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[Review] 4.3: Finding the optimal solution for the quadratic objective function with linear inequality
constraints problem by using the Kuhn-Tucker Necessary Condition, where xi are nonnegative (1/4)

Quadratic programming problem

- Objective function: quadratic form
- Constraint: linear form

X)

y

|

Minimize f(X)=x+x;—2x,—2x,+2

Subjectto g,(X)=-2x,—x,+4<0 \
g, (X)=—x,-2x,+4<0 4

g, = 0 Minimum at Point A
% 20.%, 20 X =39, /(x)=3
Minimum point: x™ = (£,%), f(x")=2 3-

Minimize f(X)=x] +x;—2x,—2x, +2
Subjectto g,(X)=-2x,—x,+4<0
g, (X)=—x,—-2x,+4<0
—x, <0,-x, <0

Inequality constraints are transformed to equality constraints
by introducing the slack variable.

Minimize f(X)=x] +x;—2x,—2x, +2
Subjectto g,(X)=-2x,—x,+4+ Sl2 =0
2, (x)=—x,—2x,+4+s; =0

—x,+6, =0,—x,+5, =0



[Review] 4.3: Finding the optimal solution for the quadratic objective function with linear inequality
constraints problem by using the Kuhn-Tucker Necessary Condition, where xi are nonnegative (2/4)

Minimize f(X)= xl2 + x22 —2x,—2x,+2
Subject to g,(X)=-2x,—x, +4+ Sl2 =0

Y

2,(X)=—x,—2x,+4+5. =0

—x,+67 =0,-x,+6, =0

Lagrange function
L(x,u,8,5,8) = x7 +x; —2x, —2x, +2

g, = 0 Minimum at Point A

X = (9S00 =3

@
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®
Q
i
=2
(1]
=
(1]
=
(©)
=]

+u, (2%, — X, +4+57)

+1, (=X, —2x, +4+53)

g:=0
+&(=x, + )+ &, (—x, + 5 .

et X 0 )4 02 (010 Y % T x,
Kuhn-Tucker necessary condition: VL(x,u,s,(,6) =0

a—L:2xl—2—2ul—uz—4’1=0 8—L=2x2—2—ul—2uz—§220

Oox, Ox,

a—L=—2x1—xz+4—|-sl‘2=0 5—L=—x1—2x2+4+31220

ou, Ou,

oL oL

—=2us, =0 —=2 =0

as, as, 7

oL OL oL OL

oq, T e 05, o,



[Review] 4.3: Finding the optimal solution for the quadratic objective function with linear inequality
constraints problem by using the Kuhn-Tucker Necessary Condition, where xi are nonnegative (3/4)

Kuhn-Tucker necessary condition: VL(x,u,s,(,0)=0

L L
%zle—Z—Zul—uz—é’l:O %:2x2—2—u1—2u2—§220
1 2
L L
8_:_2x1_x2+4+312:() a—:—)61—2)62—|—4—|-S22=0
ou, Ou,
oL
gzzulslz() %ZzquZZO
1 2
L L
86—4/:512_)61:0_)512:)(1 ;?:522_)62:0_)522:)62
8L1 :I Substitute aLZ :I Substitute
=205 =0-52£62=0 —=2£,6,=0-2£,5,=0
00, 1 00, U, ¢, 20,i=1,2
Multiply both sides by 51 Multiply both sides by 52 i*9i = Y 5

We eliminate two variables 51, 52 and two equations.
Reformulated Kuhn-Tucker necessary condition:

L L
a—=2xl—2—2ul—u2—§1:0 a—=2x2—2—ul—2uz—é'220
ox, 0x,

L L
a—=—2xl—x2+4+312:0 a—Z—x1—2X2+4+S22=0
ou, Ou,
oL oL
—=2us, =0 —=2 =0
Bs, 191 s, U8,

2£,%, =0 20,%, =0 u,C,0,>0,i=1,2



[Review] 4.3: Finding the optimal solution for the quadratic objective function with linear inequality
constraints problem by using the Kuhn-Tucker Necessary Condition, where xi are nonnegative (4/4)

—x, —2x, +4+5, 20 =X —2x, +4+5, 70
The constraint is violated. U =S, =0 == i
Case #7: u,=s,=x,=x,=0 , (Point E) Case #14: u,=5,2,=x,=0,, (Point )
2 X1:4’X2:O,u2:6,
x, =x,=0,s, =4,
It has to be nonnegative. S12 =4, é’z —_14 ::::etgoalt)i?/e

Case #15: u,=u,={,=x,=0, (Point J)

2
x,=0,x, =15, =-3,

—2x,—x, +4+s’ %0
The constraint is violated.
Case #8: 5,=5,=x,=x,=0, (Point E)

2
X =X, ZO,—ZXI—Xz +4+S1 io, 2 It has to be
5 S, = _27 éll =-2 nonnegative.
—x,—2x,+4+s, 20 Case #16: u,=u,=¢,;=x,=0 , (Point K)

The constraint is violated.

Lagrangian function » Case #1: 5,=5,=£,=¢,=0, (Point A) Case #9: u,=s,=¢,=x,=0, (Point F)
2 2 . —x. =4 4 =y =2 x, =0,x, =2,u, =1,
L(x,u,s,5,0) =x; +x; —2x,—2x,+2 . N TN E5UFU, =S ! 2 2 b
) = Case #2: u,=s,=¢,=¢,=0, (Point B) S12 =-2, 4/1 = —3  nonnegative.
+u, (—2x, —x, +4+s,) P ox =ty =ly=2g="1 Case #10: u,=s,={;=x,=0 , (Point G)
2 . It has to_ be nonnegative. xl = 2, x2 = O’ul = 1, S22 = —2’
+1/12 (_Xl — 2X2 +4 + AN ) s Case #3: u,=5,=¢;=¢,=0, (Point C) It has to be
2 2 E X =L x, =%y =2 S2 =1 4’2 =3 nonne.gative.
xZ +é’1 (_Xl + 51 ) + 4/2 (_x2 + 52 ) . : 5772 570 It hSas, tozbe nonnsegative. Case #11: s1=s2=§'1=x2=0 ’ (Pomt G)
4 = Case #4: u,=u,=¢;=,,=0 , (Point D) x, =2,x, =0,
. ) ) The constraint is violated.
: y=x=Ls =5 =-1 —x, —2x, +4+s; %0
. It has to be nonnegative. ! 2 2 )
= Case #5: u,=u,=x,=x,=0, (Point E) Case #12: u,=s,={,=x,=0, (Point H)
4 — . . . E x,=x,=0,s"=s2=—4 x, =0,x, =4,u, =6,
g~ 0 Minimum at Point A . : 2 > Izthas to be nonnegative. 12 ’ : It has to be
X* _ (i i) f(X*) _2 . 4/1 = 4/2 =-2 Sy = 4, 4/1 =-14 nonnegative.
— \323)/» 9 * Case #6: u1=s2=x1=x2=0 , (Pomt E) Case #13: s1=s2=§’2=x1=0 ’ (P0|nt H)
i X, =x,=0,5" =4, x =0,x, =4,
. It has to be nonnegative. The constraint is violated.

2
x =1x,=0,s; =-2,

It has to be 2
nonnegative. S, = —3, é/z =-2

=
~




Summary for Solution of QP Problem
Using the Kuhn-Tucker Necessarx Condition

Minimize [(X)= xl2 + x22 —2x,—2x,+2

Subjectto —2x,—x, <-4 —2x, — X, +4+s> =0
—x,—2x, <-4 » —x, —2x, +4+s; =0
XIZO,)CzZO —x1+512=0,—x2+522:0

Lagrange function
L(x,u,8,5,8) = x] +x; —2x, —2x, +2
+u, (—2x, — X, +4+S12)+u2(—xl —2x, +4+522)
+6,(—x, +512) +&,(—x, "‘522) where, U;,5; 20

Kuhn-Tucker necessary condition: VL(x,u,s,§,06) =0

L L
8—:—2+2xl—2ul—u2—4’1:0, a—:—2+2xz—ul—2uz—é'2=O
Ox, Oox,

L L oL
a—:—2x1—x2+4+S12:0, a—z—xl—2x2+4+s§=0 ——=—x,+6; =0
ou, ou, :
oL L L L L
—:2u1S1:O,a—=2u252=0 8—:24’15120,5—:24“25220 2 =—x,+0, =
0s, S, A 00, o<,

Equation @ Equation @ Equation ® Equation @ where 1, 4/1' >0
Multiply both side of each equation @, @ Multiply both side of each equation ®, @

by s,,s,, respectively by 6,,0,, respectively



Solution Procedure of Quadratic Programming(QP) Problem
- Approximate the Original Problem as a Quadratic Programming Problem

Minimize f(x+Ax)= f(x)+Vf' (x)Ax+0.5Ax" HAx
The second-order Taylor series expansion of the objective function
Subjectto h (x+Ax)=h (x)+Vh, T(X)Ax=0; j=1f0 p
The first- order(llnear) Taylor series expansion of the equality constraints
g (x+Ax) = gj(x)+Vg] (x))Ax<0;j=1tom

The first-order(linear) Taylor series expansion of the inequality constraints

of (x)/dx,, n,; = h,(x)/0x,, a, =dg,(x)/ox,,
Ax,

Define: f = f(x + Ax) — f(x), e; =—h;(x), b, =—g (x),
c,
d,

Matrix form
- 1 i . )
Minimize f = CT(1><n)d(nX1) -I-EdT(lxn)H(nxn)d(nxl) : Quadratic objective function

Subject to NT(pxn)d(nxl) —¢ : Linear equality constraints

(px1)

T s , : :
A (mxn)d(nxl) < b(mxl) : Linear inequality constraints

CETD bTSYsiem
%E%'& }iDesn n 9
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Solution Procedure of Quadratic Programming(QP) Problem
- Construction of Lagrange Function

- 1
[ d [ d [ T T
Minimize f =C (lxn)d(nxl) + Ed (IX”)H(nxn)d(nxl)

: T _
Subjectto N (pxn)d(nxl) = €px)

T T 2 _
A (mxn)d(nxn < b(mxl) » A (mxn)d(nxl) _b(mxl) +S(m><1) =0

Lagrange Function

1
L =C (lxn)d(nxl) + Ed (1X”)H(nxn)d(n><l)
T T 2
+Uu (1xm) (A (mxn)d(nxl) + S(mxl) o b(mxl))

T T
+ V (1xp) (N (Pxn)d(nxl) — e(l”d))

> (-
%‘f@g{% }ﬂ 3\22182' 10
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Solution Procedure of Quadratic Programming(QP) Problem
- Apply the K-T Necessary Condition to the Lagrange Function

Lagrange Function

|
T T

2

T T
+u (1><m)(A (mxn)d(nxl) +S(m><l) _b(mxl))

T T
TV (IXP)(N (pxn)d(md) _e(pxl))

Kuhn-Tucker Necessary Condition: VL(d,v,s,u) =0

oL(d,v,s,u)
8d = c(n><1) + H(nxn)d(nxl) + A(nxm)u(mxl) + N(nxp)V(pxl) = 0
(nx1)
oL(d,v,s,u) N d 0
ov =N gy T€0pa) =
(px1)
oL(d,v,s,u) T )
ou =A (mxn)d(nxl) TS ) _b(mxl) =0
(nx1)
oL(d,v,s,u)
5 Vo :uiSi:O’ 1=0to m
0S,

11



Solution Procedure of Quadratic Programming(QP) Problem
- Method 1: Direct Solving the Eqgs. from the K-T Conditions

Optimization problem Minimize f(X)= f(x;,%x,, ", X,)

Subjectto h(x)=0, i=1,....p Equality constraint

g.(x)<0, i=1,..,m Inequality constraint

Definition of L(x,v,u,s) = f(x)—l—Zvlhl (X)+Zu (g (X)+S )

Lagrange function

: Lagrange multiplier for the equallty constralnt(lt is free in sign.)
u; : Lagrange multiplier for the inequality constraint(Nonnegative)
s; : Slack variable transforming an inequality constraint to an equality constraint

| === - — -
oL o L Oh & . 0g, .
| —= f Z i_l+zuié:09 jzla L : Meth0d1 . . . . . .
| @xj 6x = 5xj = 8xj | - Find the solutions which satisfy the nonlinear indeterminate
| equations.
: G_L = h.(x*) =0, i=1 ..,p [ - Check whether the solutions satisfy the linear indeterminate
ov, | equations and determine the solution of this problem.
I oL - I - Human can find the solution of this problem easily by using
| —=g(x)+s =0, i=1 m this method.
1 1 > > o I
L o o o e o o e e e e e e -
Linear indeterminate equations
[ = = = = = = — —— —
l—=us =0, i=1, M
L‘%i_ _________ -

12



Solution Procedure of Quadratic Programming(QP) Problem
- Method 2: Formulate the Problem of the K-T Condition as a LP Problem (1/3)

Kuhn-Tucker Necessary Condition: VL(d,v,u,s) =0

oL oL T
ad . Cen T H iy + Ay Wity T Ny Vipay =05 ———=N"(pand ) = €1y =0
(nx1) (px1)
oL - OL
e . AT 2 —
aS -_ u LE'Z_; - O, l - 0 tO m """ @ au A(mX}’l)d(}’lXI) + S(le) _b(mxl) - O
i (nx1)

Multiply s; both side of the Equation @ Although the Equation @ is multiplied by s;,

the solution(u, =0 or s, =0) is not changed.

