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Ch.7 Linear Algebra: Matrices, Vectors, Determlnantg

Linear Systems L
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7.1 Matrices, Vectors: Addition and Scalar Multiplication
7.2 Matrix Multiplication

7.3 Linear Systems of Equations. Gauss Elimination

7.4 Linear Independence. Rank of a Matrix. Vector Space
7.5 Solutions of Linear Systems: Existence, Uniqueness
7.6 For reference: Second- and Third-Order Determinants
7.7 Determinants. Cramer’s Rule

7.8 Inverse of a Matrix. Gauss-Jordan Eliminations

7.9 Vector Spaces, Inner Product Spaces. Linear Transformations.
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A1 9| = X6l (numerical solution of differential

— Distribution of temperature after placement of high level nuclear
waste

Min and Stephansson, 2008

|F
After 10 years

After 50 years

After 100 years

After 500 years

OletZ2 =XloliolAd 2 EE0

D(e.g, DA 0HO
Discretized model Uit =(e.g. x==f)
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Matrices, Vectors: Addition and Scalar %;,
Muitiplication

(E2 )
— Row (¥): =&
— Column (€): =4/ /M
[e)

« Vector (HE{): ot 72| HO|L} E= - d=l AHE
— Row Vector (SHHIE]): S|L}o| sio = 1A

— Column Vector (EHIE): 5fLto| =2 F+M
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Matrices, Vectors: Addition and Scalar
I-v.l u iti pi ication SEOUL NATIONAL UNIVERSITY

. Vectors (H]E{): 3jLto| (¥)22 0|2 0|

oH =4

o=
~ n %} Row Vector (HHIE): a=[a, a,, - a|
— m X}l Column Vector (8HIE): "bl"




. ngn SRR
Matrices, Vectors: Addition and Scalar N,
I-v.l u iti pi ication SEOQOUL NATIONAL UNIVERSITY
« Equality of Matrices (1 E2| A4 5): dEHO| AV |7 Lo |3 &=

3
HASO| BF €2 87
« Matrix Addition (Gi&o
Holk, 1 g2 Cf335t= S
 Scalar Multiplication (AZ2tE): Aol 2t /A0 A=E F510
o1 O Al
— -

. WO| FPHI AT T3 AL

e )

A+B=B+A c(A+B)=cA +CB
(A+B)+C=A+(B+C) (c+k)A=cA+kA
A+0=A c(kA)=(ck)A

A+(-A)=0 IA=A
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Matrix Multiplication h)

okl

« Matrix Multiplication (U221} | =):
SH

-mxn3WH A=|a, | nT} rxp
MEZ Z0i0F ol &|H

n = O A% -+ L
ot

S22 Fo|g,

si=o| 2 Not Commutative (H|7}2t=): AB = BA
ol Zoj| st ALY A

(kA)B = k(AB)= A(kB)
A(BC) = (AB)C Associative Law
(A+B)C=AC+BC

Distributive Law
C(A+B)=CA+CB
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Matrix Multiplication
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 Transposition of Matrices (i &1} HIE{ 9] T X|):
Sf HO| M= HH O] ORI HEH

_a11 Ay e aml_
A = [ajk] — AT — [akj ]: a12 aszz .o o
_ain a2n amn |




Matrix Multiplication oy
Matrix Transpose "

» MXHE 2 H= 0

— Stress Transformation Equation

- \ % . o,+to, O0,-0
o, =0,C08°0+0,8IN°0+27,,sInfcosd  or Ox =

Y1

: 2 = 2 Oy—0Oy .
rxlyl:—(ax—ay)3|n6?cos¢9+rxy(cos 6 —sin 9) or 7 sin 20 +z,, €0s 20

— Stress Transformation Equation using direction cosine (and its
Transpose matrix)

- . T
Ta Tan | _ co_s & sind )\ o, 7, co_s ¢ sin@ ' = RtR"
Tayt Oy —-sing cosé)\7,, o, )\ —SIngd cosé
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Linear Systems of Equations. Gauss
Elimination

e Linear System (41 & Zl87H Al):

A X+ + QX :bl

d; QA

a, X +--+a, X =Db a a
21 2n’*n 2 — .21 22
A X+t ag X, = bm _aml Ao

3

— Homogeneous Simu
(RIXHH 288 4):

5 b 7} 2E 09

o
32

Xl bl
X2 b2
X, | _bm_

— Nonhomogeneous Simultaneous System

(HII-"*I-E 2l HFXH AI):

