o O M

Engineering Mathematics |
- Chapter 5. Series Solutions of ODEs. Special Functions
52 AOI2 SHAO ShoHY. S4ES

Meristm o X X Zstn Zm
Assi sor, Energy Resources Engineering

124
n
—
Q
>
—
O
—
=3
4]
N

SEOUL NATIONAL UNIVERSITY



R
Ch.4 Systems of ODEs. Phase Plane. G
Quaiitative I.v.lethOds SEOUL NATlo::LUNIVERSITY

Basics of Matrices and Vectors

Systems of ODEs as Models

Basic Theory of Systems of ODEs

Constant-Coefficient Systems. Phase Plane Method

Criteria for Critical Points. Stability

Qualitative Methods for Nonlinear Systems

Nonhomogeneous Linear Systems of ODEs
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5.1 Power Series Method (HS &= == o 8)
5.2 Theory of the Power Series Method (&S MHl&= 2= ol 22l 0| &)

5.3 Legendre’s Equation. Legendre Polynomials P, (x) Legendre 2 & Al Legendre
Lt & Po(x)

5.4 Frobenius Method (Frebenius oll &)

5.5 Bessel's Equation. Bessel functions J,(x). Bessel2| 2 & Al Bessel & == J (x)
5.6 Bessel's Functions of the Second Kind Y,(x). Xll23 Bessel & = Y, (x)

5.7 Sturm-Liouville Problems. Orthogonal Functions. Sturm-Liouville & M. & 1) & =~

5.8 Orthogonal Eigenfunction Expansions. & 1) 117 & =2 & I}
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— Gauss?| hypergeometric function (Z£7|5}gt

— Legendre function (EXEE

=/ | g I -
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Power Series Method
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— Linear ODEs with variable coefficient < power series method
— Power series is an infinite series of the form*:
gam(x—xo)m =a, +a1(x—x0)+ azz(x—xo)2 +

| Coefficients (Hl =) :

ay, Ay, Ay,
] Center (S 4)): Xo
] Ifx,=0; Ya,x"=a,+ax+ax +-
m=0
— Maclaurin series (A= 2 € S%) 2= -trrveaten i<y
—X m=0
(n) eX—ixm I A
0 n x ; = —_— = _ N
Taylor Series f(x)=zf () (x—x,) = m o 2 3!2 4
=R COSx=i(_1) LI S S
= (2m) 21 4
‘SN 89 NENBOIL 2AHSHSS I e
= a+= L6t E32.
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* |dea of power series

— For a given ODE V' p(x)y+g(x)y =0

— Represent #(x) and 4(x) by power series in power of x

— Assume a solution in the form of power series

o0
—_ m— 2 3 e e
y=Ya,x" =a,+ax+a,x" +ax’ +

m=0

— Differentiation of this series, and put into ODE

y'=Y ma,x"" = a, +2a,x +3a;x° + -

m=1

Y= im(m —Va,x"" =2a,+3 2ax +-
m=2

— Determine the unknown coefficients @
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« Ex 1. Solve the following ODE by power series

y'=2xy
o0 o m 2 .3

y= Zamxm = ay + X + ApX” + azx° - e* :Zx_:]_+x+x_+x_+...
=0 oo m! 2! 3

6]
y'= Z:mamxm_1 = ay + 2a,% + 3a5x° + -+
m=1

= a1+2a2x+3a3x2+---=2x(a0+a1x+a2x2+---)
2 _ 2 3
= a+2a,x+3a3x" +---=2apx + 2a;x° +2a,x7 + -+

a a a a
— a2:a0’ a4:—2:—0, a6:_4:_01 oo
2 2 3 3
x4 x6 .x8

" y=ao[1+x2+ TR +---j=aoe"2

3
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 Ex. 2 Solve the following ODE by power series.