— ’
us;, = 0 » us, = 0

Transform Kuhn-Tucker Necessary Condition: VL(d,v,u,s) =0

oL oL ,
ad . ST H i@ty A e Wity Ny Vi) =0 ——— =N ) =€) =0
(nx]) (px1)
oL i oL
_ 1 2|_ . [) _ T 2 _
ds us; = 0, i=010 mw- @ P = A(mxn)d(nxl) S0y ~ Py = 0
S W

CETD bTSYsiem
é;ﬁ% Ly }iDesn n 13
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Solution Procedure of Quadratic Programming(QP) Problem
- Method 2: Formulate the Problem of the K-T Condition as a LP Problem (2/3)

Kuhn-Tucker Necessary Condition: VL(d, v,u,s) =0

oL oL .
T - c(nxl) T H(nxn)d(nxl) T A(nxm)u(mxl) + N(HXP)V(pXU - 0’ =N (pxn)d(”XI) N e(PXI) =0
(nx1) (px1)
oL i oL r Y
— = uE_S_._:Z 0, i=0t0 m- (1)’ 3 = A dm) HS () E—b(mxl) =0
0s, Yoy 0 T
7 .

Replace s; with S; (where s/ >0)
= 1
1 OL oL T I
: od = €ty T H (D ity T A (i Wty Ny V) = 05 ov =N ) =€) =0 :
: (nx1) (px1) :
:.'_'_'_'_'_'_'_'_'_'_'_'_'_'_'_'_'_'_'_'_T, """"" : I

oL ! oL I
= — r_ :_ | | . T ’ _ 1
1 ' [ ! u(nx1) Linear indeterminate equations)

-l - - -
l_Nonlmear indeterminate equations I

Check whether the solution obtained from the linear
indeterminate equations satisfies the nonlinear
indeterminate equations and determine the solution.

is a linear programming problem
only having the equality constraints.

where .57 >0; i=1tom

Since these equations are linear in
the variables d, s’, u, v, this problem

14



Solution Procedure of Quadratic Programming(QP) Problem
- Method 2: Formulate the Problem of the K-T Condition as a LP Problem (3/3)

Kuhn-Tucker Necessary Condition: VL(d, v,u,s) =0

[ ey T eeemEm e mm—— 1
1 OL oL T I
: 5d = c(n><1) + H(nxn)d(nxl) + A(nxm)u(mxl) + N(nxp)v(pxl) = 09 aV = N (pxn)d(nxl) o e(pxl) = 0 :
: (nx1) (px1) :
i.'_'_'_'_'_'_'_'_'_'_'_'_'_'_'_'_'_'_'_'_T: """"" : I
oL oL '
¥ — r_ : 1 | . T ’ . 1
: OS. Hidi O’ i=0t0m : : ou o A(mxn)d(nXI) T S(mxl) _b(iqul) - 0 _ _ :
LNonIilnear indeterminate equations : !._____(”_Xl_)___________ ______l_TEa_rln_dEtfr_m_m_ale_e_qga_tlgns_!
Since these equations are linear in
Check whether the solution obtained from the linear the variables d, s’, u, v, this problem
indeterminate equations satisfies the nonlinear is a linear programming prob'em
indeterminate equations and determine the solution. only having the equality constraints.
where .5 >0; i=1tom

Since the design variables d, « |, are free in sign, we may decompose them as follows to use
the Simplex method.

d(nxl) - d(+n><l) _d(_nxl)’ (diJr 2 O’ di_ > Oﬂl =110 I’l)

Also, the Lagrange multipliers V(,.i) for the equality constraints are free in sign, we may
decompose them as follows to use the Simplex method.

V(pxl) — y(pxl) _Z(pxl)a (yl > O, Zi > O, l:1 to p)

5 ‘%% §TSYsiem
% Design - 15
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Solution Procedure of Quadratic Programming(QP) Problem
- Method 2: Simplex Method for Solving Quadratic Programming Problem (1/2)

Kuhn-Tucker Necessary Condition: V.(d,v,u,s) =0

1 OL _ H_d . +A N ~0 L NT(pond —0 1
I od C 1) + (nxn) P (nx1) + () W (mx1) + nxp) Y(px1) — Us ov = (pxn)Q (;1%1) _e(pxl) — Y
1 (nx1) (px1) 1
________________________________________ iy ---------1 :
1 |
1 OL , I I oL !
| _:u-s-:O l=010m | = r ! — = 1
I By o > : " 3 A(mxn)d(nxl) +S(m><l) b(mxl) 0 1
1 I u(nxl) Linear indeterminate equationsl

Check whether the solution obtained from the linear
| indeterminate equations satisfies the nonlinear
indeterminate equations and determine the solution.

Since these equations are linear in
the variables d, s’, u, v, this problem
is a linear programming problem
only having the equality constraints.

where u,,5, 20; i=1tom

Because d and v are
free in sign.

g+ T + — L
Vipd) = Yoxty " Z(pys (1,20, 2,205 i=1 to p)

Matrix From

H(nxn) o H

AT(mxn) - AT(mxn)
T T

_N (pxn) — N (pxn)

(nxn)

A

0

(nxm)
(mxm)

(pxm)

J’_
d(nxl)
Jd _ _
(nx1)
0imy Ny N u — €l
(mxm) (mxp) (mxp) S, (mx1)
0 0 () e
(pxm) (pxp) (pxp) | | T(pxD) |
Yo
| Z(px) |

by using the Simplex method.

Introduce the artificial variables, define the artificial objective function, and solve the linear programming problem




Solution Procedure of Quadratic Programming(QP) Problem
- Method 2: Simplex Method for Solving Quadratic Programming Problem (2/2)

Matrix From

Introduce the artificial variables, define the artificial objective function, and
solve the linear programming problem by using the Simplex method.

+
d(nxl)
_ -1 d Yy ] _ _
. . (nx1) 1 .
H(nxn) H(nxn) (nxm) (nxm) (nxp) N(nxp) u Y c(n><1)
A’ ~A" 0 I 0 0 () 2 =| b
(mxn) (mxn) (mxm) (mxm) (mxp) (mxp) S' + . _ (mx1)
T N7 (mx1) .
_N (pxn) N (pxn) 0(p><m) O(p><m) 0(po) 0(po) i Y B e(pxl) ]
y(PXI) | “n+m+p |
| Z(px1) | Artificial variables

How to define the artificial objective function

1. Define an one equation by sum of all the equations from the 1t row to (n+m-+p)th row.
2. Define the sum of the all artificial variables(Y,+Y,+...+Y,.,.)) as an objective function(w).

- Determine an initial basic feasible solution (to satisfy the artificial objective function(w) to be
zero) for the linear programming problem by using the Simplex method (Phase 1).

- Check whether the initial basic feasible solutions satisfy the following nonlinear
indeterminate equations and determine that as a solution.

@—L:uisl.':O, i=0tom

OS.

l 17



Solution Procedure of Quadratic Programming(QP) Problem
- Summary of Method 2 of Simplex Method for Solving Quadratic Programming Problem

Kuhn-Tucker Necessary Condition(Matrix form)

B((n+m+p)><(2n+2m+2p))X((2n+2m+2p)><l) — D((n+m+p)><1)

Simplex Method for Solving Quadratic Programming Problem

1. The problem to solve the Kuhn-Tucker necessary condition is same with the problem having only
the equality constraints(linear programming problem).

2. To solve the linear indeterminate equations, we introduce the artificial variables, define the
artificial objective function, and determine the initial basic feasible solution by using the Simplex
method.

B((n+m+p)><(2n+2m+2p))X((2n+2m+2p)><1) + Y((n+m+p)><1) = D((n+m+p)x1)

If any of the elements in D is(are) negative, the corresponding equation must be multiplied by -1 to have a nonnegative element on the right side.

3. The artificial objective function is defined as follows.

n+m+p n+m+p 2(n+m+p) n+m+p 2(n+m+p)
w= D Y,=>D- > 2 BX =w+ )CX,
i=1 i=1 j=1 i=1 j=1

n+m+p n+m+p
where Cj = — Z By R WO = Z Dz' Initial value of the artificial objective function
i=l1 i=1 /
}dd the elements of the j th column of the matrix B and change its sign.(Initial relative objective coefficient).
4. Solve the linear programming problem by using the Simplex and check whether the solution

satisfies the following equation.
uiS; — O; [ = 1 fo m : This equation is used to check whether the solution satisfies this equatior:.8




Solution Procedure of Quadratic Programming(QP) Problem
- Comparison between Method 1 and 2

Optimization problem

Subjectto  h.(x) =0,

Definition of
Lagrange function

Minimize f(X) = f(-x19 Xys ' xn)
i=1,...,p Equality constraint

[ =1,...,m Inequality constraint

L(x,v,u,s) = f(x)+2vlhl(x)+2u (g.(X)+s7)

: Lagrange multiplier for the equallty constralnt(lt is free in sign.)

u; : Lagrange multiplier for the inequality constraint(Nonnegative)
s; : Slack variable transforming an inequality constraint to an equality constraint

| Ox,  Ox, 5 lﬁxj = Ox,

1 OL '

—=h((x)=0, i=1 ..,

I@Vl. l( ) p

|

Ia—ngl(x)+S;2=0, i=1, ,m
Vi o e o o e e e e e e e -
Linear indeterminate equations
o o — — = —
|8—L=uj‘sj‘=o, i=1, ,m :
L‘?Si_ _________ -

e mmmm o= e pp——
A LT SV S S

Method 1:

- Find the solutions to satisfy the nonlinear indeterminate
equations.

- Check whether the solutions satisfy the linear indeterminate
equations and determine the solution of this problem.

- Human can find the solution of this problem easily by using
this method.

Method 2:

- Find the solutions to satisfy the linear indeterminate
equations by using the Simplex method.

- Check whether the solutions satisfy the nonlinear
indeterminate equations and determine the solution of this
problem.

- Since the algorithm of this method is more systematical,
this method is useful for the computational approach.

19




7.2 Sequential Linear
Programming(SLP)

Naval Architecture & Ocean Engineering
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Sequential Linear Programming(SLP)

= Define the linear programming(LP) problem by linearizing the
objective function and the constraints in the current design point.

= Compute the design change by solving the linear programming
problem and obtain the improved design point.

x5 — x®) 4 q®)

Improved Current Design change obtained by solving the LP problem.
design design
point point

= This method is to find the optimal solution by solving the linear
programming problem sequentially.

e A SYstem
éfﬁaﬂg{% %Design 21
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Sequential Linear Programming(SLP)
- [Example] Problem with Inequality Constraints (1)

Minimize f(x)=x+x;—3xx,
1 1

Subjectto g,(x)=—x_ +—x> —1.0<0
6 6
g2(x):_‘x1£0 sz
g;(x)=—x <0
The starting design point: X' = (1,1),
=-25
& =& = 0.001 / / f=-20
g,=0 47 / sy
Choose move limits such that a f=-3
15% design change is permissible. 34 Fel
The optimal solution: 51 C X =4<3,73)
X =(V3,4/3), f(x)=-3 I
X — B g1=x12+x22'6.0=0
A | I ] I Vxl
1 2 3 4 \ g;=0 22




Sequential Linear Programming(SLP)

- [Example] Problem with Inequality Constraints (2)

Minimize f(X)=x+x,

1 1
—x}+—x;-1.0<0
6 6

—3x,x,

Subject to g,(X) =

g,(x)=-x, <0
g;(x)=-x,<0
(1) lteration 1(k = 0)

(i) Step 1

From the given point(starting point), the current design
point is as follows.

x? =(1,1), & =&, =0.001

g,=0 47

X5

7

3

(if) Step 2: Evaluate the objective and constraint function at the current design point.

f(la 1) -
g,(1,1)=—2<0 = Constraint is satisfied.
g, (L) = —1 < (0 = Constraint is satisfied.

g;(L1)=—1<0 = Constraint is satisfied.

Computer Aided Ship Design, I-7 Constrained Nonlinear Optimization Method, Fall 2013, Myung-Il Roh
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Sequential Linear Programming(SLP)
- [Example] Problem with Inequality Constraints (3)

Minimize f(x)=x+x: —3xx,

1 1
Subjectto g,(x)=— x1 -|—6x2—10<0 “
8=
gz(x):_xl <0
g;(x)=-x,<0

(1) Iteration 1(k =0) x =(1,1),¢, =&, =0.001

(iii) Step 3: Define the LP problem(linearize the objective function).

