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convex optimization problem 

min
x

φ(x)

s.t. 

hi(x) ≥ ci, i = 1, . . . , l
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binary classification problem  
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optimal decision surface  
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maximum margin  

given a linearly separable training set and the optimal 
decision surface 
D = {(x1, y1), . . . , (xl, yl)} ⊆ Rn × {+1,−1}
w∗ · x = b∗

the maximum margin is given by 
m∗ = maxφ(w, b) = φ(w∗, b∗)
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computation of maximum margin  

w∗ · xp = b∗ + k

w∗ · xq = b∗ − k

(xq,−1) ∈ D

(xp,+1) ∈ D
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computation of maximum margin  

m∗ = |xp − xq| cos γ

=
w∗ · (xp − xq)

|w∗|

=
w∗ · xp −w∗xq

|w∗|

=
(b∗ + k)− (b∗ − k)

|w∗|

=
2k

|w∗|
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objective function  

m∗ = max
2k

|w|

= min
|w|
2k

⇒ φ(w, b) =
1
2
w · w
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constraints 

w∗ · xi ≥ b∗ + k, ∀(xi, yi) ∈ D s.t. yi = +1

w∗ · xi ≤ b∗ − k, ∀(xi, yi) ∈ D s.t. yi = −1

⇒

w · xi ≥ 1 + b, ∀(xi, yi) ∈ D s.t. yi = +1

w · (−xi) ≥ 1− b, ∀(xi, yi) ∈ D s.t. yi = −1
⇒
w · (yixi) ≥ 1 + yib, ∀(xi, yi) ∈ D
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maximum margin classifier  

D = {(x1, y1), . . . , (xl, yl)} ⊆ Rn × {+1,−1}

minφ(w, b) = min
w,b

1
2
w · w

s.t. 

w · (yixi) ≥ 1 + yib, ∀(xi, yi) ∈ D

10 



quadratic programming 
(w∗, b∗) = argw,b min

�
1
2
wT Qw − q · w

�

s.t. XT w ≥ c

where Q = I,q = 0

X =




y1x1

1 . . . yix1
i . . . ylx1

l
...

...
...

y1xn
1 . . . yixn

i . . . ylxn
l





c =





1 + y1b
1 + y2b

...
1 + ylb



 xi = (x1
i , . . . , x

n
i )
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Lagrangian optimization problem  

12 

min
x

φ(x)

s.t. 
gi(x) ≥ 0, i = 1, . . . , l

x ∈ Rn

max
α

min
x

L(α,x) = max
α

min
x

�
φ(x)−

l�

i=1

αigi(x)

�

s.t. 

αi ≥ 0, i = 1, . . . , l



nested optimization 
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max
α

L(α,x∗) = max
α

�
φ(x∗)−

l�

i=1

αigi(x∗)

�

min
x

L(α∗,x) = min
x

�
φ(x)−

l�

i=1

α∗
i gi(x)

�

⇒ ∂L

∂x
(α,x∗) = 0



KKT (Karush-Kuhn-Tucker) condition  
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α∗ and x∗ s.t.
max

α
min
x

L(α,x) = L(α∗,x∗) = φ(x∗)−
l�

i=1

α∗
i gi(x∗)

x∗ is a solution to the primal objective function iff 
∂L

∂x
(α∗,x∗) = 0

α∗
i gi(x∗) = 0

gi(x∗) ≥ 0

α∗
i ≥ 0



complementary condition  
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α∗
i gi(x∗) = 0

⇒ L(α∗,x∗) = φ(x∗)



Lagrangian dual  
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∂L

∂x
(α,x∗) = 0⇒ L(α,x∗) = φ�(α)

max
α

φ�(α)

αi ≥ 0, i = 1, . . . , ls.t. 

⇒
max

α
φ�(α) = φ�(α∗) = L(α∗,x∗) = φ(x∗)

s.t. x∗ and α∗ satisfy KKT conditions.



example  
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minφ(x) = min
1
2
x2

s.t. 

g(x) = x− 2 ≥ 0



example  
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L(α, x) =
1
2
x2 − α(x− 2)



example  
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∂L

∂x
(α, x∗) = x∗ − α = 0

⇒ x∗ = α

⇒ L(α, x∗) = 2α− 1
2
α2

⇒ max
α

φ�(α) = max
α

�
2α− 1

2
α2

�
s.t. α ≥ 0

⇒ dφ�

dα
(α∗) = 2− α∗ = 0

⇒ x∗ = α∗ = 2,α∗g(x∗) = α∗(x∗ − 2) = 0



dual maximum margin optimization  
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min
w,b

φ(w, b) = min
w,b

1
2
w · w

s.t. gi(w, b) = yi(w · xi − b)− 1 ≥ 0, i = 1, . . . , l

max
α

min
w,b

L(α,w, b) = φ(w, b)−
l�

i=1

αigi(w, b)

