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System without Input Derivatives

ex1) Consider a system defined by y+6y+11y+6y=>6u

Choose state Variables’ X1 =Y - Phase variables (each subsequent state
. variable is defined to be the derivative of
X, =Y the previous state variable.)
X, =V
Then we obtain, X =X,,

X, =Y =-6Xx —11X, —6X, +6u

x| [0 1 0] x] [0 X,
% (=0 0 1(x|+0fu y=[1 0 0]x
(X | |6 -11 —6|[X;| |6] | X |
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System with Input Derivates

ex2) Consider a mechanical system,

N L N K b. b. 7 ey S
my=—ky-bly-u), y=-—y-_y+_u :
A __an—d 3

N
SN

Choose state variables, X, =Y, X, =Y 7 ot .
0 s
X, = X X, = K X, b X, + b u
— A 72 A R
m m m

The right side includes U term. To explain the reason we should not include

differentiation of u, assume u=/45(t) (unit impulse function)

s Ih l,
xzz—%fydt—iw%&(t)

X;includes (k/m) §(t) term. It means  x,(0) = and cannot be accepted as

a state variable.

That’s why the standard formis X=Ax+Bu y=Cx+Du
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System with Input Derivatives

Method 1: Choose a state variable that includes U

To eliminate | term, y:_hy_£y+2u N y_Bu:_hy_Ey
m> m” m m m- m

d(. bj Kk b[. bj[bjz
—|y—U|=——Yy——|y——u|—-|— | U
dt m m m m m

So we choose state variablesas, x =y, x, = y_Bu
m

S o I k b. b. ) b. Kk b b
Xp=§oU=| =y — YU U= X | XU

K b (bjzu — U term has

=——X ——X, —
m?' m? been eliminated.

m
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System with Input Derivatives

Mathnd 2 Incliide tha inniit darivatrac in tha niitniit aaiatinn
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Consider a second-order system,  Y+ay+a,y=bl+bu+b,u

Y(s) b,s*+bs+b,

Z(s 1 Y (S
U(s) s*+as+a 9° ():b052+b15+b2
2

UGs) s’+as+a,| |Z(s)

_)

U (s) 1 Z(s) ) Y (s) Z+al+a,z=u
s?+a,5+a, 0,s™ +bys+b, y=b,Z+b2+b,z
let, x, =2, X, =2 X =X,

X, =—a, X, —aX,+U
2 271 1772

b,Z+bz+b,z=b,(-a,x, —aXx,+u)+0bX, +b,X =Yy

X =Xy, Xy =—a,% —a X, +U

y= (bz _aZbO)Xl + (bl _aibo)xz +bou
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System with Input Derivates

Method 2: Include the input derivates in the output equation

al Sl

N-th order differential equation,

y=[b,—ahb, bl—albo]{;(l}Lbou
2

(n) (n-1) -
y“+ay T t+ee-+a,y+ay

_hy™ (n-1) -
=pb,u™ +bu™" +---+b_,Uu+bu

X | [O]
X, 0
. . u,
1| |0
X, 1]
_X1_
: X,
: bl—albo] : +byu
_Xn_
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System with Input Derivatives

/‘,ﬂ’1
Y,
’// —— — [y

ex2) Consider this mechanical system again, Z
myj = —ky —b(y—u), my+by+ky=bu a4
3/2.-.—4\/\{\,_-—- m 'I——
Y(s) bs Z(s) 1 Y(s)_bS 7 m

- , - : =hs 7 o0
U(s) ms*+bs+k U(s) ms’+bs+k Z(s) I

(ms® +bs+Kk)Z(s)=U(s), bsZ(s)=Y(s)

State variables,

1 k = = 7
sZZ(s)=—U(s)—£sZ(s)——Z(s) }=124, %=1
m m m % =X
1 2
Draw Block Diagram - K
’ X, =——X ——X, +—U
—{ b | 7() 2 mxl et
Sl L 2@ | 1]sZ6) | 1|26 | y=bx,
FiE @ 5 X, by .
= System Matrices:
T k A=l &k b |[B=|1
8 “n “m) Lml ©=[0]
m m m
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System with Input Derivatives

ex) Consider a spring-mass-damper system

; > d’y dy duj
i | m =-b| ——— |-k(y—-u
/ | dt? (dt dt (y=u)
| P _dly | dy du
,. m or b ky=b Mk
— i
P o
7 ,.tg/Df_‘.f/z/// 7 ,/f/,”(a/.)e AL TranSfer FunCtion — Y(S) = ?S-i_ k
U(s) ms“+bs+k
State EqQ:
k Kk k
Output Eq: b =0, b =b.b,=k b, azbo_a_HjLO:E
b K
N a=—, a=— Cap -l bbb
State variables: m m b, —ab, S m
Rewrite 0
equations: . 1 -
0 k b
IR MO
X, —— —— || X 1 m m]|X,
m m }
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Matlab Example

If, m=10kg, b=20N-s/m, k=100N/m

R NN

15

o o

Unit-Step Response (Method 2)

Output y(m)

arid
title('Unit—Step Response (Method 2)','Fontsize',15)
xlabel('t(sec)','Fontsize',15)

ylabel('Output y(m)','Fontsize', 15)
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Transformation of Mathematical Models with MATLAB

Y(s)  numerator polynomialins _ num
U(s) denominator polynomialins den

MATLAB command, [A, B, C, D] = tf2ss(num,den) gives a state space representation.