Minimize: f(X(O) +AX(O)) ~ f(X(O))+VfT (X(O))AX(O)
&

Minimize: (X7 +Ax7) - f(x7) =2 VT (x'7)Ax®

‘ A =dOvfT =L L]

Minimize: f(x'” +d")— f(x?) = [le -3x, 2x,- 3xl]

X(k+1)

J

0x,

el

The first-order(linear) Taylor series expansion
of the objective function

—x® 4 q®

24



Sequential Linear Programming(SLP)
- [Example] Problem with Inequality Constraints (4)

Minimize f(x)=x+x: —3xx,

1 1

Subjectto g, (Xx)=— x1 + 6x2 -1.0<0
gz(x):_xl <0
g,(x)=—x,<0

(1) Iteration 1(k =0) x© =(1,1),¢, =&, =0.001

(iii) Step 3: Define the LP problem(linearize the constraints).

. . (0) (0) (0) T o (0) 0 <) i— The first-order(linear) Taylor series
Subject to: g, (X7 + AT = & (x )+ng (XA <0 j=110m expansion of the constraints

e LD — g (0 4 g@®)

ngT (x)Ax"? < -g; (x); j=1tom

‘Ax(o) 4", Ve] =| % 2|, Ve (x")ax” = g, (Ax?) = g, (")

Subject to: 4O | 1 )
g (d(o)):> @ L 50 { : }S—(— x ) +—(x,” —1.0)
1 [ 407 d 6(1 ) 6( ) mmmm oo ; g(1,)=-2
_ 0] I d© 1d(0) 1d(°)£—l
2,@") =[x 0] Zl(o) <—(—x®) 4= * 73 gD =-1
- L
e @)=dst g ()=
|
: |

70 ] : —
e.@)=[0 0|4 |s-(-xno)  Substitute xT=(LD) 1
49 o Pl ul tgeitribn by 25
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Sequential Linear Programming(SLP)
- [Example] Problem with Inequality Constraints (5)

(iv) Step 4: Solve LP problem for the design change(d(©).

- Linearize the objective e .
Minimize [ =—-d, —d, function and constraints, | Minimize f(X)= xllz +X) 1_3x1x2
* _ 2 2
Subjectto +d, ++d, <= Subjectto g, (X) = o +gx2 ~1.0<0
_ e
dl S 1 f(lal) = _1’g1(151) = _%a g2 (X) xl o O
—d, <1 g, (L) =-1 g, (L) =-1 g;(x)=-x,<0
' 015<d <0150 ||V =C1-D.Ve =69,
LTI Vg, = (-10), Vg, = (0-1)
'-0.15<d, <0.15!
I 1

4/&

Limits must be imposed on changes

in design called move limit The graphical solution for

the linearized subproblem
is as follows.

Pl el

f=-d —-d,=-03

C
J_(:_d1_d2 0&

w
1

The design change

N

move limit —_ 77 \.\ is obtained.
2 A4 ¢ \\ 5\3 NI
A B d2='1
To solve the problem, the Simplex method can be used. d+d,=2

d=1 26



Sequential Linear Programming(SLP)
- [Example] Problem with Inequality Constraints (6)

(v) Step 5: Check for convergence by using the obtained design change d©.
d =(d,,d,)=(0.150.15)
Since Hd(O)H = \/0.152 +0.15* =0.212 > £,(= 0.001), the criterion for convergence is not satisfied.

(vi) Step 6: Update the design point as x**D) =x + d®. Set k = k+1 and go to Step 2.
xW =x"Y =xP +d =(1,1)+(0.15,0.15) = (1.15,1.15)

«‘U g b?SYstem
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Summary of Sequential Linear Programming(SLP)

Minimize f(x(k) + Ax(k)) ~ f(x(k)) n VfT(X(k))Ax(k)

Subject to ) (X(k) +AX)y =, (X(k))+Vh T (x®)Ax® =

The first-order(linear) Taylor series
expansion of the objective function

0,j=1top

The first- order(llnear) Taylor series expansion of the equality constraints

gj(x(k) +Ax") = gj(x( ))+ng (x"HAx" <0; j=1tom

The first-order(linear) Taylor series expansion of the inequality constraints

Define:

Minimize f :Zcidi

Subject to Znydl. =e; j=1ltop

i=1

Za d, <b;;j=1tom

where d <d <d. (Ax, (k)<Ax(k)<Ax

f=f(x+Ax)~ f(%), e, =~h,(x), b; =g (%),
¢, =0f (x)/0x,, n; =0h,(x)/0x,, a; =0g,,(x)/0x,,
d, = Ax,

Matrix form

o o o T
Minimize [ =c¢ @nd

(nx1) 1:uLlnearlzed objective

nction
Sub]eCt tON (Pxn)d(nxl) = e(p 1) col;::ter:::ted equality
A (mxn)d(nxl) < b : Linearized

(mx1) inequality constraint
» Linear Programming Problem

» It can be solved by using the Simplex method



Summary of the SLP Algorithm (1)

= Step 1: Estimate a starting design point as x(®. Set £ = 0.
Specify two small numbers, &, s/(criterion for violating
the constraints and convergence).

= Step 2: Evaluate objective and constraint function at
current design point x®, Also evaluate the objective and
constraint function gradients at the current design point.

= Step 3: Select the proper move limits Ax;® and Ax;® as
some fraction of the current design point. Define the
linear programming problem.

(k) (k) (k)
Ax, < Ax. < Ax,

M“U b;?!SY stem
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Summary of the SLP Algorithm (2)

= Step 4: Solve the linear programming problem for d® by
using the Simplex method.

= Step 5: Check for convergence. If, g. < g, (/ = 1 to m), |h|
<& (f=1to p), and || d¥|| < &, then stop and the current
design point x® is the optimal solution. Otherwise,
continue.

= Step 6: Update the design point as x**D=x + Ax®), Set k=
k+1 and go to Step 2.

Sth

T
30
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Limitations of SLP Method

M The move limits of the design variables should be defined by the user.

M If the move limits are too small, it take much time to find the optimal
solution.

M If the move limits are too large, it can cause oscillations in the design
point during iterations.

M Thus performance of the method depends heavily on selection of

move limits. 1(x)a Original objective function

Linearized opjective fynction Linearized objective function

» The optimal solution cannot
be obtained, because of the
oscillations in the design

point during iterations.

Z(n) x("}l)
x(n+2)

X

3



7.3 Sequential Quadratic
Programming(SQP)

Naval Architecture & Ocean Engineering

Laboratory
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Sequential Quadratic Programming(SQP)

» Define the Quadratic programming(QP) problem by approximating
quadratic form of the objective function and linear form of the

constraints at the current design point.

= Compute the design change by solving the quadratic
programming problem and obtain the improved design point.

x5 — x®) 4 q®)

Improved Current Design change obtained by solving the QP problem.
design design
point point

= This method is to find the optimal solution by solving the
Quadratic programming problem sequentially.

N SYstem
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Formulation of the Quadratic Programming Problem
to Determine the Search Direction

Minimize f(x+Ax)= f(x)+Vf' (x)Ax+0.5Ax" HAx

The second -order Taylor series expansion of the objective function

Subjectto h (x+Ax)=h, (x)+Vh, "(X)Ax=0;j=1t0 p

The first- order(llnear) Taylor series expansion of the equality constraints
g (x+Ax) = gj(x)+ng (x))Ax<0;j=1tom

The first-order(linear) Taylor series expansion of the inequality constraints

Define: = f(x+ Ax)— f(X), e, =—h,(x), b, =—g,(x),
c,
d,

of (x)/0x;, n,; =0h;(x)/0x;, a, =0g,;(X)/0x;,
Ax;

Matrix form
- 1 : L :
Minimize [ = CT(1><n)d(nX1) + EdT(IXH)H(an)d(nXI) : Quadratic objective function

Subject to NT(pxn)d(nxl) —¢ : Linear equality constraints

(px1)

T s : : :
A (mx”)d(nxl) < b(mxl) : Linear inequality constraints

U‘;o‘ bTSYsiem
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Algorithm of SQP

quadratic form.

Objective function is approximated to the

v

X7

Optimal ¢

Current design point

NP

\ségﬂon Improved design point
AV

Step 1

Define the quadratic
programming problem
at the current point.

<

Go to the Step 1 at the
improved design point.

Step 3

d©

Improved design point

Transform the constrained
optimal design problem to
the unconstrained problem
by modifying the objective
function which has added
penalty for possible
constraint violations to the
current value of the
objective function.

Then calculate the step size
using the one dimensional
search method, e.g., Golden
section search method.

Quadratic programming problem

- Objective function: quadratic form
- Constraint: linear form

Current design point

“w

Linearized Constraint

=

*1/

Step 2

Calculate the search direction(d©®) by
solving the quadratic programming
problem.

X

~

Stopping criteria

If the magnitude of the
search direction |d¥)| is
smaller than a small
value (epsilon), then
stop.




Difference between Sequential Quadratic Programming(SQP) and
CSD(Constrained Steepest Descent) Method

M Sequential Quadratic Programming(SQP)

B @ First, we define a quadratic programming problem for the
objective function and constraints at the current design point,
and find the search direction d®.

B 2 We define the penalty function by adding a penalty for
possible constraint violations to the current value of the
objective function, and calculate the step size «, to minimize the
penalty function. For determination of the step size, one
dimensional search method, e.g., Golden section search method
can be used. And we determine the improved design point.

B (3 At the improved design point, we go to @®

B The method is to find the optimal solution by solving the
quadratic programming problem sequentially.

M CSD(Constrained Steepest Descent) method
B This method is a kind of the SQP method.

B When defining the quadratic programming problem, the Hessian
matrix is assumed to be equal to the identity Matrix.

B This method uses the Pshenichny’s penalty function.

36



[Reference] If the Hessian matrix is equal to the Identity matrix, then the
objective function is approximated as a centric circle form.

Define the QP problem

To find the search direction(d®), we define the QP problem
at current design point.

The second-order Taylor series
. e 0 0)\ ~ 0 T (0 0 0)T 0 y
Minimize: {(x'” + Ax) = fF(x?)+ VT (x?)Ax? +0.5Ax " HAX” expansion of the objective

function

Minimize: f(x” + Ax") — f(x?) =2 VT (x)Ax? +0.5Ax " HAXx"”

0) _ 3(0) r_[o o . (In the CSD method, the Hessian matrix is assumed to
AXT =dL VS = [@Cl ox, ]’ H=1 be equal to the identity matrix.)

(0)
Minimize: f(x© +d) - f(x") = Bf . } o [+0.5(@ + ™)
X Xy 1o | @2

_ (0) (0)
7@z X7 jo  TXT) é" ) d® 105" +d?)

X1 X,
constant constant

SA@P)=cd” +c,d” +0.5d"* +d"?)

It has the same form of the equation of circle.

Form of the equation of circle: xl2 + x22 +ex, tex, +¢ = () a7



Solution Procedure of SQP Using the Example
- Determination of the Search Direction (1/5) [Iteration 1]

Minimize f(X) = x12 + X; —3)61)62 Optimal sqution:X* = (\/g, \/g),f(x*) =-3
1 |
Subject to g,(X) = gxlz —|—gxz2 -1.0<0
g, (x)=-x <0
g, (x)=—x,<0

Assume the starting pointis X" = (1,1).

(1) Iteration 1(k = 0)

(i) Step 1: Evaluate the objective function and
constraints at the current design point.

f(1,1)=-1

g (L1)= —% < (0 = Constraint is satisfied.

g2,(1,1)==1<0 = Constraint is satisfied.
g2,(1,1)==1<0 = Constraint is satisfied.

38



Solution Procedure of SQP Using the Example
- Determination of the Search Direction (2/5)

Minimize f(x)=x+x; —3xx,

1 1
Subjectto g,(Xx) :gxf +gx22 -1.0<0

g, (X)=-x<0

(1) Iteration 1(k =0) x© =(1,1)

(i i) Step 2 : Defi ne a QP prObIem(The objective function is approximated to the quadratic form.)-

Minimize: £ (x© + Ax?) = £(x?)+ VF (x?)Ax? +0.5Ax V" HAx

Minimize: f (x” + Ax'") - f(x'?) =2 VT (x?)Ax” +0.5Ax " HAx "

‘ MO =d" v =L L] H=1I
(0)

. d
Minimize: f(x® +d)~ f(x") = [2x, - 3x, 2xz—3x1]xm[l }0-5(015%015”2)

(0)
dz

F@) = 2x© =3x)d® +(2x" —3x)d +0.5d"? +d"?)
f@dP)=—-d” -d” +0.5d"” +d\"?)

Objective function is approximated I

to the first order term. T— Objective function is approximated to the second order term.

§39



Solution Procedure of SQP Using the Example
- Determination of the Search Direction (3/5)

Minimize f(X)=x+x; —3x,x,

1 1
Subjectto g,(X) :gxf +gx22 -1.0<0

g, (X)=-x<0
g (x)=-x,<0 =

(1) Iteration 1(k=0) x© =(1,1)

Subject to: g, (x? +Ax?) = g (x(o))+vg Tx)Ax” <0; j=1to m The first-order(linear) Taylor series expansion

- of the constraints

Vg]T(x(O))Ax(O) <-g; x); j=1tom

(0) N (0) T Jg; O

1 1
o) S—(—(xl(o)) +— ( (0)) —1.0) The constraints are linearized
6 6

Subject to:
g(d”):[£x” %xé‘”]{ )

|
: 1 |
o (dY:-[=x©@ 0 < (—x© : 341 3¢2 I
g,(d™) [ 1 ]_déo)_ ( 1 ) » : d1(0)<1 :
- |

[ 7(0)] [
§3(d(°)):[0 —xéO)] d, S—(—xz(o)) Substitute x'* =1, 1) —-d\” <1 :



Solution Procedure of SQP Using the Example
- Determination of the Search Direction (4/5)

(iii) Step 3: Solve the QP problem to find the search direction(d©).

