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Chapter 5 Mixing in Rivers
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Objectives:

- Discuss turbulent diffusion
- Study transverse mixing in the 2" stage mixing

- Discuss process of longitudinal dispersion for the analysis of final stage
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‘Q near field ﬁe far-field mixing ‘
" mixing J \

4~ industrial and
municipal wastewater
treatment plant

Consider a stream of effluent discharged into a river.

What happens can be divided into three stages:

Stage I: near field mixing

~ initial momentum and buoyancy determine mixing near the outlet
~ vertical mixing is usually completed

— Ch.9 Turbulent jets and plumes

Ch.10 Design of ocean wastewater discharge system

Stage Il:  two-dimensional mixing (longitudinal + lateral mixing)
~ waste is mixed across the receiving channel primarily by turbulence in the
receiving stream

— dye mixing across the Columbia River (Fig. 5.6)
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Ch 5. Mixing in Rivers

Stage I11: Longitudinal dispersion
~ process of longitudinal shear flow dispersion erases any longitudinal
concentration variations

~ we could apply Taylor's analysis of longitudinal dispersion

[Re] Two phases of hydrodynamics mixing processes

1) Near field: mixing is controlled by the initial jet characteristics of
momentum flux, buoyancy flux, and outfall geometry
2) Far field: source characteristics are less important, mixing is controlled by

buoyant spreading motions and passive diffusion due to ambient turbulence

Far field = Stage 11+ Stage 111

— deal with a source of tracer without its own momentum or buoyancy

[Re] Analysis of near field mixing
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Ch 5. Mixing in Rivers

= Multiport diffuser

- linear structure consisting of many closely spaced ports, or nozzles, through

which wastewater effluent is discharged at high velocity into the receiving

water body Tt

- attractive engineering solution to the problem of managing wastewater
discharge in an environmentally sound way

- offer high degree of initial dilution

- optimally adapted to the assimilative characteristic of the water body

- Thermal diffuser: heated water discharge from the once-through cooling

systems of nuclear power plant and fossil fuel power plant
S~10

- Wastewater diffuser: wastewater discharge from the sewage treatment plants
S~ 100

= Three groups of parameters for jet analysis

1) receiving water flow patterns — ambient water depth, velocity, density
stratification

2) pollutant discharge flow characteristics — discharge velocity (momentum),
flow rate, density of pollutant (buoyancy)

3) diffuser characteristics - single/multi ports, submerged/surface discharge,

alignment of port

= Jet analysis model: CORMIX (Cornell Mixing Zone Expert System)
VISJET
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= Water-quality policy in USA

Office of Water (1991) "Technical support document for water quality-based

toxics control,” Washington, DC.

~ regulations on toxic control with higher initial mixing requirements

regulatory mixing zone (RMZ)

= limited area or volume of water where initial dilution of an aqueous pollutant
discharge occurs

- regulator = U.S. Environmental Protection Agency

- should predict the initial dilution of a discharge and extent of its mixing zone

- toxic dilution zone (TDZ) for toxic substances

- regularly mixing zone (RMZ) for conventional pollutants

streams, rivers lakes, estuaries
Florida: RMZ <800m < 125,600 m?
and < 10% total length and < 10% surface area

Michigan: RMZ < 1/4 cross- ]
_ <1000 ft radius
sectional area

West Virginia: RMZ < 20~33%

cross-sectional area and< 5~10 <300 ftany direction

times width
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5.1 Turbulent Mixing in Rivers

5.1.1 The Idealized Case of a Uniform, Straight, Infinitely Wide Channel of
Constant Depth

Consider mixing of source of tracer without its own momentum or buoyancy in

a straight channel of constant depth and great width
The turbulence is homogeneous, stationary because the channel is uniform.
— The important length scale is depth.

From Eq. (3.40), turbulent mixing coefficient is given as

g=1, [U_ZJZ 1)
where & = turbulent mixing coefficient
¢, = Lagrangian length scale ~ d (@)

1
[u'z}z = intensity of turbulence

Experiments (Lauffer, 1950) show that

turbulent intensity o< shear stress on the wall (b)

For dimensional reasons use shear velocity

u = F NS (5.1)
Yo,
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where 7, = shear stress on the channel bottom

[Re] shear stress (Henderson, 1966)
~ bottom shear stress is evaluated by a force balance

7, = pgdS

where S = slope of the channel

Substitute (a) & (b) into (1)

cocdu

c=adu

— turbulence will not be isotropic
I) vertical mixing, ¢,
~ influence of surface and bottom boundaries

i) transverse and longitudinal mixing, &, ¢

~ no boundaries to influence flow
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[Re] Shear stress and shear velocity

W sin8

Apply Newton’s 2™ law of motion to uniform flow

/ a=0
>F =ma / F=F,

F, —bottomshear +Wsind-F, =0

—7,Pdx + pgAdxsind =0

7, = P9 ésin 0

where P = wetted perimeter
Set S=tanfd~sind

R = hydraulic radius :é

Then 7, =yRS

For very wide channel (b>>d)

R - bd _ ddzd
b+2d 1409
b
7, =ydS
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5.1.1.1 Vertical Mixing

Vertical mixing coefficient in 3D model

— no dispersion effect by shear flow

1) vertically varying coefficient:
The vertical mixing coefficient for momentum can be derived from logarithmic

law velocity profile (Eq. 4.43).
g, =xd Yz/d)[1-(z/d)] (5.2)

The Reynolds analogy states that the same coefficient can be used for transport

of mass.

— verified by Jobson and Sayre (1970)

[Re] Velocity profiles:

- vertical profile of u-velocity ~ logarithmic
- vertical profile of v-velocity ~ linear/cubic — might be neglected

because v-velocity is relatively small compared to u-velocity

i) depth-averaged coefficient

Average Eq. (5.2) over the depth, taking x =0.4

s =1 [ weu” (ij 1—(5] dz =X du = 0.067du” (5.3)
d o d d 6

[Cf] For atmospheric boundary layer: g =0.05du”

where d = depth of boundary layer; u” = shear velocity at the earth surface
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5.1.1.2 Transverse Mixing

(1) Transverse mixing coefficient in 3D model

~ no dispersion effect by shear flow, turbulence effect only

— vertically varying coefficient

For infinitely wide uniform channel, there is no transverse velocity profile.

