3. Smith Chart and Impedance Matching

A. Construction and Applications of the Smith Chart
Smith Chart :

A graphical chart of normalized impedance (or admittance) in the I"

plane for analyzing and designing both lossless and lossy transmission—
line circuits (P.H. Smith, 1939)

1) Parametric equations for the chart construction
For a lossless transmission line,

-7 +ZO =1l = 1+ I, = 1 (8-88, 97) (8-99)
L o L

r

where the normalized impedance w.r.t. Z,=R,= VL/C is
Z;, Ry Xp

zp = 7 E—f—jfo:r-}—jx (8-98)

o

Inverse relation of (8-99) with (8-97, 98) :

1+ 140l (+1)+ 41

N B 0 =rtJ -100)(8-101
4TSI T e (=L)—jr, T @no0eion
(A—=1,)+ il
100X (—p )
1-1?=T17
 (1—1.)%+ I (8-102)
27,
N (1—1)*+ 1?2 (8-103)

Rearrangements of (8-102, 103) yield the parametric equations of

constant-r and constant-x circles in the I.—I plane,

respectively
2 2
PR -
. _ . . T
. Eqn. of const.—r circle of a radius T centered at (—1+r, 0)
1\2 (1)?
(I, —1)°+ (Q— —) = (—) (8-105)
T T

. . . 1 1
. Eqn. of const.—x circle of a radius . centered at (1, ?)
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2) Construction of the Smith Chart

a) Smith Chart with I, — I'; rectangular coordinates
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b) Smith Chart with [I'|— 6, polar coordinates
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c) Commercially available Smith Chart

(e.g.)
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3) Applications of the Smith Chart
a) SWR(S) and locations(l ., & I, ) of Vmin and Vigax on Smith Chart

Along the real I' axis (ac—O X, =0), z;=r(Z,=R;) in (8-99) :
(8—91)
r=4=% _ -1 > 5o (8-106)
R,+R, r+1  &+1

= S=r=R,/R, for R, >R,

= S is numerically equal to the value of r at P,

[SWR circle (constant-|I"| circle) intersects the real I' axis at P,,]
The points P, and P,, also represent the first distances,

[, and ! from the load for V,_,, and V_, , respectively.

max ’

(7) and (® on p.13 :

Or A
1st min. position: lmin:( +1 1 (7)
1st iti l QA(f 0,>0) 9A+ (f 0,-<0) (8)
ST max. position: = or > or —— or <
P max 4 4
(e.g.) lpin = 24
, O = 90°
All points on this
curve have
SWR = o= Reflection
Inductive load coefficient
phase angle
0.8+ 0.6
Resistive-inductive
load 0
r
0.5+ 50
Resistive load
lmin=0 RL{RO l—i
u min™ 4
i 0+ 40 6 =0

Shorted line Open line

Matched line
SWR =1

0.8— 0.6 All points on
- - this circle
Resistive-capacitive have
Distance load SWR = 2
from voltage 0—j1
minimum to Capacitive load
load
A
lmin - E
8. = —90°
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b) Normalized input impedance on Smith Chart

8-77) = Zi(z’):Ro% (8-107)
Normalized input impedance:
N L 1+re? 14rle”
ul) = Z, N 1— e 2% N 1—II]e” H109
where ¢ =0,—23% (8-109)
(cf) (8-108) for 2" =0 becomes z, = % (8-100)
e

Similarity in form of (8-108) and (8-100)

= z; can be transformed into z; if I'is transformed maintaining
II1 constant and decreasing the phase 0, by 232 =4x(2'/\).

—  Wavelength Toward Generator (WTG) in cw direction (2 1)

= Qutermost scale in units of A around the perimeter

Wavelength Toward Load (WTL)in ccw direction (z'l)
= Inner scale in units of A around the perimeter
Note) A7 =X2 in ¢ = 2822 =4x(N/2/)\)=2n

> one complete rotation around the chart

(e.g. 8-7)
Given s.c. (2, =0), lossless R,=50 (Q), 2 =1=0.1)\.
Find Z =7 using the Smith Chart.
(cf) Analytical solution:
From (8-82), Z,.= jR,tanfl = jR, tan(27l/\)

27X 0.1\
A

Graphical solution by using Smith Chart:
@ Start at P (r=0,z=0)
— (@2 Move along WTG by 0.1 to P,
— @ At P, read r=0, x =0.725
= oz =r+jz=0+50.725
= Z =R,z =>50(j0.725) = j36.3 (Q)

= j50tan36° = j36.3 (Q)

= j50tan(
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r=0, z=0.725
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FIGURE 8-9 Smith-chart calculations for Examples 8-7 and 8-8.

(e.g. 8-8)
Given lossless Z, =R, =100(Q), 2 =1=0434 X\, Z; =260+ 3180 (Q).
(d) 1, using the Smith Chart.

Find (a) I, (b) S, (c) Z,

(cf) Analytical solutions:

ZL Z 0
— @ — 70 = F Jr

(a) (8-88) r 757 Il e

(2604 5180)— 100 16+ 418 (164 518)(36 — j18)

= I'= (260+ j180)+ 100 36+ 518 362 4 18”

900+ 5360 . 0

=2 =\ ) =0.6221.