Y(s) S
U(s) s°®+14s°+56s+160

ex) Consider,

One of many possible state-space representations is,

>>num=[00 1 0];
. >> den=[1 14 56 160];
X, -14 56 160 || x, 1 >> [A,B,C,D]=tf2ss(num,den)
. A=
=1 0 0 |x[+0]u 14 -56 -160
(%) L0 1 0 j%] [0] 5 1
B =
1
X 0
0
y=[0 1 0]|x, [+[0]u C
0 1 0
X, .
0
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Transformation of a State-Space Models into Another One

X = Ax+ BU :
o can be written as,
y =Cx+Du _ _
PX = APX+ Bu or X =P'APX+P*Bu
y = CPX+ Du y=CPX+Du

- Since infinitely many n x n matrices can be a transformation matrix P, there are

infinitely many state-space models for a given system.

e Eigenvalues of an n x n matrix A are the roots of the characteristic equation.

‘/1 I —A‘ =0
The eigenvalues are also called the characteristic roots.
0O 1 0 A -1 O
ex) A=0 0 1] [A1-A|=|0 2 -1|=2°+64"+111+6
-6 -11 -6 6 11 A1+6

=(A+D(1+2)(1+3)=0

Y Seoul National Univ.
£ 5.}] School of Mechanical Spring 2011
4 and Aerospace Engineering




Diagonalization of State Matrix A

0 1 0 0 |
0 0 1 0
Consider an n x n state matrix A : A= : :
0 0 0 1
-a, -4, -4, —a, |

If matrix A has distinct eigenvalues and the state vector x is transformed into another

state vector z by use of a transformation matrix P,

1 1 1 ] A 0
A A A b1 AP A,
x =Pz, where P=| 1> 4% - A°
: : : 0 Ay |
_ﬂzn_l lzn—l . inn—l

: P~1 AP is a canonical matrix and
each column of P is an eigenvector
of matrix A
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Jordan Canonical Form

If matrix A involves multiple eigenvalues, diagonalization is not possible but

matrix A can be transformed into a Jordan Canonical Form.

0 1 0
Consider the 3 x 3 matrix A : A=| 0 0 1
—83 —a, —q

Assume that matrix A has eigenvalues A4,,4,,4; where 4= A4,# 4,
(A1-A)v, =0  A:3x3matrix, Y/ S VAR VAR VA
Case 1. rank (4 1—A)=1 can determine two eigenvectors Vi, V,.
AV, = AV, AV, =AY, Avy =4V,
K
0
0

A
, PIAP=| 0
0

0
A
0

o > O

0] 0
0 0
A A_
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Jordan Canonical Form

Case 2. rank(4 | -A)=2 can determine one eigenvector V.
Av, =4V, Av,=4yv,

Find V, suchthat |A-Al|v,=Vv, Av,=V,+4V,

1 0
Alv, v, v]=[v, v, w0 4 0
10 0 4]
(1 0 11 (A4 1 0]
x=Sz where S=| 4 1 A | willyield S'AS=|{0 4 0 |=]
L?f 24 /%ZJ 10 0 4]

This is in the Jordan Canonical Form.
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« Diagonal (or Jordan) Canonical Form (partial Fraction Expansion)

Case 3. Complex Roots
AP = PA

Note : Complex Roots, Complex State x
X = Ax+bu

y = CXx

- Complex casel| diagonalization HtH 0| &

AK = KJ -
o+ jo 0 | 2
_ . ~ K =
A_{ 0 O'—ja)J 1
| 2
J =K'AK
= K*P"APK
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« Diagonal (or Jordan) Canonical Form (partial Fraction Expansion)

Case 3. Complex Roots

EX)

b 1y Seoul National Univ.
£ 5.}] School of Mechanical Spring 2011

piw=d and Aerospace Engineering




« Diagonal (or Jordan) Canonical Form (partial Fraction Expansion)

Case 3. Complex Roots

Stepl| x = Ax+ Bu

Step2| let x=p¢&

E=P'AP &+ P 'Bu _
DS . diagonal

Step 3 let & =Kz
2=K?'AK z+ K*P'Bu
%K—J

(&

o o b, (
:[_w J”{bj“ X = P& = PKz
{2=K?AK z+ K*'P'bu
J
|y = CPKz
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