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4. Tire Model 
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4. Tire Model 
Tire Deformation• Tire Deformation
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< Longitudinally tire deformation > < Laterally tire deformation >

REF: Reza N. Jazar, “ Vehicle Dynamics: Theory and Application”, pp101 ~ 105, Springer, 2008



4. Tire Model 

• Longitudinally Tire Deformation

• Longitudinal Tire Force
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• Longitudinally Tire Deformation

REF: Rajesh Rajamani, “ Vehicle Dynamics and Control”, pp391 ~ 394, Springer, 2006



4. Tire Model 

• Laterally Tire Deformation • Shear Stress Distribution Laterally Tire Deformation • Shear Stress Distribution

< Bottom view of a laterally deflected and turning tire >
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4.1.1 Slip Angle 

• The angle between the orientation of the tire and 

the orientation of the Wheel
f 1tan tyi
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4.1.2 Lateral Tire Model x

1sin( tan ( ))tyi y y y y vyF D C B S  

• Lateral Tire Force at the i-th Wheel
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4.1.2 Lateral Tire Model

• Slip Angle versus Lateral Tire Force Curve 
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4.1.3 Slip Ratio

• During Braking
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4.1.4 Longitudinal Tire Model

• Longitudinal Tire Force at the i-th Wheel
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4.1.4 Longitudinal Tire Model

• Slip Ratio versus Longitudinal Tire Force Curve 
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4.1.5 Combined Tire Model
jk i d l• Pacejka Tire Model

1) Longitudinal Tire Model:
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4.1.5 Combined Tire Model

• Combined Tire Force
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4.1.6 Self Aligning Moment

1sin( tan ( ))tzi z z z z vzM D C B S  

• Self Aligning Moment at the i-th Wheel
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4.1.6 Self Aligning Moment

• Slip Angle versus Self Aligning Moment Curve 
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4. Tire Model
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4.2 Dugoff’s Tire Model

Longitudinal Tire Force 
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4.2 Dugoff’s Tire Model

Longitudinal Tire Force Lateral Tire Force 
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4.2 Dugoff’s Tire Model
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1 Longitudinal Dynamic Model1. Longitudinal Dynamic Model

2. Engine model 

3. Transmission

4. Tire models

5. Brake 

24



Wheel Dynamics

5. Brake

• Driving Wheel 

1

Wheel Dynamics
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Brake Model

5. Brake

Brake Model

Brake
Pedal

Vacuum
B ster

Master
Cylinder

Proportionnig
Valve

Font
Wheel

Pedal Booster Cylinder Valve

Rear
Wheel

Vacuum 
Booster

Fundamental structure of a hydraulic brake

Booster

Master Cylinder

Proportioning
Valve

Brake Pedal

26



5. Brake

Vacuum Booster

Vacuum Booster Diagram
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5. Brake

Vacuum Booster Control Valve Model

Control Valve – Apply stage
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5. Brake

Vacuum Booster Control Valve Model

Control Valve – Hold stage
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5. Brake

Vacuum Booster Control Valve Model

Control Valve- Release stage
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5. Brake

Fluid Reservoir

Brake Model

Primary
Circuit

Secondary
Circuit

....... .......
Fout

To Brake Lines

From

Vacuum 
Booster

CircuitCircuit....... .......

 Equation of motion of master cylinder piston :

FxsignFPAFxbxm )(   lossmcoutmcmccsmcmcmcmc FxsignFPAFxbxm )(

ppmc xx 
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5. Brake

: output force of vacuum booster
 


FFFF

F rsdrsd    

Brake Model

: output force of vacuum booster

: return spring force


 otherwise

Fout 0

pprsrsrs xkFF 
0

p g

: master cylinder spring force

pprsrsrs 0

mccscscs xkFF 
0

)( : diaphragm force)( VAdd PPAF 

h i iti l t i f i iti l li d i fF Fwhere , : initial return spring force : initial cylinder spring force

