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• Classical Transport

Plasma Transport

The heat and momentum fluxes can be estimated in similar fashion.
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• Classical Diffusion

Plasma Transport
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• Braginskii Equations

Plasma Transport
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• Braginskii Equations

Plasma Transport

Tu RRR +=

- Transfer of momentum from ions to electrons by collisions

Ru: force of friction due to the existence of a relative velocity  
u=ve-vi

RT: thermal force which arises by virtue of a gradient in the 
electron temperature

⎟
⎠
⎞

⎜
⎝
⎛ ∇×−∇−=

⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
+=+−=

⊥

⊥
⊥

e
ee

e
eeT

e

ee
u

T
B

nTn

ennm

BR

jj
uuR

τω

σστ

2
371.0

)51.0(

||

||

||
||

[ ]3/2-1-
13

1

2/3
1||

2/3
1

2

eVs   
)10/(

109.0

96.196.1

⋅
×

=

==

==

⊥

⊥

Z

T

T
m
ne

e

e
e

ee

λ
σ

σσσ

στσ



8

• Braginskii Equations

Plasma Transport

- Heat flux
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• Braginskii Equations

Plasma Transport

- Heat generated as a consequence of collisions

)(31

)(3

2

||

2
||

ee
e

e

i

e
T

e
e

ee
e

e

i

e
i

TTn
m
m

en
jj

QQ

TTn
m
mQQ

−−++=−−=

−==

⊥

⊥
Δ

Δ

τσσ

τ

jRRu

αβαββααβ ηδπ Wvvvnm 0
2 )3/( −=′−′′=

- Stress tensor in the absence of a magnetic field

v⋅∇−
∂
∂

+
∂
∂

= αβ
α

β

β

α
αβ δ

3
2

x
v

x
vW

Rate of strain tensor
viscosity coefficient



10

• Braginskii Equations

Plasma Transport

In a strong magnetic field
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• Braginskii Equations

Plasma Transport

- Heat generated as a result of viscosity
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Individual Charge Trajectories
• Invariant of Motion
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Magnetic Mirror
• Condition for Trapping of Particles
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Magnetic Mirror
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Magnetic Mirror
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• Neoclassical theory of transport

Tokamak Transport

- A. A. Galeev and R. Z. Sagdeev
“Transport phenomena in a collisionless plasma in a toroidal 
magnetic system”, Zhurnal Experimentalnoi i Teoreticheskoi Fiziki
53 348 (1967)
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• Particle Trapping

Tokamak Transport

[ ]

θε
φθθθθ

θε
θθ

φ
θε

θθε

φθ

θ
θ

φ
θ

cos1
ˆ),(ˆ),(),(

cos1
)0(),(   

01)cos1(1)(1
cos1
1   

0

0

0

0

+
=+=

+
=

=⇒

=
⎭
⎬
⎫

⎩
⎨
⎧

∂
∂

++
∂
∂

+
∂
∂

+
⇒

=⋅∇

BrBrBrB

BrB

B
R

B
r

rB
rr

B

r

( )
( )

22
||

0

0

min

max
2

2
||

min
2

max
2
||

2   

2~
1
21

1

11

⊥

−⊥⊥

≤⇒

−
=−

+

−=−≤⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
=

vv

B

B

B
B

v
v

v
v

planemid

ε

ε
ε
ε

ε

ε

Condition for trapping of particles



18

• Particle Trapping

Tokamak Transport

- Trapped fraction:

for a typical tokamak, ε ~ 1/3 → ftrap ~ 70%

- Particle trapping by magnetic mirrors
trapped particles with banana orbits
untrapped (transit or passing) particles with circular orbits
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• Particle Trapping

Tokamak Transport

trapped particles passing particles
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• Particle Trapping

Tokamak Transport

HOMEWORK:
The real particle trajectory is 
as shown. Why?
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• Particle Trapping

Tokamak Transport

trapped particles passing particles

ερ /qtvx dtr ≈≈ΔBanana width:

t: transit time of one
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• Particle Trapping

Tokamak Transport

- If the fraction of trapped particle is large, this leakage 
enhancement constitutes a substantial problem in tokamak 
confinement.

- Collisional excursion across flux surfaces
untrapped particles: 2rg = 2rLi

trapped particles: Δrtrap >> 2rg

– enhanced radial diffusion across the confining magnetic field
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• Particle Trapping

Tokamak Transport

- With known particle trajectories it is possible to find corresponding 
kinetic coefficients by solving the kinetic equations with Coulomb 
collisions.