1650 0.5556 + j0.2222 = 0.6 £ 21.6

1+ 1406
- @ = = =
(b) (8-90) S= 170 = 1o0s -4

Zp+ jRanfl 0 (2604 j180) + j100 tan (27 < 0.434\ / \)
100+ j(260+ j180)tan (27 < 0.434)\ / \)

(©) 679 = Z= Ry o=
260 + j[180 + 100 tan (0.8647)] =69+ 5120 (Q)

=100 [100 — 180tan (0.8687 )] 4 j260tan (0.8687)
OrA  21.6°

= o= 2O 03
dm o 4x180° ——

(d) ® on p.13 =
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Graphical solution by using Smith Chart:
(a) @ Start at P,(z, =Z,/R, =2.6+1.8)

— (@ Draw a circle of radius OP, : 2 =II'l=06
oP,

— (@ At P,, read 6,=21.6°

(or 2//A=0.220 = (0.25—0.22) X 47 =0.127 = 21.6° )
= . I=rl" =0.6,21.6
(b) @ Read r at P,, where the |[I'/=0.6 circle intersects with
the positive-real axis
= .. S=r=4
() ® Move P, or P, along WIG by 2/A=0434 up to P, or P,
— ® At P,, read r=0.69, z=1.2
= Z =R, =100(0.69+71.2) =69+ 5120 (Q)
(d) @ At P,, where the voltage is a maximum,
distance from the load: [,,, = (0.25—0.22)A=0.03\

c) Normalized admittance on Smith Chart

Admittance corresponding to Z :

1 1 R—jX )
- RX - a0 S (16)
where G= R/(R*+X?) (S) : conductance (17)
B=—-X/(R*+ X% (S) : susceptance (18)
Normalized load admittance:
_ 1 C=ZY, =qg+ib (8-112, 113)
yL* }/O ZL ZL o+ L gTJ ’
14D . : 1 1-r
(8-100) z;= 1-7 m (8-112) . Y, — P - 1+71 (19)
Normalized input impedance of a quarter—-wave lossless line:
— 2yl
(8—78) Z,: Z()%
1+re ™ 14re™  1-Ty
= z(=)4) = Py T pr s S 7 (20)
Note) g% Z, 2,
— i ﬁ [ . = 2
ote (8-111) 4; Z, 7 Z, =  Z=Y (20)
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Therefore, z; can be transformed into y, by rotating A\/4 (180°)
on the Smith Chart.

=  z;and y; are diametrically opposite to each other

on the |I'|-circle

(r— g, v —b, oc. < s.c. = admittance chart )

(e.g. 8-9)
Given Z=95+;20 (Q), find Y.

Assume Z,=R, =50 (Q),
then z=(95+;20)/50=1.9+50.4

= Yzy/Ra
= (0.5—30.1)/50
= 0.01— 50.002 (S)

— P, \y=(g,b) = (0.5
e

T 0.1
\ ; g
. M=circle

FIGURE 8—10

(e.g. 8-10)
Given lossless o.c. Z,= R,= 300 (Q), 2 =1=0.04\, find Y, .

Wavelengths
toward generator — r=0=g
Yi=y/2, /. (g by = (0, 0.26)
_ . (0.04) P, £y: = (g;, by = (0, 0.26
(0+50.26) /300 e
. I ‘ T III
=j0.87  (mS) (0.00)] - Fel025)
J”T Poc o fr'J"
' 0.04
\ ¥ £,(0.29)
FIGURE 8—11
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B. Transmission—Line Impedance Matching
1) Impedance—Matching Network
Z; = 4, = Matched line
(No reflection, no distortion, no power loss at the load)
In general, Z; = Z,

= needs an impedance—matching network having Z = Z,

[No reflection at the line terminal BB', usually consists of
inductors(L) and capacitors(C) to avoid ohmic losses]

| Feedline B |
‘—- Ly O —_— O |
- Matching -
V. ) 0 4 = Network 1f |
B A'
O ——— :

iy i ol
| ransmission nm Load

For a lossless line (Z, = R,+j0), Z, = R; +jX; = R, for matching
i.e., X; =0 for matching.
2) Single-stub method for impedance matching

= short circuit (or open circuit) connected at a lossless transmission
line in parallel with another line connecting the load.

Feedline

YL Feedline

R, =1/Y,

FIGURE 8—12 A
£, s.c. stub

Wish to determine the location d and the length [ for impedance-
(or admittance) matching such that

Y=Y, =Yz+Y, (8-114) = 1=yp+uy, (8-115)
where yz=1+jby (find d) and y,= —jby (find ) (8-116, 117)
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Procedure for single—stub impedance—matching:

@ Start at z; — y;

— (@ Find intersections of the |I1-circle and the g=1 circle.
Yym=1+7by and yp=1+7bp

— (3 Determine d;, d, from the angles between y; and yg, Yp

— (@ Determine [, I, from the angles between P, (extreme right)

and yg = —Jbps Yo= —Jbp

(e.g. 8-11)
Given lossless Z, = R,=50(Q), Z, =35—;47.5(Q), find d and .
® 2,=2/R =0.70—35095 0.0 0.139

5 k4 b
) Oy Sgr- A L )
[ liag
g

T
Q)

0.332

v
o wo l

@ ypu=0,12), yp=0,—-12 0.361

® d, = (0.168—0.109)A = 0.059A and d,= (0.332—0.109)\ = 0.223)
@ 1,=(0.361—0.250)A = 0.111A  and 1, = (0.139:+0.250)A = 0.389A

Homework Set 5 1) ps-18  2) P8-20  3) P.8-21
4) P.8-24  5) P.8-27
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