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» Separation of variables & Reduction to separable form

— Separation of variables
g(y)y'=f(x)

g(y)y'=f(x) = [o(y)dy=[f(x)dx+c

— Extended Method: Reduction to separable form

(2
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1. First-Order ODEs Fnd)
Summary (2)
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* Exact differential equation

M(xy)dx+N(xy)dy=0 <« oM ON

OX

M(x,y):a—i = u(x,y):_‘-M(x,y)dx+k(y) = %uzN(x,y) = % & k(y)

— Non exact differential equation (finding integrating factors)
PdX_|_Qdy =0 FPdx+ FQdy =0

F(X)=9XD(IR(X)dx), where R(x):%(ﬁp 5Q)



1. First-Order ODEs
Summary (3)
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o Linear ODEs Y+ p(X)y=r(x)
— Homogeneous ODEs
y+p(x)y=0 = y = ce 70
— Nonhomgeneous ODEs

y+p(x)y=r(x) = (py-r)dx+dy=0
y:e‘“Ue“rdx+c] where:h:jpdx

— Bernoulli Equation (reduction to linear ODEs)

y+p(x)y=9g(x)y* (a=0 & a;tl)

u+(1-a)pu=(1-a)g « u(x)=| y(x)



. LT
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* ODEs
— Linear ODEs

— Nonlinear ODEs

* Linear ODEs of the 2" order
— The most important ODEs

— Transition to higher order Equations is immediate
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2.1 Homogeneous Linear ODEs of 2" order

2.2
2.3
2.4
2.5
2.6
2.7
2.8
2.9

Homogeneous Linear ODEs with Constant Coefficients
Differential Operators. Optional

Modeling: Free Oscillations (Mass-Spring System)
Euler-Cauchy Equations

Existence and Uniqueness of Solutions. Wronskian
Nonhomogeneous ODEs

Modeling: Forced Oscillations. Resonance

Modeling: Electric Circuits

2.10 Solution by Variation of Parameters
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Homogeneous Linear ODEs of 2nd order ~ {fi3/
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* Linear ODEs of 2" order — Standard Form

y"+p(x)y+a(x)y=r(x)

0

- Homogeneous:  r(x)

J]EX) 1
Xy "+ y'+ Xy =0 y+y+y=0

— Nonhomogeneous: r(x);to

]EX)
y"+25y =™ cos X ,
y'y+(y') =0 ?



Homogeneous Linear ODEs of 2nd order *@@@
Superposition Principle "
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Fundamental Theorem for the Homogeneous Linear ODE (2)

For a homogeneous linear ODE (2), any linear combination of two solutions on an
open interval 1 is again a solution of (2) on L. In particular, for such an equation,
sums and constant multiples of solutions are again solutions.

— If y, and y, are solutions of Homogeneous Linear ODE

\I:C\I \I:C \/
y..+p(x)y.+q(x)yzo J 1J1 J 2J2
y=0CY, +tGY,
- Ex1) y'+y=0
- Ex2) y'+y=1 y, =1+cosx Yy, =1+sinx

- Ex3) y"y—xy'=0 y=x"  Yy,=1
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Homogeneous Linear ODEs of 2nd order Wil
Initial Vailue Problem (IVP) .

y"+p(x)y'+q(x)y=0

— Two Initial Condition for VP
Y(Xo):Ko yl(XO):Kl

— General solution y=cCYy,+CY,

— Two arbitrary constants, C1 and C2 can be obtained from two
Initial conditions.
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» Example 4
y'+y=0, y(0)=3.0, y'(0)=-05



Homogeneous Linear ODEs of 2nd order
Examplie 4 initial Value Probiem

y"+y=0, y(0)=3.0, y'(0)=-05
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y'+y=0, y(0)=30, y'(0)=-05

y+y=0, y(0)=3.0, y'(0)=-30

y'+y=0, y(0)=3.0, y'(0)=-10.0
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Homogeneous Linear ODEs of 2nd order ({3
Example 4 Initial Value Problem o0 NATIOAL Ve

y'+y=0, y(0)=3.0, y'(0)=-05

y'+y=0, y(0)=10.0, y'(0)=-0.5

y+y=0, y(0)=-30, y'(0)=-05




Homogeneous Linear ODEs of 2nd order
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* General solution (& Btoll): Y=CY: +CY,

