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Plasma lransport

density: n /

* Classical Transport
- Particle transport r, = J -
on density:
) =)t gy @) 7
- X
Oo=2 ] Ln(ds= 2 n(x) -2 “}A" -
2 Sxo~M T 2 ox 2 |1 @ e _
1 pxo+ax 1 1 on Ax | Ax
I =— —n(x)dx =—| n(x,) + o B
2% T 2 ox 2 |71 A e o ©
2
I'=1r. -1 :_Mé_n:_l)@_n . Particle flux- Fick’s law
21 Ox ox
2
D= (Azx) : diffusion coefficient (m?2/s)
T

The heat and momentum fluxes can be estimated in similar fashion.




Plasma Transport

e Classical Diffusion
- Momentum transport

Momentum flux

8vy
T o=—1—
op =1 Ox
2
n -~ M ~mnD : viscosity coefficient
T

- Heat transport

Heat flux
/A
ox
2
K~ M ~nD : thermal conductivity
.
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Plasma I ransport
 Braginskii Equations p.=nT, p, =nT
d 0O

on, 4 _9% (wW

> +V-(nyv,)=0 7 8t+( )

on n=n,=12n,

t+V-(nv,)=0
ot assume Z =1
0
m,n Doy __ P Teas —ene(E+[ve><B]a)+Ra

“Cdt Ox 0x

o
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mn Pie - P Tier g0, (£ 4y xB])-R,

dt Ox,  0Oxg,
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Plasma Transport

 Braginskii Equations
- Transfer of momentum from ions to electrons by collisions

R=R +R,

R,: force of friction due to the existence of a relative velocity
U=V,-V,

R+: thermal force which arises by virtue of a gradient in the
electron temperature

R =- M (0.51u, +u, ) = en[l' +LJ oy 7
T, o, O, o =l _ 5
3 n, (B e
Ry ==0.1In VT, —Ea(ngﬂj o, =1.960, =1.960,T""

o = 09 X1013 [S_l . ev_glz]
Y (A110)Z

7
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Plasma Transport

 Braginskii Equations
- Heat flux

q. =40, +0r

quarmggm+§"ﬂ;f§xu
2071 \ B

onT, (B
ZeB B ¢

¢ =367 e o g.66 s
m mea)e 7,

e

qr =—x,VI,-xV,T,—

. . T (B
g, = _KIiVIIE —-x\V T, +g o (_XVTij T, >>1

K =3.9—1L iz , K =2




Plasma Transport

 Braginskii Equations
- Heat generated as a consequence of collisions

3m, n,

Q0 =0,=——=(T,-T,)
mi Z-e
)/ 3m, n
Qez_Ru_QA - +=+ JRT_ e_e(Te_TJ
o, o, en, m, T,

- Stress tensor in the absence of a magnetic field
Ty = nm<v('xv'ﬂ —(V'* /3)5aﬁ> =—1W 4

. viscosity coefficient
Rate of strain tensor Osity co

0
W, _ Ve P —E%V-v
Oox, oOx, 3

o
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Braginskii Equations

asha i ra

In a strong magnetic field w7z >>1

ZT,, =-1W,
T =T %(Wxx + Wyy )_ Ui % (Wxx - Wyy )_ 773Vny

T, == %(W + Wyy)—m%(Wy —Wxx)+ W

Yy Y. Xy

1
7Z-xy :72- __771W +773 E(Wxx_Wyy)
7Z-xz — — _UZW 774Wyz
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775:096n.T.Tl.

