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Elementary Probability Theory
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Probability
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Discrete Probability

distribution function p for random variable X:

plx) >0,Vre X

) plx)=1

reX

probability of &/ C X
P(E)= )  p(x)

relk
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Properties
P(E)>0,VE C X
PX)=1
ECFCX= P(E)< P(F)

A and B are disjoint subsets of X
= P(AUB) = P(A) + P(B)

P(A) =1 — P(A)
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Marginal, Joint, & Conditional Prob.
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circle
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Marginal Probability

P(X =x;) = CN

Joint Probability
N
PX =x2,Y =y;) = -2
( L y]) N
Conditional Probability
P(Y = y;|X = ;) = =

Cg

(Note) Y  P(Y|X)=1
Y
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Sum Rule & Product Rule

A Sum Rule L
triangle P(X =2;) = & = — S
AAAAl PYm=foR)
circle :: :‘ - X =z, Y =y;)
red  blue P(X ) =) P(X)Y)
Gi Y
Product Rule
Vi n; P(X =2, =y,) = 4 - T G

N ¢ N
= P(Y =y;|X = 2;)P(X = x;)

P(X,Y) = P(Y|X)P(X)
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Bayes’ Rule

)
P(Y|X)P(X) = P(X|Y)P(Y) (product rule)
)

PYIX) = P(X]LX(/XI)D(Y)
P(X|Y)P(Y) (sum rule)
S, P(X,Y)
P(X|Y)P(Y) (product rule)

~ Yy P(X|Y)P(Y)
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Chain Rule

P(X.Y,Z)
P(Z)
P(X.,Y,Z) P(Y,Z)

P(X,Y|Z) =

T P(Y,2) P2
= P(X|Y,Z) - P(Y|Z)

P(X,Y|Z) = P(X|Y,Z) - P(Y|Z)
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Chain Rule: Generalization
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Independence & Conditional Independence

P(X,Y)=P(X) -P(Y),V(z,y) € X XY
- P(X[Y) = P(X)

P(X,Y|Z)=P(X|Z)-P(Y|Z2),¥(x,y,2) € X XY X Z
denotedas X | Y|Z
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Expectation

where ¢ : X — R
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Conditional Expectation

E(XY =y;) Zafzp xily;)
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Variance

V(X) = E(X - B(X)?)
= ) (z—n)’p(z)

reX
where y = F(X)
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MAP (Maximum A Posteriori)

estimate X map of X, given (observed) Y =y,

Xnrap = argmax p(z|y;)
reX
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ML (Maximum Likelihood)

estimate X v of X, given (observed) Y =y, :

Xy 2 -
ML arggleagp(y;\x)
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Essential Information Theory
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Entropy

measures the amount of information in a random variable

p(z) = P(X =x),Vx € X

— ) plx)logy p(a

reX

- <10g p&))
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Joint Entropy & Conditional Entropy

H(X,Y)=—=> > p(z,y)logp(z,y)
reX yey

H(Y|X)2 ) pa)H(Y|X =)
reX B

=) plx) |- pylz)logp(y|z)

reX yey

==Y ) plx,y)logp(y|r)

reX yey
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Chain Rule for Entropy

H(X,Y)=— >X>“ p(z,y)logp(z,y)
_ x;;{ y;%} p(z,y)log (p(z)p(y|x))
— m;;( y;%} p(z,y) (log p(z) + log p(y|x))
_ g;? ) log p(a >€X }6; p(x,y) log p(y|x)

= H(X) + H(Y|X)
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Chain Rule for Entropy (General Case)

H(X1,...,X,)
= H(X1)+ H(X|X1) + ...+ HX| X1, s Xne1)
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Mutual Information (MI)

H(X,Y)=H(X)+HY|X)=H(Y)+ HX|Y)

MI(X,Y)2 H(X)— HX|Y)=H(Y) - HY|X)
—HX)+HY)-H(X,Y)
Y)

note:
MI(X,X) :H(X) —H(X\X) = H(X)
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Pointwise MI

SE g~ o
SE Bl 32
QX =
a0 o0 o0
9 ke ke
I | | q
=
B
M m



Conditional MI

MI(X,Y|Z)&2 H(X|Z) - H(X|Y,Z)
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Kullback-Leibler (KL) Divergence

p(x), g(x): probability mass functions

D(pllg) £ ) pla log @)

reX )
p(X)>
= F, | log
! ( q(X)

where

0
Olog— =0

q
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MI and KL Divergence

MI(X,Y) = D(p(z,y)||p(z)p(y))
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Conditional KL Divergence
D(p(ylx)llq(ylz)) = D plz) > plylz) log 2 Pyl ;x)

reX yey ( )

D(p(z,y)|lq(z,y)) = D(p(z)|lq(z)) + D(p(y|z)|lq(y|z))
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Chi-Square Test

Class 1 Class 2 Totals
Population 1 ny ni, s
Population 2 9 Nyy Mo+
Totals N iy N=np«+ ny

2
2 N X (n11 X Mo9 — N9 X ngl)

X
M1x X M2x X Myl X M2

Reject Hy: p, = p, when x° > 0
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Chi-Square Test Example