H O O

3 b 3 MO|T dfLte 00| Ot HP



Linear Systems of Equations. Gauss
Elimination

SEOUL NATIONAL UNIVERSITY

e — = — k]
- Mgoigug o] YHEH:
Ax=Db

(&, ay, ay, | X, | b, |

A = a21 a‘22 a‘?n X = X2 b= b2

_aml am2 amn_ _Xn_ _bm_

— Coefficient Matrix (A|=31=): A

T o2
— Solution Vector (s}|#!E{): x

— Augmented matrix (H7I8&): A=A Z A0 SHE bE

Hotet A E i

a, Q, - ain:bl
~ la, a, - a,:b
O

_aml amz a‘mn




Linear Systems of Equations. Gauss Fiid
Elimination -

SEOUL NATIONAL UNIVERSITY

e Gauss Elimination and Back Substitution (7} $2
AAHEI 22X 2

Linear system Augmented matrix

2X, +5X, =2 2 5 2
—4x, +3%x, =-30 —4 3 -30
- Stepl x S A7 A B Ao £ B 3+ 2, 0|2 £ HE Alof
gt
2X, +5X, =2 2 5 2
13x, = —26 0 13 -26
— Step 2 Z X|=H(Back Substitution)= &5l X, X, =2 = G|&
T opRet WAl x="27."2 £ [3rs 1 AnE
A0 2 AW EE

SH0l| tH&okol - O hotef “3efotE
(2—5(—2))=6§ A =
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Linear Systems of Equations. Gauss i)
E i i m i nation SEOUL NATIONAL UNIVERSITY
« Gauss Elimination (7} A AZHH) -
HELE AL M7IX]| 8%
- Foto| B2 ol 7t EXMSt= 4% (O|X|2] =7}
R Alo| XHLC S F Q)
- 7t ol 7} Exliot= 2%
- 7 EXYSIR| Y= A (AU 0| 37}
EXoIX| 2= %)



Linear Systems of Equations. Gauss fiad,
Eiim i nation SEOUL NATIONAL UNIVERSITY

o EX.2

X, —X+X =0
-X,  +X—=X%X =0
10x, +25x, =90
20x, +10x, =80
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Linear Systems of Equations. Gauss (LY
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e EX.3

(30 20 20 -50 : 80|  3.0x+2.0x,+2.0x —5.0x, =8.0
06 15 15 -54 @ 27 0.6%, +1.5%, +1.5x; —5.4x, = 2.7
12 -03 -03 24 21|  1.2% —-0.3x,—0.3%; +2.4x, = 2.1
— Step 1. x = &~/
Hm wd Mo -0.6/3.0=-0.21 8t0of & HAY WMo &t
XA W™ Ao -1.2/3.0=-0.4 Hjj s} M| H&]| LH Ao CfE.
(3.0 20 20 -5.0 8.0 3.0% + 2.0X, + 2.0%; —5.0%, = 8.0
0 11 11 -44 1.1 |288+(-0.2)x188 11 +1.1x3-4.4x, =11
0 -11 -11 44 ~1.1|38+(-0.4)x18 ~L1Ix% -llx+4dx,=-11




Linear Systems of Equations. Gauss iy
Eiim i nation SEOUL NATlo:iL UNIVERSITY
— Step 2. X, & A: & B BtHAIQ 1.1/1.1=1H} 3}0
M R A o

(3.0 20 20 -50 : 8.0 3.0, + 2.0, +2.0X; —5.0x, = 8.0
0 11 11 -44 : 11

1.1%, +1.1x, — 4.4x, =1.1
0 0 0 0 ! 0|3+ 0=0

— Step 3. 22Xzt X, =1-Xx+4x,
%9 x= Qlo|z AN
2 off 7 0%
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Linear Systems of Equations. Gauss %;j;
Elimination -

SEOUL NATIONAL UNIVERSITY

e Ex. 4 Gauss Elimination if no Solution Exists

(3 2 1 : 3 3X, +2X, + X, =3
2 1 1 :0 2%, + X, + %, =0
6 2 4 : 6] 6X, +2X, +4X, =6

— Step 1 x g 27

SR Al _2/ i Stol £ R WHA o
J

AR BEA _y:_z Hi StO] &= Hm A0 Heh
3
(3 2 1 3 | X, +2X, + X, =3
: 1 1
—% % r =2 28+(-2/3)x1H ——X, + =X, =—2
0 -2 2 : 0| 3¥+(-2)x1¥ —2X,+2x%, =0
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Linear Systems of Equations. Gauss },ﬂég
Eiim i nation SEOUL NATlo:iL UNIVERSITY
» Step 2 X E &7 M HA AOM X EF A
3 2 1 : 3] 3X +2X,+ X, =3
0 B p =2 —Ex2+lx3=—2
3 3 3 3
0 0 0 @ 12] 388+(-6)x2 0=12

