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System Response with Additional Poles

Underdamped System with additional pole at -a
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Non-minimum Phase System
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System Response with Zeros
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Effects of Nonlinearities
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Effects of Nonlinearities
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Solution of Linear (Time Invariant) State Equation
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X(t) = Ax(t) + Bu(t)
y(t) = Cx(t) + Du(t)
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Basic Matrix Linear Algebra
-Homogeneous Solution
Scalar Function y(t) =0
1) X=ax
x(t)=Ce® t=0, x(0)=C
x(t) = x(0)e*
x(t) =e*x(t,), t=t,, x(t,)

af .\ (at?2 s (at)*

i) e* =exp(at) =1+ Foe
) p(at) . "
Homogeneous Solution
1) X=AX A:nxn, X:nx1
d
X(t) = exp[ At —t,) | x(t,), a(eAt) _ At

ii) Howto evaluate e*'
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State Transition Matrix

X(t) = ™7 x(t,)
= CI)(t _to) X(to)
Dt -t,) =™ = exp[A(t—t,)] : State transition matrix (STM)
: fundamental matrix of the system
Properties of STM
1.O(t, -t)o(t -t,)=o(t,-t,) for any t,,t,t,
2.0(0)=1
30000 =0' ) -0@) (e
D2 (t) =D(gt)
4. D7 (t) = D(-t)

5.®(t) is nonsingular for all finite values of t (inverse exists)
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Complete Solution of the State Equation

X =AX+Bu, Xx—AX=Bu,

integrating factor e

d
e Mx—Ae M x=e"BuU, —|le™Mx |=e™Buf(t
dt[ ] ()
t
= e (x(t)-x(0)) = [e™ Bu(z)dr
0

t
= X(t) =e" x(0) + [e* Bu(z)dr
0

0 X(O)+_t[CD(t—r) Bu(r)dz
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Complete Solution of the State Equation

t
fort, t,], e x()—-e" x(t,)=[e ™ Bu(z)dr

ty

= x(t) = CD(t—tO)x(t0)+_t[CD(t—r) Bu(r)dr

t

= x(t) = D) x(0)  + _t[CD(t—r)Bu(r)dr

— Zero-input - Zero-state
response response
— free response - forced response

change of variable 7, let g=t-7, 7=0-> =t
r=t—> =0
dp=-dr

= X(t) = (1) X(0) + [ ©(B) Bu(B)d 3
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Laplace Transformation Solution of State Equations
X =AXx+Bu y =Cx+Du

Laplace transformation =2

s X(s)—X, = AX(s)+BU(s), X(s) = M[X(O) +BU(S)]
det(s1-A)
X(s) = (s1-A) "%, +(sI-A) " BU(s) Y (s) = C X(s) + DU (s)

Transfer function form 2>

Y (S X(s i(sl—
YO _XO),p YO _[adicA)],,
U(s)  U(s) U (s) det(s - A)
_ Cadj(sl-A)B+Ddet(sl-A)
det(s1-A)
System Poles—> Roots of the denominator / Solution of det(s1-A) =0

Eigenvalues of A matrix!!
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Time Domain Solution of State Egns. using Laplace Transform
X=Ax+BuU X(t) ="', +tjeA<”> Bu(r)dr
:®(t)x(0)+j®(t—r)Bu(r)dr

X(s) = (s1-A)*x, +(sI-A) " Bu(s)

. AAt il AL pt adj(SI_A) _
LN =L (s1-A)T =2 {det(sl—A)}_q)(t)
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Using Laplace transformation table
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Examplel. Find the state transition matrix and solve for x(t). u(t) is a unit step.

o 11 ToT BN
%(t) = L—8 & J x(t) +M ut)  x(0) = LOJ
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Example2. Find the state transition matrix using (sl-A)-!

X(t) = {—08 —16} X(t) + {ﬂ ut) x(0)= Lﬂ
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