Constrained Optimal Design Problem Quadratic Programming Problem
(Original problem) @ _ 5 5
Minimize [ =(—d, —d,)+0.5(d; +d,)

. | 1 S =-Lg()=-2, j 1
Subject to g,(x) = gxlz +gx§ —1L.0<O0||, 11y=1¢.a1=-1 Subjectto 3 d, +3 d2 - 3
Vf = (1Y = (). —d, <1
g,(x)=—x,<0 Ve, =(-10),Vg, = (0-1)
-d, <1

g;(x)=-x,<0

Minimize f(x)=x+x; —3xx,

Kuhn-Tucker necessary condition:V.(d,u,s) =0

Lagrange function

L=(-d,—d,)+0.5(d} +d) §7L=—1+d +1u, —u,=0 X The search direction is
= (l/ll,l/lz,l/l3) :(09090)9

+u[L(d, +d,—2)+s]] Se=—l+d,+{u —u; =0 .
+1t,(—d, = 1+5,) 2= Hd,+dy=2)+s; =0 ’ :(gl’fi’lii {414
+u,(—d, —1+57) _ _ ————_—( —————————— &
3 2 3 8u2 d 1+S2 =0 d(O) (dl d ) (1 1) |
L=—d,~1+s;=0 |

8_Si = MiSi = O, U= O, l — 1, 2,3 j * The search direction also can be

determined using the Simplex method. 41




Solution Procedure of SQP Using the Example
- Determination of the Search Direction (5/5)

——————————————— . . . XA

_The search direction is

d(o) =(d,,d,) =1, 1)' " determined.

(iv) Step 4: After the search direction(d(®) is determined, nfiylury pgint in the objective function
calculate the step size. ./ Y

#=0 % \mdw/ f=10
Calculate step size minimizing the value of the ] / f=-3
objective function along the search direction 3

f e o
x? = x© +7d® 1 ’ »
T T T / xO = (T; T =x/+x72-6.0=0

Improved Current Search direction obtained from the QP i >

design point design point problem % 4 . X,
u® = (u,,u,,u;)=(0,0,0),
Find
d =(d,,d,)=(1,1)

Find «, : Minimize f(X(l)) =f(X(O) +Eod(0)) =f(a0)
—E’Given‘__l_

The improved design point can be found along the search direction by minimizing the objective function. However, it
may violate the original constraints.

Therefore, a penalty function should be constructed by adding the penalty for possible constraint violations to the
current value of the objective function.

By property of the nature, the objective function is decreased when the constraints is violated.
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Solution Procedure of SQP Using the Example
- Definition of Penalty Function(Pshenichny’s Descent Function) (1/2)

Penalty function(Pshenichny’s descent function, CD(X(k) ))

By adding a penalty for possible constraint violations to the current value of the objective function,
the constrained optimal design problem is transformed into the unconstrained optimal design

problem:
where, o(x*) = f(x*)+ R, -V (x")
k: iteration number how many times the QP problem is defined approximately
F(x"): current(kth iteration) value of the objective function

V(x®) is either the maximum constraint violation among all the constraints or zero.
V(x®) is nonnegative. If all the constraints are satisfied, the value of the V(x®) is zero.

V(x(k)):maX{O; hl hz hp;g17g2’“.9gm}

2 2 2

where,
h,: value of the equality constraint function at the design point x®

g,: value of the inequality constraint function at the design point x®
R, is a positive number called the penalty parameter.

R, = maX{RO, rk}

Summation of all the Lagrange multipliers

m
(k) (k)
V! ‘ +Z m
i=1

Vz'(k) : Lagrange multipliers for the equality constraints(free in sign)

Initial value of R, is »
specified by the user. _

=2,

i=1

k
M,-( ): Lagrange multiplier for the inequality constraints(nonnegative)



Solution Procedure of SQP Using the Example
- Definition of Penalty Function(Pshenichny’s Descent Function) (2/2)

fx)= xf + xzz =3x,x, NN

1,1
gl(x)=8x1‘+gx22—l.0§0

&) =520
&(xX)=-1,20

(V) Step 5: Calculate the penalty parameter Rk(ln this example, the initial penalty parameter is assumed as R,=10.).

p m m
0) _ _ _ (k) Z (k) _ Z (0) _
u -’ = (u,u,,u;)=(0,0,0) and rk_zvi T /.U, o u; 0
i=1 i=l1 i=1
Since this problem does not have the equality
Therefore, R() — max {R() ] Vo} — max {1 0, O} —10 constraints, we do not consider the v..
T N N, P 1 (A N T T !
:CD(X( N=r&)+R, -V (x"Y) G = () () - Lo

|
». g(x") =Y !
|

| = X"+ x5 —=3x,%, +10- V(X)) rx) = max(0,¢,6), £,x*), .63, (k=0) o (x ) = 39
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Solution Procedure of SQP Using the Example
- Determination of the Step Size

(vi) Step 6:

By using the one dimensional search method, e.g.,
Golden section search method, 4
calculate the step size to minimize the penalty
function along the search direction(d(?), 3

and determine the improved design point.

O(x") = f(x)+ R -V (x)

=x_ +x; —3x,x, +10-V(x*)

P (x9) = max{0, g, (x*), g, (x*)), g, (x*))}, (h=0)

After the k-th search direction is found, one dimensional search for the step size
is started.

X(k’j) — X(k) +a d(k)
o

(k.J)
The iteration number k does not change during the one dimensional search for the step size.

O (x )= f (X7 )+ RV (X5 ),y (x0) = ma (0, (x), 1, (6, g, ()
=+

The iteration number k does not change during the one dimensional search method.

After completing the one
dimensional search, k is
changed to k+1:

(k,J) (k+1)

X is changed to X

45



Solution Procedure of SQP Using the Example
- Determination of the Step Size Using
the Golden Section Search Method (1/6

(vi) Step 6:

When ¢ ;, =0.0
X =x+a, -d9=11D+0-(1L1)=(,1)
(D(X(O’j)) — f(x“”f))+R0 .V(X(o,j)) — _1+10x0=—1

where, V (x*”) = max{0, g, (x*), g, (x*"), g, (x*/")}
=max{0,-%,-1,-1} =0

f(x)=x]+x; -3xx,

1 1
gl(X)=gx.2 +gx22—1.030

R, =max{R,,7,}

=max{10,0} =10
u(O) = (u15u29u3) = (050,0)




Solution Procedure of SQP Using the Example f(0=0x +x; -3xx, Ry = max{Ry,7}
- Determination of the Step Size Using g,(x)zéxﬁ+%x§—l.0£0 = max{10,03 =10
the Golden Section Search Method (2/6 x) = —x, <0 vt =(000)

(vi) Step 6:

1 @

/ @ xoy=(11,\D)
¢ Yoo~ g1=Xx7+x7-6.0=0

>

—_ *
Assume ¢, =0.1%

X =xO 4 g d® =1,1)+0.1-(1,1) =(1.1,1.1)

(0,/)
O (x*) = f(xO7)+ R, ¥ (x®7) =-1.21+10x0 = -1.21

where, V (x*) = max{0, g,(x"), g,(x*"), g, (")}
=max{0,—-0.57,-1.1,-1.1} =0

* The initial value of &, ; (0.1) is given by the user. It can be given as
another value, e.g., 0.5.




Solution Procedure of SQP Using the Example f(0=0x +x; -3xx, Ry = max{Ry,7}
- Determination of the Step Size Using g,(x)zéxﬁ+%x§—l.0£0 = max{10,03 =10
the Golden Section Search Method (3/6 x) = —x, <0 vt =(000)

(vi) Step 6:

2
X(9.2)=(1.262,1.262)
@
14 “x(0’1)=(1.1, N\
.'/x(o,m:(l’ 1) g2 =x12 +x22 -6.0=0
A
1 2 3 4 \ =0 X1
Search direction: d, =(L.1), k=0,;=2 ’
When a, , =0.1+1.618(0.1)=0.2618 CDI‘
X =x 4, -d® =(1,1)+0.262-(1,1) = (1.262,1.262) ot
O (x )= f(x@7)+ Ry -V (x*) ==1.592+10x 0 = =1.592 1 502
where, V(x*?) = max{0, g, (x'*?), g,(x"?), g, (x*?)}
= max {0,-0.469,—1.262,~1.262} = 0




Solution Procedure of SQP Using the Example f(0=0x +x; -3xx, Ry = max{Ry,7}
- Determination of the Step Size Using g,(x)zéxﬁ+%x§—l.0£0 = max{10,03 =10
the Golden Section Search Method (4/6 u = (0, 1,1) = (0.0.0)

X)=—x, <0

(vi) Step 6:

X02~(1.524, 1.524)
Ky =(1.262, 1.263

‘

>

8;=10 xl
Search direction: d, =(L.), k=0,;=3
When o, , =0.1+1.618(0.1)+1.6187(0.1) = 0.5236 CPI‘
x) = x“” Fa - d® =1L +0.524-(L1) = (1.524,1.524)
O (x*) = f(xO))+ R, -V (x*) = =2.321+10x 0 = -2.321 _y 5902
where, V(x") = max {0, g, (x"), g, (x""), g, (x*)} 2321
= max {0,—-0.226,—1.524,~1.524} =0




Solution Procedure of SQP Using the Example
- Determination of the Step Size Using
the Golden Section Search Method (5/6

(vi) Step 6:

x3~(1.524,1.524)
=(1.262,1260

f(x)=x}+x3 -3x,x, R, =max{R,, 7}

gl(x):leJrlez_l.()g() =max{10,0} =10
6 6 u® = (uy,uy,) = 0,0,0)

@

/‘ Xo,1=(1.1, D)
x(0,0)=(1, 1)

When a,, ,, = 0.1+1.618(0.1)+1.618*(0.1) +1.618(0.1)

=0.9472
xO) =x® 4 .d® =(1,1)+0.947-(1,1) = (1.947,1.947)

(0,/)

O (x) = f(x7)+ R, -V (x”)=-3.792+10x0.2638 = ~1.154

where, V(X(OA)) =max{0, g, (X(0’4) ), &> (X(0’4) ), &5 (X(O’4) )}
— max{0,0.2638,—1.947,-1.947} = 0.2638

¢ 81X +x22-60=0
A
| I | ! el
1 2 3 4 \ X
g:=0 1
A The minimum point exists.
@ X0=(1, 1) |« >
-1 X0 4 (1.947, 1.947)
| E
-1.154) =(1.1, 1.1)
-1.21) |
| | \lo.2=(1.262, 1.262)
-1.592| | |
L
| : : :
23210 1 |
[ | |
[ | | | |
[ | | | |
I | | | |
S - :
A 0001 | 05236 0.9472 B



Solution Procedure of SQP Using the Example F(x)=x7+x7 =3x.x,

- Determination of the Step Size Using g ()= 1% 21.0<0
the Golden Section Search Method (6/6) 6~ 6
g (x)=-x,<0
(vi) Step 6:
4 4
The value of the o, = 0.732 is found at which the 7
penalty function is minimized
in the interval between x'** and x'**. A

x3~(1.524,1.524)

X0 =x©@ 4o d® = (L) +0.732-(L,1) = (1.732,1.732)  priaeiiy®

1 @ _
1 5 @ xo.=(1.1,1\1)
f(x)=r(1.732,1.732) = 3 ¢ oo X 4xP-60=0
A
] I 1 | \ >
1 2 3 4 g,=0 Xy
A The minimum point exists.
@ X0=(1, 1) |« >
-1 X0,47(1.947,1.947)
-1.154 =(1.1, 1.1)
-1.21

0.2~(1.262, 1.262)
-1.592

-2.321
-3.000

-—————




Solution Procedure of SQP Using the Example
- Determination of the Search Direction (1/3) [Iteration 2]

(2) Iteration 2(k = 1)

(i) Step 1: Calculate maximum constraint violation of

all the constraints.
From the previous stage,

x" = (1.732,1.732)
f(x) = £(1.732,1.732) = —2.999824

Minimize f(x)=x+x, —3x,x,

Subject to gl(x)zéxl2 +%xz2 -1.0<0

g, (x)=—x,<0
g;(x)=-x,<0

g, (x")=g,(1.732,1.732) =—5.866x10° = Constraint s satisfied.

&> (X(l)) =-1.732 ®» Constraint is satisfied.

&3 (X(l)) =—1.732 ®» Constraint is satisfied.