: return spring constant : master cylinder spring constant

: displacement of master cylinder piston : pressure of master cylinder

0rsF

rsk

mcx

0csF

csk

mcPp y p p y

: area of master cylinder piston : master cylinder damping coefficient

mc

mcA
mc

mcb
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5. Brake

Master cylinder pressure

Brake Model

mcmcmc

wfmcwfwf

mcmcmc
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mc xAV
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

C

Where 

: bulk modulus

: Fluid flow coefficient
wfC : Fluid flow coefficient
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5. Brake

Brake Model

Proportioning valve

Brake Model

P ti i l di t ib t f t d t ti f- Proportioning valve distribute front and rear traction forces 
appropriately to the vehicle’s ideal traction distribution curve

M aM v

T
h

gMv

trrFtrfF brTbfT
zfF zrF

fl rl
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5. Brake

Brake Model

Force Equilibrium

Brake Model

zf zrm g F F  

Moment EquilibriumMoment Equilibrium
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Front/ rear pressure ratio

f xr zr
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5. Brake

Brake ModelBrake Model

Front/Rear Pressure Distribution Equilibrium


 


PPP

P chmcmc

Front/Rear Pressure Distribution Equilibrium
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 


otherwisePPrP

P
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  chP
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: Knee pressure of proportioning valve

: Area ratio at the proportioning valverf
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5. Brake

Brake Model

Brake Pressure Distributiona]

Brake Model
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5. Brake

Brake Model

Wheel caliper pressure

Brake Model

- Volumetric flow rate :

)( wrrwrwrrwrwrbr PPsignPPCV  
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)(

wfmcfrwfmcwfwfbf
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- Wheel caliper pressures :

3
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2
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3
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2
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5. Brake

Brake Model

5.0x106
]

Brake Model

3 5x106

4.0x106

4.5x106

ss
ur

e 
[P

a]

2.5x106

3.0x106

3.5x10

st
em

 P
re

s

1.5x106

2.0x106

  Data
  FunctionBr

ak
e 

Sy
s

0.0

5.0x105

1.0x106B

0.0 1.0x10-6 2.0x10-6 3.0x10-6 4.0x10-6 5.0x10-6 6.0x10-6 7.0x10-6 8.0x10-6
0.0

Volume Displaced [m3 ]

39



5. Brake

Brake Model
- Relationships between wheel caliper pressure and the brake torque :

 b b w thT K P P  

Brake Model

 

6

,  0.1
2500 900 /

b b w th

th

b

where P MPa
N mK Nm MPa




 

- Brake Torque versus Caliper Pressure

6           900 /
2.8 10bK Nm MPa

Pa
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5. Brake

Nonlinear Brake Model
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5. Brake

Simplified Brake Model

P K P
d VB pP K F
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5. Brake

Transfer function of second order dynamic

Simplified Brake Model

n



22

2



R(s) E(s) C(s) 2

2 2( )
2

w nPG s
P


 

 
 

Transfer function of second order dynamic

ss n22  2 22mc n nP s s  

- Second order brake model

1 2z z1 wz P
- Definition of State

1 2

2 2 1 1 2 1

z z
z a z a z b u   2 wz P 

uWhere      : master cylinder pressure
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5. Brake

70

Brake Test Results
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5. Brake

70

Brake Model Validation
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Part.2
SummarySummary

Longitudinal Vehicle Dynamics
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Summary: Longitudinal Vehicle Dynamics


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Summary: Longitudinal Vehicle Dynamics

1. Engine Model

2 Torque

3. Transmission
&

Wheel Dynamic 

6. Brake Model

5 Longitudinal

4. Longitudinal 
Tire Model

2. Torque 
Converter Model Model

5. Longitudinal 
Dynamic Model

t
e T



pT

e
tT

txiF
xv

bT

i

giR
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1. Engine model 

(1) S t I t(1) System Input

T
 : Throttle angle

E i l it

pT


(2) System Output

: Pump torque

Throttle Angle
2

: Engine velocitye

Net Torque
Throttle Angle

 Pump Torque
1

1/Jeng 1
s

1

Engine Map:
In1)Throttle Angle

 Engine Speed

1

   
 

