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Shear Deformations in Beams

i

If shear force were to produce uniform shear stress
(and hence uniform shear strain) over the depth of a
beam, the shear deformation would be as shown. The
action-deformation relationship for shear would then

be:
vy = V/GA

where A = cross section area.

In fact, however, the shear stress is generally not
uniform. For example, for a rectangular section it
is as shown in Fig. 2. Hence, the shear strain must
also vary over the depth, and the cross section must
warp as shown in Fig. 3. For computing shear defor-
mation effects in beams, the shear deformation is
now measured by the effective shear strain, Yeff:
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Shear Deformations in Beams

dy
L.

g

To obtain y , use is made of strain energy. The
work done b? {he shear force per unit length of beam

is
W=20.5 V.ycff

The corresponding strain energy is

2
- [/01 0.57y dv=_J . g dv

Equating U = W allows Yeff to be calculated.

For example, for a rectangular section:
d/2 2.2
U=f [-2%(]-%2~)]--21§-bdy=
y=-d/2

eff

N

Hence

t— 6v = v
Yeff 5Gbd CA-

where A =5d/6 = effective shear area.
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Shear Deformations — Effect on [k,]
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Shear Deformations — Effect on [k,]

iGsR )
LGA 6:_ 5 \ G ' M,:
J\X\xx;%/_‘_’)mj 0. Al 1)) ™
| EL = oo 1 shear
G‘A’ = ’(:'lu'.te. S o""\‘a,-
/ L 3 l < 4 M
Q; . T &ex T gpA :
MLCI 7€>M- % ) :lBEI i _\—_I L?A]%M.i
- +52- J Qj Sgm. 351 LA’ 3
EI = p]m‘t&
C:FAI: @.—'\—\.tt&

Q) Tavert Q\@Qb\'—k;m\lta , Che GYO}VO\’”‘" Chu-]

Cﬁz) pr\o%\-&f‘\ C‘F] r tL\C"—\ ]MV{\“t nm ’“\QH Q"\u‘a i C DI(DS-EE_)
-

[q b] _ \ 4 -b7
c 4 - Qd~bc[~c O\J

(2w}
"4
Y

% Seoul National University
¥ Structural Design Laboratory

= P

(6, ]
\LL‘«((Vr

E’Er" A
| B\ on%
e

¢
K
2



Symmetry and Antisymmetry

» The analysis of symmetric structures can often be greatly simplified by substituting for
the given loading condition an equivalent system consisting of the sum of a symmetric
and an antisymmetric loading condition. In certain cases the given loading itself may be
symmetric or antisymmetric. While rigid frame type structure will be used as example
in this discussion, the same basic principles can be applied to any type of structure, for
example a truss, slab or shell.

» Any structure can be defined by specifying its geometric and stiffness properties with
reference to a rectangular Cartesian coordinate system (x, y, z). If desired, the same
structure can be described by reference to a second rectangular coordinate system (x/,
y’, Z’). Depending on the relationship of the structure as defined in the two coordinate
systems it will be shown that in certain cases the structure may have one or more of
the following three types of structural symmetry.

1. Axial symmetry
2. Planar symmetry
3. Point symmetry

» It should be noted that no structure will be defined as being antisymmetric since this
leads to ambiguities and is unnecessary.
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Symmetry and Antisymmetry

» Axial, Planar, and Point Symmetry

Figs. 3a, 4a, and 5a illustrate three dimensional frames which are general examples of the three possible
types of structural symmetry. In each case the structure has identical geometric and stiffness properties when
described in either of two coordinate systems (x, y, z) or (X', y’, z’). Symmetric pairs of points such as a-a’, b-b’, c-

¢’, etc. are easily located from the above definition.
Axial structural symmetry, Fig. 3a, exists if the relationship between the two coordinate systems is such that

X’ = =,y = y,and 2’ = -z. The y-axis is the axis of structural symmetry for this case. Note that both (x, y, z) and
(x’, ¥, z’) are right hand coordinate systems. A simple visual tool for identifying axial symmetry is to rotate the
structure 180° about the assumed axis of symmetry and see if the same structure is obtained. This is sometimes
called the "principle of rotation." All planar structure which possess either planar or point symmetry can be
shown to also have an axis of symmetry.

Planar structural symmetry, Fig. 4a, exists if the relationship between the two coordinate systems is such that
X’ = X,y = y,and z’ = z. The x = 0 (yz plane at origin) is the plane of structural symmetry for this case. Note
that (x, y, z) is a right hand coordinate system while (X, y’, z’) is a left hand coordinate system. Planar symmetry
is generally recognized at a visual glance using the "principle of reflection." Simply imagine a mirror at plane x =
0 and if the mirror image reflection obtained is identical with the actual structure, planar symmetry exists.

Point structural symmetry, Fig. Sa, exists if the relationship between the two coordinate systems is such that
x’ = -x,y’ = -y, and z’ = -z. The origin point O is the point of structural symmetry. Note that (x, y, z) is a right
hand coordinate system while (x’, y’, z’) is a left hand coordinate system. No simple visual tool exists for
identifying point symmetry.

Once the type of structural symmetry has been identified, Theorems I and II of Section 1 can be applied
using the directions for symmetric components at symmetric points or symmetric cut sections as shown in Figs.
3b, 3c, 4b, 4c, and 5b, Sc. Single arrow-head vectors represent forces and translational displacements and double
arrow-head vectors represent moments and rotational displacements. The directions of these vectors are identical
with the pairs of coordinate systems for each corresponding case of structural symmetry. Note to establish the
curl of moment or rotational displacement vectors the right hand rule must be used for right hand coordinate
systems and the left hand rule must be used for left hand coordinate systems.

