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Binary phase diagrams

1) Simple Phase Diagrams

2)  Systems with miscibility gap

4) Simple Eutectic Systems

3) Ordered Alloys

Both are ideal soln. → At T change, curvature and width change of G curve by S

0=∆ L
mixH 0>∆ S

mixH
At T change, curvature and width change of G curve by S + shape change of curve by H

0=∆ L
mixH 0>>∆ S

mixH
→ miscibility gap extends to the melting temperature. 

0=∆ L
mixH 0<∆ S

mixH

ΔHmix<< 0 → The ordered state can extend to the melting temperature.
ΔHmix  < 0 → A atoms and B atoms like each other. → Ordered alloy at low T

0>∆>∆ l
mixmix HH α 0<∆<∆ l

mixmix HH α

miscibility gab Ordered phase
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Contents for previous class
Solid-Liquid Equilibrium in Alloys
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0>∆>∆ l
mixmix HH α

Considerable difference between the melting points
Eutectic reaction

Peritectic reaction
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Intermediate Phase

* Solid solution
 random mixing
 entropy ↑

negative enthalpy ↓ 

Wide compositional range
 G ↓

* Compound : AB, A2B…
 entropy↓ 
 covalent, ionic contribution. 
 enthalpy more negative ↓

0<∆ S
mixH

0<<∆ S
mixH

1.5 Binary phase diagrams

Narrow compositional range
 G ↓
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2.6 Origin of Defects

 Imperfection in Metallic Materials ;
Point defect : Vacancies, interstitials, Impurities

Line defect : Dislocations, Cellular and lineage substructure

Plane defect : Grain Boundaries, Free Surfaces

Bulk defect : Voids, Cracks

Microstructure is the collection of defects in the materials.

d i s t o r t i o n  
o f  p l a n e s

Page 51
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Heterogeneous nucleation must occur on some 
substrate:

grain boundaries
triple junctions
dislocations
(existing) second phase particles

Consider a grain boundary: why is it effective?  
Answer: by forming on a grain boundary, an embryo     

can offset its “cost” in interfacial energy by 
eliminating some grain boundary area.
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• In practice, ∆HV is of the order   
of 1 eV per atom and XV

e

reaches a value of about 10-4~10-3 

at the melting point of the solid

=

 
= 

  e
V VV X X

dG 0
dX

∆ − ∆ + =e
V V VH T S RTln X 0

∆ −∆
= ⋅

∆ = ∆ − ∆

−∆
=

e V V
V

V V V

e V
V

S HX exp exp
R RT

putting G H T S
GX exp

RT

at equilibrium

Fig. 1.37 Equilibrium vacancy concentration.
: adjust so as to reduce G to a minimum

A constant ~3, independent of T Rapidly increases with increasing T

Equilibrium concentration       will be that which gives the minimum free energy.
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Precipitate-Free Zone(PFZ) due to Vacancy Diffusion during quenching

c) Quenched-in Vacancies

Solute concentration within the zone ~ largely unchanged, but no precipitate at GB
∵ a critical vacancy supersaturation must be exceeded for nucleation to occur.

In the vicinity of grain boundaries on subsequent aging,

Fig. 5.35 A PFZ due to vacancy diffusion to a grain boundary during quenching.
(a) Vacancy concentration profile. (b) A PFZ in an Al-Ge alloy (x 20,000)
(c)   Dependence of PFZ width on critical vacancy concentration Xv

c and rate of quenching.

Similar PFZs can also form at inclusions and dislocations.
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Fig. 3. 52 The total energy of matrix + precipitate vs. precipitate radius 
for spherical coherent and non-coherent (semicoherent of incoherent) 
precipitates.

Coherency Loss
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∆ = ⋅ + ⋅

∆ − = ⋅ +

Coherency strain energy 
Eq. 3.39

Chemical interfacial E Chemical and structural interfacial E

(δ = (dβ - dα)/ dα : misfit)

(semicoherent interface)

Precipitates with coherent interfaces = low interfacial E + coherency strain E

Precipitates with non-coherent interfaces = higher interfacial E

⑤ Stresses due to inclusions. (dislocation density ~ inclusion density)

⑥ Growth error: inherent feature
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Solidification:     

Liquid Solid

Chapter 1: Equilibrium consideration (Thermodynamics)

Chapter 2: Atomic mechanism (Kinetics)

Chapter 3. Nucleation 

3.1. Metastability of Supercooled Liquid

Liquid ↔ Solid transformation at Tm

time

Temp.