B20| Elo] HAWHAL SIS %X &S,
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near Systems of Equations. Gauss LA

i
limination o

mr-

« Gauss Elimination (7} 22 AHH) - AT A 9
MI7HX] B2

o T
- Fots| B2 ol 7t EMot= 4% (OIX[2| =7 Wd2]|Q| =KL}
El'él:% 704_?_) r<n, br+1: :bm =0
- QU 817k XSt B r=n by=-=b,=0
- ol|7} EXSIX| = S (HE LA sl|7F EXYSIX| =
8%
r<m, b, b & O SILIELE 00| Ot AL
Ay @Gy e )y :91
Cpp e Con l b, Row echelon form
3 (HALCt2| &)
k., Ry ! b,
b
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Linear Independence. Rank of a Matrix. Wil
VeCtor Space SEOUL NATIONAL UNIVERSITY
- WE{O| UKt S FEY

Cla(l) + Cza(z) + et Cma(m) =(

— Linearly Independent (2%} S&l): T =E¢c =0 &
M2k 2 40| 2t5F

— Linearly Dependent (22X} &%): O{fH c, # 0 O|0{ &=

9 4j0] or=
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Linear Independence. Rank of a Matrix Fiid
Vector Space -

SEOUL NATIONAL UNIVERSITY

HZ 2| Rank (A=) E M 1X=F 2
==0| rank AZ} HA]

ol MBS x|

o
Ol
>t
O
gé-
1]

ol HHEL2 242 A5 T3
e Ex. 3
3 0 2 2 | 3 0 2 2
6 42 24 54 0 42 28 58
21 -21 0 -15] 0o 0 0 o0
Rank A=0 ???

- Ifandonly if A=0
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Linear Independence. Rank of a Matrix. Y
Vector Space ot Naror o

\_4’
i

i

\

v,

o« Theorem 3. Rank in terms of Column vectors (YH E{0]| O|ct A5 )

- HHO| A= HEO| LA=E @ SHIEHO| Z[CH42F &3.
— Y20 Yo MR Ze A4S 1Al .
rank of A =rank of A

— With m x n matrix A, rank A =r

O\~ C11V(1) + 012V(2) + e+ Cer(r)
Vig Vi Vi TR B E AR

¢

02t
JE
m

A2l

a(z) — CZlV(l) + C22V(2) el o C2rV(r)

a(m) = Cm1V(1) + CmZV(Z) + e Cer(r)



Linear Independence. Rank of a Matrix. R
Vector Space "
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(a11 a12 "'aln) — C11(V11 Vi, "'Vln) +C12(V21 Vo, "'V2n) Tt Clr (Vrl Vi, "'Vrn)

(a21 Ay, "'aZn) — C21(V11V12 "'Vln) +C22(V21 Vo, "'V2n) +"'+Czr(Vr1 Vi Vi

(aml e, "'amn) = le(vll Viz '--V1n)+Cm2(V21V22 -"V2n)+”'+cmr (Vrlvrz "'Vrn)
- E9H0 oigt T84 (k=12 ... n)

Ay = GV + GV oo+ C Vy A, Ciy Ci) Ci,
. . . r .r E—— ?k :Vlk .21 +V2k ?2 +.”+Vrk o
amk — levlk + Cm2V2k Tt Cerrk _amk_ _le_ _Cm2_ _Cmr
A 1Xt=E0l SYHIHS X
> He=E X E 4= QI
. A9 HAH ATO|E 22 H2 HG. Aol 1X} SOl #HE|o
* A L
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Linear Independence. Rank of a Matrix. Wi
Vector Space

A+B=B+A c(A+B)=cA+cB
(A+B)+C=A+(B+C) (c+k)
A+0=A c(kA)=(ck)A
A+(-A)=0 A=A

e Dimension (X}%l): HIE{ 27| O] XI=2!Ql
HIE =9O| X|C4=0|H dim V2 H7|



Linear Independence. Rank of a Matrix. iy
Vector Space ot Naror o
« Basis (7|X):

- HIH SO X2 Jtsot =0 YA HEHE
THEl= E2TT0IH, 7| M7t El& HEO ==
XA ZCF

« Span (M/d&7H = Vector Space:
- 20| =7t Z2 HIH S0 2ot AXAYg e =
BAEE BE HEHSO MY
* Subspace (#2351
- HIH S 7O Ho|E HE g at AZetSof 25H0
ZHUAE FEEHEY
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Linear Independence. Rank of a Matrix.