V= V(x“)) — max {0;—5.866x107,-1.732,—1.732} = 0

And,
VF(x") =(2x, —-3x,,2x, —3x,) = (-1.732,~1.732)

Vg, (x")=(x,,1x,)=(0.577,0.577),Vg, = (-1,0),Vg, = (0,-1)

Computer Aided Ship Design, I-7 Constrained Nonlinear Optimization Method, Fall 2013, Myung-Il Roh
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Solution Procedure of SQP Using the Example Quadratic programming problem

- Constraint: linear form

- Objective function: quadratic form
- Determination of the Search Direction (2/3)

(ii&iii) Step 2&3: Define and solve the QP problem to determine the search direction(d).

Constrained Optimal Design Problem Quadratic Programming Problem
(Original problem) )
Minimize f(x)=x]+x; —3x,x, Minimize f =(-1.732d,-1.732d,)+0.5(d} +d.)
1 1 : -5
Subject to g,(X) =—x' +—x2-1.0<0 Subject to 0.577d,+0.577d, <5.866x10
6 £(1.732,1.732) = =3,Vf = (-1.732,—-1.732) —d, <1.732 where
g, (X)=-x<0 & (1.732,1.732) = -5.866x107, Vg, = (0.577.0.577)|  — g, <1.732 d = ’_1 739
| G . ’
x)=—x <0 2,(1.732,1.732) =—1.732,Vg, = (-1,0) ~
&) 1 g,(1.732,1.732) = —1.732,Vg, = (0,-1) d,=x,-1.732

|

Lagrange function Kuhn-Tucker necessary condition: V/.(d,u.s) =0

L=(-1.732d,-1.732d,) +0.5(d; +d;) , The search direction is
DO s =—1.732+d,+0.577u, —u, =0 4" = (d .d.)
+u,[0.577(d, +d,) 5866 <107 +s7] + = 17394 d. 40577 o 1%
o, e dy T U T U, = = (5.081x107,

+u,(—d, —1.732 +52)

i | 2L =0.577(d, +d,)—5.866x10° +57 =0 5.081x107)

L=—d -1.732+s; =0 u' = (uy,u,,uy)

| =(3,0,0

L= —d,-1.732+s; =0 5,0.0)

: aL3 s = (5155,553)

: _— = = > .:

& =S =0,u20,i=12,3 — (0, 1316, 1.316)
;Zf;?,i?:éﬁ“u‘ffﬁétiﬁé’ e e od, P 53




Solution Procedure of SQP Using the Example Quadratic programming problem

- Constraint: linear form

- Objective function: quadratic form
- Determination of the Search Direction (3/3)

(iv) Step 4: Check for the following stopping criteria.
dV =(d,,d,)=(5.081x10", 5.081x107)

4 =+/(5.081x10°f +(5.081x10°f =7.186x10* < &,(= 0.001) The stopping crieria s

satisfied.

(v) Step 5: Stop the iteration.

The candidate minimum solution: X = (\/5, \/g),f(x*) =3

where the Lagrange multiplier are:

u =(3,0,0)s =(0, 1.316, 1.316)

N“Uw‘ b?SYstem
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Summary of Sequential Quadratic Programming(SQP)

Optimization Problem
Minimize J(X)= f(x;,%,, ", X,)
Subjectto h(x)=0, i=1,..,p Equality constraints

g,(x)=0, i=1,...,m Inequality constraints

Pshenichny’s descent function: the penalty function is constructed by adding a penalty for possible constraint violations to
the current value of the objective function

(D(X(k)) = f(X(k)) + Rk . V(X(k)) (k is the iteration number how many times the QP problem is defined.)

V(x®) is either the maximum constraint violation of all the constraints or zero.
V(x®) is nonnegative. If all the constraints are satisfied, the value of the V(x®) is zero.

V(x(k)):maX{O; ), |h, hp;gpgz:“'agm}

M M >

R, is a positive number called the penalty parameter(initially specified by the user).
p m
_ _ (k) (k)
R, =max 4R, rk(—Z‘vl. ‘+Zui )
T ' i=1

i=l1
\: Summation of all the Lagrange multipliers

The improved design point is determined as follows:

x 5D — x () a, 4w

Improved Current 1 LSearch direction obtained from the QP problem
design point design point

Step size calculated by one dimensional search method(ex. Golden section search method) =

5



7.4 Determine the Search Direction of
the Quadratic Programming Problem
by Using the Simplex Method

Naval Architecture & Ocean Engineering
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Formulation of the Quadratic Programming Problem (1/5)

Quadratic programming problem
- Objecti\{e function: quadratic form
Solve the QP problem to determine the search direction(d(®) - Constraint: finear form

Constrained Optimal Design Problem Quadratic Programming Problem
Original problem . .. 7
(Original p ) Minimize [ =(—d,—d,)+0.5(d} +d3)

Subjectto +d ++d, <=

Minimize f(x)=x;+x: —3x,x,

. 1 1
Subjectto g,(x)=—x' +—x; —1.0<0|[fan=-1gan=-3,
6 6 g (L) =-1g,LD)=-I —d, <1
X)=—X S O Vf:(_la_1)5Vg1 = %’% ’
() ! Vg, = (~1,0),Vg, = (0,-1) —d , S 1 where

g3(X)=—X2SO 4 d1:x1_1, d2:x2_1

Kuhn-Tucker necessary condition =,  Graphical Representation

Lagrange function

L=(-d,—d,)+0.5(d; +d;) sr=-1+d +7u,—-u,=0
+u[L(d, +d, —2)+5] sr=—l+d,+3u,—u; =0
+u2(_d1_1+522) g—Li:l(d -I—d —2)+S12=O
+uy(~d, —1+5;) Loog 1457 =0

- =—d, ~1+s;=0

L=yus, =0,u>0,i=1,2,3

0s;




Formulation of the Quadratic Programming Problem (2/5)

Kuhn-Tucker necessary condition

Quadratic Programming Problem
) a—dl:—1+d+ u —u, =0
Minimize f =(-d,—d,)+0.5(d +d;)

6d2_ —1+d, +3u, —u; =0
Subjectto +d, ++d, <3

L=1(d +d,-2)+s =0

—-d, <1 u
—-d, <1 o =—d, ~1+s=0
6u3 ~d, —1+5. =0

S=us=0,u 20, i=1,2,30us’=0,u,>0,i=1,2,3
Multiply the both side of equations by s,

Kuhn-Tucker necessary condition Kuhn-Tucker necessary condition

6_d1__1+d+ u —u, =0 a—dl——1+d+ u, —u, =0

sr=—1+d,+5u—u; =0 Represent S’ to adz— —1+d, +3u,—u,; =0
2 ’ P i
Replace $; with S;

L =1(d +d,-2)+s =0 S; for the L =1(d +d,-2)+s =0
> =¢'">0 ! convenience !
i i 8u2 —d —1—|—S2 =0 gTLzz—d _]_|_52:0
6u3——d —1+s; =0 6u3_ —d,—-1+5,=0
S=us; =0 L =ys, =0
u,s >0,i=1,2,3 u,s, 20,i=1,2,3
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Formulation of the Quadratic Programming Problem (3/5)

Quadratic Programming Problem

Minimize f =(-d,—d,)+0.5(d’ +d?)
Subjectto d, +5d, <3

—d, <1
—d, <1

Matrix form

1

Minimize f = CT(1x2)d(2xl) +§dT(1X2)H(2x2)d(2xl)

Subject to Al

where,

(3><2)d(2x1) < b(3><1)

Assume that H,,, is equalto I ,,,,.

Kuhn-Tucker necessarv condition
—1+d +iu,—u, =0

6d1 -

—=—l+d,+3iu, —u, =0
L=i(d+dy=2)+s =0
&L= g —1+s,=0

ou,

L =—d —145,=0

6u3
OL
0s;

u,s, 20,i=1,2,3
How can we express the Kuhn-
Tucker necessary condition in
matrix form(d, ¢, H, A, b)?

8d2

=us, =0

59



Formulation of the Quadratic Programming  ¢.,| e | b=y 1]
Problem (4/5) | 2

Kuhn-Tucker necessary condition R | U

6—611_5"1121’_1"1,21"52_:()"5 {—Ha’lﬂu1 uz}
: o =l+d, 4w —u :
GraTltd, +qu—uy =00 | o
-------------------------------------- . : | u 1
w el el e ot < of4]
Ou; 1 1 E | = + +| 3 U, |
o ; -1 o 1|a T 0 -1 2
S  —1+s,=0 E— ------ i i Us ||
L=, ~1+s, = | TSt Menten PAesten T

—us. =0 : : !

Os; iPi E i (d +d 2)+S1 % % J S % i

u,s, >20,i=1,2,3 Ll —d 1+, =-1 0 { 1}+ s, |-|1] |

Lot d, |

| —d,—1+s, 0 -1 s 1]

E = AT(3><2)d(2><l) TS _b(3><1) =0 E

l Matrix form

‘%3 bTSYsiem |
% Design . 60
Computer Aided Ship Design, I-7 Constrained Nonlinear Optimization Method, Fall 2013, Myung-Il Roh v D) Loboraiory



Formulation of the Quadratic Programming Problem (5/5)

In order to use the Simplex method, we decompose into two variables, because the design

variables d, ., are free in sign: g+ -
oD d(le) - d(le) B d(2><1)

Kuhn-Tucker necessary condition in Matrix form: VL(d",d ,u,s) =0

+
d(2><1)
Hoo) | 7Hoo) | Agg) | Vo) | dea || ~Can
T : T : . o
A (3x2) | -A (3x2) 0(3><3) i I(3><3) u(3><1) b(3x1)
=B 5.0 RE = D5,
=X(10><1) R
SR P B L PN e
whnere (2x1) — + Y exn = _ ac(2x1): s M (2x0) = > £X(2x3) T > (3x1) —
d; d, ~1 0 1 O |
(1 0:-1 0iif -1 0:0 0 O
0 170 114 0 -1{0 0 0
Boy=|+ +i-34 -+i0 0 0:1 00
-1 0{1 0:i{0 0 0:0 1 0
0 -1: 0 1:i0 0 0:0 0 1

XT(IXIO):[d1+ dy d d;, w u, u;, s s, S3],DT(1x5):[l 1 21 l]
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Formulation of the Quadratic Programming Problem

to Find the Search Direction bx Using the Simelex Method

Kuhn-Tucker necessary condition(matrix form)

B(leO)X(IOxl) = D(le)

‘1 0 -1 0 + -1 0 0 0 O]
o I 0 -1 1 0 -1000
L1190 0 0 100
-1 0 1 0 0 0 0 010
0 -1 0 1 0 0 0 0 0 1]

We want to find.

S

f

W

[ SN

» This problem is to find X in the linear programming problem only having the equality

constraints.

®» u.s. =0;i =170 3 : Check whether the solution obtained from the linear indeterminate
equation satisfies the nonlinear indeterminate equation and determine the solution.

Computer Aided Ship Design, I-7 Constrained Nonlinear Optimization Method, Fall 2013, Myung-Il Roh
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Determine the Search Direction by Using the Simplex Method
- Iteration 1 (1/6)

Simplex method to solve the quadratic programming problem

1. The problem to solve the Kuhn-Tucker necessary condition is the same with the problem having
only the equality constraints (Linear Programming problem).

2. To solve the linear indeterminate equation, we introduce the artificial variables, define the
artificial objective function , and then determine the initial basic feasible solution by using the

Simplex method.
B(leO)X(IOXI) + Y(le) = D(le)

Artificial variables

3. The artificial objective function is defined as follows.

w= ZY ZD ZZBX—WO+ZCX

j=1 i=1

where C = —Z B : Add the elements of the j th column of the matrix B and change the its
J 4 sign.(Initial relative objective coefficient).