— 210l A Bl &l (proportional) SHAl = 2H MIXt & & A9
ofl v, y,2F 222 &f==c¢,, c,& <= ol

Linearly independent k,=0and k, =0

_ Kk _ K
Linearly dependent Y1 = Tk Y, Or Y, ===V,

K
1 2
— Basis of solution (V1 M) M2=&02ly, y,& #Z2HHMHE
MK E A O I N (basis) &£ = J| = Al (fundamental system)
— Particular solution (S ==oll): & BtoH0ll M ¢, c,& == o
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Homogeneous Linear ODEs of 2nd order ﬁ@g@g

Finding a basis if one solution is Known ..., ..o ouvesm
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 Method of reduction of order (by Lagrange)

(xz—x)y"—xy'+y:0

Yy1=X > Y, =Uy,
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Homogeneous Linear ODEs of 2nd order ﬁ@g@g

Finding a basis if one solution is Known ..., ..o ouvesm

Y‘s‘r\’

&
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p.é‘

 Method of reduction of order (by Lagrange)
y+p(x)y+a(x)y=0
y=y,=uy, (y'=y,' =u'y,+uy,, y"=y,"=u"y,+2u'y, +uy,")

P g

y Y+ Py, +qy, =0)

= u"y,+ u'(2y, "+ py,)+u(y,"+py+ay,)=0 = u"+u'

U=u, U'=u" = U'+(2y—l+ij:O
Y1

d_U=_(2y—1'+p)dx & InU|=-2Injy,[-[px = - T L y, =uy, = y, [Udx

U Y, ‘A



Homogeneous Linear ODEs with Constant Coefficients f
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« 2" order homogeneous linear ODEs with constant
coefficients (& == Hl == 2H| NIt &S 0| =L EA])

y"+ay'+by =0

A .
—~ y =e™* can be a solution

— MNis a solution of the following equation

A2 +al+b=0

Characteristic equation (S & 2 & 4|, or auxiliary equation)
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Homogeneous Linear ODEs with Constant Coefficients

SEOUL NATIONAL UNIVERSITY

— Roots of quadratic equation

A :%(—a+M), A, = ;(—a—M)

y,=e¢” and y, =e®*

» Three Kinds of the general solution of the equation

s A, A if a-4b>0 = y=ce"+ce™
— (case I) A real double root ﬂz—% fa’-4b=0 = y=(q+cx)e™”

case ll) Complex conjugate roots  1=-3, +io if

a’—4b<0 = y:e_%(Acos(ox+ Bsin a)X)

w° :b—a%



Homogeneous Linear ODEs with Constant Coefficients f

Case |. Two Distinct Real Roots A, and A,

y'+ay'+by =0

Basis of solutions

yl — eﬂlx y2 — eﬂzx
— Ay X A%
y=ce” +ce

e EX) y'+y'-2y=0 y(0)=4, y'(0)=-5
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Homogeneous Linear ODEs with Constant Coefficients S Y

Case Il. Real double root A=-a/2
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yll_l_ayl_l_by:()
» (case II) A real double root 1=—% f a?-ab=0 = y=(c+cx)e

V. = o (@/2) Method of reduction of order ~(al2)x
=

Y, = X€

y :(cl+c2x)e_%

« Example4) y"+y'+0.25y=0, y(0)=3.0, y'(0)=-35
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Homogeneous Linear ODEs with Constant Coefficients 3 Y

Case lll. Complex Conjugate
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y'+ay'+by =0 T By ay
-2 A
(case II) Complex conjugate roots 4=-3%; *io
if a>-4b<0 = y:e_%(Acoswx+Bsina)x)
ﬂ1=—4+ia) /Izz—%—ia)

. Basis of solutions: y, =e™?coswx  y,=e*"

sin wX

. General solutions: y =e "2 (Acos wx + Bsin wx)
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Homogeneous Linear ODEs with Constant Coefficients

Y
Wl
Case lll. Complex Conjugate
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« Example 5.

_12 L L L L I L




Homogeneous Linear ODEs with Constant Coefficients
Y

Summary SEOUL NATIONAL UNIVERSITY

AX

<
I
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y"+ay'+by =0 > A2+al+b=0

Case Roots of (2) Basis of (1) General Solution of (1)
Distinct real . _
I A A c M pha® y = Mt + etz
1> \2
Real double root _
I N = 1 e W2 xemal? v = (c1 + cox)e /2

Complex conjugate
I11 A = —3a + iw.