~ not possible to establish a transverse analogy of Eq. (5.2)
— need to know velocity profiles:
- transverse profile of u-velocity ~ parabolic/beta function

- transverse profile of w-velocity ~ might be neglected because w-

velocity is usually very small
[Re] Turbulent diffusion coefficient for 3-D flow

oc oc oc o 0 o, 0 oc, O oc
—tU—+V—+W—=—(5, ) +—(&, )+ (&, )
ot ox oy oz oXx "ox oy oy oz "oz

Consider shear stress tensor

du dv dw
Ty = P&, —— Tyz:pg_ O, /= P&, ——

dz

du dv dw
2-xy:/O‘C"tE yy:pgta sz:pgtw
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O'_Ed—uf_gﬂl'_gd—w
XX pldx yX pldx X pldx

1)

2)

3)

vertical mixing

vertical profile of u-velocity ~ logarithmic
vertical profile of v-velocity ~ linear/cubic — might be neglected

because v-velocity is relatively small compared to u-velocity

transverse mixing

transverse profile of u-velocity ~ parabolic/beta function
transverse profile of w-velocity — might be neglected because w-

velocity is usually very small

longitudinal mixing
longitudinal profile of v-velocity ~ linear/cubic
longitudinal profile of w-velocity — might be neglected because w-

velocity is usually very small
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(2) Transverse mixing coefficient in 2D model

Depth-averaged 2D model is
&¢ _oc _docC o°C o°C
—+U—+V—=K —+K; —
ot OX oy OX oy

Include dispersion effect by shear flow due to vertical variation of v-velocity

V=Vv(z)=V+V

= depth-averaged coefficient
— rely on experiments (Table 5.1 for results of 75 separate experiments)

K, =¢ =0.15du” (5.4)
Researchers (Okoye, 1970; Lau and Krishnappan, 1977) proposed that

K, =adu’

a=fW/d)
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5.1.1.3 Longitudinal Mixing
(1) Longitudinal mixing coefficient in 3D model

~ no dispersion effect by shear flow, turbulence effect only

— ¢~ longitudinal analogy of Eq. (5.2)

(2) Longitudinal mixing coefficient in 2D model

~ longitudinal turbulent mixing is the same rate as transverse mixing because
there is an equal lack of boundaries to inhibit motion

~ However, longitudinal mixing by turbulent motion is unimportant because
shear flow dispersion coefficient caused by the velocity gradient (vertical

variation of u-velocity) is much bigger than mixing coefficient caused by

turbulence alone

Use Elder’s result for depth-averaged longitudinal dispersion coefficient

K, =5.93du” ~ 40¢,

[Re] Aris (1956) showed that coefficients due to turbulent mixing and shear
flow are additive.

K +¢ =K,

— can neglect the longitudinal turbulent diffusion coefficient

(3) Longitudinal dispersion coefficient in 1D model

See Section 5.2

— K1, +K2, +¢, > K

where K1, ~ due to lateral variation of u-velocity; K2, ~ due to vertical

variation of u-velocity
5-13
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5.1.2 Mixing in Irregular Channels and Natural Streams
5.1.2.1 Mixing in natural channels

Natural streams differ from uniform rectangular channels:

- depth may vary irregularly — pool and riffle sequences

- the channel is likely to curve — meandering rivers

- there may be large sidewall irregularities — groins, dikes
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PLAN VIEW

v 3
LONGITUDINAL  Pool  Chann Riffle
PROFILE

LK

5-15




Ch 5. Mixing in Rivers

/

A Lateral profile of
longitudinal velocity

Vertical profile of ;
longitudinal vel

A/

Vertical profile of
Transverse velocity

Figure 5.2 An illustration of the cross-sectional component of velocity in a curve, showing
the velocity profile used to obtain Eq. (5.5).
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1) Vertical mixing coefficient

These have not much influence on vertical mixing since scale of vertical motion
Is limited by the local depth, d

£, =0.067du’

1) Transverse mixing coefficient

Transverse mixing is strongly affected by the channel irregularities because they

are capable of generating a wide variety of transverse motions

— transverse dispersion enhanced by vertical variation of v-velocity

Transverse mixing in open channels with curves and irregular sides

— see Table 5.2

8t
du

0.3< <0.7

*

1) effect of channel irregularity
~ the bigger the irregularity, the faster the transverse mixing
2) effect of channel curvature

~ secondary flow causes transverse dispersion due to shear flow
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~ when a flow rounds a bend, the centrifugal forces induce a flow towards the

outside bank at the surface, and a compensating reverse flow near the bottom.

— secondary flow generates

Fischer (1969) predict a transverse dispersion coefficient based on the

transverse shear flow

KT

o 2 d 2

where R = radius of curvature

Yotsukura and Sayre (1976) revised Eq. (5.5) (Fig.5.3)

<) (%)
du u R

Figure 5.3 Theeffect of channel curvature
on the transverse mixing coefficient. Data
sources: @ Sayre and Yeh (1973) and Yot-
sukura er al. (1970), O Chang (1971), A
Fischer (1969). [After Yotsukura and Sayre
(1976).]