yll—l—y — 0
c = cos)c—i(_l)mxzm —1—x—2+x—4—+-~-
y= a,x" y'= Y mm-1a,x"? <= (2m) 2 4
} =0 } n=2 o (_1)mx2m+1 ) 3,5
= Yom(m-1)a,x"+ Y a,x" =0 L emey a3 e
m=2 m=0
= i(s+2)(s+l)as+2xs :—iasxs (J}d HE st m=s5s+2, = HE| g2 m=s)
s=0 s=0
Recursion Formula (=23 Al) 2= S =0, 1 )
s=e ' (s+2)s+1)
azz_&:_@, asz_i:_ﬂ
2-1 2! 3-2 3!
a4:—&:ﬁ’ QSZ_&:ﬂ
4.3 4 5.4 5
ay, o, @, 3 Qy 4 a; s x> x* ¥ X
Ly=aptax——2x" -2+ 2xt+ 22X+ =g - St [y X
2! 3! 4 ol 2 4l 3 9

=a,C0Sx+a, Sinx
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Basic Concepts "
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* Basic Concepts

iam (X—XO)’" =a, +a1(x—x0)+a2 (x—xo)2 +--+a, (X—xo)n +an+1(x_xo)n+l+an+2 (X—xo)n+2 e
m=0

5,(x) : n-th partial sum (22 &)

R,(x) : remainder (L} X|)
— Series is convergent at x=x, 2> lims, (x)=s(x)

— S(x1)=2am(x1—xo)’” Value (<=2 gt) or sum (&)
m=0
— Foreveryn,  s(x)=s,(x)+R,(x)

— If this sequence diverges at x=x,, series (1) is called divergent at
X=X,

— In case of convergence, for any positive €, there is an N such that
‘Rn (xl)‘ = ‘S(Xl) -, (xl)‘ <& foralln>N



Theory of the Power Series Method (Y
Convergence Interval (* = 7 2h), L ome
Radius of Convergence (=2 Bt X| &)

- FETZE STt o FEQ R (Fox[<k 9
SHEHZ LIEHE)

- =3 F (R):
=

— _ 1/— R = - P
limy#/la.,| lim

M—>00 m—0

Divergence |<700nvergence—>‘ Divergence

x,—R X x,+R

Convergence interval (6) of a power
series with center x,,
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 Case 1: (useless) The series always converges at the center.

 Case 2. (usual) If there are further values of x for which the
series converges, these values form an interval, called the
convergence interval.

 Case 3. (best) The convergence interval may sometimes be
infinite, that is, the series converges for all x.
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* Example 1.
Zm!xm =1+ x+2x" +6x° +---
m=0
am+1 :f)
a, R = 0, converges only at the center x
Example 2 i=§:x’” =14+ x+x"+x° -
1-x m=0
R = 1, converges when |4 < 1
) m 2
¢ Example 3. ex :Zx_|:1+x+x_+
szm'

R = oo, converges for all x
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« Example 4.

i(_l)mx?’m :1_x3 +x6 X +—
8" 8 64 512

m=0

g" 1

- “gig R=8 ‘t‘z!x3!<8

m+1

a
m

converges when | < 2



Theory of Power Series Method s
Operations on Power Series

— Termwise Differentiation:

y:Zam(x—xO)m (‘x—x0‘<R) _— '
m=0

— Termwise Addition: 2am(x—xo)m+

— Termwise Multiplication:

({ 1 1 o1\ A\
Z\aol)m+a10m_1+...+am00)\x—x0)

m=0

= aoby +(aob, + by ) (x — Xo )+ (ah, + ayby, + aby ) (x — x, )2 +...
— If a power series has a positive radius of convergence and a sum

that is identically zero throughout its interval of convergence, then

each coefficient of the series must be zero.(Vanishing of Al
Coefficients)
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Theory of Power Series Method D
Existence of Power Series Solutions of .
ODEs. Real Analytic Functions.

* Definition: Real Analytic Function

— Areal function f(x) is called analytic at a point x=x, if it can be

represented by a power series in powers of x-x, with radius of
convergence R>0

* Theorem1. Existence of Power Series Solutions

Existence of Power Series Solutions

If p, q, and r in (9) are analytic at x = xy, then every solution of (9) is analytic at
X = Xxo and can thus be represented by a power series in powers of x — xq with
radius of convergence R > 0. Hence the same is true if h, p, §, and ¥ in (10) are
analytic at x = xqg and h(xg) # O.

y'+p(x)y+q(x)y=r(x) (9

(
i;(x)y"+[9(x)y'+q~(x)y:F(x) (10)



Legendre’s Equation. Legendre G
POiynomiais Pn(X) SEOUL NATIO:iL UNIVERSITY
* Legendre’s Equation.