Ay = —3a — iw

—ax/2 ]
¢ COS WX _ '
—ax/2 y=e 24 cos wx + B sin wx)

¢ SIn WX



Differential Operators (0| = & &FAL. %;,
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* Operator (A &FAH: A transformation that transforms a
function into another function
+ Differential Operator D (0] & ™ &HAH

— An operator which transforms a (differentiable) function into its

derivative d
Dy=y'=-Y
dx

— ldentity Operator |:ly=y

— Second-order differential operator (2Hl 0| & & &HX})
L=P(D)=D?+aD+bl = Ly=P(D)y=y"+ay'+by

» Example1. Factor L=P(D)=D’-3D-40l and solve P(D)y=0
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* A basic mechanical system

— amass on an elastic spring, which moves up and down*.

Unstretched <
spring 0
————f3-y=0)0-——-
System in j;
static ———-
equilibrium System in
motion
(a) (b) (c)

Mechanical mass—spring system

*We choose the downward direction as the (+) direction.



Modeling: Free Oscillations. (Mass-Spring System)
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* Physical Information
— Newton’s second law : Mass x Acceleration = Force

— Hooke’s law: restoring force is directly proportional to the distance

* Modeling
— System in static equilibrium
F, =—ks, (k :spring constant
o=k (k2 spring ) F,+W =—ks,+mg =0
] Weight of body : W =mg

— System in motion

aRestoring force : F =—KkY (Hooke’s law

)
s (Newton’s second law) ) F =F =my" > my "+ ky =0
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 Alternative way of thinking

— amass on an elastic spring, which moves horizontally.

) o
1
Sviltem in
ation

plate
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=
=
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o w2
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Modeling: Free Oscillations. (Mass-Spring System)
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a2
z
0
b=

Undamped system

Chel
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 Undamped System : ODE and Solution
- ODE : my"+ky=0

— Harmonic oscillation (= 3t &l =)

y(t) = Acosa,t + Bsin gt = C cos(a,t — ),

o T N
O
"-.\ ., ¢

| @/4\\ ~
| \ -

\ ry

\\\.

(D Positive

@) Zero ] Initial velocity
(3) Negative
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Modeling: Free Oscillations. (Mass-Spring System)
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* Example 1
P Not to scale!
— Iron ball weight = 98 N

Umatre_t ched lv
— 2) Pull down 16 cm and let it start 109m "_;ﬁ:ﬁl'” j;
with zero velocity. its motion?

equilibrium

— Stretched 1.09m
— 1) How many cycles per
minutes? And its motion? =~ Unstretched

System in
motion

16 cm



Modeling: Free Oscillations. (Mass-Spring System)

Undamped system

.
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« Example 1.

' -DI.SPLIACEMENT(m)
N N

y=0.16 cos 3

4 5 ] ] | L . | | d
TIME (sec)



Modeling: Free Oscillations. (Mass-Spring System)

Undamped system

WY

o

=5 v

%
==

w |
3=

.
35 .
= A A A A A A
=3 [}—‘w\"’\f’f AANS
o= ! b/ i i i

« Example 1.

o

DISPLACEMENT (m)

! 1
(% —_ o Py N
II U UL L

o
.
1 LI ™1 =

=
L LB L ™

4
TIME (se

6

c)



Modeling: Free Oscillations. (Mass-Spring System) %Mi
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Damping Force

' k Spring

F, =—cy

m [—3 Body

c u Dashpot

Damped system



Modeling: Free Oscillations. (Mass-Spring System)

Damped system

Body

Dashpot

» Damped System : ODE and Solutions
— Damping force : F,=-¢y’(c: the damping consta% my "+ cy'+ ky =0
- (Newton's second law ) > F =F +F, =my"

* Three types of motion

- Case 1 (Overdamping) 2~ amk Distinctrealroots 4, , A4,
— Case 2 (Critical damping) ¢* = 4mk A real double root.

— Case 3 (Underdamping) ¢? < 4mk Complex conjugate roots.



