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convex optimization problem
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binary classification problem
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maximum margin

given a linearly separable training set and the optimal
decision surface

D={(x1,y1),--.,(x5,y)} CR" x {+1,—-1}

w'-x=>0"

the maximum margin 1s given by
m”* = max ¢(w,b) = ¢(w™,b")
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computation of maximum margin

woox,=0"+k

(xp,+1) € D ]

woox,=b"—k

(x4,—1) € D
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computation of maximum margin

m” = |x, — X4|cosy

W - (Xp — Xg)




objective function

m* = max —
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constraints
whex; >b"+k, YV(x;,y;) €D sty =41
whex, <b"—k, V(x;,y;) € D s.t.oy; = —1

4

w-(—%x;)>1—-0, V(x;,y;) € D s.t. y; = —1

w-x; >1+0b V(x;,y,) €D st. y; =+1

4

w - (yix;) > 14+ yb, Y(x4,y;) € D
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maximum margin classifier

1
min ¢(w, b) = miil —W - W

S.1.

w - (yix;) > 14+ yb, Y(x4,y;) € D

D={(x1,y1),--.,(x5,y)} CR" x {+1,—-1}

Informnation Management Lab 10




quadratic programming

1
(W",b0") = arg,, , min (§WTQW —q- W)

s.t. X'w>c

where Q=1,q=0

x=| ' s
\ Y127 Yi Yy )
(1w
1+ ygb
C = : Xi = (3337 733?)
\ 1+ y;b )
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Lagrangian optimization problem

min ¢(x)
S.t.
gi(x)>0,i=1,...,1

x € R"

max min L(a, x) = max mm
(84 X (81

S.1.

- Yoo
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nested optimization

(81

max L(a,x™) = max(

X

min L(a™, x) = mm (

oL
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KKT (Karush-Kuhn-Tucker) condition

a” and x* s.t.
max min L(a, x) = L(a™, x" ZOz gi(x

(84 X

X" 1is a solution to the primal objective function iff

0L
ox

a; gi(x") =
gi(x)

a; >0

—(a™,x") =0

0

[V
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complementary condition

o; gi(x*) =0

= L(a™,x") = ¢(x")
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Lagrangian dual

max ¢’ ()

S.t. OéiZO,iZL...,l

=
max ¢ () = ¢/ (") = L(a",x") = $(x")

s.t. x* and o™ satisfy KKT conditions.
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example
min ¢(x) = min —x

S.L.
glx)=2x—-22>0
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example

L(a,x
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example

(?L( = g 0
5, (1T) =27 —a=
= =«

= max ¢’ (o) = max (2a — %(12) s.t. a >0
do’

L8P =9 o =
¥ (™) a =0
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dual maximum margin optimization

1
m1£1¢(w b) = mlil —W - W

s.t. gi(w,b) =y;(Ww-x;, —b)—1>0,2=1,...

1

max min L (o, w, b) ZozzgZ w, b)

a  w,b

l
= %W°W - Z%%W'Xz' +bz@z’yi +Z(Jéi
i=1 i=1 i=1

S.T. ()éiZO,i:L...,l
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KKT conditions

o, w*, and b" s.t. HlaXIIllilL(Oé w,b) = L(a™,w",b")

will satisfy

OL o
- —(a®,w*,b") =0
OL .

50 —(a™,w*,b") =0

a (y;(w"-x;, =) —1)=0
Yy (W -x; —0")—12>0
a; >0

el

e
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derivation of Lagrangian dual

0L
— (o, w™, b) Zozzyzxz =0

ow
— Z Y X

0L .
(?b (o, w,b") Zozzy@:()

= becomes a Constramt

Information Management Lab 22



maximum margin Lagrangian dual

max qb’(a) = max L(a, w™, b*)

—

7,—13 1

l
S.t. Zaiyi =0
i=1
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KKT complementary condition

a; >0, for (x5,y;) € D
:>W*'Xj:b*—|—1, lfy]:—|—1

wiex; =0"—1, ify; = —1

*_

J
:>W*'Xj>b*—|—1, lfy]:—|—1
wex; <b" -1, ify; = -1

a; =0, for (x5,y;) € D
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implications

* The primal maximum-margin optimization computes the
supporting hyperplanes whose margin 1s limited by the
support vectors

* The dual maximum-margin optimization computes the
support vectors that limit the size of the margin of the
supporting hyperplanes
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computation of pH*

pick a support vector with nonzero Lagrangian multipliers

(XSU+7ysv+) S.t. Ysot+ — +1

[
* % *
b =w" - X+ — 1= E O YiXi * Xgy+—1
i=1

wex; =0"+1, if y; = +1

l
* —
W = Y X
i=1
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dual classification function

optimal decision surface: w* - x = b*

= f(x) = sgn(w* - x — b*¥)

[ [

W= A YiXq
i=1
l
b* = Oé;'kyixi * Xyt 1
i=1
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linear SVM: problem
target function f : R" — {41, -1}

labeled, linearly separable training set:
D = {(Xlayl)a Ty (Xl7 yl)} C R” X {_|_17 _1}

where
x; € R" y; = f(x),2=1,...,1

compute a classifier f : R" — {+1,—1} using D s.t.
f(x) = f(x),vx € R
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linear SVM: training

l A
Q" = arg, max E Qo > >4 >4 0L Y Y X - X

i=1 i=1 j=1
l
S.t. E a;y; =0
i=1
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linear SVM: classification

