x€,)x(Vyx€,)j-Vy =0 T =§,x Ll———Ay |-V
/UodeW{ ¢ ¢} ¢ =8 R R yiQvy
1 1 1 * 2
T. =—| =VFx§&, |x&, -V =- Ay (Vy)
; ﬂo{(R ¢j ¢} Yo HoR®
F dF . F dF
= > — (Vi x€,)x€, - Vi =— 2—(VW)2
HR™ dy HR™ dy




 The Grad-Shafranov Equation

Vi -(JxB-Vp)=0
combine terms

2
V) - dp 12 d F 12A*W 0
dy uR*dy 2 uR

dp dF p=p), F=F(y)
2 S| . F_
AW _ILIOR dw dw B:EVI//X9¢+Ee¢
= 1 dF 1 . _
ILIOJ _E—WVI//X9¢——AWE¢




Equilibrium: 2-D Configurations

 The Grad-Shafranov Equation

* Plasma Parameters and Figures of Merit

R=R,+rcosd, Z=rsind $-

r=rf0y) <— w=y(r0)

The Volume V o

V) =["["[ Rrdredg

V(y)= ﬂRo'foz”dHf{Hg(é Jcos@}

0

oY
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 The Grad-Shafranov Equation

* Plasma Parameters and Figures of Merit
Safety Factor g

Rdg dr rde dI, dl,=[(dr)*+(rdr)°]"* poloidal arc length
B, B B, - B, B B, B, = (Br2 n |3§)1’2 :‘VW‘/R poloidal magnetic field

B,
e
1 A0 27

27 Ap A

27 1 2x( rB, _F(w)
= = = < RB =F
1) 1 27 J-O ( RB, j ‘ 27 ¢ v)
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 The Grad-Shafranov Equation

* Plasma Parameters and Figures of Merit

The Magnetic Well and Shear

A A -1
N 2n["aere _27zj2”£ jd@ 27z§ o :(5'{) ZL 1 j
dy oy B, ). B, or RB, ).

()= 2@’)(‘;]
, [(rQ/B,)do §Qdl, /B,

Vj (B /2+mp) | Q)= [(riB,)sdo — §dl,/B,

V' B2
< > <Bz>=<[F2+(VW)Z]/R2>

W) = 2(




Equilibrium: 2-D Configurations

 The Grad-Shafranov Equation

* Plasma Parameters and Figures of Merit

The Magnetic Well and Shear

!

V <le2+y0>
V’j (B?) :

W) =2(

favourable

unfavourable
Kn
T2
N




Equilibrium: 2-D Configurations
 The Grad-Shafranov Equation

* Plasma Parameters and Figures of Merit

Plasma Beta and Kink Safety Factor

21,( P 21,( P
— aB0
" R,B,

1 v 1 v ,
)=y ) p(\/)dV=—jO"’ pV dy

:Uolo _ §B d|
P 2nax 27za1c
K= i dé’{r(%’e)} field line curvature
277 0 a

—



Equilibrium: 2-D Configurations

 The Grad-Shafranov Equation

* For systems with helical symmetry

10 : : o
B =—= W’ a=10+hz /2 o;cller: (I)_f tl?e pqlczlldal periodicity
r oo n/h: helical perio
0
1B, +hrB, =<~
or

1B, —hrB, = F(y)

dp F dF 2hlF
— +
dy 12dy I}
2
A El@ "25W +i28t/;
roril; or ) r°oa
I =1°+h?r?

Ny =~

—