Modeling: Free Oscillations. (Mass-Spring System)

Spring

Damped system - overdamping

Body

Dashpot

my"+cy'+ky =0

* Overdamping ¢? > 4mk

~(a-p)t ~(a+p)t C \Ve? —4mk
t)=ce“ " +cpe a==", p=
y ( 1 2 | 2m b 2m
‘ — f
la) (b)
(1) Positive |
@) Zero ¢ Initial velocity

(3) Negative |



Modeling: Free Oscillations. (Mass-Spring System)

Damped system - critical damping

my"+cy'+ky =0

+ Critical damping c® =4mk
y(t)=(c, +czt)e‘“t,T o = %

@) Positive |

@) Zero

# Initial velocity

(3) Negative JI

Spring

Body

Dashpot



Modeling: Free Oscillations. (Mass-Spring System)

Damped system - underdamping

Body

Dashpot

my"+cy'+ky =0
» Underdamping (CZ < 4mk)

y(t)=e"*(Acosw*t+Bsinw*t)=Ce * cos(w*t—5)

« 1
k- ® =—~/4mk — ¢’
~ 'L",'lf_’“”r ZM




Modeling: Free Oscillations. (Mass-Spring System) %.L@lé
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+ Example2. my"+cy'+ky =0

m =10, k =90, ¢ =100, 60, 10
y(0)=0.16, y'(0)=0

k Spring

j Body

@Dash[mt




Modeling: Free Oscillations. (Mass-Spring System)

k Spring

Damped system

m Body

¢ Dashpot

« Example2

] S M E—— —

overdamped 10y"+100y"+90y=0

=

o
(N
|

DISPLACEMENT (m)
o
|

o
()
: !

: underdamped 10y“-{-1 Oy'+90y=0

S o e e ----------------------------

4 6 | | | 8 | | | 10
TIME (sec)



Modeling: Free Oscillations. (Mass-Spring System)

Damped system

k Spring

m Body

« Example2

o o
[ 2 T & 4

ENT (m)
©
a

o

DISPLACEM
=~ , © © o O
ha — o o i N ka

o
I
1

¢ Dashpot

0 2 4 6 8 10

TIME (sec)
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* Euler-Cauchy Equations

Xy "+axy'+by =0
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Euler-Cauchy Equations
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* Euler-Cauchy Equations : x2y"y axy'+by =0

|
— Auxiliary Equation m?+(a-1)m+b=0

* Three kinds of the general solution of the equation

— Case 1 Two real roots m, m,

m:(1—a)

5 = y=(c+cInx)x"
— Case 3 Complex conjugate roots

=  y=CX"+C,X"
— Case 2 A real double root

m=y tiv = y=x“| Acos(vInx)+Bsin(vinx)]
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Euler-Cauchy Equations Wrih
* Example 1
X’y "+1.5xy'-0.5y =0
» Example 2

2 L]

X“y"-5xy'+9y =0

* Example 3 vz g 6xy'+16.04y = 0
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* Theorem 1. Existence and Uniqueness Theorem for Initial
Value Problems
y"+p(x)y+a(x)y=0 (1)
Y(%)=Ke ¥'(%)=K (2)

- #2l =7]2L =X Ol A p(X)QF q(x)7F el ZH10]| A
o—_rL7H'—H01| O, =7 =Xl= 4

Ol 2581 4:0| 1,
0 A S Y3t Bh S 2=Ct

Existence and Uniqueness Theorem for Initial Value Problems

If p(x) and g(x) are continuous functions on some open interval I (see Sec. 1.1) and
Xo 15 in I, then the initial value problem consisting of (1) and (2) has a unique
solution y(x) on the interval I



Existence and Uniqueness of Solutions. Wronskian ¢ £
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* Theorem 2. Linear Dependence and Independence of Solutions.