Tm

Presence of metastable supercooled liquid

Why?



Turnbull’s Insight for Supercooling

 How does the liquid metals resist on the crystallization?
 What is the origin of high nucleation barrier against the crystallization? 
 What is the structure of interface between liquids and crystals?
 What is the local order of liquid metals?

Liquid Crystal

Easy
nucleation

Microcrystalline structure for liquid metals
–Same short range order with crystals!

,2
*    

g3
16 =W

sl

3

−∆

σπ

  
T

TH
 =g f

sl

∆∆
∆ −
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Turnbull’s solid-liquid interface

Solid state physics v47, 1 (1994)

Supercooling

Turnbull’s insight : Liquid orders substantially near a crystal surface 
due to entropy decreasing caused by the crystal-melt interfacial tension
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By dispersing a liquid into a large number of small droplets within a suitable 
medium, the catalytic effects of active nucleants may be restricted to a small 
fraction of the droplets so that many droplets will exhibit extensive undercooling.

John H. PEREPEZKO, MSE, 65 (1984) 125-135

How to Obtain Extensive Undercooling
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Containerless and Contactless Measurement System

Containerless
Levitation Technique

(High temperature and vacuum)

Optical
(Raman, IR)

Thermodynamic
(T, Cp, Hf, ρ, η…) 

Structural
(X-ray and Neutron)

Electric & Magnetic

Material synthesis
(Metal, Ceramic, Biomaterial…)

Non-contact 
External force & probing

(Laser, External fields)

+
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High Temperature Levitation

Acoustic

Physics Today, v56, p22, July 2003

Electrostatic Electromagnetic

Aerodynamic

Ultra-high temperature > 3000 oC

http://ec.europa.eu/research/industrial_technologies/articles/article_2288_en.html

* Magnetic/diamagnetic/superconducting levitation Only magnetic sample, below Tc

Only metallic & large mass sample

Requirement of acoustic 
media, Unstable at high T 

Difficult to control rotation of sample, 
Gas-sample reaction

All types of samples, 
Suitable for sample heating



Electrostatic Levitation (NASA, MSFC (Huntsville))

Physics Today, v56, p22, July 2003

P.-F. Paradisa, et.al., JOURNAL OF APPLIED 
PHYSICS 100, 103523 2006

Os

• Specific heat, 
• Emissivity, 
• Density, 
• Viscosity, 
• Surface tension…
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X-ray beam

Image plate detector

Upper electrode

Bottom electrode

Positioning electrode

liquid

Vacuum Chamber

Be windows Be windows

Beam-ESL; High-energy synchrotron x-ray scattering experiment

Sample size   : 30-100 mg,                X-ray Energy : 125 keV,             Wavelength   : 0.0988 oA
Temperature  : 300-2200 K,              Vacuum :10-7 torr                         Exposure time : 1 sec.
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http://photometry.kriss.re.kr/wiki/index.php/%EA%B7%B8%EB%A6%BC:MBC.png
http://photometry.kriss.re.kr/wiki/index.php/%EA%B7%B8%EB%A6%BC:KBS-news2010_01_11.png
http://photometry.kriss.re.kr/wiki/index.php/%EA%B7%B8%EB%A6%BC:YTN%EA%B7%B8%EB%A6%BC.png
http://photometry.kriss.re.kr/wiki/img_auth.php/a/a9/%EB%8F%99%EC%95%84%EC%9D%BC%EB%B3%B4.jpg


Electrostatic Levitation in KRISS

+

PSD (x) PSD (y)

HV (z-axis)

HV (x-axis)

HV (y-axis)

He-Ne laserHe-Ne laser

Heating laser

Feedback

Feedback

T: ~3000 oC
P: ~ 10-7 Torr

Containerless equipment: close to homogeneous nucleation
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No solid containers, No impurities from container 
No heterogeneous nucleation site

Extremely large supercooling can be obtained, clear recalescence
Metallic glass can be formed through free cooling 
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1) Melting and Freezing Using ESL
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Determination of liquidus temp.