ZD =1+1 + 24+1+1= 74 : Initial value of the artificial objective function

(summation of the all elements of the matrix D)

4. Solve the linear programming problem by using the Simplex and check whether the solution

satisfies the foIIowing nonlinear equation.
us, = 0 1 =1 to 3 : Check whether the solution obtained from the linear indeterminate equation
satisfies the nonlinear indeterminate equation and determine the squtlon 63



Determine the Search Direction by Using the Simplex Method

- Iteration 1 (2/6)

M

B(leO)X(IOxl) + Y(le) = D(le) »

Artificial variables

Define the artificial objective function for using the Simplex method:

1
0
1
3
-1
0

W= = O

e}

oS O O

-1

o O O O

0
-1
0

o O~ O O

oS = O O O

—_ o O O O

d1+(: Xlﬂ
d, (= X;) Y
d,(=X,) Y:
u (= X5) iy
u,(= Xy) Y,
us(= X;) Y
si=Xg) | 5
$,(= Xy)
| 55(= X)) |

Sum all the rows(1~5): X, +3X, —3X; -3 X, 43X, - X - X, + X+ X+ X+ L+ L + Vi + Y, + Y, =

Express the artificial function as

1

w and rearrange: 3

T X XA X S XA XA X - X - X - X = w—S

w

w|E

14

3

X1 X2 X3 X4 X5 X6 X7 X8 X9 | X10 [ Y1 Y2 Y3 Y4 Y5 bi bi/ai
Y1 1 0 -1 0 1/3 -1 0 0 0 0 1 0 0 0 0 1
Y2 0 1 0 -1 1/3 0 -1 0 0 0 0 1 0 0 0 1
Y3 1/3 | 1/3 [-1/3|-1/3] O 0 0 1 0 0 0 0 1 0 0 2/3 2/3
Y4 -1 0 1 0 0 0 0 0 1 0 0 0 0 1 0 1
Y5 0 -1 0 1 0 0 0 0 0 1 0 0 0 0 1 1
A.Obj. [ -1/3|-1/3 | 1/3 | 1/3 | -2/3 1 1 -1 -1 -1 0 0 0 0 0 ([w-14/3

y

Artificial objective
function

Sum all the elements of the row and change the its sign (ex. Row 1: -(1+0+1/3-1+0)=-1/3)

—_— = W =

64



Determine the Search Direction by Using the Simplex Method
- Iteration 1 (3/6)

2 X1 X2 X3 X4 X5 X6 X7 X8 X9 | X10 | Y1 Y2 Y3 Y4 Y5 bi bi/ai
Y1 1 0 -1 0 1/3 -1 0 0 0 0 1 0 0 0 0 1
Y2 0 1 0 -1 1/3 0 -1 0 0 0 0 1 0 0 0 1
X8 1/3 | 1/3 | -1/3 | -1/3 0 0 0 1 0 0 0 0 1 0 0 2/3
Y4 -1 0 1 0 0 0 0 0 1 0 0 0 0 1 0 1 1
Y5 0 -1 0 1 0 0 0 0 0 1 0 0 0 0 1 1
A.Obj. [ 0 0 0 0 -2/3 1 1 0 -1 -1 0 0 1 0 0 w-4
3 X1 X2 X3 X4 X5 X6 X7 X8 X9 | X10 | Y1 Y2 Y3 Y4 Y5 bi bi/ai
Y1 1 0 -1 0 1/3 -1 0 0 0 0 1 0 0 0 0 1
Y2 0 1 0 -1 1/3 0 -1 0 0 0 0 1 0 0 0 1
X8 1/3 | 1/3 | -1/3 | -1/3 0 0 0 1 0 0 0 0 1 0 0 2/3
X9 -1 0 1 0 0 0 0 0 1 0 0 0 0 1 0 1
Y5 0 -1 0 1 0 0 0 0 0 1 0 0 0 0 1 1 1
A. Obj. | -1 0 1 0 -2/3 1 1 0 0 -1 0 0 1 1 0 w-3
4 X1 X2 X3 X4 X5 X6 X7 X8 X9 | X10 | Y1 Y2 Y3 Y4 Y5 bi bi/ai
Y1 1 0 -1 0 1/3 -1 0 0 0 0 1 0 0 0 0 1 1
Y2 0 1 0 -1 1/3 0 -1 0 0 0 0 1 0 0 0 1
X8 1/3 | 1/3 | -1/3 | -1/3 0 0 0 1 0 0 0 0 1 0 0 2/3 2
X9 -1 0 1 0 0 0 0 0 1 0 0 0 0 1 0 1
X10 0 -1 0 1 0 0 0 0 0 1 0 0 0 0 1 1
A. Obj. | -1 -1 1 1 -2/3 1 1 0 0 0 0 0 1 1 1 w-2
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Determine the Search Direction by Using the Simplex Method

- Iteration 1 (4/6)

S X1 X2 X3 X4 X5 X6 X7 X8 X9 | X10 | Y1 Y2 Y3 Y4 Y5 bi bi/ai
X1 1 0 -1 0 1/3 -1 0 0 0 0 1 0 0 0 0 1
Y2 0 1 0 -1 1/3 0 -1 0 0 0 0 1 0 0 0 1 1
X8 0 1/3 0 -1/3 | -1/9 | 1/3 0 1 0 0 -1/3 0 1 0 0 1/3 1
X9 0 0 0 0 1/3 -1 0 0 1 0 1 0 0 1 0 2
X10 0 -1 0 1 0 0 0 0 0 1 0 0 0 0 1 1
A.Obj. [ 0 -1 0 1 -1/3 0 1 0 0 0 1 0 1 1 1 w-1
6 X1 X2 X3 X4 X5 X6 X7 X8 X9 | X10 | Y1 Y2 Y3 Y4 Y5 bi bi/ai
X1 1 0 -1 0 1/3 -1 0 0 0 0 1 0 0 0 0 1
X2 0 1 0 -1 1/3 0 -1 0 0 0 0 1 0 0 0 1
X8 0 0 0 0 -2/9 | 1/3 | 1/3 1 0 0 1/3 1 -1/3 1 0 0 0
X9 0 0 0 0 1/3 -1 0 0 1 0 1 0 0 1 0 2
X10 0 0 0 0 1/3 0 -1 0 0 1 0 1 0 0 1 2
A.Obj.| 0 0 0 0 0 0 0 0 0 0 1 1 1 1 1 w-0

Since the value of the objective
function becomes zero, the initial
basic feasible solution is obtained.
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Determine the Search Direction by Using the Simplex Method
- Iteration 1 (5/6)

6 X1 X2 X3X4 X5 X6 X7X8X9X10 " VA R B R ~ —
30 N N 7 O N N N N I
2ot jofafmfofa]ojofojo]t|ofo]jof
L8 Jo o oo 93| u3] 1o |0 33| 1 |0 |0 F o
Lo jojojojojmsfajojol o jojolji]of 2
X0 dofojofofmafofajojo o]t |ojol1f 2 ;
A. Obj 0 0 0 0 0 0 0 0 0 0 1 1 1 1 1 w-0

Since the value of the objective function

Xoao =l di & d w5 s s] e T

X,=X,=X. =X, =X, =

This solution satisfies the nonlinear indeterminate equation(X, X,,, =0;i=577,X, >0;i =1t010)

So, the optimal solution isd, =d, =1,u; =u, =u, =0,s, =0,s, =5, =2,

=® Caution: In the Pivot step, if the smallest(i.e., the most negative) coefficient of the artificial objective function
or the smallest positive ratio“bi/ai”’ appears more than one time, the initial basic feasible solution can be
changed depending on the selection of the pivot element in the pivot procedure.

» We have to check the solution until the nonlinear indeterminate equation(u;*s;=0) are satisfied. 67



Determine the Search Direction by Using the Simplex*Method==x +» -3xx,

- Iteration 1 (6/6)

The optimal solution for this problem is d, =d, =1,u, = u,

Why are the values of u, and s, are zero at the same time?
Quadratic Programming Problem

Minimize  f =(—d,—d,)+0.5(d] +d;)
Subjectto +d ++d, <=
~d, <1
~d, <1
This example is graphically represented in the right side.

Sl :OH

However, fortunately, the optimal solution is on
the linearized inequality constraint(g,(x), d,+d,=2).

U, =u, =0——

The optimal solution is in the region satisfying the inequality constraints
of d,=-1>0, d,=-1> 0 which are inactive.

u, =0,s, =0,s, =5, =2.

1
Subject to g,(X) =gx12 +gx22 -1.0<0

2 1 =

g,(x)=-x,<0 A

The optimal solution is on the inequality constraint(g,(x)) and is equal to the
optimal solution of the objective function to be approximated to the second
order. Therefore, although we do not consider the inequality constraint g,(x),
the optimal solution of QP problem is not changed. (g,(x) does not affect the
optimal solution of this problem.)
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Determination of the Step Size for the_Penalty Function of

the Pshenichny’s Descent Function by Using the Golden Section Search Method &=

f(x)= xl R

)c1 +1x2—10<0
6

-3x,x,

M

The value of theo, = 0.732 is found at which the
penalty function is minimized
in the interval between x(*? and x(%.

X

1 _

=x" +q,-

d®

= (1,1)+0.732-(1,1) = (1.732,1.732)

f(x)=r(1.732,1.732) = 3

x3~(1.524,1.524)
=(1.262,1260

g (x)=-x,<0

| “x(o y=(1.1, D)
¢ "o, 1) X2 +x,72-60=0
A
I T T I >
1 2 3 4 \ X
g;=0 1
A The minimum point exists.
@ X0=(1, 1) |« >
-1 | X047 (1.947,1.947)
-1.154| =(1.1, 1.1)
-1.21 :
| | \lo.=(1.262, 1.262)
-1.592, |, |
P [
o :
|
2320 1.732{1.732)
-3.000{ : | | :
|
: | | : [ |
A R |
A 0001 1 05236 ¢.732  0.9472 B
0.261 69



Determine the Search Direction by Using the Simplex Method
- Iteration 2 (1/10)

Quadratic programming problem
- Objecti\{e fupction: quadratic form
Solve the QP problem to determine the search direction(d(®) - Constraint: linear form

Constrained Optimal Design Problem Quadratic Programming Problem
(Original problem)

e o e y; 2 2
Minimize f(x)= x12 N xf “3xx, Minimize [ =(-1.732d,-1.732d,)+0.5(d; +d,)

Subject to 0.577d,+0.577d, <5.866x107

| 1
Subject to g,(x) = gxlz +gx22 —-1.0<0

£(1.732,1.732) = =3,Vf = (-1.732,-1.732) —d, <1.732 where
g, (x)=—x,<0 ¢/(17321.732) = -5.866 <107, Vg, = (0.577.0577)|  — . <1.732 J =% 1732
17 M . ’
x)=—x. <0 g,(1.732,1.732) = -1.732,Vg, = (-1,0) ~
& (%) : g,(1.732,1.732) = -1.732,Vg, = (0,-1) dy =x,—1.732

1

Lagrange function Kuhn-Tucker necessary condition:VL(d.u.s) =0

L=(-1.732d,-1.732d,)+0.5(d; +d3) | & =-1.732+d, +0.577u, ~u, =0
+1,[0.577(d, +d,) = 5.866x107° +s7] L =—1.732+d, +0.577u; —u, =0

+1uy(=d, = 1.732+5,) | 2L=0.577(d,+d,)~5.866x107° +57 =0
+u(—d, —1.732 + 57 oL _ 2 _
(=4, ;) o = 173245, =0 1. Multiply the both side by s, and
587L3 =—d,~1.732+5> =0 replace s;2 with s;’.

2. Represent s;’ to s, for the

L —ys =0,u>0,i=1,2,3 .
i convenience.

L Os;
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Determine the Search Direction by Using the Simplex Method

- Iteration 2 (2/10)

Quadratic Programming Problem '

Minimize  f = (~1.732d, —1.732d,)+0.5(d” +d?)

Subject to

Minimize

Subject to

where

' Kuhn-Tucker necessary condition

| 3d,
I

0.577d, +0.577d, <0 o
—d, <1.732 o
Matrix form ! ;2
I Guy

Ve T 1 T : oL
f=c w2 d 5, -I-Ed ) H 5,0)d 2, s,

AT(3><2)d(2><1) S b(3><1)

___________ Assume that H..) is equalto 1)
:d {dl} {—1.732} {1 o}
1oy = €y = > T 9u0) = )
: Vol d, ! 1.732 0 1
: 0 |
| 0577 -1 0
:A(M) 10577 0 -1 ®V 1732
| ' 1.732

Vo _

=-1.732+d,+0.577u, —u, =0
—-1.732+d, +0.577u, —u, =0
(d,+d,)—5.866x107 +5, =0
d —1.732+s5,=0
=—d,—1.732+s, =0

us, =0,u,s, 20,i=1,2,3
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Determine the Search Direction by Using the Slmple:x M{é@hgd{

- Iteration 2 (3/10)

Kuhn-Tucker necessary condition

g—;_rl 732+d, +0.577u, —u, =0 |
—:_‘_1_7?_2_+_fl__f_()_ STT 120
pS77(d +d,)~5.866x107 +5, =0
552 —;—d ~1.732+s, =0
L=td,~1.732+5,=0 '
S=us=0,u,s,20,i=1,2,3

~1.732+d, +0.577u, —u,
-1.732+d, +0.577u, —u,

> [-1732] [1 0][d] [0.577 -1 0
! u
a2 o 1|4 |Tos7r 0 -
: Uy
= Con tHoodoy +AGaUey =0
' [-0.577d, —0.577d, +s, | [0.577 0.577 o1 [ 0
| ~d, —1.732+s, =| -1 0 { 1} s, |—|1.732
: d
5 —d, —1.732 +s, 0 -1 =727 |s | |1.732

Since the design variables d,,, are free in sign, we

may decompose them as follows for using the
Simplex method.

l Matrix form

d(2><1) — d(+2x1) - d(_2><1) d(+2x1)
H(2><2) - H(2><2) A(2><3) 0(2><3):| d(_2><1) . {_ c(le)}
AT(3><2) - AT(3><2) 0(3><3) I(3><3) “(3x1) - b(3><1)
=B(5><10) | S | = D(5><l)

=X(1O><1)
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Determine the Search Direction by Using the Simplex Method
- Iteration 2 (4/10)

Kuhn-Tucker necessary condition: VL(d",d ,u,s) =0

[ 4+
d(2><1)
Hoo) | “Hoy) | Agg) | 0o || dogy || ~Can
T : T i | T
A'x2) | —ATGx) | 0(3><3) i I(3><3) U3, b(3><1)
= B(5><10) | SGx1) = D(5><1)
=X(10><1)
0
I Al N ~1.732 10 0.577 -1 0
Where’ d(ZXI): d;— ’d(2><1): dz_ ’c(ZXI): _1732 ’H(2><2)= O 1 ’A(2><3): 0577 O -1 ’b(3><1): 1.732
1.732
] 0 i -1 0 10577 -1 0i0 0 0]
0 1 i 0 1 10577 0 —1i0 0 0
B, =|0.577 0577 {-0.577 0577 { 0 0 0 il 0 0
-1 0o | 1 0O {0 0 0:i0 1 0
0 -1 © 0 1 10 0 0i0 0 1

X ooy =|d dy di dy wouy, uy s s, sy | DT =[1732 1732 0 1732 1.732]
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Determine the Search Direction by Using the Simplex Method

- Iteration 2 (5/10)

Kuhn-Tucker necessary condition(matrix form)

B(leO)X(IOxl) = D(le)

1 0 -1 0 0577 -1
0 1 0 -1 0577 0
0.577 0.577 —-0.577 —0.577 0 0
-1 0 1 0 0 0
0 -1 0 1 0 0

» This problem is to find X in the linear programming problem only having the equality

constraints.