# of People Who  # of People Who
Changed a Didn’t Change a Totals
Character Name  Character Name

Before AionTem 13 73 86
After AionTem 17 57 74
Totals 30 130 160

, 160 x (13 x 57 — 73 x 17)?
N 86 x 74 x 30 x 130

X ~ 1.61(< 3.84)

“no effect” at significance level = 0.05
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Chi-Square Test for Hot Topic Detection

# of docs # of docs not

containing term #; containing term ¢ Totals
current time slot &k ny 1, -
previous H time
slots 21 %) Mo
Totals M, - -
n1 = dfs(k) nia = N (k) — dfi(k)
l=k—H I=k—H I=k—H

5 %k X (|n11 X N9oo — MN19 X n21| — % XY X n**)2

X:

Tix X N2k X N1 X Ny
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MI (Mutual Information)

# of docs # of docs not

containing term ¢, containing term ¢, Totals
current time slot &k ny Ny, nys
previous H time
slots ) Gy Mo
Totals N+ My P
MI(X,Y) =lo PX,Y)
PP
ni1
MI(t;, si) = lo PUti A si) e
1y Ok g P(t )P(Sk) niitnoz | nii1tnio
t TV % TV %
V11 Mo




KL Divergence

# of docs
containing term ¢

# of docs not
containing term ¢,

current time slot &k ny Ny,
previous H time

slots 1 122

Totals N+ Ny

D(PIQ) = Er (log

MI(X,Y) =

P(X)
Q(X)

D(P (fv, y)|[P(x)P(y))

nz n**
2. D o los

i=1,2 j=1,2 T Towse  Tosx
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Similarity

c:0x0—=R

S.1.

Vao,y € O,0(x,y) >0
Vr,y,z € O,0(x,x) > o(y, z)

Ve,y € O,0(x,y) = o(y,x)
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positiveness

maximality

symmetry

(!



Term Similarity

2. dfy
Sszzce(tut ) df _I_d}
v J

GO\)g

&20f

AION =T
H A2z} 2F 15,800,00074 (0.14%) 2 MM
Lineage e I~ K ‘
244217} 2F 21,000,00074 (0.15%F) 2 HAY
AION Lineage = a4 }
nE=RFIEY

24427} 2f 1,840,00074 (0.25%)

SiM G,,o(AION, Lineage) = 0.1
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Term Similarity Applications

EEERLITEE]
= ol

El= A 1A [enar




Set Similarity

| d; N dj)
Sszacc(diad') —
J d; Ud,;)
: 2 X ‘dz Nd,;
SZmDice(diadj) — ]d'H—\d'\]‘
i j
d; N d;|

SIMOverlap =

min(|d;|, |d;|)
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NCSoft
AION

4

AION
Lineage
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Bag Similarity — Cosine Model

t

L4
oy
Ssz’os(diadj) — —Z> —»J
/\‘9 ’dZH J

| t3
dj
t2
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Cosine Calculation Example

AION

NCSoft
d,
0
o]
Lineage
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d,
d

d,
d

= {2*NCSoft, AION}
= {ATON}

(2,0,1)
(0,0,1)

SimCos (dl ’ d2)

41

2xXx04+0x0+1x1

V22 402 +121/02 4+ 02 + 12
1
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Bag Similarity — Pearson Correlation Coeft.

Zk 1( ik T )(dyk JJ)

stmpcc(di,dj)

\/Zk 1 (din — di)? 325y (dje — d;)?

d, = {2*NCSoft, AION} dy = (2,0,1)
= {AION} dy = (0,0,1)
di =1
dy = 1/3

Si??lpcc(dl, dg) =0
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Collaborative Filtering

u' el,




Similarity of Probability Dlstrlbutlons
KL divergence D(pl|q) = Z p; log —

1

p+q) p+q)

Information Radius (IRad) D(pl| 5

L, norm Z pi — qil
i

- D(q||

— Z ‘max(p;, q;) — min(p;, g;))

_ Z ((pi + ¢; — min(p;, ¢;)) — min(p;, g;)]
— sz- -+ Z% — Zmin(pi,qi)
=2 (1 ~ me pz,qz))
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Mutual Reinforcement Principle
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Graph as Voting or Recommendation

Deciding the importance of a vertex within a graph

A B

T T

(.




PageRank (without Random Jump)

R(A)

( ) ( )/2
PR(C) = PR(A)/2 + PR(B)/1

PRI = 3 PR(Y)

veron 1O

Informeation Management Lab




Readings

e J. Park, B-C. Choi, and K. Kim, “A vector space approach
to tag cloud similarity ranking,” Information Processing
Letters, vol. 110, 2010, pp.489—496.

e J. Park, et al., “Online Video Recommendation through
Tag-Cloud Aggregation,” IEEE Multimedia, vol. 18, no.
1, January-march 2011, pp. 78-86

e R. Swan and J. Allan, “Automatic Generation of
Overview Timelines,” Proc. SIGIR, 2000.

e (G.Jeh and J. Widom, “SimRank: A measure of structural-
context similarity,” Proc. of the eighth ACM SIGKDD

International Conference on Knowledge Discovery and
Data Mining, 2002
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