(1—x )y —2xy"+n(n+1)y =0 nis a given real number

m=0 m=1 m=2
= (l— x° )ﬁ: m(m-Va,x"* - ZxZ.O: ma, x"" +n(n +1)i a,x" =0
i m=1 m=0
(m-1)a, x" —i 2ma, x" +@
m=1 m=0
m-2=3s m=S§

o0 0

= Z(S +2)s+1)a,, ,x" - ZS(S-].)CISXS —i sa.x’ +i n(n+1)ax' =0
s=1 s=0



Legendre’s Equation. Legendre G
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x°: 2-1a, +n(n+1)a, =0
X 3-2a3+[—2+n(n+1)]a1=0
(s+2)s+1)a,,, +[-s(s—1)-2s+n(n+1)a, =0
_ B (n—s)(n+s+1) B
Sy, = (5+2)s+1) a, (s=0,1 -
. :_n(n+l)a . :_(n—l)(n+2)a
: o % : 3
; :_(n—Z)(n+3)a :(n—Z)n(n+l)(n+3)a . :_(n—3)(n+4)a :(n—B)(n—l)(n+2)(n+4)a
* 4.3  ° 41 v 5.4 Gl '

General solution: y(x) =ay), (x)+ a, ), (x)

1_ n(n +1) 2 (n—2)n(n +1)(n + 3) o
2! 4!

)=

yz(x):x_(n—l)?f!n+2)x3+ (n—3)(n—1)é!n+2)(n+4)x5_+m
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* Legendre Polynomials

_ (Zn)! :1-3-5---(2n—1)
! 2”(11!)2 n!

o (s+2)(s+1) o
als__(n—s)(nJrerl)as+2 (s<n-2)

B T WO U 101

zd8 <«—— P(1)=10 TE= e

2(2n-1) " 2(2n-1)2"(n!)’
n(n—l)Zn(Zn—l)(Zn—Z)! B (2n—2)!
2(2n—1)2”n(n—1)!n(n—l)(n—2)!_ 2"(n—1)!(n—2)!
. :_(n—Z)(n—3)a _ (2n—4)!
o 4(2n-3) "7 2"2Y(n-2)Y(n-4)!

| . (2n—2m)!
Loa,,, =(-1) 2" m\(n—m)\(n—2m)!

- P"(x)z,é(_l)m 2"m!(£1211;)2!?n)!—2m)!xn_2m (M:g = nT_lj
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* Legendre Polynomials

R(x)=1,
P(x)= %(3)8 ~1)

P,(x)= %(35)5‘ ~30x +3)

Bx)=x,
Px) =5 6x* ~3)
P(x)= %(63)5’ —70x° +15x)
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« Example. (problem set 5.3)

(l—xz)y"—ny'=0 <~ n=0
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* Theorem 1. Frobenius Method

— Let b(x) and ¢(x) be any functions that are analytic at x = 0.

b
(x)y'+ —y=0

X X

y"—l—

— Then above ODE has at least one solution that can be represented
in the form

o0

y(x)zeramxm :xr(a0+a1x+a2x2+---) (a, #0)
m=0

where the exponent r may be any number.
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x°y"+xb,y'+c,y =0

< b clt &=

Indicial Equation, Indicating the Form of Solutions

, b(x)

Y+

I Euler-Cauchy eq.

.V4C(§)V=0 — x%y“+xb(x)yﬂ+c(x)y::0

& X Multiply x?

(b(x)=by+bx+by -y c(x)=co+ex+e,x +---)

y(X)=xr§:amx’" =x (a0—|—alx-|—a2x2 _|_)

m=0

m=0

y'(x)= i(m+r)amxm+r_l V' (x)= i(m+r)(m+r—1)amx’””‘2
m=0 =
xr[r(r_l)ao+"':|+(b0+b1x+"')xr[7”ao+"']+(Co+Clx+"')xr(ao+a1x+---)=0

£ K Xh4= 810l H| L :
——  r(r=1)+by+c,=0 Indicial equation
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« Theorem 2. Frobenius Method. Basis of Solutions.

— Let r,and r, be the roots of the indicial equation. Then we have the following
three cases.