=
1
2
w · w −

l�

i=1

αiyiw · xi + b
l�

i=1

αiyi +
l�

i=1

αi

s.t. αi ≥ 0, i = 1, . . . , l



KKT conditions  
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α∗,w∗, and b∗ s.t.max
α

min
w,b

L(α,w, b) = L(α∗,w∗, b∗)

will satisfy 
∂L

∂w
(α∗,w∗, b∗) = 0

∂L

∂b
(α∗,w∗, b∗) = 0

α∗
i (yi(w∗ · xi − b∗)− 1) = 0

yi(w∗ · xi − b∗)− 1 ≥ 0

α∗
i ≥ 0

i = 1, . . . , l



derivation of Lagrangian dual  
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∂L

∂w
(α,w∗, b) = w∗ −

l�

i=1

αiyixi = 0

⇒ w∗ =
l�

i=1

αiyixi

∂L

∂b
(α,w, b∗) =

l�

i=1

αiyi = 0

⇒ becomes a constraint



maximum margin Lagrangian dual  
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max
α

φ�(α) = max
α

L(α,w∗, b∗)

= max
α




l�

i=1

αi −
1
2

l�

i=1

l�

j=1

αiαjyiyjxi · xj





s.t.
l�

i=1

αiyi = 0

αi ≥ 0

i = 1, . . . , l



KKT complementary condition  
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α∗
j > 0, for (xj , yj) ∈ D

⇒ w∗ · xj = b∗ + 1, if yj = +1
w∗ · xj = b∗ − 1, if yj = −1

α∗
j = 0, for (xj , yj) ∈ D

⇒ w∗ · xj > b∗ + 1, if yj = +1
w∗ · xj < b∗ − 1, if yj = −1



implications  

  The primal maximum-margin optimization computes the 
supporting hyperplanes whose margin is limited by the 
support vectors 

  The dual maximum-margin optimization computes the 
support vectors that limit the size of the margin of the 
supporting hyperplanes  
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computation of  

26 

b∗

pick a support vector with nonzero Lagrangian multipliers 
(xsv+ , ysv+) s.t. ysv+ = +1

b∗ = w∗ · xsv+ − 1 =
l�

i=1

α∗
i yixi · xsv+–1

∵
w∗ · xj = b∗ + 1, if yj = +1

w∗ =
l�

i=1

αiyixi



dual classification function  
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optimal decision surface: w∗ · x = b∗

⇒ f̂(x) = sgn(w∗ · x− b∗)

⇒ f̂(x) = sgn

�
l�

i=1

α∗
i yixi · x−

l�

i=1

α∗
i yixi · xsv+ + 1

�

b∗ =
l�

i=1

α∗
i yixi · xsv+–1

w∗ =
l�

i=1

αiyixi

∵



linear SVM: problem  
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target function f : Rn → {+1,−1}

D = {(x1, y1), . . . , (xl, yl)} ⊆ Rn × {+1,−1}
labeled, linearly separable training set: 

where 
xi ∈ Rn, yi = f(xi), i = 1, . . . , l

compute a classifier f̂ : Rn → {+1,−1} using D s.t. 

f̂(x) � f(x),∀x ∈ Rn



linear SVM: training   
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α∗ = argα max




l�

i=1

αi −
1
2

l�

i=1

l�

j=1

αiαjyiyjxi · xj





s.t.
l�

i=1

αiyi = 0

αi ≥ 0, i = 1, . . . , l



linear SVM: classification  

30 

f̂(x) = sgn

�
l�

i=1

α∗
i yixi · x−

l�

i=1

α∗
i yixi · xsv+ + 1

�

where 

(xsv+ ,+1) ∈ {(xi,+1)|(xi,+1) ∈ D and α∗
i > 0}



SVM for non-linearly separable data 
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nonlinear SVM example   

32 

w · x = b

x · x = 1



transformation into feature space  
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Φ(x) = Φ(x1, x2) = (x2
1, x

2
2,
√

2x1x2) = (z1, z2, z3) = z

where x ∈ R2, z ∈ R3

w∗ · Φ(x) = b∗

w∗ � (1, 1, 0), b∗ � 1

⇒ z1 + z2 = 1



classification in feature space  

34 

f̂(x) = sgn(w∗ · Φ(x)− b∗)

= sgn(w∗ · z− b∗)

= sgn

�
d�

i=1

w∗
i zi − b∗

�



dual representation 
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w∗ =
l�

i=1

α∗
i yiΦ(xi)

f̂(x) = sgn(w∗ · Φ(x)− b∗)

= sgn(
l�

i=1

α∗
i yiΦ(xi) · Φ(x)− b∗)

→ sgn(
l�

i=1

α∗
i yi(xi · x)2 − b∗)



example kernel function 
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Φ(x) = (x2
1, x

2
2,
√

2x1x2)

Φ(x) · Φ(y) = (x2
1, x

2
2,
√

2x1x2) · (y2
1 , y2

2 ,
√

2y1y2)

= x2
1y

2
1 + x2

2y
2
2 + 2x1x2y1y2

= (x1y1 + x2y2)(x1y1 + x2y2)

= (x · y)(x · y)