+ JO0]Z0| B FZHNOA HEO Al px)2f gx) S L=Chd 7Hg. O] Iff 7+ 2h|
Ol M MIAF A 0] 22| &= 702| Bf yy, y, 7k 72 Ol A EXEH0| [ 7] 2|2

LS EXAS 152 WronskianO| 1 ZFHI LHS| O{ T x, 0| A 00| &| = Zd Q. x =
Xo HIA{ W=0O|2}H, 2ZH A W=0. BFFEWZL00] Ofl x, O] 2 ZH1 LY Of
ZXoHH, 2ZH ANy, y= LA EL

Linear Dependence and Independence of Solutions

Let the ODE (1) have continuous coefficients p(x) and g(x) on an open interval I.
Then two solutions vy and vo of (1) on I are linearly dependent on I if and only if
their “Wronskian”

i ! !
(6) W(yi ¥2) = y1va — Y21

is O at some xqo in I. Furthermore, if W = 0 at an x = xq in I, then W= 0 on I; hence
if there is an xy in I at which W is not O, then vy, vy are linearly independent on 1.
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Existence and Uniqueness of Solutions. Wronskian

* Wronskian or Wronskian Determinant (& 2 9|

Yi Y,

1 2

W(y,,y,)=

— ylyzl_yzyl'

« Example 1.

YLUAE /.\2\1 N
V' + @ U

Yy, = COS WX y2:sina)x
Yo Yo

4

Y1 Y2’

COS wX SIN X

_ = wCOS* WX+ @wSIN® WX = w
—wSIN WX  @®COS @WX




Existence and Uniqueness of Solutions. Wronskian %M‘g
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» Example 2
y'=2y'+y=0



Existence and Uniqueness of Solutions. Wronskian %g
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« Theorem 3. Existence of a General Solution

— If p(x) and g(x) are continuous on an open interval I, then
has a general solution on I.

* Theorem 4. A general solution includes All solutions

— Ifthe ODE ¥"+P(X)y+a(x)y=0 has continuous coefficients
p(x) and g(x) on some open interval i, then every solution y = y(x)
of the equation on | is of the form v (x)=c,y,(x)+C,y,(x)
where y,, Y, Is any basis of solutions of the equation on I and c,,
C, are suitable constants. Hence the equation does not have
singular solutions (that is, solutions not obtainable from a
general solution).



Nonhomogeneous ODEs CED
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» Nonhomogeneous Linear ODEs
y'+p(x)y+q(x)y=r(x), r(x)=z0 @
y"+p(x)y'+q(x)y=0 (2)

General Solution, Particular Solution

A general solution of the nonhomogeneous ODE (1) on an open interval / is a
solution of the form

(3) 1'(1) = j""h.(-r) + }’p(,?{'):

here, v, = ¢1y1 + ¢9y9 1s a general solution of the homogeneous ODE (2) on 7 and
Vp 1s any solution of (1) on / containing no arbitrary constants.

A particular solution of (1) on / is a solution obtained from (3) by assigning
specific values to the arbitrary constants ¢; and ¢y in yy,.



Nonhomogeneous ODEs i
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y'+p(x)y+q(x)y=r(x), r(x)=0 (I
Y=YtY, (3)

A General Solution of a Nonhomogeneous ODE Includes All Solutions

If the coefficients p(x), ¢(x), and the function r(x) in (1) are continuous on some
open interval I, then every solution of (1) on I is obtained by assigning suitable
values to the arbitrary constants ¢y and ¢y in a general solution (3) of (1) on 1.



Nonhomogeneous ODEs CED
Steps in solving nonhomogeneous ODE ... ..o uvecsy

y"+p(X)y+q(x)y=r(x)
» Steps in solving nonhomogeneous ODE

— Step1. solve homogeneous ODE - find y,

— Step2. find any solution of nonhomogeneous ODE > find y,
2Y=EhtY,
— Step 3. Solution of initial value problem

* How to find y,?
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Nonhomogeneous ODEs N,
Method of undetermined coefficients e

y"+ay'+by =r(x)
» Method of Undetermined Coefficients (0] & Hl =~ &)
— Method of finding y,

— Suitable for constant coefficient a, b (& ==Hl == 0Nl & &)

— When r(x)’s derivatives are similar to itself

‘[ Exponential, power of x, cosine, sine, or sum of these



Nonhomogeneous ODEs i)
Method of undetermined coefficients
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y"+ay'+by =r(x)

Method of Undetermined Coefficients

Term in r(x) Choice for y,(x)
ker* Cer™
kx (n=0,1,--") Kx"+ K, x" 1+ 4+ Kx+ K,
k cos wx |

) }K’ cos wx + M sin wx
k sin wx

ke™™ cos wx

s }E:”{m(f( cos wx + M sin wx)
ke™  sin wx



Nonhomogeneous ODEs A,
Method of undetermined Coefficients

* Choice Rules

— Basic Rule (7| 2+ &!):
If r(x) is one of the functions in the table = choose the function in
the table.