Lee, Gangopadhyay, Kelton, et.al., Physical Review B (2005) 22
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4) Specific heat capacity
ε=0.24,        0.24,        0.19

Specific heat of pure elements
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5) Emissivity

0,

)(4 44
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Kim, et.al., APL v68 (1995)
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6) Fusion Enthalpy
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Caution: No distortion from spherical symmetry 
allowed multiple modes will be excited

Snapshot of surface oscillations in a Ni droplet Damped oscillations

Power Spectrum

Exponential decay of amplitude

Single frequency

7) Viscosity & Surface Tension: Oscillation



Measurement of thermophysical properties
- Volume : CCD camera / Temperature measurement : pyrometer

- Surface tension & Viscosity : oscillating the sample by with a pulse of AC voltage

Oscillation frequency

Surface tension

Density

Radius
when melt adopts 
a spherical shape

Decay time 
constant

Viscosity

Ph D Thesis of John Jian-Zhong Li, Caltech, 2009 

- Specific heat & total hemispherical emissivity :

- Time- temperature-transformation curve : isothermal treatment

Oscillating drop 방식으로 고온에서 metal의 점도/ 표면 장력 측정 가능
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• Damped resonant oscillations:

• Resonant frequency determined by surface tension:

• Damping determined by viscosity:

( )( )
3

21
o

l R
lll

ρ
γω +−

=

))cos(1(0
tetRR λωδ −+=

( )( )
2

121
o

l R
ll

ρ
ηλ +−

= Lamb (1881)

Rayleigh (1879)

 Induce surface oscillations in a levitating liquid droplet of radius ‘Ro’, mass ‘m’
 Measure the frequency of oscillation (ω)
 Measure the damping constant (λ)

Oscillating drop
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a) High Temp. Viscosity

3600 K !!!

JOURNAL OF APPLIED PHYSICS 100, 103523 2006

Hyers, et.al., Philosophical Magazine Vol. 86, 2006(341–347)
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b) High Temp. Surface Tension

3600 K !!!

JOURNAL OF APPLIED PHYSICS 100, 103523 2006Hyers, et.al., Philosophical Magazine Vol. 86, 2006(341–347)
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c) Density

3600 K !!!

Paradis, et.al., JOURNAL OF APPLIED PHYSICS 100, 103523 2006
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Crystallization: Undercooling of Os
Paradis, et.al., JOURNAL OF APPLIED PHYSICS 100, 103523 2006

Undercooling:~575 K



Interfacial free energy of some elements
∆Tr

∆Thyp
σ [1] σ α=

σ/∆Hf
r* ρ ηm

[2] Cp ∆Hf
[3]

(K) (J/m2) (J/m2) (nm) (g/cm3) (10-3 Pa/s) (J/mol·K) (J/mol)

Ti 309
341 0.168 0.141

0.152
0.42

0.454
1.46
1.43 4.11 5.2 42.67 14550

Zr 332
345 0.158 0.154±0.009

0.159±0.010
0.410
0.423

1.54
1.52 6.08 4.67 42.5 19300

Hf 339
339 0.229 0.193±0.012 0.404 1.47 12.24 7.07 60.3 24070

Nb 443
563 0.262 0.258±0.016

0.303±0.024
0.394
0.462

1.33
1.23 7.63 4.94 52.0 29300

Rh 413
546 0.279 0.261±0.018

0.313±0.029
0.439
0.527

1.08
1.19 10.8 4.97 41.4 22600

Fe 195
357 0.269 0.158

0.228
0.33
0.478

1.45
1.15 7.02 5.85 45 16100

1)  B. Vinet, L. Magnusson, H. Fredriksson, P. J. Desré, J. Colloid Interf. Sci.  255 (2002) 363 
2) T. Ishikawa, P.-F. Paradis, J. T. Okada, Y. Watanabe, Meas. Sci. Technol. 23 (2012) 025305
3) W. F. Gale, T. C. Totemeier, in “Smithells Metals Reference Book”, 8th ed. Butterworth-Heinemann, Oxford, 2004  

• Turnbull : α = 0.45 for most metals
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Development of extreme condition endurance materials