— Case 1. Distinct Roots Not Differing by an Integer. A basis is
yl(X):xrl (CZO +a1x-|—a2x2 _|_) ¥, (.X) — X" (AO +A1X+A2x2 _|_)

— Case 2. Double Root. A basis is

n(x)=x (ao +ax + a,x° +) Y, (%) =y (x)Inx+x" (A1x+A2x2 +)
— Case 3. distinct Roots Differing by an Integer. A basis is
yl(x):xrl (“o +ax +ax’ +) Y, (X)=ky1(x)|nx+xr2 (AO + Ax+ A,x° +)

where the roots are so denoted that 7, —r, >0

- AFYE Ao 20| ZEL|H, Frobenius S22 7|=XH 2
AsHEaTolEa AL 5 U o= K=
72+ AS.

k>
=2
10
=<l)=|-
HL Hu
il
=
1B
Ot
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« Example 1. Euler-Cauchy Equtions.

o0

x2y"+b0xy'+coy =0 y(x) = xrzamxm =x (Clo +a1X+a2x2 +)

m=0
‘%ecial form
y=x
v

r(r=1)+b,r+c,=0




Frobenius Method

Euler-Cauchy Equations
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» Euler-Cauchy Equations 234 gxy's by =0

l y=x"

— Auxiliary Equation m*+(a-1)m+b=0
+ Three kinds of the general solution of the equation

— Case 1 Two real roots m, m, = y=cx™

”;_{1—{1}

= 5 = r=lg+ohx)a”
— Case 3 Complex conjugate roots

+ c‘zxmz
— Case 2 A real double root

m=u tiv = ,1':.T“[Acc:s{uh1x}+Bsi11(uh1x]]
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* Example 2. x(x —l)y"+(3x —1)y'+y =0

y(X) :xriamxm zxr(ao +Cl1X+Cl2x2 _|_>
m=0

o0

i(m+r)(m+r—1)amxm+’ —i(nﬁ—r (m+r—1)amxm+r_1+32(m+r i m+r

m=0 m=0

o

[REN

m
r—

X :[—r(r—l)—r]ao =0=r=0

x"is(s-1)a,—(s+1)sa,, +3sa, —(s+1)a,,+a,=0 = a, =a,

_ < 1
Clo —1 _’.'.yl(x):Zx :E (‘x‘<1)
m=0
_Ide——.[ 3x L ——J‘(ﬁ+%jdx:—2ln(x—l)—lnx
2
w'=yte 1 = (x-1) T L LL.3



Frobenius Method

Homogeneous Linear ODEs of 2nd order

Finding a basis if one solution is known ..o

+ Method of reduction of order (by Lagrange)

HomogenEOUS (F—x)y"—av+r=0
Finding a basis

nW=x >V, =U)

+ Method of reduction of order (by Lagrange)
y+p(x)y+q(x)y=0

Y=y, =1y (p'=pu'=u'y +mwy' . y =y "=u"y + "y sy
", oy, ", ] LI IEJ”i I+PJ'5 i " . 1
= u"y+u'(2ytpe)tuly gy )=0 = u"tu = =0 (v »™py'+q,=0)
U=u', U'=u" = U+ |28 +plU=0
oW 4
= T__hhipla & mfU|=-2mn|y|-[pdx = - u=Lgl= =uy, =y, [ Ua
U Loy J W
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. Example 3. (xz—x)y"—xy'+y=0
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Bessel’s Equation. Bessel Functions Jv(x)
Introduction
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Bessel equation : x’y"+xy'+(x* —v?)y=0  v>0

— Applications: heat conduction, vibration...
— Cylindrical symmetry

Frobeniusoil & H& @ y=> g x""0 1 £&+E e

m=0

> (m+r)(m+r-1)a,x" +Z(m+r)ax "+ a,x"t—v?y a X" =0
=0 m=0 m=0

s=02 [, r(r—l)a0+rao—v a,=0
s=12 M, (r+l)ra,+(r+l)a,—via =
s=2, 3, LM, (s+r)(s+r- l)as+(s+r)as+as_2—1/2as=0