0
-1
0
0
0

oS O = O O

oS = O O O
_e O O O

S5

(1.732 ]

1.732

1.732

1.732

We want to find.

®» 1.5 =0;i =170 3: Check whether the solution obtained from the linear indeterminate
equation satisfies the nonlinear indeterminate equation and determine the solution.

Computer Aided Ship Design, I-7 Constrained Nonlinear Optimization Method, Fall 2013, Myung-Il Roh

%TEQ;

oz SYstem
%Desn n

D Loboratory
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Determine the Search Direction by Using the Simplex Method
- Iteration 2 (6/10)

Simplex method to solve the quadratic programming problem

1. The problem to solve the Kuhn-Tucker necessary condition is the same with the problem having
only the equality constraints(linear programming problem).

2. To solve the linear indeterminate equation, we introduce the artificial variables, define the
artificial objective function and determine the initial basic feasible solution by using the Simplex

method.
B(leO)X(10xl) + Y(le) = D(le)

Artificial variables

3. The artificial objective function is defined as follows.

5 5 10 5 10
W= Z:,Yl = Z:‘D" -2 2B X, =w, +Z;CJXJ
1= 1= /=

j=1 i=l

5
where C = —Z B : Add the elements of the j th column of the matrix B and change the its
J P y sign.(Initial relative objective coefficient).

5
W, = E D =14+14+2+1+41=12 :nitial value of the artificial objective function
l 3 3 - .
im1 (summation of the all elements of the matrix D)

4. Solve the linear programming problem by using the Simplex and check whether the solution

satisfies the following equation.
—0:i=1t03" Check whether the solution obtained from the linear indeterminate equation
us =01=1to i : : ; : : :
1l satisfies the nonlinear indeterminate equation and determine the solution. -



Determine the Search Direction by Using the Simplex Method

- Iteration 2 (7/10) ra
d;

-1 d- _ -
1 0 -1 0 0577 -1 0 0 0 O dl_ 1.732
0 1 0 -1 0577 0 -1 0 0 Of | |1.732
ul
B X +Y —D W 0577 0577 -0577 0577 0 0 0 1 0 0 =l 0
(5x10)“™(10x1) (5x1) (5x1) _1 0 | 0 0 0 0 0 1 0 u, 1732
Artificial variables 0 -1 0 1 0 0 0 0 o0 1||"™] 1732
i s | B4
)
Define the artificial objective function for using the Simplex method L 55

Sum the all rows(1~5): 0.577X, +0.577X, —0.577X, —0.577X, +1.154X, = X, - X, + X, + X, + X,  + Y, + Y, + Y, + Y, + ¥, =6.928
w

~0.577X,-0.577X, +0.577X, +0.577X, —1.154 X, + X, + X, - X, — X, — X,, = w—6.928

Replace the summation of the all
artificial to w and rearrange:

1 X1 X2 X3 X4 X5 X6 X7 X8 X9 X10 Y1 Y2 Y3 Y4 Y5 bi bi/ai
Y1 1 0 -1 0 0.577 1 0 0 0 0 1 0 0 0 0 1.732 3
Y2 0 1 0 -1 0.577 0 1 0 0 0 0 1 0 0 0 1.732 3
Y3 |0.577 | 0.577 [-0.577(-0.577| O 0 0 1 0 0 0 0 1 0 0 0 -
Y4 -1 0 1 0 0 0 0 0 1 0 0 0 0 1 0 1.732
Y5 0 -1 0 1 0 0 0 0 0 1 0 0 0 0 1 1.732

A. Obj.|-0.577|-0.577 | 0.577 | 0.577 | -1.154 1 1 -1 -1 -1 0 0 0 0 0 ([w-6.928

Artificiaﬁobjectiv:\ o1

function Sum all the elements of the row and change the its sign (ex. 1 row: -(1+0+1/3-1+0)=-1/3) 76



Determine the Search Direction by Using the Simplex Method
- Iteration 2 (8/10)

12 X1 X2 X3 X4 X5 X6 X7 X8 X9 X10 Y1 Y2 Y3 Y4 Y5 bi bi/ai
X5 |[1.732 | 0.000 |-1.732| 0.000 | 1.000 |-1.732( 0.000 | 0.000 | 0.000 | 0.000 | 1.732 | 0.000 | 0.000 | 0.000 | 0.000 | 3.000 |-1.732
Y2 (-1.000| 1.000 | 1.000 | -1.000| 0.000 | 1.000 |-1.000 | 0.000 | 0.000 | 0.000 (-1.000| 1.000 | 0.000 | 0.000 | 0.000 | 0.000 | 0.000
Y3 |[0.577 | 0.577 |-0.577 | -0.577 | 0.000 | 0.000 | 0.000 | 1.000 | 0.000 | 0.000 | 0.000 | 0.000 | 1.000 | 0.000 | 0.000 | 0.000 | 0.000
Y4 (-1.000| 0.000 | 1.000 | 0.000 | 0.000 | 0.000 | 0.000 | 0.000 | 1.000 | 0.000 | 0.000 | 0.000 | 0.000 | 1.000 | 0.000 | 1.732 | 1.732
Y5 [ 0.000 |-1.000 | 0.000 | 1.000 | 0.000 | 0.000 | 0.000 | 0.000 | 0.000 | 1.000 | 0.000 | 0.000 | 0.000 | 0.000 | 1.000 | 1.732

A. Obj.| 1.423 [-0.577 |-1.423| 0.577 | 0.000 | -1.000| 1.000 {-1.000 |-1.000 |-1.000 | 2.000 | 0.000 | 0.000 | 0.000 | 0.000 |w-3.464

-3 ——

X1 X2 X3 X4 X5 X6 X7 X8 X9 X10 Y1 Y2 Y3 Y4 Y5 bi bi/ai
X5 10.000 | 1.732 | 0.000 |-1.732| 1.000 | 0.000 (-1.732( 0.000 | 0.000 | 0.000 | 0.000 | 1.732 | 0.000 | 0.000 | 0.000 | 3.000
X3 (-1.000| 1.000 | 1.000 |-1.000 | 0.000 | 1.000 {-1.000| 0.000 | 0.000 | 0.000 |-1.000| 1.000 [ 0.000 | 0.000 { 0.000 | 0.000
Y3 | 0.000 | 1.155 | 0.000 |-1.155]| 0.000 | 0.577 |-0.577 ( 1.000 | 0.000 | 0.000 |-0.577| 0.577 | 1.000 | 0.000 | 0.000 | 0.000
Y4 | 0.000 |-1.000| 0.000 | 1.000 | 0.000 |-1.000| 1.000 | 0.000 | 1.000 | 0.000 | 1.000 {-1.000| 0.000 | 1.000 | 0.000 | 1.732
Y5 [ 0.000 |-1.000 | 0.000 | 1.000 | 0.000 | 0.000 | 0.000 | 0.000 | 0.000 | 1.000 | 0.000 | 0.000 | 0.000 | 0.000 | 1.000 | 1.732 | 1.732
A. Obj.| 0.000 | 0.845 | 0.000 |-0.845| 0.000 | 0.423 |-0.423(-1.000 | -1.000|-1.000 [ 0.577 | 1.423 | 0.000 | 0.000 | 0.000 |w-3.464
{4 ——
X1 X2 X3 X4 X5 X6 X7 X8 X9 X10 Y1 Y2 Y3 Y4 Y5 bi bi/ai
X5 10.000 | 1.732 | 0.000 |-1.732| 1.000 | 0.000 (-1.732( 0.000 | 0.000 | 0.000 | 0.000 | 1.732 | 0.000 | 0.000 | 0.000 | 3.000
X3 (-1.000| 1.000 | 1.000 |-1.000 | 0.000 | 1.000 {-1.000| 0.000 | 0.000 | 0.000 |-1.000| 1.000 [ 0.000 | 0.000 { 0.000 | 0.000
Y3 | 0.000 | 1.155 | 0.000 |-1.155| 0.000 | 0.577 |-0.577| 1.000 | 0.000 | 0.000 |-0.577| 0.577 { 1.000 | 0.000 | 0.000 [ 0.000
Y4 | 0.000 |-1.000| 0.000 | 1.000 | 0.000 |-1.000( 1.000 | 0.000 | 1.000 | 0.000 | 1.000 |-1.000 | 0.000 | 1.000 | 0.000 | 1.732 | 1.732
X10 [ 0.000 |-1.000| 0.000 | 1.000 | 0.000 | 0.000 | 0.000 | 0.000 | 0.000 | 1.000 | 0.000 | 0.000 | 0.000 | 0.000 | 1.000 | 1.732
A. Obj.[ 0.000 |-0.155| 0.000 | 0.155 | 0.000 | 0.423 (-0.423|-1.000|-1.000| 0.000 | 0.577 | 1.423 | 0.000 | 0.000 | 1.000 |w-1.732




Determine the Search Direction by Using the Simplex Method
- Iteration 2 (9/10)

= X1 X2 X3 X4 X5 X6 X7 X8 X9 X10 Y1 Y2 Y3 Y4 Y5 bi bi/ai
X5 [ 0.000 | 1.732 | 0.000 |-1.732| 1.000 | 0.000 |-1.732| 0.000 | 0.000 | 0.000 | 0.000 | 1.732 | 0.000 | 0.000 | 0.000 | 3.000 | 1.732
X3 |-1.000| 1.000 | 1.000 |-1.000 | 0.000 | 1.000 (-1.000 | 0.000 [ 0.000 | 0.000 |-1.000| 1.000 | 0.000 | 0.000 [ 0.000 [ 0.000 | 0.000
Y3 |[0.000 | 1.155 | 0.000 | -1.155| 0.000 | 0.577 |-0.577 | 1.000 | 0.000 | 0.000 {-0.577| 0.577 | 1.000 | 0.000 | 0.000 | 0.000 | 0.000
X9 [ 0.000 |-1.000( 0.000 | 1.000 | 0.000 |-1.000( 1.000 | 0.000 | 1.000 | 0.000 | 1.000 |-1.000( 0.000 | 1.000 | 0.000 | 1.732 |-1.732
X10 | 0.000 |-1.000| 0.000 | 1.000 | 0.000 | 0.000 | 0.000 | 0.000 | 0.000 | 1.000 | 0.000 | 0.000 | 0.000 | 0.000 | 1.000 | 1.732 |-1.732

A. Obj.[ 0.000 |-1.155| 0.000 | 1.155 | 0.000 | -0.577 | 0.577 |-1.000| 0.000 | 0.000 | 1.577 | 0.423 | 0.000 | 1.000 | 1.000 (w-0.000

1.6 X1 X2 X3 X4 X5 X6 X7 X8 X9 X10 Y1 Y2 Y3 Y4 Y5 bi bi/ai
X5 |[1.732 ]| 0.000 |-1.732| 0.000 | 1.000 |-1.732| 0.000 | 0.000 | 0.000 | 0.000 | 1.732 | 0.000 | 0.000 | 0.000 | 0.000 | 3.000 | 1.732
X2 (-1.000| 1.000 | 1.000 |-1.000 | 0.000 | 1.000 {-1.000| 0.000 | 0.000 | 0.000 {-1.000| 1.000 [ 0.000 | 0.000 { 0.000 | 0.000 | 0.000
Y3 [ 1.155]0.000 [-1.155| 0.000 | 0.000 |-0.577 | 0.577 | 1.000 | 0.000 | 0.000 | 0.577 |-0.577 | 1.000 | 0.000 | 0.000 | 0.000 | 0.000
X9 |-1.000| 0.000 | 1.000 | 0.000 | 0.000 | 0.000 | 0.000 { 0.000 | 1.000 | 0.000 | 0.000 | 0.000 | 0.000 | 1.000 | 0.000 | 1.732 (-1.732
X10 |-1.000( 0.000 | 1.000 | 0.000 | 0.000 | 1.000 |-1.000 | 0.000 | 0.000 | 1.000 [-1.000| 1.000 | 0.000 | 0.000 | 1.000 | 1.732 |-1.732

A. Obj.[-1.155( 0.000 | 1.155 | 0.000 | 0.000 | 0.577 |-0.577 |-1.000 | 0.000 | 0.000 | 0.423 | 1.577 | 0.000 | 1.000 | 1.000 (w-0.000

