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Why use Laplace Transform?
Aigebraic Manipuiation of ODE

solve the ODE

System described by

ut) ——» ODE — ()

transform system e
representation

~ -

Uis) — | System described by
"transfer function"

time domain

> Y(S)

Solution of ODE is hard.

Tranform in to a “domain” where solve by multiplication — Laplace domain is a frequency
it’s easier to solve domain.

Solve in the new domain Integration, Differentiation
Perform “inverse” transform. becomes multiplication, division.
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. Definition: £ [f(t)] = j f(t)e_Stdt = F(s)
0_
£: f(t) = F(s) , s=c +jo (complex variable)

f(t) : a time function such that f(t)=0 for t<O

- Inverse Laplace Transformation
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Existence of Laplace Transformation

e f(t) Laplace - transformable
if i) f(t) piecewise-continuous
ii) f(t) of exponential order as t approaches infinity
- e?f(t) bounded, o exist.
- or g | f (t)| approaches zero as t approaches infinity.

olf lime™|f(t)=

t—w

{O for o> o,

o foro<o,

the O. : the abscissa of convergence
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Existence of Laplace Transformation

example : 1) t, sinwt, tsinwt...

lime™ |tsin wt| = the abscissa of convergence o, =0

t—w

{Oifa>0

o If o<0

2) e @ te™™ e %sinwt, c=const.

lime™ ‘te‘Ct the abscissa of convergence o, =—C

t—>oo

_{Oif0>—c

o If o<—C

e e te' does not possess L. T.

. (1) :{e for 0<t<T <w LIft)] exists.

0 for t<0, T<t

- The signals that can be physically generated always have
corresponding

Laplace transforms
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Laplace Transformation of simple function

o Exponential function

0 for t<O0
F) =1,
Ae for t>0

Jo AN
A, a : constants \ o>-a
L[Ae ] = _[ Ae e dt §
0—
0 \\ > o
— J Ae—(a+s)tdt —a §
0- \
— A[_ 1 e—(s+a)-oo + 1 eO] \
St+a St+a
1 iayojon . 1 .
=A[-———e (orayo-joo (s=o+ jw)
S+a S+a
1 A
= A[0+ 1=
St+a St+a
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Laplace Transformation of simple function

o step function

A t>0
f(t)=
© {O t<0

LIFO]=] Aedt =A[—%e—s-°0 N % e *0]

= A[O+%] if Re[s]>0

_jl t>t,
0 t<t,

1 t>0
1(t) =
% {O t<0

e unit step input function 1t —t)

£10] =
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Laplace Transformation of simple function

e Sinusoidal Functions _ <A .
_ L[Asin wt] = j (e} —e et
Asinwt t>0 5 2]
f(t) =
0 t<0 1 1 1
_2j S—jw S+ jw
cosa)tzé(ej“’%e‘j“’t)  Aw
. s°+w°
sinwt =— (/" —e ! A
2j( ) L[Acosat] =— > >
S“+w

e Ramp function

L[At]= Al tedt
f(t):{At t>0 IO_

0 t<0 st |* _
e st © @ st
= Al t [t
—S o —S
1 . 1
- A c— ot dt - A . —2
S J0- S
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Laplace Transformation of simple function

¢ Pulse function

for 0<t<t,

0 for t<Ot,<t

f(t) = tﬁl(t) “ A1)

0 0

o Impulse function

li
f(t)= >0t
0 for t<0, t,<t

mé for 0<t<t,

L[ ()] = B{ﬁl(t)} —BLﬁl(t —to)}
AL, s
st

B[f(t)]_llm[ S~ e-toﬂ
L i

t
L
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Laplace Transformation of simple function

e Unit impulse function ; impulse function of magnitude 1

f(t)= -0t

5(t)={ Og :8 £[5(t)]:T5(t)e‘S‘dt:T5(t)dt=1

The unit-impulse function occuring at t=t,

— ®© t:to f —st o —st, ~tos
5(0—{ 0 et L’[&(t—to)]:!&(t—to)e dt=t!_5(t—to)e dt=e™* -1

0

5(t—to)=%1(t—to)

;“Lf'“"‘é\r} Seoul National University System Analysis Spring 2011

¥ ) ,;ij Mechanical and Aerospace Engineering 10