— Modification Rule (2 &+ &):
choice of y, = solution of homogeneous ODE = multiply by x (or
x¢ if solution is double root)

— Sum Rule (&f 11 &):
If r(x) is a sum of functions in the table = sum of the functions in
the table
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Nonhomogeneous ODEs i f

« Example 1.

y'"+y =0.001x*, y(0)=0, y'(0)=1.

« Example 2.

y"+3y'+2.25y=-10e ™, y(0)=1, y'(0)

« Example 3.

V"+ 2y +5y =e”* +40c0s10x —190sin10x,
y(0)=0.16, y'(0)=40.08



Nonhomogeneous ODEs i,

« Example 3

2SN S o S o é

e e

e e AV

O
y=109xpf‘-x)sm2x§

Ly e

Loy o
y=0.16exp(0.5%)+2sin10x

- [ | | | I | | | I | | | I | | | I | | | I
1% 2 1 5 8 10

X




Nonhomogeneous ODEs

« Example 3

25
20
15

10

o
y=1_0exp(1x]sm2xg

oy :
y=0.16exp(0.5%)+2sin10

70 2 4 6 8 10



Nonhomogeneous ODEs
Exampie 3
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ol A A T o :

20 e — e —
- y=3H exp(-x)sinZxt1Gexpi-xjcosx + 016 exp0.5x)+2sin10x :

----------------------- Stable > nonhomogeneous ODE
F2REPERRIZE T 0.16 a0 54 25in10x ~ approaches Steady State solution, y,

Otherwise = unstable




Modeling: Forced Oscillations. Resonance  {fit)
Free Motion vs. Forced Motion

* Free Motion : Motions in the absence of external forces
caused solely by internal forces.

my"+cy'+ky =0

* Forced Motion : Model by including an external force.

my "+ cy '+ ky :@

Input or driving force

y(t) : Output or response



Modeling: Forced Oscillations. Resonance  {fia
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 Motion with Periodic external forces
— Nonhomogeneous ODE :  my “+cy '+ ky = F, cos wt

— Through the method of undetermined coefficients
y, =acoswt+bsin ot

By putting y, into the homogeneous ODE
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Modeling: Forced Oscillations. Resonance {3}

0

U ndam ped syStem SEOUL NATIONAL UNIVERSITY

 Undamped Forced Oscillations

c=0 =y, = |2:° —~Ccoswt = y=Ccos(at-5)+ |2:° — COS wt
m(w,’ - o) m(w,’ - o)
Yi Yo
NI _ L 1 £ a)()
— Natural frequency: —
27T
N 0,
— Frequency of the driving force 2—
T

— What will happen if @ = @,?
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Modeling: Forced Oscillations. fd, g

Undamped Forced System: Resonance ... .cow v

4

Eé«f
(E

 Resonance (& &!) : Excitation of large oscillations by
matching input and natural frequencies. @ =

— y, is no longer in the form of Y, =aC0OS awt + bsin wt
— Why?

— From modification rule &> Y, =t(acosa,t +bsin ot)

- I:O
(V_//\,// /\ / . TR
e ! What will happen if input

y = -t $in a,t
" 2ma, ’

e and natural frequency are
R very close?




Modeling: Forced Oscillations. G
Undamped Forced System : Beat o Ao bRV

» Beats (25 = 0]):

— Forced undamped oscillation when the difference of the input and
natural frequencies is small.

F 2F . : —
- (cosawt —cosapt ) = 0 __gin| L% |sin| 224
2 2) 2 2

(e -0 m (@ - o)

b4




Modeling: Forced Oscillations. N,
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« Damped Forced Oscillation

— Transient Solution : The general solution y =y, +y, of the
nonhomogeneous ODE

- Steady-State Solution : The particular solution Yy
y, =acosot+bsinot —— y=C" cos(awt-7)
I:0

C* =
2
\/mz(a)oz—a)z) +°C’°

— Amplitude C* is a function of w and we can find w when amplitude
Is the maximum

2mF,
C * a)max — 2
(1) c\/4mza)02 —c’




Solution by Variation of Parameters %;,
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* Method of Variation of Parameter (0H JH & == & &)

