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 Q: Heat Flow and Interface Stability 
 
 

1) Superheated liquid 
  
 

2) Supercooled liquid 
  
 
: conduction of latent heat into the liquid : Extraction of latent heat by conduction in the crystal 

→ Development of Thermal Dendrite 

Chapter 4. Microscopic Heat Flow Considerations 
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1) Superheated liquid 
  
 

2) Supercooled liquid 
  
 

“Removal of latent heat” → Heat Flow and Interface Stability  

: conduction of latent heat into the liquid : Extraction of latent heat by conduction in the crystal 
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Heat Flow and Interface Stability  -  Planar  interface 

Consider the solidification front with heat flow from L to S.  
1) Superheated liquid: Extraction of Latent Heat by Conduction into the Crystal 
  

 
    solid growing at v  
    (planar) 

If r is so large → Gibbs-Thompson effect can be ignored the solid/liquid interface remain at Tm  
     ( r : radius of curvature of the protrusion ) 
 

      dT/dx in the liquid ahead of the protrusion will increase more positively.  TL’↑  &  TS’↓ 
 

      More heat to the protrusion → melt away  
      v of protrusion ↓ to match other v in planar region                                                  mould walls 

S S L L VK T K T vL′ ′= +Heat Balance Equation 

Heat flow away from the interface  
through the solid 

- Heat flow from the liquid 

- Latent heat generated at the interface SK T ′
L LK T ′

VvL

K: thermal conductivity 



Single Crystal Growth: a) Czochralski Growing System 



Growth speed is 1–2 mm/min Czochralski(CZ) typically used for Si 

“Pulls”boule out of the melt 

Single Crystal Growth: a) Czochralski Growing System 



0.01~1 cm/h 

S 

L 

Vertical 

Precise temperature gradient 
required 

 

; Horizontal and vertical-type method 
 

* The pointed end is first melted and slowly pulled from the inside of the furnace. 
 

→ The pointed end first nucleates and grows into the crystal to become a single crystal. 

Single Crystal Growth: b) Bridgman Technique 



Carefully controlled temperature gradient required 

; Horizontal and vertical-type method 
 

* The pointed end is first melted and slowly pulled from the inside of the furnace. 
 

→ The pointed end first nucleates and grows into the crystal to become a single crystal. 

Single Crystal Growth: b) Bridgman Technique 



Single Crystal Growth: c) Float-zone (FZ) method 
; High purity, high price. 
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2) Solid growing into SCL: conduction of latent heat into the liquid 

0
'

<
dX
dTL- protrusion  

→ heat flow from solid = the protrusion grows preferentially. 
 

 becomes more negative 
 
 

Heat Flow and Interface Stability  -  Planar  interface 

(a) Dendritic growth take place when, and only when, the melt is supercooled. 
 

(b) Growth would be relatively slower near the plane, because the supercooling would be less there. 
 

(c) The directions of growth are always strictly crystallographic.  
 

(d) Branching occurs at roughly regular spacing, smaller for each successive order of branching. 
 

Lower temperature  
than the interface 

S S L L VK T K T vL′ ′= +
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The earlier metallo-graphers believed that metals characteristically 
solidified in the dendritic form first described in detail by Tschernoff, 
who reproduced drawings of dendrites in 1868.  
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The development of thermal dendrites:  (a) a spherical nucleus;  
(b) the interface becomes unstable;  (c) primary arms develop in 
crystallographic directions (<100> in cubic crystals); (d) 
secondary and tertiary arms develop  

cf) constitutional supercooling 

When does heat flow into liquid? 

→ Liquid should be supercooled  

      below Tm.  
→ Nucleation at impurity particles  
       in the bulk of the liquid  

Development of Thermal Dendrite 
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If the furnace is removed and the liquid loses heat fast enough to  
become supercooled, then dendritic solidification takes place.  



15 4 Fold Symmetric Dendrite Array 

   Solidification:    Liquid             Solid 



Effect of surfaces and of grain boundaries. 
Grain boundary lies in the solid in a plane perpendicular to the solid-liquid interface. 
→ They assume that thermodynamic equilibrium is maintained at all times.  
→ A groove should exist at the boundary, a result that can be derived from  
     the static equilibrium of the intersection of two surfaces. 
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* General high angle boundary : dγ/dθ ≈ 0 (GB behaves like a soap film) 
→   Under these conditions the requirements for metastable equilibrium at junction 

between three grains is that the boundary tensions γ13, γ23, γ12 must balance. 