[ [
f(x) = sgn (Z O YiXi X — Y OFYiX; - Xyt + 1)
1=1 1=1

where

(Xgpt,+1) € {(x;,+1)|(x4,+1) € D and o > 0}
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SVM for non-linearly separable data




nonlinear SVM example
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transformation into feature space
O(x) = B(x1,x9) = (22, 23, V2x122) =

where x € R?, z € R”

(Zla 22, Z3)

w* - B(x) = b* 2

= (17 170)7[7* =1 w e d(T)=10"

=21+ 20 =1 \ '
z3
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classification in feature space

f(x) = sgn(w* - ®(x) — b*)

= sgn(w”* -z — b")

d
= sgn (Z W; 2 — b*)
i=1
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dual representation
[
w' =" alyid(x:)
1=1
f(x) = sgn(w* - ®(x) — ")

[
= Sgn(z ;Y P(x;) - P(x) — b")
[

— 89”(2 a;yi(x; - x)° — b*)

1=1
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example kernel function
®(x) = (27,23, V22122)
b(x) - D(y) = (x,23, V2r122) - (47,93, V2y192)
= 21yi + T3Y5 + 2C102Y1 Y2
= (z1y1 + T2y2)(T1y1 + T2y2)

= (x-y)(x-y)
= (x-y)?
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kernel function

k(x,y) = @(x) - ®(y)
where & : R" — R™ s.t. m>n

= sgn (Za yik(x;,X) — b*)
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standard kernels

kernel name

linear
homogeneous
polynomial

non-
homogeneous
polynomial

Gaussian
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kernel function
k(x,y)=x"-y
k(x,y) = (x-y)*
k(x,y) = (x -y +¢)°

k(x,y) = e~ (x¥17/20)

38
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computation of p*

b*:W*¢( SU+)_1

:ZO& Y; P Xz ( sv+) 1

— Z &:yik(xia Xgvt )_1
1=1
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nonlinear SVM: training

: 1
a” = arg,, max E i — 5
i=1

l
S.t. Zaiyi =0
i=1
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maximum margin classifier

maximum-margin classifier: f(x) = sgn(w* - x — b*)

1
primal optimization problem: min ¢(w, b) = min oW W

s.t. y;(w-x;—b)—1>0,i=1,...,1
(Xlayl)w"?(xl)yl) € R" x {+17_1}

A




introducing slack variables
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soft-margin optimization problem

[

1

wie SN = 0 (5‘” A C;@)

st. y;(w-x;,—b)+&—-1>0,i=1,...,1
&>00=1,....1

€: (517°°°7£l)70> 0
(X17y1)7 R (Xlayl) c R™ x {—|—1, —1}

note: f(x) = sgn(w* - x — b*)

Informnation Management Lab 43




soft-margin misclassifications

for (x;,+1), w-x; =b+ (1 —¢&;)
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dual setting for soft-margin classifiers

L(o.B.w.6.b) = sw W+CZ€Z

_Zaz yz W - Xz_b)+§z_1)

=1

- Bi&
1=1
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Lagrangian optimization problem

in L b
max min (o, B,w,&,b)

S.t. 8% Z 0

Bi >0

i=1,....1
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KKT conditions
o, 85, w*, &€, and b* will satisfy for ¢ =1,...,1
0L

a—w(awBaW*aSab):O

IL S
agi(aalaawas 7b)_0

IL o
%(a,,@,w,f,b )_O

oaf (Y, (W -x; —b" )+ & —1)=0
Bi& =0

yi(w'-x; —0")+&§ —12>0
of > 0,85 > 0,6 > 0
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optimal value

max min L(a, 8, w,&,b) = L(a™, 3%, w*,£",b")

a)ﬁ “7£7b
1 * * *
=W W C E £
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Langrangian dual

8—L(a B,w* & b)—w*—ia- x; =0
aw ) 7l ) ) T — Zy’l (A
= W = Z&iyixi

i=1
OL

[ [
%(a,ﬁ,w,é,b*) — Z:Zlazyz =0 = Z:Zlazyz =0

OL
0&;
oq;=0-0, =0<q;, <C

((X,,B,W,é*,b) :C_az_ﬁz =0
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soft margin Lagrangian dual

maxqb = max Zozz——> >jozzoz]yzijz X
1=1 =1
S.t. Zoziy@-:()
i=1
r=1,...,1
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computation of pH*

pick a support vector with a zero-valued slack variable

b* =w™ - Xgpt — 1 —|_€S’U+

[
_ * X 1
1=1

l
. L] * —_—
SOW = Qi YiXq
i=1
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readings

* Searching Social Media Streams on the Web
* Finding Advertising Keywords on Web Pages
* Optimizing Search Engines using Clickthrough Data

* Hierarchical Document Categorization with Support
Vector Machines

* Predicting Structured Objects with Support Vector
Machines

* Hidden Markov Support Vector Machines
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