Gibbs free energy
∆G

Undercooling temperature ∆T
Melting temperature Tm
Transformation temperature Tc

Interfacial free energy
σ

Nucleation rate
ṄGrowth rate

Ġ

Phase transformation
Nucleation and growth

Recrystallization 
Martensitic transformation 

Spinodal decomposition
Phase separation

Development 
of new material

Simulation/Modeling

Specific heat capacity
Cp

Fusion enthalpy

∆Hf

Emissivity

ε
Density

ρ

Viscosity

η

Thermal conductivity

KT

Surface tension

σ
Thermal expansion 

α

Annealing

Heating & Cooling rate



3.2. Equilibrium condition for a curved interface

Stability of curved interface

1) Atomic consideration

a) Equilibrium: Geometrical factors  GF=GM (planer interface)

→ If it is curved, “escape angle” changes with curvature.
① S → L: if Solid is convex structure → GM ↑, concave structure → GM ↓

Δ GM ∝ curvature of the surface ∝ 1/r
→ if “Spherical” crystal containing n atoms ∝ n 1/3

② L → S: reverse direction of (S → L) case
∴ GM 

n for S → L transition 
for atoms at the surface of a spherical crystal containing n atoms
GM 

n = (1 + α/ n 1/3 ) GM , GF 
n = (1 - α/ n 1/3 ) GF

Convex surface = less firmly bound = fewer nearest neighbors in the crystal   
→ easier escape than that of flat surface 39



b) Average energy for escape 
L n = (1 - β/ n 1/3 ) L1

→  β is calculated from the number of neighbors 
(ex. FCC  structure: β = 1.33)

If the rate for the melting process ↑→ r ↓ &
the rate for the freezing process ↓→ TE ↓.
∴ TE, small crystal < TE, large crystal

Thus, at any temperature below TE , there is a radius of curvature 
at which the rates of melting and of freezing are equal. 
= critical radius r*

a) if TE +ΔT (+), RM > RF → r ↓ 
→ TE → TE’↓ → ΔT (+)↑ → RM >> RF 

b) if TE +ΔT (-), RM < RF → r ↑ 
→ TE → TE’’↑ → ΔT (-)↑ → RM << RF 

Liquid

Solid, r*
40



2) Thermodynamic treatment of equilibrium access a curved interface

Liquid

Solid

r  →  r + dr, P → P + ΔP

The work done is equal to the 
increase in free energy of the interface; 
Thus,

Extra pressure ΔP due to curvature

41



r
VG mγ2

=∆

r
P γ2
=∆

Fig. 1.38   The effect of interfacial E on the solubility of small particle

1.6 Influence of Interfaces on Equilibrium

The G curves so far have been based on the molar Gs of infinitely large amounts of material of 
a perfect single crystal. Surfaces, GBs and interphase interfaces have been ignored.

Extra pressure ΔP due to curvature of the α/β

ΔG = ΔP·V

The concept of a pressure difference is very
useful for spherical liquid particles, but it is less
convenient in solids (often nonspherical shape).

Fig. 1.39 Transfer of dn mol of β from large to a small particle.

Spherical interface

Planar interface

dG = ΔGγdn = γdA ΔGγ = γdA/dn

Since n=4πr3/3Vm and A = 4πr2

r
VG mγ2

=∆

Early stage of phase transformation

Interface (α/β)=γ

42
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Gibbs-Thomson effect (capillarity effect): 
Free energy increase due to interfacial energy

For small values of the exponent,

For r=10 nm, solubility~10% increase
Fig. 1.38 The effect of interfacial energy on the solubility of small particles.

Quite large solubility differences can arise for 
particles in the range r=1-100 nm.  However, 
for particles visible in the light microscope 
(r>1um) capillarity effects are very small.
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( )3 3
0r r kt− =

where ek D Xγ∝

Two Adjacent Spherical Precipitates with Different Diameters

2r
k

dt
rd
∝

5.5.6. Particle Coarsening (smaller total interfacial area→loss of strength or disappear-
ance of GB pining effect→ particular concern in the design of materials for high temp. applications)

D and Xe ~ exp (-Q/RT)

Microstructure of a two phase alloy is always unstable if the total interfacial free E is not a minimum. →

( Gibbs-Thomson effect: radius of curvature↓ → XB↑)

<

Assumption: volume diffusion is 
the rate controlling factor

(Xe: Equil. solubility of very large particles)

: Concentration gradient in matrix→diffusion→small particle_shrink/ large particle_grow

<
High density of 
small precipitates

Lower density of 
larger particles

(Ostwald Ripening)

Coarsening rate

A-rich B-rich

B-richA-rich

Average radius

Xe

Rapidly increase with 
Increasing temp.