;3 nT 4

m = 106() ’772 771

; 1nT

=5 5 1, = 217,
0

i

viscosity coefficients

n, =0.73n,T 1,

e ne]-'e e e
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- , Ny =21,
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Plasma Transport

 Braginskii Equations
- Heat generated as a result of viscosity

ov 1
Qvis = _ﬂ’-aﬂ L=—— ﬂ-aﬂWaﬂ

Ox 5 2




Individual Charge Trajectories

 Invariant of Motion

d d(1 2 1 2 mv2/2
—E, =—| = +—myv; |=0 =4
dr m(2mh 2 ”) H="%p

dv oB oB ds 1 u dB d(1 dB
Fi=m— =—4V,B=- — U — == > “mvi |=—pu—
T T T T s Ay, m& O “ai

d(1 , 1 , d (
— — | —mv+—my, |=— +| —
m& L7 dcﬁw) “
d . o .
D —(y): 0 : adiabatic invariant
dt - If B is constant
'%V”B<<1
_ 1 dB
—<<1




Magnetic Mirror

 Condition for Trapping of Particles

1, 1 , 1 , 1,

E, = Eva +-omy = Emv” + 1B = Em(v” )max + uB. i

1 my®
v2 =& = —
Trapping v2) B |:|| B 2 VIIB_ 'UVIIB

S Domain: '2'“"3" < —ax 4

E . (vl)min Bmin

E’} Ion exists on the E,=constant line.

=8 0

& Loss 2E

o 2 2 0 2

= . \\Domain: ::';:ma" > 2"““ -1 Vi =—7Y
(vf)rnln I 1’min min m

: v2
Trapping range  (v2)ax L
for v2

Condition for trapping of particles

%m(vuz )max + luBmin < O + /uBmax

Y =0 — E,

B<Bax




Magnetic Mirror

 Condition for Trapping of Particles

v
1 - (Vz) Trapping v2) B
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Magnetic Mirror

* Mirror Ratio

2r & T 0 -
_[f(ﬁ)aﬂv jd¢ jsin od o + jsin od o jf("z) vid®y
double cone 0 0 -6, 0 4y
flOSS = 0 = 2 T o0
[ reay [dg[sinaao[ f(7)a*y
0 0 0 0
=1-cosé,
B B mirror ratio:
frap =€086; = [1——m0 "= Determining the effectiveness
B oy Buax  of confinement

Why are particles reflected in the increased field of the mirrors?

2

B=—uV B
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Tokamak Transport

 Neoclassical theory of transport

- A. A. Galeev and R. Z. Sagdeev
“"Transport phenomena in a collisionless plasma in a toroidal

magnetic system”, Zhurnal Experimentalnoi i Teoreticheskoi Fiziki
53 348 (1967)




Tokamak Transport

 Particle Trapping

V-B=0
OB
= 1 Ei(rBr)+1i[(l+gcose)89]+i—¢ =0
14+ ¢cos@ |r or r 00 R, 0¢
0 _
= Bg(r,é’):Be(g_O)
1+ &coséd
A ~ B
B(r,0)=B,(r,0)0+ B, (r,0)¢ = 0
(r,0) = B,(r,0)0 + B,(r,0)¢ Y

Condition for trapping of particles

) 0
(V” )max :(VZ) SBmax _1:1_8—1:£~28
mid — plane

(VJZ_ )min i b, BO l1-¢

4 min
2 2
= vy <28




Tokamak Transport

e Particle Trapping

- Particle trapping by magnetic mirrors
trapped particles with banana orbits
untrapped (transit or passing) particles with circular orbits

- Trapped fraction: ftmpz\/l_Riz\/l_gmin Z\/l_i—g _ 125 ~\E
+& +&

m max

for a typical tokamak, € ~ 1/3 — f,,,, ~ 70%




Tokamak Transport

e Particle Trapping

Iy |,: - ;'& Za ?Ei
A A
=R
trapped particles passing particles
_ 2
Expelling force of Fp ==tV B=mv /2R
diamagnetic y N v2 BxVB 1 BxVRB
i =* =t—vr ——
Larmor motion d,VB ch IE o LLT g2
. 2
Fo=mv/ IR

Centrifugal force mvllz R xB
_ 0 0

ch? R’ 19
—

Vd,R




Tokamak Transport

e Particle Trapping

HOMEWORK:
The real particle trajectory is
as shown. Why?