For straight, uniform channels, K, =0.15du”
For natural channels with side irregularities, K, =0.4du’

For meandering channels with side irregularities, K; =(0.6+50%)du’
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5.1.2.2 2D depth-averaged model
Depth-averaged 2D model is

o _ot _dC o°C o°C
—+U—+V—=K —+K; —
ot OX oy OX oy
K; =K, +¢

K, = transverse dispersion coefficient due to vertical profile of v-velocity

&, = transverse dispersion coefficient due to transverse profile of u-velocity

* Transverse dispersion coefficient in meandering channels
- Baek et al. (2006) - observation
- Baek and Seo (2008) - prediction

* Transverse dispersion coefficient in natural streams
Seo et al. (2006) - observation

Jeon et al. (2007) - prediction

Baek and Seo (2010) — observation

- Jeon et al. (2007)

K Ty (WY[(dY
SBIBIGE

du u d R.

a=0.029; b=0.463; c=0.299; d=0; e=0.733

- Baek and Seo (2008)

—_\2 2
K :0_04(1*j (ﬂj (
du u R

X _sin(2r—2)
2L, L.
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[Re] Determination of dispersion coefficients for 2-D modeling

1) Observation — calculation of observed concentration curves from field
data
2) Prediction — estimation of dispersion coefficient using theoretical or

empirical equations

Observation Method

Moment Simple moment method
method Stream-tube moment method
Routing 2-D routing method
procedure 2-D stream-tube routing method

Prediction Method

Theoretical Use vertical profile of v-velocity
equation for Baek & Seo (2008)
Ky
Empirical Use mean hydraulic data

equation for

Fischer (1969)
Ky

Yotsukura & Sayre (1976)

Jeon et al. (2007)
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5.1.3 Computation of concentration distributions

Compute the distribution of concentration downstream from a continuous

effluent discharge in a flowing stream

In most of the natural streams the flow is much wider than it is deep; a typical

channel dimension might be 30 m wide by 1 m deep, for example.

Recall that the mixing time is proportional to the square of the length divided by
the mixing coefficient,

Tw (Iength)2
&

VXEE:BO
d 1

g 0.6du”

e 0.067du"

Y

¢

~

— vertical mixing is instantaneous compared to transverse mixing

Thus, in most practical problems, we can start assuming that the effluent is
uniformly distributed over the vertical.

— analyze the two-dimensional spread from a uniform line source

Now consider the case of a rectangular channel of depth d into which is

discharged M units of mass (per time) in the form of line source.
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~ is equivalent to a point source of strength M /d in a two-dimensional flow

— maintained source in 2D

Line source

¢
d AV
s A ATCZTEA TS Z
Recall Eq. (2.68)
. .
C —M—/dexp[— y U ) (5.7)
X 4g,X

u 47T5t —
u

i) For very wide channel, when t >>2¢, /T?

— use Eq. (5.7)

i) For narrow channel, consider effect of boundaries

§:Oaty=0and y=W
oy

— method of superposition
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Define dimensionless quantities by setting

M :
C, =———= mass rate / volume of ambient water
udw

~ concentration after cross-sectional mixing is completed

o = Y&
UWZ
y =y/W

Z

£ line A < image
] SOUHER / source
7 <
1 y :
Yo
g = et} S
W2 wnr

Then Eq. (5.7) becomes

l (l)Z
C = _udw exp| — W

Are X de X

aw? aw *
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If the source is located at y =y, (y =y,)

Consider real and image sources, then superposition gives the downstream

concentration distribution as
/ real / I1 / I

c 1 [y =y BICERDE 2490 Ve
c.” Il{exp( {—4)(. })+exp( { ™ })+exp( { % })+ }
(47x)?

__1 - i {exp[—(y' —2n+y,)? /4x'}+exp[—(y' —2n+ y'o)2 /4x']} (5.9)
(4rx)2 "=

Sumfor n=0,+1,+2

g 2V VoY

W

+ -}f{l + -\_i
general location where
we calculate conc.
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Continuous centerline discharge: y,=1/2

Centerline
injection
ACIC,
conc.jat centerline(y =1/2) ~Conc. atinjection side ) for
! side

Conc. at opposite side
i injection
1.0 / I

conc. at side (y' = 0,y = 1)
| I I
0 0.05 0.1 0.15 020 X'=

05

=) =

E!
WZ

From this figure, for X’ greater than about 0.1 the concentration is within 5 % of

its mean value everywhere on the cross section.

Thus, the longitudinal distance for complete transverse mixing for centerline

Injection is

L, =0.10W?/¢, (5.10)

[Re] 3:0.953_tX':0_1: Xé,
C, ow

2

L, =x=0.10W?2/¢,

For side injection, the width over which mixing must take place is twice that for

a centerline injection

L =0.10(2W)?/ &, = 0.40W?/ ¢, (5.10a)
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=
=
3 20 |
o
]
v 15 -
2
Z
a
Z 0 CENTERUINE
s} INJECTION
S
&
z -
5 5
2
[s]
—————
o LI
=30

TRANSVERSE DISTANCE (ft)

Figure 5.7 Observed concentrations downstream from centerline and side injections of dye
in Fischer’s (1967b) experiment. 400 ft downstream from injection, ——— 1000 ft downstream
from injection. Transverse distance is measured from the centerline for the centerline injection and
from a point 1 ft from the left bank for the left bank injection.

g 8 & 8
T T

VARIANCE (f12)
3 8

[} N NSNS [NUWENE TR (SN |- W, AR |
0 200 400 600 800 1000 R00 W00 600

DISTANCE DOWNSTREAM FROM POINT
OF INJECTION (f1)

Figure 5.8 Variances of the concentration distributions shown in Fig. 5.7 (and others not
shown) versus distance downstream from point of injection. @ Side injection. A Centerline
injection.
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[Ex 5.1] Spread of a plume from a point source
An industry discharges effluent;
C =200ppm

6
Q=3MmGPD=——10CPD 640k

7.48G/ ft* x 24 x 3600

Thus, rate of mass input is

M = QC=4.64(200ppm) = 928 CFSppm

Centerline injection in very wide, slowly meandering stream

d=30ft; T=2fps; u =0.2fps

Determine the width of the plume, and maximum concentration 1000 ft

downstream from discharge assuming that the effluent is completely mixed over

the vertical.