In2) Engine Speed
Out) Engine Torque)),(),((1

tepenet
e

e wwTwT
Jdt

d
 
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2. Torque Converter Model

(1) S t I t(1) System Input

e : Engine velocity

(2) System Output

: Turbine velocitytw

2
efp wCT 

t t pT R T 
fC

tR

: Capacity Factor

: Torque Ratio

: Pump torque

: Turbine torque

Where

t t p t

Torque Converter Capacity Factor Map Torque Converter Torque Ratio Map
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3. Transmission and Wheel Dynamic Model 

(1) S t I t(1) System Input

: Turbine TorquetT
T : Brake Torque

: Longitudinal Tire Force

bT

txiF

(2) System Output

: i-th gear ratiogiR

: Turbine Velocity

: Wheel Speed at each wheeli
t

ttT
3. 

bT

txiF

Transmission

And
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3. Transmission and Wheel Dynamic Model 

(3) Summary(3) Summary

1dwI 

• Simplified Transmission and Wheel Dynamic Model (Front Wheel)

     1
2 t xfL xfR bf

fcri
d wL wR d d b R

i
f

g
L

d

dwI R J J R r R
R dt R

T F F T T
 

          
 

 

• Driven Wheel (Rear Wheel) Driven Wheel (Rear Wheel)

     xrL xrR brL
r

wL wR brR
dJ F F TJ r
dt

T
     

=2 2 2f s d cr gi d tR w R R w      

• Speed Relation

ttT
3. 

bT

txiF

Transmission

And
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4. Longitudinal Tire Model

(1) S t I t(1) System Input

: Longitudinal Speed xv

L it di l Ti F t h h l

(2) System Output

: Wheel Angular Speed at each wheeli

F : Longitudinal Tire Force at each wheeltxiF

xv

txiF

i
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4. Longitudinal Tire Model
(1) Slip Ratio

• During Braking

cos( )i i ti ir V    
 

ir

• During Traction

cos( )i
ti iV


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
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Side View

Where, Angular Velocity of the -  Wheel
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Tire Slip Angle at Wheel
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 i txiV
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tiV
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 
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4. Longitudinal Tire Model
(2) Tire Model
• Longitudinal Tire Force at the i-th Wheel

1sin( tan ( ))txi x x x x vxF D C B S  

1(1 )( ) tan ( ( ))x
x x i hx x i hx

x

EE S B S
B

      Where,

1940 1940 194022       1.35       2000
645 16125 0 956

tzi tzi tzi
x x x

F F FB C D  
     

• During Traction (           )0i 

645 16125 0.956
3.6                        0                                0                         x hx vxE S S   

1940 1940 194022 1 35 1750tzi tzi tziF F FB C D  
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• During Braking (           )0i 
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0.1                          0                                0                         

x x x

x hx vx

B C D
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 
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5. Longitudinal Dynamic Model

▪ Free Body Diagram of Vehicle Body

aF

aMv

rfM

M T

F
bfT

rrM
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gMv tF

trfF
brT

gv trrF
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5. Longitudinal Dynamic Model

Equations of Motion for Vehicle Body

Vehicle Body where,Vehicle Body

Ltrrtrfv FFF
dt
dvM 

where,

: vehicle mass

: tractive forces of front/rear wheels

vM

trrtrf FF ,

Driving Load

singMFF vaL 

/

: aerodynamic force

: gravitational constant

trrtrf

aF
g

Rear wheel (driving)

gvaL

: moment of inertia of front/rear wheel

: driving shaft torque
wrwf JJ ,

sT

brrrtrrrs
r

wr TMFrT
dt

dwJ 

F h l (d i )

: radius of front/rear wheel

: rolling resistance of front/rear wheel

rf rr ,

rrrf MM ,
Front wheel (driven)

bfrftrff
f

wf TMFr
dt

dw
J 

: brake torque of front/rear wheelbrbf TT ,
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6 Brake Model

(1) S t I t(1) System Input

(2) S O

: Brake Pedal ForcepF

bT
(2) System Output

: Brake Torque

(3) Brake Model
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1 1
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dP mcP wP bK bTpF d
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