SEOUL NATIONAL UNIVERSITY

Vector Space

H&SZF R 2

— Column Space (€&

Zt

— Null Space (437

— Nullity (5|3}X}
AS| 7= + Ao



Solutions of Linear Systems: Fiid
Existence, Uniqueness "

SEOUL NATIONAL UNIVERSITY

« Theorem 1. Fundamental Theorem for Linear Systems
(a) Existence (=XA): rankA=rank A

— M AZIHIAAIO| Consistent, CFA| 2S|A] 220

M A | 2171 22t
SIE 27| fleh Eesaxd2 AlesdEn H7tdEo| &2
7:”2\2 2t 7{0l ~ _

T =2 X1—- A al al al

1 2 n

a21 a22 a2n

By X, 8y, X, oo+ 8y X, =y A= ; :

A, X FayuX, +o-+a, X =D, 3 3 9
| “'ml m2 mn _
amlxl—i_a‘mZXZ-I_'“-I_amnxn :bm all a12 aln bl

A =




) . LR
Solutions of Linear Systems: (Y
EXiStence, U niqueness SEOQUL NATIONAL UNIVERSITY

« Ex4insec.7.3)

1 ¢ 3 3X, +2X, + X, =3
; 2X, + X, + X, =0
4 : 6 6X, +2X, +4x, =6

o NN W
N DN

>
I
N

6 2 4 rank A # rank A

w
O Wk
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Solutions of Linear Systems: (A
Existence, Uniqueness

SEOUL NATIONAL UNIVERSITY

« Theorem 1. Fundamental Theorem for Linear Systems

- AFAGHL T A0 Lot SHE 47| Rlot ERSERA2
Ao HI7FAHO| O|X|=9| =} €2 A& (r=n) &
Zt- 740l
XL- A O
(c) Infinitely Many Solutions (5| &2 o)
— A=A ZO| A7t O|X|5=2| Ji=EC} 212 ™ J 35| B 57}
=7

(d) Gauss Elimination (Gauss 2&27{H):

— olj7} =XHSHH Gauss 2O o|5) 25



Solutions of Linear Systems:
Existence, Uniqueness

SEOUL NATIONAL UNIVERSITY

 Ex.3 of section 7.3)

0
0

0

30 20 20
06 15 15
12 -03 -03

0

\4

—-5.0

-54
;2.1

2.4

3.0 20 20 -5.0
11 11 -44 :

0

: 8.0]

2.7

: 8.0

1.1




Solutions of Linear Systems: i
Existence, Uniqueness

SEOUL NATIONAL UNIVERSITY

« Theorem 2. Homogeneous Linear System
_|

T 2l gl X9 Al
(X-” Il—g = Ol- = ﬁ) a, X, +a,X, - +a, X, =0

Ay Xp Ay X, +---+a, X, =0
a X +a X +---+a X =0
— N AtA 2l HE ™ A2 SEAF Trivial Solution(XFEH St ol)) =
%)
- A0 A== =, O/X[==2| J5= = n & M, AtEHSHX|
H2 o7 =M HEREEXH: r<n
- r< nO|H I n-rital HIHSZHA.
- MXIA S ™A o] &= SHIE o] LXK ZTt:
MIXHA 228 A 9] Sl e,



Solutions of Linear Systems: (L
Existence, Uniqueness ot Narion onEST

« Theorem 3. Homogeneous Linear System with Fewer

Equations Than Unknowns (0| X|=HE C} HiX™ Alo| 27}

Mo mi MEHULYA)
— A 0| =7t O|X[==9| =H L}
A EA 2 o XAHESHA] 282 S (Nontrivial
Solution)E 74Al.
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Solutions of Linear Systems: Gy
Existence, Uniqueness

SEOUL NATIONAL UNIVERSITY

Theorem 4. Nonhomogeneous Linear System
(HI T XHO1 & 2 5 Al

L B3 O

— 2heF HIM[X SESZ MO 8l & K= 2= o=

X=X, +X, 9 &= FE{7I &

- X2 AZE §2o|9 off0]|1, X, = Sot=
MAEEYEAML 2= o 2 ee



For Reference: 2" and 3 order

Determinants

SEOUL NATIONAL UNIVERSITY

Determinant of Second Order (2X} HE4])