Antisymmetric complements of external loadings, reactions, displacements or internal forces are simply
obtained by reversing directions on one side of Figs. 3b, 3¢, 4b, 4c, and 5b, Sc.

0

<% Seoul National University
&Y Structural Design Laboratory

ST

N
T‘,— LLL((((?
(7
e



Symmetry and Antisymmetry

a. Structure
R’,r’ y 2
X3 ! i y
X
>’ R,r R’r 2’ R’r
b. Symmetric Components for External b. Symmetric Components for External b. Symmetric Components for External |
Loads, Reactions and Displacements Loads, Reactions and Displacements Loads, Reactions and Displacements

- PR U

;
X
x
N
\

®
a a 0 a j ) a [
i S’ S S
\
¢. Symmetric Components ¢. Symmetric Components ¢. Symmetric Components '
for Internal Forces for Internal Forces for Internal Forces j
Fig. 3 Axial Symmetry Fig. 4 Planar Symmetry Fig. 5 Point Symmetry
about y Axis about yz Plane about Origin Point O |

%
0
iy
.'I
%

WS
E
| EEY
s

N
¢
K
A
A

Al

B
Vi
)

Seoul National University
Structural Design Laboratory

S0



Symmetry and Antisymmetry

P Internal forces and external displacements at origin

For the structures shown in Figs. 3, 4, and 5 it can be deduced from symmetry that certain internal forces S
at a cut section through the origin O and certain external displacements r at the origin point must be zero. This
often is a great aid in reducing the number of unknowns in the solution of an indeterminate structure.

If one imagines the points a and a’ to be brought closer and closer together until they finally meet at point O,
symmetry will still require that the directions of S on either side of the cut section at the origin must have the
directions shown in Figs. 3c, 4¢c, and Sc. However, statics require that the internal forces S must be equal and

opposite. Where these two requirements contradict each other they can only be satisfied by having the particuli«:
internal force to be zero.

A similar argument can be used for the external displacements at origin point O. Symmetry requires that as
points a and a’ are brought closer and closer together until they finally meet at point O that the directions of r
must have the directions shown in Figs. 3b, 4b, and 5b. However, geometry requires that displacement vectors r
must be equal and in the same direction. Where these two requirements contradict each other they can only be
satisfied by having the particular displacement to be zero.

Using the above logic Table 1 summarizes the conditions existing at the origin point O for each type of
structural symmetry under symmetric and antisymmetric loadings. A (0) denotes the quantity must be zero and a
(?) indicates the quantity remains an unknown. The following comments can be made from a study of the table.

1. Quantities which are zero (0) under symmetric loading are unknowns (?) under antisymmetric loading

and vise-versa.
2. For a particular case and loading, if an internal force S is zero (0) the corresponding external displace-

ment r is unknown (?) and vise-versa.

Axial Planar Point : Axial Planar Point
Int. Symmetry | Symmetry | Symmetry 1 Ext. Symmetry | Symmetry | Symmetry
Force about about about Disp. about about about
y Axis y-z Plane Origin y Axis y-z Plane Origin
S SL|AL | SL | AL | SL |AL || T SL | AL | SL | AL | SL | AL
Fix | 2l o] 20| 2] o0 |lxdsp|l 0| 2] 0] 2 |0]| 2
Fy | o | 2o | 22| o0flydspf 2| 0| 2|0 0][?2
Fz ? 0 0 ? ? 0 z-dsp|| O ? ? 0 0 ?
Mx | 2|l ol o] 2 |0]| 2 ||xrot|f O[22 ]| 0] 2|0
9 My | 0|2 |?2]|0]|0 2 jyrot) 2} 0 0} 2?2 0 \tional University
Mz ? 0 ? 0 0 ? || z-rot 0 ? 0 ? ? 0 5] Design Laboratory




Symmetry and Antisymmetry

A ) \ ) Symmetry boundary conditions

TR /

Figure 7.20 Simply supported beam with uniform load. % e - J‘ ——
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Figure 7.22 Symmetric portion of structure.

Figure 7.21 Displaced shape of uniformly loaded beam.
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Symmetry and Antisymmetry

Rotation and

horizontal
fixed, vertical
released
VA \ .
Full structure Symmetric portion

Figure 7.24 Symmetry frame example.
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P fixed, vertical P2
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Figure 7.25 Symmetry conditions with member and load in plane.
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Symmetry and Antisymmetry

Translation
Released DOFs
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Z YA / shown; others
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Full structure 1/4 Symmetric portion

Figure 7.26 Three-dimensional structure with symmetry boundary conditions.
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Symmetry and Antisymmetry

1. Loading
1. Symmetric loading is obtained by replacing each given force by one-half its original value plus the

symmetric complement of this force.
2. Antisymmetric loading is obtained by replacing each given force by one-half its original value plus the

antisymmetric complement of this force.

Two simple examples of this superposition are illustrated in Figs. 1 and 2:

! R/2 ! R/2 R/2 ' R/2
R —>» —> <« —>r— »

R R/2 R/2 R/2 R/2 : 5 :

i J l * : T : R/2 f rR/2 Ri2] | |Rms2
sy ; ; R —t— — ] — > >
N f o ™ e o o

Given Symmetric  Antisymmetric Given Symmetric Antisymmetric

Fig. 1 Vertical Load Superposition Fig. 2 Lateral Load Superposition
for a Symmetrical Structure for a Symmetrical Structure

For each of the three types of structural symmetry: axial; planar; and point; the following theorems are valid
provided the proper definitions are used for symmetric and antisymmetric loadings, reactions, displacements and

internal forces in each case.

I. Symmetric external loadings applied to a symmetric structure produce symmetric reactions, displace-

ments and internal forces.
II. Antisymmetric external loadings applied to a symmetric structure produce antisymmetric reactions,

displacements and internal forces.
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