→   θ = 120º 

Ex) If the solid-vapor energy (γS/V) is  
      the same for both grains,  

Eq. 3.13 applies to any three boundaries 
i.e. grain 1~ different phase to grain 2 & 3.  

grain 2 

vapor 1 

grain 3 

If the boundary E is independent of orientation,  

One method of measuring GB energy: 
 

: anneal a specimen at a high temp. and    
  then measure the angle at the    
  intersection of the surface with B. 

(Here, presence of any torque terms ~ neglected)  

The balance of GB tensions for a GB      
intersection in metastable equilibrium (Eq. 3.13)  

if all GBs have same GB energy independent  
of boundary orientation  



Effect of surfaces and of grain boundaries. 
Grain boundary lies in the solid in a plane perpendicular to the solid-liquid interface. 
→ They assume that thermodynamic equilibrium is maintained at all times.  
→ A groove should exist at the boundary, a result that can be derived from  
     the static equilibrium of the intersection of two surfaces. 

The groove may be asymmetric if the surface free energies are not equal and  
that this can lead to the formation of grain boundaries in directions that are  
not normal to the solid-liquid interface. → “development of preferred orientations”  
                                                            (Chapter 8) 



Dendritic solidification 
1) Occurrence of branching can be looked upon in much same way. 
(a) A primary arm is itself in a region of temperature inversion. 

(b)Uniform radial growth of the cylindrical primary arm would be unstable. 

(c) A series of branches would occur, spaced at intervals determined by the  

     latent heat evolved from the branches themselves. 

(d) The same process can repeat on a finer and finer scale until there is not  

     sufficient supercooling to develop the irregularities of growth into branches. 

2) Rate of growth at any given point is controlled by the rate of heat loss at that point. 
 

(a) Substances that grow with a “smooth interface” can grow only by the lateral 

     extension of existing steps, unless the supercooling is very large. 

→ at moderate supercooling ~ growth by perpetual steps provided supercooling 

→ the face will be nearly flat, since each step travels outward to the limit set by  

    the layer below; all points on the same face must grow at the same speed. 

→ The faces will be slightly convex. (Fig. 4.9) 



Dendritic solidification 

 

(b) A crystal face that has a “diffuse interface” can grow at different rates at  

     different points on the same face, which would be required if growth were  

     controlled by the local heat flow. 

→ Growth ~ greater near the corners and the edges than at the centers of faces.  

→ Dendritic growth is restricted to substances and growth conditions  

    in which the solid-liquid interfaces are not completely smooth. 

Each face on which growth takes place requires at least one dislocation. 



a) “Ribbon” crystals 
 

    * Crystals of silicon, germanium, and bismuth with a “smooth interface“  

       under ordinary growth conditions 

→ Crystals are grown by “pulling” at a controlled speed from a supercooled melt. 

→ a thin “ribbon-shaped” crystal, with its two flat {111} surfaces parallel to a  

    closely packed plane & growth directions <112>_diamond cube structure 

→ Sometimes some branching at the edge of the ribbons ~ always within the  

    space bounded by the two planes which define the surfaces of the ribbon 

      If a twinned crystal is bounded only by {111} plane, it will be of hexagonal shape and  
the twin plane will “crop out” as an “edge” which alternates between re-entrant (AB  
and CD) and exterior (BC). 

“ re-entrant twin edge “  
~ nucleation site for new layers  
   on the edges of the sheet 
 



b) “Feather” growth_in “diffuse interface” when ΔT at interface is so small 

: appear to resemble “ribbon” crystals  ~ always contain twin planes 
  (But it is not obvious why a twin mechanism should come into play in a material ) 
 

→  Grow only when the supercooling at the interface is so small that the diffuseness of  
      the interface is insufficient to allow new layers to form. 
 



c) “flat dendrites” 
: ICE, where growth takes place dendritically in basal plane of the structure and much  
  more slowly, and with a flat interface, in perpendicular direction. 
 

→  The difference between the growth habits in and normal to the basal plane is attributed  
     to the existence of a smooth interface parallel to the basal plane and a diffuse interface  
     at all other orientation. 



4.5 Dendritic Growth 
For aspects of dendritic growth 
(a) Total amount of solid formed as a function of initial supercooling of the liquid 
(b)Speed of growth as a function of the temperature of the liquid 
(c) Direction of growth in relation to the structure of the growing crystal 
(d) Spacing and relative lengths of the branches 

(1) Total amount solidified.  Assumption: liquid is cooled to a uniform temperature 

   (below  TE ), isolated so that no heat may enter or leave it. → “Total amount of Dendritic growth” 

(CL=CS) 
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→ “Filing in” stage (much slower than the dendritic growth) 
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 Q: How to calculate the growth rate (v)  
in the tip of a growing dendrite? 
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Thermodynamics at the tip?  