Tokamak Transport

e Particle Trapping

Iy |,: - ;'& Za ?Ei
A A
=R
trapped particles passing particles
2 2
v v 2
Banana width: Ax, =Vt~ qp/«/; Va = ” a); y T VD/E
t: transit time of one
rB %
half of the banana  g=—2X, p=—L, v, =+2T/m
RB, W,

Displacement of Ax = qp/—\/g for particles which have just
pass .
transit particles: become transit ones v, ~v, V¢

AX . = 4P for a typical particle v, ~Vv, 21
—



Tokamak Transport

 Particle Trapping
- Collisional excursion across flux surfaces
untrapped particles: 2r, = 2r;
trapped particles: Ary,, >> 2r,
— enhanced radial diffusion across the confining magnetic field

Untrapped Trapped
- If the fraction of trapped particle is large, this leakage

enhancement constitutes a substantial problem in tokamak
confinement.




Tokamak Transport

e Particle Trapping

magnetic
surface

- With known particle trajectories it is possible to find corresponding
kinetic coefficients by solving the kinetic equations with Coulomb
collisions.

- Rough estimation of transport coefficients: 0%v g
0: particle displacement between collisions
V.. appropriate frequency of collisions

23
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Tokamak Transport

 Neoclassical Transports

- Rarefied plasma at high temperature:
trapped particles are the main contributors to transport.
Diffusion and thermal conductivity are dominated by the collisions
which correspond to transferring the particles from being trapped to
transit ones and vice versa.

Ay =V IV >>qR, A= Ax, ~qple
- Effective collision frequency:

Vo z(vl/v”)zv ~vle <— vy~ le/;

- The banana diffusion region is limited by the condition:
Vedy =vev, Iv,, =&, 1v>>qR

-3/2

v =ve %qR v, <<1

- Transport coefficients:

x/E(Axtr )Zveﬁ, = &%y p* «<— Trapped particle fraction = g1/2 5
—




Tokamak Transport

 Neoclassical Transports

- In the plateau region, 1 < v* < g3/2
(e3/2 < vRg/vy < 1 or &32v/Rq < v < v+ /Rq )
- The average collision frequency is less than the mean bounce
frequency — only slow-transit particles contribute to the transport
- The relative number of slow-transit particles: v/v;

- Displacement: A=gqpv, v

. . . 2 2
- Effective collision frequency: v, =w; /v

- Transport coefficients:

AZVeﬁ’V/VT ~ qusz [ gR <— Slow-transit particle fraction = v/v;

25




Tokamak Transport

D. Pfirsch and A. Schlueter, Der Einfluss

¢ NGOClaSSICal Transports der elecktrischen Leitfaehigkeit auf das
Gleichgewichtsverhalten von Plasmen
- In the Pfirsch-Schlueter region niedrigen Drucks in Stellaratoren, Max-
! Planck-Institut, Report MPI/PA/7/62
. - 1962
j,=—-B7dpldr (1962)

en,j, =evB Friction force = Lorentz force

- Diffusion flux in a uniform field

1 dp
ny =—n
B? g dr

- Modified diffusion flux by the additional flux due to longitudinal
current, so-called, the Pfirsch-Schlueter current owing to the
toroidal effect

1 d 2
B? un dl; (14‘%42] n. = 277” in H and D plasmas
- Compared with a uniform magnetic field, the flux in toroidal

plasma is enhanced by a factor (1+g2). 26

ny=-—-n




Tokamak Transport

 Neoclassical Transports

A 2
I'=-DVn= —( r) Vn : Fick's law
T
2
q=—kxVT ~— (Ar)"n VT : Fourier’s law
g

Thermal diffusivity

2 2
k (Ar) a
Zz—z—zD —> Ty R—
n Te X
Sc\\\“@‘
\-;se“/ %qﬂ
P Plateau > ™ e
D
—_— / - -
£ J. Wesson, Tokamaks (2004)