D =det(A)=

Ay
a‘Zl

Ay

=a;;ay,
ay,

Linear System of Two Equations

A X +a,X, = b1

Ay X +ayX, = b2

CramerQ| HH%

D+0

Ex. 1 Cramer’s Rule for Two Equations

4x, +3Xx, =12
2%, + 95X, =—8

—a;ady
b, a,
. bz Ay, _ b1a22 B a12b2
I X, = D = D
] a, b
X = Ay, b a11b2 B b1a21
> D D

X, =6, X,=-4



For Reference: 2" and 3 order

Determinants

O LE3N

“% Rt
I__l iR

/“‘-\)xé.

SEOUL NATIONAL UNIVERSITY

« Determinant of third order (3X} &

D =det(A)=

Ay,
=a,

a32

= 8,85,85;

a23

a33

o a11a23a32 o

Ay
a'21

a'31

o a21

A
a22

a32

Ay,
a32

A3
a23

a33

|
a33

24

a21a13a32 + a21a12a33 + a31a12a23 o a31a13a'22
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For Reference: 2" and 39 order %.g
Determinants X

SEOUL NATIONAL UNIVERSITY

* Linear systems of three equations

X, +a,,X, + a,,X, =
all 1 a12 2 a13 3 bl Cramergl Hﬁ‘l&! D

_b ) D D
Ay X ta,X;, +a,3X; =D, > X =

CRAE
_ D=0
a31)(1 + a32x2 + a33x3 - b3

b1 d, a A b1 Ay a, o b1
D1 — bz Ay, Ayl Dz =y bz Aysly D3 =y Ay bz
b3 Ay, Qg Az b3 Azg Ay Ay b3




Determinants. Cramer’s rule ER

SEOUL NATIONAL UNIVERSITY

« Determinant of Order n (n X} S & Al)

q; &, - &,
a, a, - a
D=det(A)=* # . %
anl anZ ann OI"
~-Ifn=1 D=3
— Ifn> 2, D=a,C,+a,C,++a,C, (j=1 2, ---, orn)
or
D=a,C, +a,Cy +-+a,C, (k=1 2, ---, orn)
Cjk = (_1)j+k M ik
- Minor (2&24): 1%l 22X My M,: Submatrix of A by omitting the row

— Cofactor (0{212): C and column of the entry a,

jk



Determinants. Cramer’s rule i,

SEOUL NATIONAL UNIVERSITY

o EXx.2

o EX. 3

Determinants of triangular matrices???
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e Behavior of an n th-Order Determinant under

Elementary Row Operations
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* Further Properties of n th-Order Determinants

— Transposition
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e Fx4 2 0 -4 6
4 5 1 O
D=
0O 2 6 -1
-3 8 9 1

2 0 4 6 2 0 4 6 2 0 -4 6

0 5 9 -120 [0 5 9 -12 |0 5 9 12
o2 6 -1, [0 0 24 38| |0 0 24 38
0 8 3 10| [0 0O -114 292 (0 O O 47.25
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» Cramer2| Ho| (A3 A0 ot HFAHELE A9

of)

a11X1+a12X2+..._|_a1n i :b1

Ay X + Ay X, +-0-+ 3, X, =D, Cramer?2| H %!

2n“'n
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« Example)

2X—5y =23
4X+0y=-2
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* Inverse Matrix (& & &)

(e
— A" A=[a, ]| 2] SHE D> AAT=A"A=
7t

— Nonsingular Matrix

o

bas

o

U

o 7

— Singular Matrix (£0

- MHZ JERE 1

« Existence of the Inverse (

Adtnxn#HZA M, A A0 =M <  rank(A)=n <  det(A)=0

)
>
2
2
Il
>
0
>
i
02
M
02
mw

)
>
g
z
A\
>
0
>
i
n
=
02t
mw
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« Gauss-Jordan 27HH0j| o|sF HaiZo| AX

nxndE AS| FHA A7S ZHOHI| R LY

K:[A ] Gauss 27 o
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e Ex. 1 -1 1 2
A=|3 -1 1
_—1 3 4_
11 21100 11 2t 1 0
A t1]=|3 -11:01 = 0 27 0 |28+ 3x 13t
1 3 4 :00 1 0 2 2t -1 0 1| 38H—134
211 2 1 0 0 1 -1 -2t -1 0 0] -1t
- |0 2 7 3 1 0 — |0 1 35 : 15 05 0 |O05x28
0 0 -5 i -4 -1 1[33-2% 0 0 1 : 08 02 —02|-0.2x3
1 -1 0 ! 06 04 —04] 184+2x33H 100 ! —07 02 037]184+284
— |0 1 0 ! -13 —02 07 |[2848-35x3#% =|0 1 0 : -13 -02 0.7
0 0 1: 08 02 -02 001 °: 08 02 -02
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o Useful Formulas for inverses

