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Generalized Hooke’s Law
T  & M t i  FTensor & Matrix Form
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• Compliance matrix has 21 independent parameters
(By the symmetry of stress tensor, strain tensor and consideration of strain energy)



More explicit expression - Lekhnitskii(1963), Hudson 
(1997)
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Coupling of normal in 
the same directions Shear
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Coupling of shear in 
different directions
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the same directions



Monoclinic
O  l  f l ti  tOne plane of elastic symmetry

,1 0 0

1

yx x xyzx

x y z xy

xy zy y xy

E E E G
 

  

 
  

 
 
 ,

,

1 0 0

1 0 0

xy zy y xy

x y z xyx

yz z xyxzy

x y z xyz

E E E G

E E E G




 



  
           

x

y

z





         
,10 0 0 0

1

x y z xyz

yz yz xz

xz yz xz

xy xz yz

G G

 

 

         
  

z

yz

xz

xy





         
 ,

, , ,

10 0 0 0

10 0

y xz yz

yz xz

xy x xy y xy z

x y z xy

G G

E E E G



  

  




 

y 





• With a plane of symmetry normal to z-axis
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• 13 independent constants



Orthotropic
Th  th l l  f l ti  t
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Three orthogonal planes of elastic symmetry
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• Three orthogonal planes elastic symmetry
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• 9 independent constants



Transversely Isotropic
O  i  f l ti  t  f t ti
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One axis of elastic symmetry of rotation
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Isotropic
C l t  tComplete symmetry
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Bounds of elastic constants
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• the 6×6 matrices of elastic constants must be positive 
definite (Ting, 1996)

• A necessary and sufficient condition for the quadratic 
form to be positive definite is that all principal minors of p p p
matrix (that is all minor determinants in the matrix 
having diagonal elements coincident with the principal 
di l f th  t i )  iti  (A d i t l 1987)  diagonal of the matrix) are positive (Amadei et al 1987). 



Bounds of elastic constants
O th lOrthogonal
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Bounds of elastic constants
O th lOrthogonal
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Bounds of elastic constants
T l  I t iTransversely Isotropic
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Application to fractured rock masses
- Amadei (1981)Amadei (1981)

Rock masses with three perpendicular fracture sets can modelled 
as orthogonally isotropic rock
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Transformation of compliance tensor 
under the transformation of axisunder the transformation of axis

• 0th order tensor (scalar) : no need to transform, independent of coordinate

• 1th order tensor (vector) : x x 
• 2nd order tensor :

– i.e. stress, strain, permeability
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• 4th order tensor :

– Compliance tensor mnpqlpkpjnimijkl SS 
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General transformation RotationGeneral transformation Rotation



Compliance matrix
T f tiTransformation
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Transformation of compliance tensor
Elastic modulus and Poisson’s ratio (Min & Jing  2004)Elastic modulus and Poisson’s ratio (Min & Jing, 2004)
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Transformation of compliance tensor
El ti  d lElastic modulus

Ex variation with Gxy/G ratio 
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• Orthotropic rock



Transformation of compliance tensor
El ti  d l

Ex variation with Ks/Kn ratio 
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