. indicial equation @ Y &EA!) : (r+v)(r-v)=0

n=v(=0), rn=-v
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r=r,=v0l St H = & 2 (Coefficient Recursion)
(2v+1)e, =0 = 4, =0
(s+2v)sa, +a,_,=0

s=2m= WBtH(2m+2v)2ma,, +a,, ,=0

1
= a2m=—22m(m+v)a2m_2, m=1 2, ---
= a,=—— L a,
2 (V+1)
1 1
Y0+ 2) T 2 )+ 2)
=  a, = (=) a,, m=1 2, -

"2l (v+ 1)y +2)---(v+m)
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For integer V = n SEOUL NATIONAL UNIVERSITY

== v=n0ll CHE Bessel &= J,(x)

(1)

= , =1 2 ...
e B () (4 2)(nam) O

1 = O2 MEHEIH 4 = (_1)m |

2"n! o = 2°" " m\(n+m)!

()

Jn (x) = xn Z:;) 22m+n

m:l’ 2’ e

a, =

m!(n+m)!

Bessel Function of the 1st kind of order n
(nX}t H1Z Bessel & =)



Bessel’s Equation. Bessel Functions Jv(x)  {g}
For integer V = n SEOUL NAT|::§L UNIVERSITY

m=0

T O N nwow
J,(x)=x 222m+"m!(n+m)! —cos| x—— - forlargex

x°y' '+xy'+(x2 —y? )y =0

]_ L
L
B my''+cy'+ky=0 "
0.5— J o
L 1
ol | |
L 5 10 X
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Bessel’s Equation. Bessel Functions Jv(x) %LLJ. elh
For any v >= 0. Gamma Function

SEOUL NATIONAL UNIVERSITY

Gamma Function (3 FOFE! J\) T(v+1)=["etdt=-et"| +v| et dt

I(v)= IO e't""dt  (v>0)

— Functional Relationship (& 0t & == 2

st 40| S )
F(v+l):vf(v), F(n+1)=n! (n=0,1 )
1 1 (-1)"
ao = —> - aZm =
a0 2T (v +1)

’ :l’ 2’
22m+vm!F(V+m+1) "

LT (x)= xvi (-1)" x*"

o v X Al 15 Bessel & =
— 2" Vm!F(V+m+l)
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Gamma FunCtion SEOUL NATIONAL UNIVERSITY

Gammafunction

- gy =

www.en.wikipedia.org
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Bessel’s Equation. Bessel Functions Jv(x) %,ALJ, iy
General Solution for noninteger v "
 Second linearly independent solution 1
> —1)" x*"

J_(x)=x"" Z

£l pem-v m!F(m —v +1)
« Theorem 1. General Solution of Bessel Equation (v is NOT an integer)
y(x)=cJ, (x)+c,J_, (x) x#0

 Theorem 2. Linear Dependence of J, and J_, (v is an integer)
T, (%)= (-1, (+)

Jn(x)_izzgnl) _ _222+ (m =n+s)

"(n+s5)ls!

m I’Z
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« Theorem 2. Frobenius Method. Basis of Solutions.

— Let r,and r, be the roots of the indicial equation. Then we have the following
three cases.

— Case 1. Distinct Roots Not Differing by an Integer. A basis is
yl(X):xrl (CZO +a1x-|—a2x2 _|_) ¥V, (.X) — X" (AO +A1X+A2x2 _|_)

— Case 2. Double Root. A basis is

n(x)=x (ao +ax + a,x° +) Y, (%) =y (x)Inx+x" (A1x+A2x2 +)
— Case 3. distinct Roots Differing by an Integer. A basis is
yl(x):xrl (“o +ax +ax’ +) Y, (X)=ky1(x)|nx+xr2 (AO + Ax+ A,x° +)

where the roots are so denoted that 7, —r, >0

- AFYE Ao 20| ZEL|H, Frobenius S22 7|=XH 2
AsHEaTolEa AL 5 U o= K=
72+ AS.

k>
=2
10
=<l)=|-
HL Hu
il
=
1B
Ot
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 Derivatives and recursions
[xVJ;(x)]':;VCﬁki(x)
[x_VJV (x)} :—x_VJM( )

Joa (x)+d, (%) =220, (x)

./\«

J, (x) -J .4 (x) =2J, (x)

: mf: ) me

' miC(v +m+1)
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Bessel’s Equation. Bessel Functions Jv(x) iy
Eiementary Jv for half-integer order v