CR ↑

44



3.3 Calculation of critical radius
1) Assumption: solid ~ incompressible  (two phases were at the same pressure),

TE → TE –ΔT, ΔGP (2σ/r*) = ΔP

L : ΔH = HL – HS

(Latent heat)
T = TE - ΔT

GL  =  HL – TSL

GS  =  HS – TSS

ΔGP = Δ H -T ΔS ΔGP =0= Δ H-TEΔS

ΔS=Δ H/TE=L/TE

ΔGP =L-T(L/TE)≈(LΔT)/Tm

mT
TLG ∆

=∆
P

E 

Δ H,  ΔS : independent of temperature

For incompressible solid,

→ if the nucleation status is not incompressible, ΔGP = ΔP
( ex. Nucleation of gas or vapor in liquid ) 45
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SLVr rGrG γππ 23 4
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4

+∆−=∆

: free energies per unit volume

for spherical nuclei (isotropic) of radius : r

2) Calculation of critical radius II
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Fig. 4. 2 The free energy change associated with 
homogeneous nucleation of a sphere of radius r.

r < r* : unstable (lower free E by reduce size)

r > r* : stable (lower free E by increase size)

r* : critical nucleus size

Why r* is not defined by ∆Gr = 0?

r*                 dG=0

Unstable equilibrium

SLVr rGrG γππ 23 4
3
4

+∆−=∆

2) Calculation of critical radius II

∆GV = ∆GP

embryo nucleus

47



Gibbs-Thompson Equation

3

( )
4

3r l V
rG Gπ

∆ = ×∆

28 4 Vr r Gµ π γ π∆ = = ∆

∆G of a spherical particle of radius, r 2
( ) 4r sG rπ γ∆ =

∆G of a supersaturated solute in liquid 
in equilibrium with a particle of radius, r

Equil. condition for open system
∆µ should be the same.

r r
Vmγ2

/mole  or   r
γ2 / per unit volume

*/2 rG SLV γ=∆

V

SL

G
r

∆
=∗ γ2

r*: in (unstable) equilibrium  
with surrounding liquid

SLVr rGrG γππ 23 4
3
4

+∆−=∆
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∆







=

∆
=∆

πγγπ

mT
TLG ∆

=∆
V
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Crystal with convex surface 
in supercooled liquid
(for ΔT and r* positive)

Negative curvature, 
superheat

- Critical condition of Nucleation → Depends on the curvature of the crystal surface

- To calculate r* under a given ΔT: σ=γSL (Sol.-Liq. Interfacial E) measurement required

49



Formation of Atomic Cluster

At the Tm, the liquid phase has a volume 2-4% greater than the solid.

Fig. 4.4 A two-dimensional representation of 
an instantaneous picture of the liquid structure. 
Many close-packed crystal-like clusters (shaded) 
are instantaneously formed.
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Formation of Atomic Cluster

3 24 4 ,
3r V SLG r G rπ π γ∆ = − ∆ +

When the free energy of the atomic cluster with radius r is by

how many atomic clusters of radius r would exist in the presence
of the total number of atoms, n0? 

1 2 3 4 1m mA A A A A A−→ → → → → →

1 2

2 1 exp Gn n
kT

→ ∆
= − 

 
2 3

3 2 exp Gn n
kT

→ ∆
= − 

 
3 4

4 3 exp Gn n
kT

→ ∆
= − 

 
 1

1 exp
m m

m m
Gn n

kT

− →

−

 ∆
= − 

 
1 2 2 3 1

1 exp
m m

m
G G Gn n

kT

→ → − → ∆ + ∆ + + ∆
= − 

 



1

1 exp
m

m
Gn n
kT

→ ∆
= − 

 

0 exp r
r

Gn n
kT
∆ = − 

 
# of cluster 
of radius r

nr exponentially decreases with ΔGr

# of spherical clusters with radius r

Excess free E associated with 
the cluster of 1→2 atoms

embryo Nucleus
: no longer part of liquid

r ↑ → ΔGr ↑
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large driving force (large ∆T)

Compare the nucleation curves 
between small and large driving forces.

r*r*       <

∆T ↓ → ΔGr* ↑ → r* ↑ →  nr ↓
small driving force (small ∆T)