[Sol]

For meandering stream,

g =0.6du” =0.6(30)(0.2)=3.6 ft? /s

Use Eq.(5.7) for line source

Peak Exponentlal
concentration \ ecay
M u

5-29
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2
Compare with normal distribution; C = L exp —y—2
o\2rx 20

2 2
exp _4yx =exp(— Zin

2 _ 26X

a) width of plume can be approximate by 4o (includes 95% of total mass)

6)(1
26, 4\/2(3 6)2( 000) _,0¢

b=4c=4 — =
u

b) maximum concentration

M 928CFSppm

Cmax = 1 = 1
(4 2 2 2

o (ﬂf}xj (2fps)(30ft)£47rx3.6;tft//ssx1000ftJ

E__

1000 ft
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[Ex 5.2] Mixing across a stream
— consider boundary effect

Given:

u=2filsec d=4%

—> =200 ft S = 0.0002

T conservative substance

Industrial
STP

Find: length of channel required for "complete mixing" as defined to mean that
the concentration of the substance varies by no more than 5% over the cross

section

[Sol]

Shear velocity

u* = /gds =,/32.2(5)(0.0002) = 0.18 ft/s

For uniform, straight channel

g =0.15du" = 0.15(5)(0.18) = 0.135 ft* /s

.. i . Very long distance
For complete mixing from a side discharge for a real channel

L=0.40W?/¢,

= 0.4(2)(200)" /0.135 = 237,000 ft ~ 45mile ~ 72km
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[Ex 5.3] Blending of two streams
Compute the mixing of two streams which flow together at a smooth junction so

that the streams flow side by side until turbulence accomplishes the mixing.

(a)
1.0 ﬂ:ﬂ AT -
i S
T
SIDEST> 1
:cen*remﬁrm L7
C/Cq OS5 = 7 ===

1

1

1
0 ol 02 @ 04
x'=xgy STwe S%s ol

(b)

Figure 5.9 (a) Blending of two streams of equal discharge and (b) concentrations on the center-
line and at each side downstream of the junction point, as given by Eq. (5.12).

Given:
Q=50ft*/s;W =20ft;S =0.001;n =0.030
Find:
a) length of channel required for complete mixing for uniform straight channel

b) length of channel required for complete mixing for curved channel with a
radius of 100 ft

[Sol]
The velocity and depth of flow can be found by solving Manning's formula
2 1
U= g R3S?2
n
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R = hydraulic radius = A/P

5/3
Q — AU: 1r4]'9 AR2/381/2 — 149 22/3 81/2

d 5/3
(10+d)*

o_ 149 (20d)”

_ 0.001)"* =145.41
0.030 (20+ 2d )2/3 ( )

2/3

d**=0.688(10+d)

d =0.799(10+d)""”

By trial-error method,d =2.2 ft

ro 2220 g
(20+4.4)
2/3
- ()1;13?0(562 xji] (0.001)"* = 2.321t/s
. + 4.

u" =4/gRS =/32.2(1.8)(0.001) = 0.24 fps

g =0.15du"= 0.15(2.2)(0.24)=0.079 ft’/s

For the case of blending of two streams, there is a tracer whose concentration is

Co, In one stream and zero in the other.

S

c, E Tzo'
— C
C(} - l

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,
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If the steams were mixed completely the concentration would be 1/2 C,

everywhere on the cross section.

The initial condition may be considered to consist of a uniform distribution
of unit inputs in one-half of the channel.

— The exact solution can be obtained by superposition of solutions for the step

function in an unbounded system [Eq. (2.33)].

Consider sources ranging y,=0~1/2

v
o
Il

Method of images gives

(4 _ZE fy+1/2+2n orf y'—1/2+2nj
- Vax' Vax

where y =y/W;Xx = X
U

2
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From Fig. 5.9, maximum deviation in concentration is 5% of the mean when
X'~ 0.3.

Le,

UWZ

W’ _ ., (2.32)(20)°
&, 0.15(2.2)(0.24)

X':

=0.3

= 3515 ft < 4687 ft

[Re] For side injection only

2 2
L0404 (23220 jeerg
3 0.15(2.2)(0.24)

For curved channel

_\2 2
du u R

2 2
e =25 ﬁj (ﬂj (22)(0.24)= 0,60t /s
0.24 ) \ 100

ow?  0.3(2.32)(20)’
~ 0.60

L=0.3 =464 ft

&
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5.1.4 Cumulative Discharge Method

Analysis was presented assuming a uniform flow of constant velocity

everywhere in the channel.

However, in real rivers, the downstream velocity varies across the cross section,

and there are irregularities along the channel.

Use cumulative discharge method by Yotsukura and Sayre (1976)
Define velocity averaged over depth at some value of y as
1 0
Uu=—— udz a
d(y)fdw) (@)

Then, cumulative discharge is given as

a(y) = [ da = d(y)udy (b)

q(y)=0aty=0 (c)
q(y)=Q at y=W

[Cf] u= cross-sectional average velocity
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Now, derive depth-averaged 2D equation for transverse diffusion assuming
steady-state concentration distribution and neglecting longitudinal mixing and

v-velocity

a/mcm/_@(ga [2aE) @
/ét 6xﬁy8x'8x oy oy

Integrate (d) over depth

Jod“@ dz=[" —(«9 —)d @

From Eq.(a)

'[_Odudz=d(y)l]

Eq. (e) becomes

0(a% -2 aa |
S :
I W L aives %q %“ d(y)ud%:d(y)a

Substituting Eq. (g) into Eq.(f) yields
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If we set &, = d’,U = constant diffusivity, then equation becomes

8C
ax

0°C
q 8(11

— Fickian Diffusion equation; Gaussian solution in the x-g coordinate system

= Advantage of x-q coordinate system

- A fixed value of q is attached to a fixed streamline, so that the coordinate

system shifts back and forth within the cross section along with the flow.

— simplifies interpretation of tracer measurements in meandering stream

— Transformation from transverse distance to cumulative discharge as the

independent variable essentially transforms meandering river into an equivalent

straight river.

The peak of the
concentration
curves moves
from side to side
as the river

meanders.

T

=

I

TRACER CONCENTRA

.o [T ou’

e 1

_- MO = M WO R R O M & O M & O &
L
e ——

x = 10,050 n%

o| g0 o @

o

RELATIVE TRANSVERSE DISTANCE

0.0 \o.-.' 0.4 0.6 08
(a)

Y/

Thalweg
line

= i
|

distance

The peak
remains at the
injection
location.