SEOUL NATIONAL UNIVERSITY

’a

(«’-‘

b,
. -

,.44 <

Elementray Bessel Functions J, for Half integer order (Bt& = Xt=) v
Bessel function J, of orderv = +E +§ +§

5 o - —>elementary function(ZS& =)
2 2
1) Esing, 1 (9 Eocoss
2 (sinx 5 cosx
’ ) —e0s J = +sIn
%(X) ﬂx( X xj _%(x) VﬂX( X xj
o (1Y" ..2m 5 4
osv=3 Uy 2 2
m=0 (ZM)! 21 4l
o (_1y" . .2m+l 3 5
sinx = (-1)"x _




Bessel function of the second kind Yv(x) ’
intrOdUCtion (When V is G) SEOQOUL NATIONAL UNIVERSITY

* n =0, Bessel function of the second kind Y y(x)
xy"+y'+xy=0 <« n=20 (double root)

first solution: Jy(x)
second solution: yz(x)zJO(x)IneriAmx’”
m=1

2'10 | —% + gm(m -1) A x"?

y,'(x)=J,'In x+ﬁ+im/lmxm_l, ¥,"(x)=J, " Inx+
X m=1

=  2J,'+ i m(m—1)A4,x"" +i mA, x" "+ i A4 x" =0

Jolx)= mi:) (2_29;;; = Sl ; 22('”_11321!?:;1 1)

X - 2 m-1 - m+l
= Z_:sz_zm!(m—l)! +;m A x +;Amx =0
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Bessel function of the second kind Yv(x) Wil
Introduction (when v is 0) O
izzgn 3_)’” i +Zm2A x" 1+ZA x"
= 4= O
XA ATEY T (254174, + Ay, =0 (s=12, )
= Ay=Aj==0,
x2s+1o 2~ 0] &) - (_1)S+1 g 2 .
o Alr=2 & 22S(s+1)!s!+(2 +2)°4, ,+A4, =0
= 5=0: —-1+44,=0, 4,=1/4
= s=1: 1/8+164,+4,=0, A, =-3/128
_ﬂ( 1L ij_(—l)"”hm m=12, ..
= A2m—22m( 7 1+2+3+ += S, (m=12, --)
. h, xm =7 X 1x _i 4 —11 -
~ Dolx)= +Z 22m = ot Lt e gar Y
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» Bessel function of the second kind of order zero (or
Neumann'’s function of order zero)

YE)(X):7[|:JO(X)(|I’I§+7/)+§:(_1) h;anm] yz_’“iyz”?] o), a=2ln, b=y—-In2

y=1+— +---+l—lns

y: Euler constant
+ Bessel function of the second kind of order v (or Neumann'’s
function of order v) for all v.

smwz[J x)cosvr—J_, (x)]

Yn<x>=yg;,n<x>=§Jn<x)(lng+yj+ﬁi(‘”m () o

7 22" m(m+n)!

”in m— 1) 2

2
o 27" m!

* General Solution of Bessel's Equation (for all v, and x>0)

y(x) =CJ, (x)+C,Y, (x)




Bessel function of the second kind Yv(x) Gy
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Bessel function of the second kind
Yv(x)

SEOUL NATIONAL UNIVERSITY

Bessel equation : x’y"+xy'+(x*-v?)y=0  v=0
_ Vv = integer
v = not integer
y(x)zclJV (x)+ch_V (x) x#0 y(x) _ ClJn (x)+C2Yn (x)

or
y(x) =CJ, (x) +C,Y, (x)



Sturm-Liouville Problems. Orthogonal Functions %@E
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o Sturm-Liouville Problems (< boundary value problem)
— Sturm-Liouville Equation:

[p(x)yl} + [Q(X)Jr/”tr(x)}y =0 ): parameter (OH JH 4 2= )

— Legendre’s, Bessel's, and other ODEs of importance of
engineering can be written as S-L equation.