Closer look at the tip of a growing dendrite 
different from a planar interface because heat can be conducted 
away from the tip in three dimensions. 

Assume the solid is isothermal  ( )ST ′ = 0

A solution to the heat-flow equation 
for a hemispherical tip: 

' ( ) C
L

TT negative
r

∆
≅

L L

V

K Tv
L

′−
= v

r
∝

1 However, ∆Tr also depends on r. 
How?  

Interface temperature 
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(2) Speed of growth 
    : depends on the shape and size of the tip and on its temperature 

(a) Steady state theories 
 Assumption :  a) tip ~ spherical and isotropic 

      of Fisher         b) kinetic driving force ~ 0  (ΔT between interface and equilibrium) 

                                  c) spherical tip loses heat by radial conduction & moves forward  

                                       with its shape unchanged 

TA 

Rate of loss of heat H  
from the Hemi-sphere at steady state 
 

H = 2πrK (Ti – TA) 
 Rate of advance of the tip (v) :   

volume solidified per unit time divided by 
the area of cross section  



30 

Maximum value of v :  
When (TE – Ti) = (Ti - TA)                  v = K (ΔT)2/4ρσTE  (here, ΔT = TE - TA) 
 
 
 

                                                              v ∝ (ΔT)2 
 
 

However, the quantitative agreement is poor; for example, for tin (Sn),   
v should be about 7(ΔT)2,  but experimentally it is about v ∝ 0.1(ΔT)2 
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* Modification of examination of Fisher’s analysis:  
(a) To select a shape that can propagate without change 
(b) To recognize that the surface may not be isothermal 
(c) To introduce a term for the kinetic driving force 
(d) To include the possibility that the kinetic rate constant depends on surface orientation 

1) Chalmers and Jackson 
 

 

  

 v ∝ (ΔT)2 

  
     Departure from the                           law  :  a) kinetic term ~ unresonably large  

                         b) hemi-sphere could not move forward without increase of radius. 
More “pointed” shape would improve the quantitative agreement 

2) Horvay and Cahn 
 

  
Elliptical paraboloid with isothermal surface would advance under steady sate conditions  
(i.e. at  a constant velocity & constant shape). (r=tip radius)  

 v ∝ (ΔT) n/r                     n→1.2 for a paraboloidal dendritic of circular section to 

                    n→ 2 for a dendritic platelet 

* However, Horvay and Cahn reiterate that conclusion referred to above, 
 

  (a) heat transfer equation along close not provide sufficient information to  
         lead to a prediction of the actual velocity as a function of ΔT. 
  (b) Assumption of uniform surface temperature ~ not realistic 
 

  However, this would require only a small correction. 

          Previously,  n→ 1 



3) Bolling and Tiller 
 

 

  

 Reflect non-uniformity of surface temp. → stable shape  change slightly from a paraboloid 

 B&T follow the physical basis proposed by Fisher   vmax ∝ (ΔT) 

(b) Non-steady state theory   
     True steady state conditions can be achieved in the growth of a silicon ribbon crystal  and the  
       relationship btw the various parameter can be analyzed realistically in terms of heat flow  
       from the advancing “tip” or “edge”.  However, the periodic occurrence of branching in  
       dendrites of metals or ice suggests that the size of the tip and the temperature distribution  
       around it may fluctuate in a periodic manner. (non-steady state condition) 
 

 Tip should grow until it becomes large enough to be unstable and then break down  
  into a number of separate tips, each of smaller radius.  →  Each of these tips again grow  
  until it becomes unstable.   
 Growth vs. branching of dendrite: periodicity of process 
→ overall control: by heat flow into a colder liquid ~ unchanged 



Theories are developed for a single isolated dendritic spikes. But real growth and 
branching of dendrite are influenced by the thermal field of its neighbors. 

Fig. 4.15. Morphology of ice dendrites; (a) photograph of a dendrite, (b) schematic, (c) ideal 

*   PB  <  PA    →   v     = v      → regular hexagon without re-entrant angles   : Fig. 4.15. (c)   
Secondary arm Primary arm 

- Only difference between primary spike (      ) and the secondary spike (      ): 
        exhibit parallel array which is retarded by the thermal field of its neighbors. 
- Speed ratio of free spike (     )와 retarded spike (     )– PAB 60° angle  
   → This angle is less than 60° only at small undercooling, showing that the    
       mutual interference of neighboring spikes is important only when growth is slow. 