Dewnstream

fram source

£ =125 m

— | Gaussian
distribution

TRACER CONCENTRATION  (ug/1)
p— o - > - "~ - oo X} - oo "3 - o oo

1 I°

2o x = 10,050 m

=

0.0

02 04 0.6 08

RELATIVE CUMULATIVE DISCHARGE
(b}

1.0

_Figure 5.10 Transverse distributions of dye observed in the Missouri River near Blair, Nebraska, by Yotsukura et al. (1970), plotted (a) versus
actual distance across the stream and (b) versus relative cumulative discharge. [After Yotsukura and Sayre (1976)].
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5.2 Longitudinal Dispersion in Rivers

After a tracer has mixed across the cross section, the final stage in the mixing

process is the reduction of longitudinal gradients by longitudinal dispersion.

The longitudinal dispersion may be neglected when effluent is discharged at

a constant rate — Streeter-Phelps equation for BOD-DO analysis

There are, however, practical cases where longitudinal dispersion is important.

—[ accidental spill of a quantity of pollutant

output from a STP which has a daily cyclic variation

- 1D dispersion equation

oC _oC  o0°C
+U =K—;
ot OX OX

— apply shear flow dispersion theory to evaluate the longitudinal dispersion

coefficient K

5.2.1 Theoretical Derivation of Longitudinal Dispersion Coefficient
Elder's analysis

- dispersion due to vertical variation of u-velocity (logarithmic profile)

_u
u(z) = +¥{1+In[z+d/d]}

K =5.93du”
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Elder’s equation does not describe longitudinal dispersion in real streams (1D

model).

Experimental results shows K >>5.93du”— Table 5.3

1) Fischer (1967) - Laboratory channel

K =150 ~ 392

= —

du

2) Fischer (1968) - Green-Duwamish River

K
du

=120 ~160

- —

3) Godfrey and Frederick (1970)

— natural streams in which radioactive tracer Gold-198 was used

K
du

=140~ 500

- —

4) Yotsukura et al. (1970) - Missouri river

K
du

= 7500

- —

5-40



Ch 5. Mixing in Rivers

Fischer’s model (1966, 1967)

He show that the reason that Elder's result does not apply to 1D model is

because of transverse variation of across the stream.

=0 o C

54 8 88 g S 8 3 S

s c © = == = 5 )

ww 0 .4 T z -

o Sldiel | wT - oA » = } $ NS D

— =3 = 1 \. i ———— . Wi o « /i < I‘ =

paZ] SRR Y . e D e e e e

~ 5k N \ oA e S e :

T 5 {\‘:‘::13;5;:;” == |
e, e e

Lao FOt—O——O—~—0 —® ® — @t

o 140 130 120 1o 100 90 80 70 60

TRANSVERSE DISTANCE FROM ARBITRARY POINT (ft)

Vertical velocity profile, u(z) is approximately logarithmic.

Now, consider transverse variation of depth-averaged velocity

U(y)zi‘[o u(y,z)dz

d (y) ~d(y)
J
A
N
hi:l I U \
| | | 1 1 | | >
130 120 1o 100 90 80 70

Transverse velocity profile would be approximated by parabolic, polynomial, or

beta function.
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3. Shear Flow D;spersim

Figure 10.5

Variations in the velocity of flow in pateral siream channels occer bah horfrontally and vertically,
Friction rethuces the velocin along the floor and sides of the chinnels. The masiawm velocin in a seaight
chanael is near the wp and center of the duannel.

¢ .
Shear advection +
(Separatiest)

;) t=0 W) i= at”
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u(y) is a shear flow velocity profile extending over the stream width W,
whereas u(z), the profile used in Elder’s analysis, extends only over the depth

of flow d.

Remember that longitudinal dispersion coefficient is proportional to the square

of the distance over which the shear flow profile extends.

hu?

Eq. (4.26); K= |

K o h?

where h = characteristic length, W or d

Say that W /d ~10
Therefore,
K, =100K,

— Transverse profile u(y) is 100 or more times as important in producing
longitudinal dispersion as the vertical profile.

— The dispersion coefficient in a real stream (1D model) should be obtained by
neglecting the vertical profile entirely and applying Taylor's analysis to the

transverse velocity profile.
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Balance of diffusion and advection

/TSI?E‘SQ’,%F,‘QSE | NET ADVECTION
.o oC oo 9T
Mf—E‘d—ade M= j;u(y}d(y] I dy dx

Let  u'(y)=u(y)-u
C'(y)=C(y)-C

u = cross-sectional average velocity = U

Equivalent of Eq. (4.35) is

U Tox oy t oy
Shear -
advection T_ransyerse
diffusion
Integrate Eq. (a) over the depth
o .. oC o0 oC
j_du (y)& z :I—@gthZ (b)
' oC o oC’
u d ~-_4d bl c

Integrate Eq. (c) w.r.t.y
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1
oy

Integrate Eq. (d) w.rt.y

. 1oy oC
c={— yu(y)d(y)&dydy

Od(c;t 0

Eq. (4.27)
1 -
K:——_j u'C'dA
oC Ja

OX

Substitute Eq. (e) into Eq. ()

__1 18@\[ j IdudydydA

N

Substitute dA=dyd

1 : 1 .
K= —K_[:V u d_[oy‘%—djoyu d dydydy

(5.15)

(d)

(€)

(f)

(5.16)

This result is only an estimate because it is based on the concept of a uniform

flow in a constant cross section.