— Sturm-Liouville Boundary Conditions
ky(a)+k,y'(a)=0 k.t k, =CH 02 Ot

Ly(b)+Ly'(b)=0 2k, ECHOR Ot

- p,q, r,and p’ are continuous, ona < x<b, and

r(x)>0
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Sturm-Liouville Problems. Orthogonal Functions
Introduction

d «L&

(L
E%
E&

h.
e

Lp(x)y' | +[q(x)+ar(x

~—
L1
<
Il
o

Ex. 1 Legendre’s and Bessel's Equations are
Sturm-Liouville Equations

— Legendre’s equation

1-x°)y"=2xy'+n(n+1)y=0 et
(1-) (n+1)

[(1—x2)y'] + Ay =0, /I:n(rH—l)
p=1-x°, ¢=0, r=1

— Bessel’'s equation

. o~ fa set x = kx
x2y+xy+(x2—n2)y:0 (y:dy ;

dt

xzy"+xy'+( 2x2—n2)y=0

division by x 2
[xy']'+(—n—+ﬂxjy20

p=x, g=—n’/x, r=x X
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» Eigenfunctions, Eigenvalues

— Eigenfunctions y(x): solution of S-L Equation without being zero
(trivial solution: & & &t off)
7<-Dr

— A eigenvalues () 5= gt)of S-L problem



Sturm-Liouville Problems. Orthogonal Bl
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__Introduction

 Ex.2 Trigonometric Functions as Eigenfunctions. Vibrating String.

— Find the eigenvalues and eigenfunctions of the Sturm-Liouville problem

y'+ Ay =0, y(O)zO, y(ﬂ):O
p=1 ¢=0, r=Landa=0, b=n, k,=1=1 k,=1,=0

— Case 1. Negative eigenvalue (1 =-v?). General solution of ODE  »(x)=ce" +ce ™
Apply Boundary condition (¢, =¢,=0) :y=0

— Case2.1=0 y=0

— Case 3. Positive eigenvalue ( 4
Apply boundary conditions. y(0)
Forv=0, »=0
For A=v*=14,9,16,---, y(x)=sinwx (v=1234,-)

Hence the eigenvalues of the problem are 1=v?(v=12,34,---) and
corresponding eigenfunctions are  y(x)=sinw (v=1234,)

v?). General solution of ODE  »(x)=4cosvx+Bsinvx
A=0 y(r)=Bsinvzr=0 thus v=0, 1 +2, -



Sturm-Liouville Problems. Orthogonal

Functions
___Introduction

SEOUL NATIONAL UNIVERSITY

» Existence of eigenvalues (11 7 g8t 2 =M A)

— Eigenvalues of a Sturm-Liouville , even infinitely many, exist under
rather general conditions on p, q, .

- Eg.,14,9,...Inex.2

+ Reality of Eigenvalues (11 = gt 2| & +=4)
- Ifp, g, r,and p" are real-valued and continuous on the interval a<x<b
and ris positive throughout that interval, then all the eigenvalues of
the Sturm-Liouville problem are real.

- 70| == st &2 =2l J52 gt &

i
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* Orthogonality (& 1) &)

Functions 1 (x), 3, (x), defined on some interval , < x<p are called orthogonal in this interval
with respect to the weight function r(x) > 0 if for all m and all n different from m,

Ir(x) Y, (), (x)dx=0 (m#n)
The norm |, | of 5, is defined by

uymu=ﬁ ()37 (b

Note that this is the square root of the integral with n = m.

The functions »1-¥2. are called orthonormal (& 2! 1)) on a < x < if they are orthogonal on

this interval and all have norm 1.

If r(x) = 1, we more briefly call the functions orthogonal instead of orthogonal with respect to r(x) = 1;

similarly for orthonormality. Then

b b

[0 (), (x)dv =0 (m=n), |y,]=, ]2, (x)x

a a



Sturm-Liouville Problems. Orthogonal

Functions O —
__Introduction
* Example 3. Orthogonal Functions. Orthonormal (& + & 1))
functions

y, =Sinmx, m=12,--
j)’m(x)yn(x)dx= jsin mx SIN nxdx =0

HymHZ = jfsinz mxdx = 1
-

sin mx

N
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« Theorem 1. Orthogonality of Eigenfunctions.

— Suppose that Suppose that the functions p, q, r, and p" in the Sturm-Liouville
equation are real-valued and continuous and r(x) > 0 on the interval a<x<»

Let v, (x) and , (x) be eigenfunctions of the Sturm-Liouville problem that
correspond to different eigenvalues 4, and 4, , respectively. Then

Ym» YV are orthogonal on that interval with respect to the weight functions r, that

IS, b
Ir(x) Vo (X)y, (x)dx=0

— If p(a) = 0, then Sturm-Liouville first boundary condition can be dropped from the

problem. If p(b) = 0, then Sturm-Liouville second boundary condition can be
dropped.