- Rough estimation of transport coefficients: δ2νeff

δ: particle displacement between collisions
νeff : appropriate frequency of collisions



24

• Neoclassical Transports

Tokamak Transport

- Rarefied plasma at high temperature:
trapped particles are the main contributors to transport.
Diffusion and thermal conductivity are dominated by the collisions 
which correspond to transferring the particles from being trapped to 
transit ones and vice versa.
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( ) εννν // 2
|| ≈≈ ⊥ vveff ε⊥vv ~||

- Effective collision frequency:
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• Neoclassical Transports

Tokamak Transport

- In the plateau region, 1 < ν* < ε-3/2

(ε3/2 < νRq/vT < 1 or ε3/2vT/Rq < ν < vT /Rq )
- The average collision frequency is less than the mean bounce

frequency → only slow-transit particles contribute to the transport
- The relative number of slow-transit particles: ν/vT

qRvqvv TTeff /~/ 222 ρνΔ Slow-transit particle fraction = v/vT

- Transport coefficients:

22 / vvTeff νν ≈- Effective collision frequency:

- Displacement: vvq T /ρ≈Δ
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• Neoclassical Transports

Tokamak Transport

- In the Pfirsch-Schlueter region, 

- Diffusion flux in a uniform field
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B
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1

drdpBj /1−
⊥ −=

evBje =⊥⊥η Friction force = Lorentz force

- Modified diffusion flux by the additional flux due to longitudinal
current, so-called, the Pfirsch-Schlueter current owing to the 
toroidal effect

- Compared with a uniform magnetic field, the flux in toroidal 
plasma is enhanced by a factor (1+q2).
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Planck-Institut, Report MPI/PA/7/62 
(1962)
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• Neoclassical Transports

Tokamak Transport

TnrTq

nrnD

E

∇
Δ

−≈∇−=

∇
Δ

−≈∇−=Γ

τ
κ

τ
2

2

)(

)(
: Fick’s law

: Fourier’s law

Thermal diffusivity

χ
τ

τ
κχ

22

      )( aDr
n E

E

≈→≈
Δ

≈≡

J. Wesson, Tokamaks (2004)
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• Ware pinch

Tokamak Transport

- Inward particle transport due to the toroidal electric field
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• Ware pinch

Tokamak Transport

ε
θB
cEvW −≈

- The drift velocity is controlled by the balance of two forces, 
the electrical field force and the Lorentz force.

- vW ~ 0.2 m/s for E = 0.1 V/m, Bθ = 0.5 T
- The effect is much larger (1/ε2) for trapped particles than that

experienced by passing particles
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• Bootstrap current

Tokamak Transport

- Named after the reported ability of Baron von Munchausen to lift
himself by his bootstraps (Raspe, 1785)

- Suggested with ‘Alice in Wonderland’ in mind where the heroine 
managed to support herself in the air by her shoelaces.

http://en.wikipedia.org/wiki/Bootstrapping
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• Bootstrap

Tokamak Transport

MEANING:
verb tr.: To help oneself with one's own 

initiative and no outside help.
noun: Unaided efforts.
adjective: Reliant on one's own efforts. 

ETYMOLOGY:
While pulling on bootstraps may help with putting 
on one's boots, it's impossible to lift oneself up like 
that. Nonetheless the fanciful idea is a great visual 
and it gave birth to the idiom "to pull oneself up by 
one's (own) bootstraps", meaning to better oneself 
with one's own efforts, with little outside help. It 
probably originated from the tall tales of Baron 
Münchausen who claimed to have lifted himself 
(and his horse) up from the swamp by pulling on 
his own hair.

http://wordsmith.org/words/bootstrap.html

Baron Münchausen lifting himself 
up from the swamp by his own hair 

Illustrator: Theodor Hosemann

In computing, booting or bootstrapping is to load a fixed sequence of 
instructions in a computer to initiate the operating system. 
Earliest documented use: 1891.1
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• Bootstrap current

Tokamak Transport

Nature Physical Science 229 110 (1971)
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• Bootstrap current

Tokamak Transport

IOH

INB+IOH

INB+IOH+IBS
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• Bootstrap current

Tokamak Transport
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• Bootstrap current

Tokamak Transport
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• Bootstrap current

Tokamak Transport
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- The shift must be in the passing particles since the trapped 
particles are “trapped” and thus are not allowed to drift toroidally.
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• Bootstrap current

Tokamak Transport
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- A transport driven toroidal plasma current carried by the passing
electrons generated by collisional friction with the trapped electron 
magnetization current
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1/ε and 1/ε1/2 larger than 
the trapped and passing 
particle magnetization 
current, respectively
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• Bootstrap current

Tokamak Transport
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- Bootstrap current fraction

- In high-β tokamak, βp ~ 1/ε, implying that fB ~ 1/ε1/2 >>1:
The bootstrap current can theoretically overdrive the total current

- No obvious “anomalous” degradation of JB due to micro-turbulence
- The bootstrap current is capable of being maintained in steady 

state without the need of an Ohmic transformer or external current 
drive. This is indeed a favourable result as it opens up the 
possibility of steady state operation without the need for excessive 
amounts of external current drive power.

- This is critical since bootstrap current fractions on the order of fB > 0.7
are probably required for economic viability of fusion reactors.
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Toroidal direction

Ion gyro-motion

Fast ion trajectory

Poloidal
direction

Projection of poloidally
trapped ion trajectory

R

B

• Neoclassical Bootstrap current

http://tfy.tkk.fi/fusion/research/

ASCOT

Tokamak Transport
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Currents due to 
neighbouring 
bananas 
largely 
cancel

orbits tighter 
where field 

stronger
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67.0/

2/1

=

−≈Tokamak Transport
• Neoclassical Bootstrap current

- More & faster particles on orbits nearer the core (green .vs. blue) 
lead to a net “banana current”.

- This is transferred to a helical bootstrap current via collisions.
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