[Re] KL, +K2 +¢, - K
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where K1, ~ due to lateral variation of u-velocity;

K2, ~ due to vertical variation of u-velocity

= Simplified equation

Let d':d/d_, u”:u—_; glt:i; y‘: y

Overbars mean cross-sectional average; d = cross-sectional average depth

Then

2,.2
K =W U (5.17)

where I is dimensionless integral given as

| =— Jju“d | on. gid joyl u dy dydy
t

Compare with Eq. (4.26)

ha?
E

K I
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[Example 5.4] cross-sectional distribution of velocity (Fig.5.11) of Green-

Duwamish at Renton Junction

g, =0.133ft*/sec

Estimate longitudinal dispersion coefficient

Solution: divide whole cross section into 8 subarea

=0 & ©
St 8 28 g 9 8 3 8
22 o 8 o= 8 o 2 P S
o FIT-T T 1
2t T~ & s
pe “--5\\\\\‘:‘ \l B i T S L
= sk AN \ A e T SRS
= Nt gt :
—
5 Ot—O—F O O OO} O~ O
u_,x; 10 I" (@ O, —@
o 140 130 120 1o 100 90 80 70 60

TRANSVERSE DISTANCE FROM ARBITRARY POINT (ft)

1 ' 1 ‘
K= _K.EN ud .[qu—dj.oydu dydydy

— perform inner integral first

Column 2: transverse distance to the end of subarea
Column 4: AA=dAy

Column 46: AQ=UAA
Column 8: RelativeAQ =u AA

Column 9: Cumulative of RelativeAQ =u AA

1 v, . Ay
Column 11: [ — " du'dydy = ¥ Col(10)=%
J‘O gtd IO y y Z ( )gtd
Column 13: j:/u'djoyidjoydu'dydydy:Col(8)><CoI(12)
gt

K = —%Cumulativeof Col(13)

5-47



Ch 5. Mixing in Rivers

. & (el

1 | S o B T . S
G @ — :mﬁ:d—! 0 T ) e e (O
N T R T ' T f—’z gl | dicandn Rl
Vetoclly, aa i (31 1 A e
(LT (9:0) [HHER () TICRR |0 (9560 263
0,028 {: ; ) -5.013 ) <13 735 » i
T | | i 738
Rl \ G T
3,562 i_-23.073 | 2441
i.r22:182 | i oA
9.134 BSOS A L1 .-BA4s i
| 18040 ] G 6323
15,385 | | -s.a7y_| -18593 s
H 2.300 ) i 24910
16,321 10,408 “19423
| 18.627 i 44330
e e =
| {_topgas | _ 35317
«10.005 4 5.002 9063
232 LR + Lodlia 26254
e AR g o ouw j f
:; (‘-i) I S T Sl PS5 K= = p2oiSajih = 7754 fbgF
;i I Ba = | Teiaa TlpEysTd ] 1 ]
& givem in P28
W ¥ v, ’ - .
K= _i.f we | g Ja dydydy (5. 16) > Trmer imtegrol first
a -

e
@

D]

¢
@): (= 5.ea3)07) /Canie) =" 1466

—~ 1460+ (=17 895 X10)/ (0122 k 42) = - 467.¢

G") -l
m I:du’dg -5 iu’.‘s; -r_E'u'M-if ("~ “,' ‘A)
Y. (¥ Yasdy 0L =3(0) x 8y [Ed
Wy [T (% dydy = = [ Ay
ju eidl,—? s N %&

() Z U d[d,‘

s =l =T(6)*Ci2)
j&‘fdu’dgd ]
eﬁﬂ»h/y
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1 ) (©)) 4) ®) (6) (7 8 ©) (10)
d a AQ u’ ReJ' AQ "u'dA
wouea | 0| @ER aa=dxay | SUEEEN g | caeo g L’(S)g Average
(f) () (F3%) o ©
(ft) (1ts) (CFS) (fps) @)(7) F7tet g
63 0
1 18 12.6 0.105 1.323 -0.796 -10.026 -5.013
70 =1.8(7) =0.105(12.6) -10.026
2 42 42 0526 22.092 -0.375 -15.738 -17.895
80 -25.764
3 42 42 0.986 41.412 0.085 3582 -23.973
90 -22.182
4 48 48 1.091 52.368 0.190 9.134 -17.616
100 -13.049
5 5.2 52 1.196 62.192 0.295 15.355 -5.371
110 2.306
6 6.6 66 1.148 75.768 0.247 16.321 10.466
120 18.627
7 6.4 64 0.766 49.024 -0.135 -8.622 14.316
130 10.005
8 2 12 0.067 0.804 -0.834 -10.005 5.002
136 0.000
Sum A= | 3386 Q= |304.98 0.000
&= | 0.133ft%s U=Q/A= | 0.90 fps K = | -(-26254)/A = 77.54 ft?/s
. . y ' ’ '
(5) given in p.128 9) jo du'dy = du'Ay =Y u'AA (- dAy=AA)
(5.16) : Inner integral first (11)
y 1oy, Y o, Ay ]
IO gl_d-.‘o du dydy—ZJ.O du dy%—d_Z(lo)xAy/gtd (11):
(-5.013)(7)/(0.133)(1.8) = ~146.6
1w , v 1 ¢y, , y 1 ¢y,
K ‘_Kjo ud [ gt_djo du’dy dy dy 14) S u @ “’ gt—djo du dydy}=2(8)x(12)
o Rel.A0-(0) ) |

)
(14)

~146.6+(~17.895)(7)/(0.133x 4.2) = —467.0
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Homework Assignment #5-1

Due: Two weeks from today

1. Estimate the longitudinal dispersion coefficient using the cross-sectional

distribution of velocity measured in the field using Eg. (5.16). Take S

(channel slope) = 0.00025 for natural streams.

2. Compare this result with Elder's analysis and Fischer's approximate
formula, Eq. (5.19).

Table 1 Cross-sectional Velocity Distribution at Ottawa in the Fox River,

Illinois
Station Y from left bank Depth, d Mean Velocity
() (ft) (ft/sec)
1 0.00 0.0 000
2 4.17 14 0.45
3 7.83 3.0 0.68
4 11.50 3.7 105
5 15.70 4.7 0.98
6 22.50 5.3 1.50
7 29.83 6.2 165
8 40.83 6.7 510
9 55.50 7.0 180
10 70.17 6.5 2.40
11 84.83 6.3 555
12 99.50 6.8 245
13 114.17 7.4 2.20
14 132.50 73 5 65
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15 150.83 7.1 2.70
16 169.16 7.4 2.35
17 187.49 7.8 2.65
18 205.82 7.8 2.80
19 224.15 7.8 2.60
20 242.48 6.6 2.50
21 260.81 6.3 2.30
22 279.14 6.2 2.35
23 297.47 6.6 2.30
24 315.80 6.0 2.65
25 334.13 5.5 2.50
26 352.46 5.4 2.10
27 370.79 5.2 2.25
28 389.12 5.5 2.30
29 407.45 5.7 1.50
30 416.62 3.2 1.30
31 422.00 0.0 0.00
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5.2.2 Dispersion in Real Streams

So far the analyses have been limited to uniform channels because Taylor’s

analysis assumes that everywhere along the stream the cross section is the same.