T 27
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« Ware pinch
VOLUME 25, NUMBER 1 PHYSICAL REVIEW LETTERS

6 JurLy 1970

PINCH EFFECT FOR TRAPPED PARTICLES IN A TOKAMAK

A. A, Ware
University of Texas, Austin, Texas 78712
(Received 11 May 1970)

Conservation of canonical angular momentum is shown to require that all trapped par-
ticles drift towards the magnetic axis with velocity cE ,/Bg (E, is the toroidal electric
field; Bg the poloidal magnetic field). This property, plus an amplification process for
the number of trapped particles, will explain the relaxation oscillations which occur for

g <3. In addition, there is experimental evidence that it is an important contribution to
the good containment when ¢ > 3.

- Inward particle transport due to the toroidal electric field




Tokamak Transport
 Ware pinch

- The drift velocity is controlled by the balance of two forces,
the electrical field force and the Lorentz force.

-vy~0.2m/sforE=0.1V/m,B,=05T

- The effect is much larger (1/€2) for trapped particles than that
experienced by passing particles

29
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Tokamak Transport

« Bootstrap current

& EEE 2O

serza BTN
YAHOD!@: -E'E"th'ﬂ bootstrap

KOREA

(FEW)
SEMH | FHoAR  SOARM AR SOARH BEARARH

AL

bootstrap [hiitstraap] (90FLAY || &) @ CHYEH &7}
1.CHAFSHE) =E0] 2.

2<HAEBHSZ CHAHH [AR2]1E HYE AelZ TH| SHCE
3. A=Al RtEigsEIcl KA

©OZHAR 22

- Named after the reported ability of Baron von Munchausen to lift

himself by his bootstraps (Raspe, 1785)

- Suggested with ‘Alice in Wonderland’ in mind where the heroine
managed to support herself in the air by her shoelaces.

http://en.wikipedia.org/wiki/Bootstrapping

30
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Tokamak T

 Bootstrap

MEANING:

verb tr.: To help oneself with one's own
initiative and no outside help.

noun: Unaided efforts.

adjective: Reliant on one's own efforts.

ETYMOLOGY:

5&&\\.'—'-"“ b E- /j)r‘\

While pulling on bootstraps may help with putting

on one's boots, it's impossible to lift oneself up like g  vinchausen lifting himself’“”
that. Nonetheless the fanciful idea is a great visual up from the swamp by his own hair
and it gave birth to the idiom "to pull oneself up by  Illustrator: Theodor Hosemann
one's (own) bootstraps”, meaning to better oneself

with one's own efforts, with little outside help. It

probably originated from the tall tales of Baron

Minchausen who claimed to have lifted himself

(and his horse) up from the swamp by pulling on

his own hair.

In computing, booting or bootstrapping is to load a fixed sequence of
instructions in a computer to initiate the operating system.

Earliest documented use: 1891.1 htto://wordsmith.org/words/bootstrap. himl 31




Tokamak Transport
« Bootstrap current

Diffusion Driven Plasma Currents and
Bootstran Tokamak

by the usual toroidal coordinates. Then in the regime of low
collision frequency and in the absence of any driving electric

R.J field, steady state diffusion is accompanied by a tormdal current

UKAEA Res

density of magnitude -

172 1 P
In tor ( ) | (1)

ment

:1(:;0;(11- where A4 is a coefficient whose value depends on the exact

tomay collision operator but is of order unity, and p is the plasma

currer pressure.

of Tokamak machine which operates
in a steady state, unlike present pulsed
designs.