— More general method when r(x) is not in a form that we want

y"+p(x)y+a(x)y=r(x)

Yo Y,
Y1’ Y,

W =

I I
Y, () =~y [ 12 dx+y, [ o



Solution by Variation of Parameters %M}"
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« Example 1. Solve the nonhomogeneous ODE
y "+ Yy =5ecx



Solution by Variation of Parameters %Mi’
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o r r
+ Derivation of yp(X)=—y1ijLdX+ A yW#dx

* Put vy, (%) =u(x)y,(x) +v(x)y,(X)
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2"d.Order Linear ODEs *«g_ﬁg
Summary (1 ) SEOUL NATIONAL UNIVERSITY

* Linear ODEs of 2" order — Standard Form

Y™+ p(x)y+a(x)y=r(x)
— Homogeneous: r(x)=0

— Nonhomogeneous: r(x)=0
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2"d-Order Linear ODEs N
Summary (2)

SEOUL NATIONAL UNIVERSITY

* Linear ODEs of constant coefficients

y _ e/”tx
1n ] _ — 2
y"+ay+by=0 , A2+al+b=0
Case Roots of (2) Basis of (1) General Solution of (1)
Distinct real . .
I A MY eh2b y = ¢eM? + cpetet
1> A2
Real double root *
[1 \ 1 T W2 pmaxl2 vy =(c; + {*2,\'}@_“"” 2
= _EG"
Complex conjugate e SN
I1 A = —%a + iw, Cax)2 . y = ¢~ *"%(A cos wx + B sin wx)
e T sin wx

Ay = —3a — iw



2"-Order Linear ODEs i f
Summary (3)

SEOUL NATIONAL UNIVERSITY

* Free Motion : No external forces
my"+cy'+ky =0
» Forced Motion : Model by includi

ng-an.external force.
my "+ cy '+ ky =
% Input or driving force
bl y(t) : Output or response
spring :'___ = O)j___
System in Y
eq usitl?tt)lr?um Syste_m in
(a) (b)

(c)
Mechanical mass—spring system



2"d.Order Linear ODEs
Summary(d) = _=__

Un zgﬁtnl; ed l(so
- —y=0)-0-——-
System in ;T;
. static ———-
° - equilibrium stem in
Mass-Spring system |
n 1 _ (a) (b) (c)
my + Cy + ky T O Mechanical mass—spring system
— Undamped system (c = 0)
y(t) = Acosa,t + Bsin oyt 3\/\/\/\/\/
— Damped system
5 Overdamped c*>4mk  y(t)=ce ! et
wCritically damped ~ €* =4mk  y(t)=(c,+c;t)e™
&underdamped CZ < 4mk y(t) =g (ACOS w*t+Bsin a)*t)\*\\g«_‘:nk




2"-Order Linear ODEs ol
Summary (5)
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* Euler-Cauchy Equations : x2y"y axy'+by =0

|
— Auxiliary Equation m?+(a-1)m+b=0

* Three kinds of the general solution of the equation

— Case 1 Two real roots m, m,

m:(1—a)

5 = y=(c+cInx)x"
— Case 3 Complex conjugate roots

=  y=CX"+C,X"
— Case 2 A real double root

m=y tiv = y=x“| Acos(vInx)+Bsin(vinx)]



2d.Order Linear ODEs i),

Summary (6)
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y"+ay'+by =r(x) Y=V, @

Method of Undetermined Coefficients

Term in r(x)

ker™

fx™ (n=0,1,--")
k cos wx

k sin wx

ke™ cos wx

ke™™ sin wx

Choice for y,(x)

Cer™
Kx"+ K, _x" 1+ -+ Kx+ K,

}K cos wx + M sin wx

}{f‘”‘r’(K cos wx + M sin wx)



2"-Order Linear ODEs (i
Summary (7) "
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 Undamped forced oscillation

— Resonance : Excitation of large oscillations by @ = @),

F - g e
y p — 0 t S I n a)ot ,___,.f'-—f_': riee f/

— Beat: When @ = @,
y = 22F° - sin(a)ﬁwtjsin(wo_wtj
m(a)o =, ) 2 2

« Damped Forced Oscillation

y, =acosat+bsinet "
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* Home Assignment: Chapter 2

o 18tExam:

Ch.1, Ch.2, Ch.3

28 March 2011
30 March 2011