Real streams have bends, sandbars, side pockets, pools and riffles, bridge

piers, man-made revetments.

— Every irreqularities contribute to dispersion.
— It is not suitable to apply Taylor’s analysis to real streams with these
irregularities.

5.2.2. 1 Limitation of Taylor's analysis

o Et
2KW

Taylor’s analysis cannot be applied until after the initial period.
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Numerical experiments showed that in a uniform channel the variance of
dispersing cloud behaves as a line as shown in Fig. 5.14.

X

A) generation of skewed distribution: X (= ——
uWw /e,

)< 0.4 (initial period)

B) decay of the skewed distribution: 0.4 <x <1.0
C) approach to Gaussian distribution: 1.0 < x

oo’

D) zone of linear growth of the variance: 0.2<X ; " =2D

E) zone where use of the routing procedure is acceptable: 0.4 < x

N

Irregularities in real streams increase the length of the initial period,

Analytical solution of 1D
advection-dispersion model

5.2.2.2 Two-zone Models

and produce long tail on the observed concentration distribution due

to detention of small amounts of effluent cloud and release slowly after the

main cloud has passed.

Pockets of dye are retained in small irregularities along the side of the channel.
The dye is released slowly from these pockets, and causes measurable
concentrations of dye to be observed after the main portion of the cloud has

passed.
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Flow zone

Storage zone

Mass
exchange
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- Field studies

Godfray and Frederick (1974)
Nordin and Savol (1974)

Day (1975)

Legrand-Marcq and Laudelot (1985)

showed nonlinear behavior of variance for times beyond the initial period.

(increased faster than linearly with time)
o’ =f (t“)

— skewed concentration distribution

— cannot apply Taylor's analysis

- Effect of storage zones (dead zones)
1) increases the length of the initial period

2) increases the magnitude of the longitudinal dispersion coefficient

e Two zone models

~ divide stream area into two zones

Flow zone: advection, dispersion, reaction, mass exchange

oC. oC 0 oC
+U F=—| K El+F
Ao TURA 8x[ A 8y]
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Storage zone: vortex, dispersion, reaction, mass exchange

oCs _
ot

Ay

Introduce auxiliary equation for mass exchange term F
Exchange model: F =k(C. -C;)P

oC,

y

Diffusion model: F =—-¢
y=0

v
v

Flow zone

Storage zone
v v

= Dead zone model

Hays et al (1967)

Valentine and Wood (1977, 1979), Valentine (1978)
Tsai and Holley (1979)

Bencala and Waters (1983), Jackman et al (1984)
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= Storage zone model

Seo (1990), Seo and Maxwell (1991, 1992)
Seo and Yu (1993)
Seo & Cheong (2001), Cheong & Seo (2003)

- Effect of bends
1) Bends increase the rate of transverse mixing.

2) Transverse velocity profile induced by meandering flow increase longitudinal
dispersion coefficient significantly because the velocity differences across the

stream are accentuated.

(3) Effect of alternating series of bends depends on the ratio of the cross-

sectional diffusion time to the time required for flow round the bend.

(5.18)

where L= length of the curve

y <25=y, > K=K, — no effect due to alternating direction

y>25-5 K=K, 20
y

K, = dispersion coefficient for the steady-state concentration profile, Eq.

(5.16)
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5.2.3 Estimating and Using the Dispersion Coefficient
Observation — calculation of observed values from field data

Prediction — estimation of dispersion coefficient by theoretical or empirical

equations

5.2.3.1 Observation of dispersion coefficient

1) Change of moment method

2 2 2 2
O,, “Oy; _ 1120w —Ou

K= =U — L 2.30
2(,-t)  2(5-1) (2300

where o ’= variance of C-x curve;

o’ = variance of C-t curve;

t = centroid of C-t curve at x=x;

It is difficult to compute a meaningful value of variance when concentration

distributions are skewed because of long tails on the observed distributions.

2) Routing procedure (Fischer, 1968)

— match a downstream observation of passage of a tracer cloud to the

prediction based on the upstream observation using an analytical solution.

We can use this procedure only when x' >0.4
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0
T

CONCENTRATION  (uCi/ft?)
N
3

12:00 PM 12:30 1100 30 2:00
TIME

Predicted concentration distribution at downstream station is obtained according

to the solution of one-dimensional Fickian dispersion model.

_UZ(E i —t+7)
4K (L, -t)
VArK(t, - 1)

| |
CP(x%,, )= C(x,7) udr  (5.20)

where

t, = mean time of passage at the upstream station (xy)

EZ: mean time of passage at downstream station (x,)

7 = timelike variable of integration

C(x,,7)= upstream observed concentration-time curve

Compare CP(x,,t) with C(x,,t) [= downstream observed concentration

curve] until it fits together with varying dispersion coefficient K.
Then, the best fit value is regarded as the observed dispersion coefficient
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5.2.3.2 Prediction of dispersion coefficient

1) Theoretical equation

1 . 1 .
K= _X.[(\)N ud ‘[Oy%—dj‘oydu dydydy

Seo and Baek (2004)

~ use beta function for transverse profile of u-velocity

u _ ['(a+ p) (lja_l (l_l)ﬁ—l
U T@r(p)\w W

U

K= —
4 du

2) Empirical equation

- Fischer (1975)
2102
K = lu“h

E

Select 1 =0.07(0.054 ~ 0.10)
h=0.7W (0.5~1.0W)

u? =0.20%(0.17 ~ 0.25)
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E=¢ =0.6du”