∆T↑ → ΔGr* ↓ → r* ↓ → nr ↑

Formation of Atomic Cluster
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0 exp r
r

Gn n
kT
∆ = − 

 
# of cluster 
of radius r

ΔGr* ΔGr*   <
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no   : total # of atoms.
ΔGr : excess free energy associated with the cluster
k : Boltzmann’s constant

# of cluster of radius r per unit volume

- holds for T > Tm /  T < Tm  and r ≤ r*

- nr exponentially decreases with ΔGr

Ex. 1 mm3 of copper at its melting point (n0: 1020 atoms)
→ ~1014 clusters of 0.3 nm radius (i.e. ~ 10 atoms)

→ ~10 clusters of 0.6 nm radius (i.e. ~ 60 atoms)

→  effectively a maximum cluster size, ~ 100 atoms
~ 10-8 clusters mm-3 or 1 cluster in ~ 107 mm3

Formation of Atomic Cluster

0 exp r
r

Gn n
kT
∆ = − 

 

r ↑ → nr ↓
r ↓ → nr ↑

- ΔGr ≠ 0 → nr/n ≠ 0 (always cluster with a specific size) 

→ Key to nucleation : relationship btw rmax and r* 

Apply for all r / r ≤ r* 
(∵ r > r*: no longer part of the liquid)
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The variation of r* and  rmax with undercooling ∆T

→ The condition for nucleation: 

∆T↑ → r*   ↓
→ rmax↑

The creation of a critical nucleus ~ thermally activated process

of atomic cluster

* SL SL m

V V

2 2 T 1r
G L T
γ γ 

= =  ∆ ∆ 
mT
TLG ∆

=∆

∆TN is the critical undercooling for homogeneous nucleation.

rN

The number of clusters with r* at T < ∆TN is negligible. 54



2) The homogeneous nucleation rate - kinetics

How fast solid nuclei will appear in the liquid at a given undercooling?

n : atoms/unit volume
ni

* : # of clusters with size of r* ( critical size )

)exp(
*
hom

0 kT

G
nn

∆
−=∗

clusters / m3

The addition of one more atom to each of these clusters will 
convert them into stable nuclei.

)exp(
*
hom

0hom kT
GCfN o

∆
−=

nuclei / m3∙s 
Homogeneous nucleation rate

(small embryos → r*) 

=
Excess free E of critical nucleus

Net rate at which atoms travel 
across the interface btw liquid 
and embryo

Surface area of
Critical nucleus

Equilibrium # of
Critical nuclei
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2) The homogeneous nucleation rate - kinetics

a: correction factor of nucleus shape (Not necessarily spheircal)
n*: # of surface atoms for critical nucleus
n = # of atoms per unit volume for liquid

Assumption:  “equilibrium distribution of the embryo size at all times” (ideal condition)
Vapor → liquid drop : OK but liquid → Solid : X due to low mobility

→  Until ΔT reaches, the critical value I  is very small.
But ΔT increases rapidly when critical value is reached

56



:  insensitive to Temp.

The homogeneous nucleation rate as a 
function of undercooling ∆T. ∆TN is the 
critical undercooling for homogeneous 
nucleation.

→ critical value for detectable nucleation
- critical supersaturation ratio
- critical driving force
- critical supercooling

How do we define nucleation temperature, ∆TN ?

The homogeneous nucleation rate - kinetics

2hom
1~
T

N
∆

→ for most metals, ΔTN~0.2 Tm (i.e. ~200K)
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* Comparison between experiment and theory
Most metal ΔTN < several K 
but Turnbull and his coworker ΔTN → larger (~several hundreds K)

by formation of large number of very small drops
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By dispersing a liquid into a large number of small droplets within a suitable 
medium, the catalytic effects of active nucleants may be restricted to a small 
fraction of the droplets so that many droplets will exhibit extensive undercooling.

John H. PEREPEZKO, MSE, 65 (1984) 125-135

How to Obtain Extensive Undercooling
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Melting temperature > 3000K

: Ta, Re, Os, W measured by ESL

Slope : 0.18

JAXA(2007)
JAXA(2005)  

JAXA(2003)

JAXA(2003)

Δ = 55.9 + 1.83 x 10-1T

Measuring high temperature properties!

Maximum undercooling vs. Melting temperature
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