* Growth velocity of dendrite 
 

   A member of a row < a spike isolated dendrite 
 

• Each dendrite of a 2D array will grow even more slowly as a result of their mutual 
interferernce by the overlapping of their thermal fields.  

 
 * EXPERIMENTAL OBSERVATION OF RATE OF DENDRITIC GROWTH 
 

• Growth of crystals in contact with a solid  
       substrate bear little relationship to the results 
       obtained in free growth in the liquid.  
     
 Fig. 4.16. Effect of substrate on rate of growth  

                    of ice in supercooled water 

Growth in solid substrate at the same ΔT 
Faster than free growth case 
 



* Experimental observation on rates of freely growing dendrite 
 

a) Weinberg and Chalmers:  
       lead dendrite grew much faster than the smooth interface 
 

b) Rosenberg and Winegard:  

ΔT = 0.4 ~ 11 
Observation of the disturbance to 
the surface of a supercooled bath of 
thin by growing dendrites. 

R (growth rate) data: Scattering 
 
Why? 
     Dendrites, which were nucleated by  local 
     cooling of the melt, grew with random 
     orientations 
 
∵ Dendrite in Pb always grow in cube direction 
 

→  Distance traveled by a dendrite while  
     advancing one unit of distance in the  
    <111>  direction would be  √    units. 
 

→ But, Scattering ~ greater than would be accounted 
 

   - Measured temp. of bulk liquid ≠ 
      Actual temp. of the surface where  
       growth was observed 
   - Growth at a free surface may differ 
      from that in the liquid in an inverse way 
      to that of growth on a solid substrate. 

Fig. 4.17.  Rate of growth of tin crystals in supercooled liquid tin. 
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c) Orrok’s measurement of Tin : Observation within the bulk rather than at the surface 
 

Timed the rise of the temperature at two points in the melt, observed from the output 
of thermocouples connected to an oscilloscope circuit. 
  

Fig. 4.18.  Rate of growth of tin crystals in supercooled liquid tin and lead. 

 Considerable scattering, but differ considerably from those of (b) Fig 4.17 

“Growth in solid substrate at the same ΔT faster than free growth case” 
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d) Lindenmeyer 
: Extensive measurements on the growth of ice in supercooled water, using  

  visual observation of the dendrites growing vertically downwards in a glass tube. 

Fig. 4.19.  Rate of growth of ice in supercooled water 
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Fig. 4.20.  Rate of growth of nickel in undercooled melt 

v ∝ (ΔT)2 

: a good linear relationship to ΔT~175° supercooling; 
  beyond that point~fall into 2 classes 

 3 different sizes of specimen 
: surface growth accelerated by heat  
  transfer to the container is not  
  influencing the result significantly. 

 

e) Walker 
: Extensive measurements on the growth of dendrites in nNi and Co, both of which   
   he has succeeded in cooling in bulk (400 gm) to the homogeneous nucleation temp. 
    ~ observed time interval btw recalescence at two points in the melt using quatz  
        rods to transmit the light to photocells, connected to an oscilloscope  

less scatter and cover a larger range of  supercooling ΔT  
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Fig. 4.21.  Rate of growth of cobalt in undercooled melt 

* Similar characteristics for cobalt 

v ∝ (ΔT)2 

: a good linear relationship to ΔT~175° supercooling; 
  beyond that point~fall into 2 classes 



Fig. 4.22.  Rate of growth of Nickel in undercooled melt 

 

f) Colligon and Bayles:  
   Growth velocity measurements on Ni 
 

   by a method using optical fibers  
   to transmit the light due to      
   recalescence to a photocell  
   (similar to the method used by Walker)  
   and by high speed photography      
   of the top surface of the melt   
 

 

* Experimental observations of the rate of growth of ribbon crystals of Germanium 
  

   - If measured tip radius is used, growth of Ge dendrite of the ribbon type can be accounted  
      for quantitatively on the steady state theory of growth of a paravoloid of revelution.  
   - but, if kinetic driving force is neglected,  this radius does not coincide with the value  
       predicted on the maximum velocity criterion. 
   ∴ although the departure of the tip temp. from equilibrium is small, this difference 
        has an important influence on the tip radius and on the rate of growth.  
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