= (x · y)2



kernel function  
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k(x,y) = Φ(x) · Φ(y)

where Φ : Rn → Rm s.t. m ≥ n

f̂(x) = sgn

�
l�

i=1

α∗
i yik(xi,x)− b∗

�



standard kernels  
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kernel name  kernel function free 
parameters 

linear  none 

homogeneous 
polynomial  

non-
homogeneous 
polynomial  

Gaussian 

k(x,y) = x · y

k(x,y) = (x · y)d d ≥ 2

k(x,y) = (x · y + c)d d ≥ 2, c > 0

k(x,y) = e−(|x−y|2/2σ2) σ > 0
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computation of  b∗

b∗ = w∗ · Φ(xsv+)− 1

=
l�

i=1

α∗
i yiΦ(xi) · Φ(xsv+)–1

=
l�

i=1

α∗
i yik(xi,xsv+)–1



nonlinear SVM: training   
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s.t.
l�

i=1

αiyi = 0

αi ≥ 0, i = 1, . . . , l

α∗ = argα max




l�

i=1

αi −
1
2

l�

i=1

l�

j=1

αiαjyiyjk(xi,xj)







maximum margin classifier  
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maximum-margin classifier: f̂(x) = sgn(w∗ · x− b∗)

primal optimization problem: minφ(w, b) = min
1
2
w · w

s.t. yi(w · xi − b)− 1 ≥ 0, i = 1, . . . , l
(x1, y1), . . . , (xl, yl) ∈ Rn × {+1,−1}



introducing slack variables  
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yi(w · xi − b) + ξi − 1 ≥ 0, i = 1, . . . , l



soft-margin optimization problem  

43 

min
w,ξ,b

φ(w, ξ, b) = min
w,ξ,b

�
1
2
w · w + C

l�

i=1

ξi

�

s.t. yi(w · xi − b) + ξi − 1 ≥ 0, i = 1, . . . , l

ξi ≥ 0, i = 1, . . . , l

ξ = (ξ1, . . . , ξl), C > 0

(x1, y1), . . . , (xl, yl) ∈ Rn × {+1,−1}

note:  ̂f(x) = sgn(w∗ · x− b∗)



soft-margin misclassifications 

44 

for (xj ,+1), w · xj = b + (1− ξj)

ξj ≤ 1 ξj > 1



dual setting for soft-margin classifiers  

45 

L(α,β,w, ξ, b) =
1
2
w · w + C

l�

i=1

ξi

−
l�

i=1

αi(yi(w · xi − b) + ξi − 1)

−
l�

i=1

βiξi



Lagrangian optimization problem  

46 

max
α,β

min
w,ξ,b

L(α,β,w, ξ, b)

s.t. αi ≥ 0

βi ≥ 0

i = 1, . . . , l



KKT conditions  

47 

∂L

∂w
(α,β,w∗, ξ, b) = 0

∂L

∂ξi
(α,β,w, ξ∗, b) = 0

∂L

∂b
(α,β,w, ξ, b∗) = 0

α∗
i (yi(w∗ · xi − b∗) + ξ∗i − 1) = 0

β∗
i ξ∗i = 0

yi(w∗ · xi − b∗) + ξ∗i − 1 ≥ 0

α∗
i ≥ 0,β∗

i ≥ 0, ξ∗i ≥ 0

α∗,β∗,w∗, ξ∗, and b∗ will satisfy for i = 1, . . . , l



optimal value  

48 

max
α,β

min
w,ξ,b

L(α,β,w, ξ, b) = L(α∗,β∗,w∗, ξ∗, b∗)

=
1
2
w∗ · w∗ + C

l�

i=1

ξ∗i



Langrangian dual  
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∂L

∂w
(α,β,w∗, ξ, b) = w∗ −

l�

i=1

αiyixi = 0

⇒ w∗ =
l�

i=1

αiyixi

∂L

∂b
(α,β,w, ξ, b∗) =

l�

i=1

αiyi = 0 ⇒
l�

i=1

αiyi = 0

∂L

∂ξi
(α,β,w, ξ∗, b) = C − αi − βi = 0

⇒ αi = C − βi ⇒ 0 ≤ αi ≤ C



soft margin Lagrangian dual  
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i = 1, . . . , l

max
α

φ�(α) = max
α




l�

i=1

αi −
1
2

l�

i=1

l�

j=1

αiαjyiyjxi · xj





s.t.
l�

i=1

αiyi = 0

0 ≤ αi ≤ C



computation of  

51 

b∗

pick a support vector with a zero-valued slack variable 

∵ w∗ =
l�

i=1

αiyixi

(xsv+ ,+1) s.t. ξ∗sv+ = 0 ⇒ 0 < α∗
sv+ < C

b∗ = w∗ · xsv+ − 1 + ξsv+

=
l�

i=1

α∗
i yixi · xsv+–1



readings  

  Searching Social Media Streams on the Web	

  Finding Advertising Keywords on Web Pages	

  Optimizing Search Engines using Clickthrough Data	

  Hierarchical Document Categorization with Support 

Vector Machines  
  Predicting Structured Objects with Support Vector 

Machines	

  Hidden Markov Support Vector Machines	
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