Then (4.26) becomes

2
K =0.012 ZW (5.19)
du

- Seo and Cheong (1998)

Use dimensional analysis to find significant factors

Include dispersion by shear flow and dispersion by storage effects

Fischer (1975): a=0.011; b=2.0; c=2.0
Liu (1979): a=0.18; b=0.5; c=2.0
Iwasa and Aya (1991): a=2.0; b=0; c=1.5
Koussis and Rodrguez-Mirasol (1998):  a=0.6; b=0; ¢=2.0

Seo and Cheong (1998): a=5.92; b=1.43; ¢=0.62
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[Ex 5.5] Dispersion of slug (instantaneous input)

Given:
M =10lb (Rhodamine WT dye); u=0.90ft/s; W =73ft; A=338.6
d =4.46 ft, (weighted average)
g, =0.133ft*/s
= 018 407555
0.4d 0.4(4.64)
Find:
(@) Kby Eq. (5.19)
(b) length of initial zone in which Taylor's analysis does not apply
(c) length of dye cloud at the time that peak passes =20,000 ft
(d) C,..atx=20,000ft
[Solution]

(@) Eq. (5.19)
K =0.0110°W ? / du”

=0.011(0.90)" (73)° /(4.46)(0.072)

=142.11t*/s

K(5.19)/K (5.16)=142.1/77.5=1.83

[Cf] Kby Seo & Cheong (1998)
1.43 0.62
K~ 5.92(2*J (ﬂj _ 204 1t/
du u d
— include dispersion by shear flow dispersion and storage effects
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(b) initial period
x =0.40W?2 /&, =0.4(0.90)(73)"/(0.133) =14, 424 ft

(c) length of cloud

(0.90)(73)

- decay of skewed concentration distribution

— assume Gaussian distribution

do?

dt

=2K

From Fig.5.14
o’e,

2KW?

o’ =2KW?/¢&)(x —0.07)

=(x -0.07)

= 2(142)(73)° /0.133(0.55 - 0.07) = 5.46 x10°° ft?

S0 =2.337
length of cloud =40 =4(2,337)=9,348 ft

(d) peak concentration

M _ 10 — 4.69x10°Ib/ ft*

" AVazKx/T  (338.6)./47(142)(20,000)/(0.90)

=4.69x107° x% = 75_1><10_3g /m3(: mg /1l = ppm)

max

=75.1ppb
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Homework Assignment #5-2

Due: Two weeks from today

Concentration-time data listed in Table 2 are obtained from dispersion study by
Godfrey and Fredrick (1970).

1) Plot concentration vs. time
2) Calculate time to centroid, variance, skew coefficient.

3) Calculate dispersion coefficient using the change of moment method and

routing procedure.
4) Compare and discuss the results.

Test reach of the stream is straight and necessary data for the calculation of

dispersion coefficient are

u=170ft/s; W =60 ft;

d=277ft; u =0.33ft/s

Table-2 Time-concentration data for Copper Creek, Virginia

Section 1 Section 2 Section 3 Section 4 Section 5 Section 6

x=630ft X =3310ft X =5670ft X =7870ft X =11000ft | x =13550ft

T (hr) [C/ICo T (hr) [CICo [T (hr) [CICo T (hr) ICICo T (hr) [CICo [T (hr) [CICo
1111.5 | 0.00 1125.0 | 0.00 1138.0 | 0.00 1149.0 | 0.00 1210.0 | 0.00 1226.0 | 0.00

1112.5 | 2.00 1126.0 | 0.15 1139.0 | 0.12 1152.0 | 0.26 1215.0 | 0.05 1231.0 | 0.07

1112.5 16.50 1127.0 | 1.13 1140.0 | 0.30 1155.0 | 0.67 1220.0 | 0.25 1236.0 | 0.22

1113.0 13.45 1128.0 | 2.30 1143.0 | 1.21 1158.0 | 0.95 1225.0 | 0.52 [1241.0 | 0.40
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1113.5 | 7.26 1128.5 | 2.74 1145.0 | 1.61 1200.0 | 1.09 1228.0 | 0.64 1245.0 | 0.50

1114.0 | 5.29 1129.0 | 2.91 1147.0 | 1.64 1202.0 | 1.13 1231.0 | 0.70 1249.0 | 0.58

1115.0 | 3.37 1129.5 | 2.91 1149.0 | 1.56 1204.0 | 1.10 1234.0 | 0.72 1251.0 | 0.59

1116.0 | 2.29 1130.0 | 2.80 1153.0 | 1.26 1206.0 | 1.04 1237.0 | 0.71 1253.0 | 0.59

1117.0 | 1.54 1131.0 | 2.59 1158.0 | 0.86 1208.0 | 0.95 1240.0 | 0.65 1257.0 | 0.54

1118.0 | 1.03 1133.0 | 2.18 1203.0 | 0.53 1213.0 | 0.72 [1244.0 | 0.55 1304.0 | 0.44

1120.0 | 0.40 1137.0 | 1.34 1208.0 | 0.30 1218.0 | 0.50 1248.0 | 0.45 1313.0 | 0.27

1124.0 | 0.10 1143.0 | 0.60 1213.0 | 0.17 1223.0 | 0.31 1258.0 | 0.24 1323.0 | 0.14

1128.0 | 0.04 1149.0 | 0.23 1218.0 | 0.10 1228.0 | 0.21 1308.0 | 0.12 1333.0 | 0.06

1133.0 | 0.02 1158.0 | 0.08 1228.0 | 0.04 1238.0 | 0.08 1318.0 | 0.06 [1343.0 | 0.03

1138.0 | 0.00 1208.0 | 0.03 1238.0 | 0.01 1248.0 | 0.02 1333.0 | 0.03 1403.0 | 0.02

- - [1218.0 | 0.00 1248.0 | 0.00 1300.0 | 0.00 1353.0 | 0.00 1423.0 | 0.00

5-65