C, C, Cu
_ _ C. C. - C
nxn #8 A=[a,] o etsge At [c, [t |2 Tz 7 e
det A detA| : : :
_Cln C2n ’ Cnn_

C, = detAOiIA a,2l 0f0l%
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 Ex. 3. Determine the inverse using the formula
1 1 2]
A=l3 -1 1
-1 3 4
-11 1 2 1 2
detA =-1(-7)-1-13+2.8=10, C, = ‘:-7, 21:-‘ ‘:2, = ‘:3,
3 4 3 4 -1 1
3 1 ‘— 2 -1 2
Cp=- =-13, Cp = - 32 =7 =1,
1 -1 4 3 1

|
W L
|
=
[l

-0.7 02 03
-2 = A'=|-13 -02 07

08 02 -02
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« Computation of an nth-order determinant using formula
involves n! Multiplications (determinant alone!).

« computing time of determinant (when one multiplication takes
107 sec)

Time  0.004sec 22min  77years 0.5*10°
years

« Explicit formula for inverses is used mainly for n =2 (NOT for
computing inverses of large matrices)
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o (2t O] A
- 2 g A:|_a'k Ol Hlld0| &EM & a;#0 (i=1 2, - n)
— A197?
AT 1%, 1am0| CH2 A0l e
* Ex. 4 ] )
—-05 0 O] -2 0 0
A=| O 4 0 A'= 0 025 0
0 0 1] 0 0 1
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- WHO| &of st 0| -4E. Cancellation Laws (2F2"H)
®)

- AB=0 oy A=0 r= g_g 0| O} S QCH F 1}{_1 1HO 0}
(@)

2 211 -1/ 10 0
— AC=ADQ I} C=D Q &5 QIC} (MX|0] A=0 Q {0 Z).

A, B, CE nxn &&0|2t StA},
— rankA=n O|1 AB=-AC O|H, B=C .
— rankA=n O|EH AB=0O0|H B=0 .

AB=00|HAH A#00/2B=#00/H rank A<n 0| ) rankB<n

— . /T

- A7 SO[AZ0|H AB 2t BA & Kot SO[H 3B
— ST O| WAl det(AB)=det(BA)=det AdetB



Programming

Gauss Elimination2] == 2! 0il.
(Kreyszig, 837p).

Gauss Elimination

ALGORITHM GAUSS (A = [a;] = [A  b])

This algorithm computes a unique solution x = [x;] of the system (1) or indicates that
(1) has no unique solution.

INPUT: Augmented n X (n + 1) matrix A = [aji]. where a;,, 1 = b;

OUTPUT: Solution x = [.\’j] of (1) or message that the system (1) has no
unique solution

Fork=1,-+-.n— 1,do:
1 It az = 0 for all j = k& then OUTPUT “No unique solution
exists.” Stop
[Procedure completed unsuccessfully; A is singular]
2 Else exchange the contents of rows j’and k of A with fthe smallest
J Z k such that |ay,| is maximum in column .
3 Forj=Fk+1,--.n do
i
Myt = L
e
4 Forp=k+1,:--.n+ 1 do
ﬂjp: = (ij - ”’"jk"”kp
End
End
End
5 If a,,, = 0 then OUTPUT “No unique solution exists.”
Stop
Else
- _ Apn+1 . 3 e
6 X, = ——— [Start back substitution)
a}i,ﬂ,
Fori=n—1,---,1,do:
1 n
7 X = o (az',-n+1 - aiﬁ,\j)
i J=it1
End

OUTPUT x = [x;]. Stop
End GAUSS
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o Computing time for Gauss Elimination (n x n matrix) ~ n?

Algorithm n = 1000 n = 10 000
Elimination 0.7 sec |1 min
Back substitution 0.001 sec 0.1 sec

When one operation takes 10~ sec
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s Gauss Elimination
s Cramer’s Rule

| Gauss-Jordan method

- Bt=H - =Xl E & (> Kreyszig, ch.20)
§Gauss-Seidel method
§Jacobi Method
{Successive relaxation method

| Conjugate gradient method