Nature Physical Science 229 110 (1971)




Tokamak Transport

« Bootstrap current

YOLUME 60,

I.O

~- Ing+1Ion+Iss

|

4.5
TIME (sec)

AARCH 1988

\nson,




Tokamak Transport Assumption:

- Uniform temperature
» Bootstrap current - Infinitely massive ions

- The trapped electron magnetization current

A A o) A R B
AURY)

or,

Arv”dv, v > 0

Magnetization
current

1/2

Ar = <(Ar)2> ~qr, | &"°

F
Jl‘ :_Mg_llz-‘.a—Mva”dv’ v” > 0
BO

o,
3 T on ¢=l2 .
=g L[ sin?0cos O <— cosh, =2¢
2 B, or e
. T on not depending on collisions, generated solely
rN—qQE T —— because of the density (or temperature)
B, or gradient of the guiding centers

Fewer of
these if n' <0

More of
these ifn' <0

34




Tokamak Transport

« Bootstrap current
- The passing electron magnetization current

J z—e—afe(ro’v)ArvdV v, >0
p or I~%r 7
0

1'15> 0

Starting
position

Ar = qr,

lv”a’v, v > 0

= —qua—n “*sin? @cosado

35
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Tokamak Transport

« Bootstrap current
- The collision-driven bootstrap current

J m, V. on v,
_ _t 7 o~ e ee -1/2 ee
(A}ﬂ) =muny, = m( - ny, = J rqle ™" —

t

), o8), Galmermenen (ag), =oar)

)= euf 1) ) exp{ <>}

3/2_3 2 3/2, 3 2 Maxwellian

)

2+ 2
| 1+ i (1 8nj(Ar) +2v”uB exp _n Zv”
/2 P ‘v”‘ n or s Vi

- The shift must be in the passing particles since the trapped
particles are “trapped” and thus are not allowed to drift toroidally.
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Toka spnr
A n n O‘ p the usual toroidal coordinates. Then in the regime of low
collision frequency and in the absence of any driving electric
field, steady state diffusion is accompanied by a toroidal current
* Bootstrap current density of magnitude
J —A( )mi L4 (D
( |I) ~m,| — p+n Upg ‘7ee
p e P where A is a coefficient whose value depends on the exact
collision operator but is of order unity, and p is the plasma
pressure.
an V., 1 0n vV,
(Al ||)p = (Al ||)t =qle
a) r a)ce

1/€ and 1/€%/2 larger than
a2 T On the trapped and passing
B ar particle magnetization
current, respectively

Jp=—enu, ~—q&

Large aspect ratio

J,=-4 71qg_1/21 8_n+0 0428_T Circular CX
8 ' BO or T or Non-massive ions

Non-uniform temperature

- A transport driven toroidal plasma current carried by the passing
electrons generated by collisional friction with the trapped electron

magnetization current
-




Tokamak Transport

« Bootstrap current

- Bootstrap current fraction

f,) =75 = -118Ge"5, ~ 55,

¢
G(r)=(Inn+0.04InT) /(In+B,)

- In high-pB tokamak, B, ~ 1/g, implying that fz ~ 1/g¥/2 >>1:
The bootstrap current can theoretically overdrive the total current

- No obvious “anomalous” degradation of J; due to micro-turbulence

- The bootstrap current is capable of being maintained in steady
state without the need of an Ohmic transformer or external current
drive. This is indeed a favourable result as it opens up the
possibility of steady state operation without the need for excessive
amounts of external current drive power.

- This is critical since bootstrap current fractions on the order of f5 > 0.7

are probably required for economic viability of fusion reactors. .
—




Tokamak Transport

* Neoclassical Bootstrap current

Projection of poloidally Toroidal direction

trapped ion trajectory 4 —

Fast ion trajectory

Poloidal
direction

Ion gyro-motion

http://tfy.tkk.fi/fusion/research/ R R 39




Tokamak Transport .

 Neoclassical Bootstrap current
- I, 1=0678 e

Currents due to"
neighbourings®
bananas /
largely
cancel

Banana
Trajectory

lon gyro-motion

- More & faster particles on orbits nearer the core (green .vs. blue)
lead to a net “banana current”.

This is transferred to a helical bootstrap current via collisions. 40
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