If p(a) = p(b), then Sturm-Liouville boundary condition can be replaced by the
“periodic boundary conditions”

y(a)=y(b), y'(a)=y'(D)
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« Example 4. Application of Theorem 1. Vibrating elastic string

y,=Sinmx, m=1,2,-- I dx ISInmxSIandx 0

 Example 5. Orthogonality of the Legendre Polynomials
(1—x2)y"—2xy'+n(n+l)y 0 —_— [(l—xz)y'] +Ay=0, A=n(n+1)

IP x)dx 0

 Example 6. Orthogonality of the Bessel Functions Jn(x)
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® Theorem 2 Orthogonality of Bessel Functions

For each fixed nonnegative integer n the sequence of Bessel functions of the first kind

J, (kn,lx)’ J, (kn,zx), - forms an orthogonal set on the interval g < , < g with respect to the

weight function r(x) = x, that is,

]ngn (kn’mx).ln (kn'jx)dx =0 (j#m, nfixed)
0
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» Standard Notation for Orthogonality and Orthonormality

— For orthonormal functions Yo» Yi» Y2 -+ with respect to weight
function r(x) (> 0) on

O m#n
dx = — K ker’s delt
r(x) m(x)yn (x) =0 {1 ronecker’s delta

(ym’yn): m=n

Q'——-.@

uymu=J<ym,ym>=J§ ()0, ()
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» Orthogonal Series (&) 1 & JH)

— Orthogonal expansion or generalized Fourier series (& 2t 2} =l

= (W
2| 0ll= =)

NE

f(x)=) a,y,(x)=ayy(x)+ay (x)+-

- If ym = eigenfunction of SL

anlatinn ainanfiinetion
\a\‘uull\lll, vlsvlllullv‘lvll

b b o o expansion
(f3,)= [y, = fr(zamym Ax="a,(y,.5,)
a a m=0 m=0

2

a,(V, ¥,)=a,|y,
gy =) L (e (1) (m=012,+)
™l

a
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« Example 1. Fourier Series

y+ay=0, yr)=y-z) y(z)=y(-x)

y(x)= Acoskx+Bsinkx, k=~/1
k

=m

flx)=a,+ Z (a, cosmx+b, Sin mx)
m=1
1 7 17 1% :
a, =— If(x)dx, a, =— j-f(x) cosmxdx, b, =— If(x)Sln mxdx
2r e T

«— a, = (f'y”z’)z L > jr(x)f(x)ym(x)dx (m:O, 1 2, )
al™ vl

Fourier series, Fourier coefficients (Ch. 11, 12)
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* Fourier series of a periodic rectangular wave
flx)

{—1 if —-7z<x<0 and £+ 20) = £(x)

1 if —7<x<0

f(x): i(Sin X+l8in 3x+£sin 5x+---j
T 3 5



0.5

HEMNND

' : ] || —— 1insinx

— ] f{SiINX+1/35iIN3 X+ 155iN5X)
— ] sinx+1/35in3%+...1/95iN9%)
—— ] f{siNX+1/38IN3%+...1/138iN13%)
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fix)=1in(sinx+1/3 sin3x+1Hsindx+ 17 sinT x+119sin9x+1M1sin11x+1M13sin13x%)

flx)

HEMNND
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* Fourier-Legendre and Fourier-Bessel
f(x) = iaum (x)

O

a

f(x) = iamJn (%, %)

2 R
a = xf(x)J (k. x)dx
m R2J5+1(an’m)'[ f( ) n( n,m )

0
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® Theorem 1 Completeness (2 H| &)

Let ¥o» 1, --—be a complete orthonormal set on a < x <4in a set of function S. Then if a function f

belongs to S and is orthogonal to every y,, , it must have norm zero. In particular, if fis continuous,

then f must be identically zero.

MESE=3s]3=]
O - O —/ H B5H o =2
01250 CIY 3 20| ta2 Avtsle 2|0
242 UEHY & ACL > FRXNDE S0
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