L7 X1 X2 X3 X4 X5 X6 X7 X8 X9 X10 Y1 Y2 Y3 Y4 Y5 bi bi/ai
X5 | 0.000 | 0.000 | 0.000 | 0.000 | 1.000 [-0.866 |-0.866 (-1.500 | 0.000 | 0.000 | 0.866 | 0.866 | -1.500| 0.000 [ 0.000 | 3.000
X2 1 0.000 | 1.000 | 0.000 |-1.000| 0.000 | 0.500 [-0.500 0.866 | 0.000 | 0.000 |-0.500| 0.500 | 0.866 | 0.000 | 0.000 | 0.000
X1 1.000 | 0.000 [-1.000( 0.000 | 0.000 |-0.500| 0.500 | 0.866 | 0.000 | 0.000 | 0.500 |-0.500 | 0.866 | 0.000 | 0.000 | 0.000
X9 | 0.000 | 0.000 | 0.000 | 0.000 | 0.000 |-0.500 0.500 | 0.866 | 1.000 | 0.000 | 0.500 | -0.500| 0.866 | 1.000 | 0.000 | 1.732
X10 | 0.000 | 0.000 | 0.000 | 0.000 | 0.000 | 0.500 | -0.500| 0.866 | 0.000 | 1.000 [-0.500| 0.500 | 0.866 | 0.000 | 1.000 | 1.732

A. Obj.[ 0.000 | 0.000 | 0.000 | 0.000 | 0.000 | 0.000 [ 0.000 | 0.000 | 0.000 | 0.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 (w-0.000




Determine the Search Direction by Using the Simplex Method
- Iteration 2 (10/10)

EOXATH X2 HEXETHE XA IXS HITXe X7 K8 XS X0 Y1 | Y2 | Y3 | Y4 | Y5 | bi | bi/ai

X5 il 0.000 | 0.000 | 0.000 | 0.000 | 1.000 |-0.866 | -0.866 |-1.500 | 0.000 | 0.000 | 0.866 | 0.866 |-1.500| 0.000 | 0.000 f 3.000

X2 i 0.000 | 1.000 | 0.000 |-1.000 | 0.000 | 0.500 |-0.500| 0.866 | 0.000 | 0.000 |-0.500| 0.500 | 0.866 | 0.000 | 0.000 [ 0.000
X1 [ 1.000 | 0.000 |-1.000 | 0.000 | 0.000 |-0.500 | 0.500 | 0.866 | 0.000 | 0.000 | 0.500 |-0.500 | 0.866 | 0.000 | 0.000  0.000

X9 il 0.000 | 0.000 | 0.000 | 0.000 | 0.000 |-0.500 | 0.500 | 0.866 | 1.000 | 0.000 | 0.500 |-0.500| 0.866 | 1.000 | 0.000 f 1.732

X10 [ 0.000 | 0.000 | 0.000 | 0.000 | 0.000 | 0.500 |-0.500| 0.866 | 0.000 | 1.000 |-0.500 | 0.500 | 0.866 | 0.000 | 1.000 f 1.732
A. Obj.[ 0.000 | 0.000 | 0.000 | 0.000 | 0.000 | 0.000 | 0.000 | 0.000 | 0.000 | 0.000 | 1.000 | 1.000 | 1.000 | 1.000 | 1.000 (w-0.000

X, =3, X,=0, X, =0, X,=1732, X,=1.732

X=X, =X, =X, =X, =

This solution satisfy the nonlinear indeterminate equation(X X,  =0;i=577,X, >0;i =1¢010).
So, the optimal solutionis d, =d, =0, u, =3, u, =u, =0, 5, =0, s, =5, =1.732.

» In the Pivot step, if the smallest(i.e., the most negative) coefficient of the artificial objective function or the

smallest positive ratio “bi/ai” appears more than one time, the initial basic feasible solution can be
changed by depending on the selection of the pivot element in the pivot procedure.

=» We have to find and check the solution until the nonlinear indeterminate equation(u,*s;=0) is satisfied.
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7.5 Summary of the Sequential
Quadratic Programming(SQP)
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Formulation of the Quadratic Programming Problem
to Determine the Search Direction

Minimize f(x+Ax)= f(x)+Vf' (x)Ax+0.5Ax" HAx

The second-order Taylor series expansion of the objective function

Subjectto h (x+Ax)= hj(x)+thT(x)Ax=O;j =1t0 p

The first-orde][(linear) Taylor series expansion of the equality constraints
g (x+Ax)=g . (x)+Vg, (x)Ax<0;j=1tom
The first-order(linear) Taylor series expansion of the inequality constraints
Define: f = f(x+Ax)~ f(X), e; = ~h;(x), b, =g ,(X),
¢, =0f (x)/0x;, n, =0h,(x)/0x,;, a, =0g,(x)/0x,,
d, = Ax,

Matrix form

- 1 . :
Minimize [ = CT(1><n)d(nX1) +EdT(1X”)H(nxn)d(nx1) : Quadratic objective function

Subject to NT(pxn)d(nxl) =@ ,, :Linearequality constraints

T - . . .
A (mx”)d(nxl) < b(mxl) : Linear inequality constraints

‘%3 bTSYs!em :
%&E& Design - 81
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Determination of the Step Size
by Using the Golden Section Search Method

Trial design point for which the descent condition is checked
(k)

X(k’f) =X+ a(k’j)d(k) ®» How can we determine the value of the ¢ to find the improved design point?

Find the improved design point which minimizes the descent function more than the current point
by changing ¢, ;. (One dimensional search method, such as the Golden section search method, can
be used.)

(k+1) by using the one dimensional search method such

(k+1) )

Determination of the improved design point X

as the Golden section search method(x(k’j) is changed to X

After finding the interval in which the minimum lies, find the minimum point, x, by reducing
the interval(Golden section search method).

D(x),

»

D (x)1

The interval in which the
minimum lies

The interval in which the
minimum lies

|
|

[ |
| |
[ |
[ |
[ [
[ l [
I | I
la | al
| l >

—

|

|

|

|

|

L

|
g=01 12

|
|
: . I
i ------ NEsEmEmEmEn :-- iI:
| 3 4 0.6181 +———T>1e——>0.3821
0 52.6185.2365 9.4725 16.3265 o Q, Ta,, a, o
251 &a a';y Lower limit X(k+l) Upper limit
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Formulation of the Quadratic Programming Problem

_ |
° ° ° T T
Mlnlmlze f =C (lxn)d(nxl) + Ed (1X”)H(n><n)d(n><1)

Subject to NT(pxn)d(nxl) = €px)
T
A (mxn)d(nxl) < b(mxl)

l Assumption: H, ., = L,x,

_ 1 1
. e . T T T T
Subject to NT(pxn)d(nxl) =€ . » Since Hy,, = I,x, the objective function is
a quadratic form.
AT(W”)d(nxn < b(mxl) =» All constraints are linear.

=» This problem is called the convex
programming problem and any local
optimum solution is also a global optimum
solution.

CETD bTSYsiem
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Flow Diagram of the SQP Algorithm

Define the QP problem to determine the search

direction d®) and calculate the Lagrange multiplier |«
at the given design point x(%).
v
Solve the QP problem(solution: search direction
d®, Lagrange multiplier) by using the Lagrange
function and Kuhn-Tucker necessary condition.

eck for the stopping criteriz
| d®| < &, and the maximum
onstraint violation V, <

Find the improved design point(x(¥*?) to minimize the
descent function along the search direction(d¥) by
using the one dimensional search method(ex: Golden

section search method)

Sequential
Quadratic
Programm

ing

Setx' =

x (k)

and stop.
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Summary of the SQP Algorithm (1/2)

M Step 1: Set k= 0. Estimate the initial value for the design
variables as x®. Select an appropriate initial value for the
penalty parameter R, and two small nhumber ¢, ¢, that
define the permissible constraint violations and
convergence parameter values, respectively.

M Step 2: At x®, compute the objective and constraint

functions and their gradient. Calculate the maximum
constraint violation V,.

M Step 3: Using the objective and constraints function
values and their gradients, define the QP problem. Solve
the QP problem to obtain the search direction d®(= x*+D
- x®) and Lagrange multiplier v®¥ and u®.

;T!SY stem
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Summary of the SQP Algorithm (2/2)

M Step 4: Check for the stopping criteria | d®| < ¢, and the maximum
constraint violation V,< ¢,. If these criteria are satisfied then stop.
Otherwise continue.

M Step 5: Calculate the sum r, of the Lagrange muiltiplier. Set R =
max{R,, r }.

M Step 6: Set x®)=x®+ q, ., d®, where o=, ; is a proper step size. As
for the unconstrained problems, the step size can be obtained by
minimizing the descent function along the search direction d®. The
one dimensional search method, such as the Golden section search
method, can be used to determine the optimum step size.

(If the one dimensional search method is completed, the current
design point x*) is changed to x**1.)

M Step 7: Save the current penalty parameter as R, = R. Update the
iteration counter as k =k+1 and go to Step 2.

N SYstem
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Effect of the Starting Point in the SQP Algorithm

| Define the QP problem to determine the search I

H H di ion d® and calcul he L Itipli
The starting point can affect performance L i v design st |
1 ' [ Solve the QP probl 'It': h directi
of the algorithm. || Lagrange it by wing e Logranie
1

function and Kuhn-Tucker necessary condition.

eck for the stopping criteria
| d®| < &, and the maximum
onstraint violation V<

Set x* = x
and stop.

For example, at some points, the Quadratic
Programming problem defined to determine

the search direction may not have any (S e i S
<olution. nle

This does not mean that the original L e AT
problem is infeasible.

The original problem may be highly

nonlinear, so that the linearized constraints

may be inconsistent giving infeasible

Quadratic Programming problem.

No

This situation can be handled by either
temporarily deleting the inconsistent
constraints or starting from another point.

Gt SNgSYstem :
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[Appendix] Another Method for
Solving Nonlinear Indeterminate
Equations

Applying the Simplex Method

Naval Architecture & Ocean Engineering

R bﬂ' SYstem
Desn n
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Applying the Simplex Method

- Eliminate variables using relevant equations and introduce new ‘virtual’ linear variables x'.

Kuhn-Tucker necessary condition: VL(x,u,s,{,06) =0

a—L=—2+2x1—2ul—u2—é’1:O, oL
Ox, Oox,
a—L=—2x1—x2+4+S12=0, oL
ou, ou,
8_L:2u1S12 =0, a—L=2u2S§ =0 oL
S s I

= Redefine s as s

Reformulated Kuhn-Tucker necessary condition:

a—L:—2+2xl—2u1—u2—§1=0, oL
Ox, Oox,
a—L=—2)cl—xz+4+sl'=0, oL
ou, ou,

L L L
a—=2ulsl' =O,a—=2u2S; =0 oL

Sy o) 1

=-2+2x,—u,—2u, -4, =0
roaL
=—x,—2x, +4+5, =0 i —=-x+5 =0 i
I ! I
: :
:241512 :O,a_Lzzé,zazz :OSugstltute: 8[4 _ x2+522 :0 :
06, | o, :
where ©;,$;,5; =0
=-2+2x,—u,—2u, -4, =0
=—x,—2x,+4+s, =0
oL
=20 x =0, — =2Lx, =0
§1x1 > 852 gzxz whereui, i’Si'9xi 20

We eliminate two variables using relevant two equations and
also introduce new variable s’ instead of s2.
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Applying the Simplex Method of Phase 1
for Solving Linear Indeterminate Eguations (1/9)

Kuhn-Tucker necessary condition: VL(x,u,s,{,06) =0

L, a0 Ly sy w7 Jl Linearindsterminate squatons
I ox
: Xy 2 !
[ |

:8L —2x,—x,+4+s =0, oL =—x,—2x,+4+s, =0 I
l@ul ou, |

oL~ _~, oL T, T~ ~eL .~ oL ..~

—=2u;5, =0,—=2u,s, =0 —=2{,x, =0, =24,x,=0 where 1, s, x>0

Sl aS2 1 o) 19 125719

Solve the linear indeterminate equations by using the Simplex method of Phase 1.

Define the standard LP problem

X, X
X, Xy
(2 0 -2 -1 -1 0 O Ofu | [2] (2 0 -2 -1 -1 0 0 O uwu| [2]
0 2 -1 -2 0 -1 0 Ofju,| |2 »02—1—20—1001,12_2
(1-2 -1 0 0 0 0 1 0fc¢g -4 21 0 O O O -1 0/C¢ 4
olz2.0. 0 0 0 0 1)al l=4li (120 0 0 0 0 -1fg| [4
Multiply both side of the constraints by -1 Sl' Sl'
B BN

< Q2 SYstem |
B w
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Applying the Simplex Method of Phase 1
for Solving Linear Indeterminate Eguations (2/9)

Introduce the artificial variables to treat the linear equality constraints.

_xl(: Xl)_
X, (= X))

20 2 -1 -1 0 0 O0lluE=Xxy| [Y] [2
02 -1 2 0 -1 0 0 u2(=X4)+Y2_2
21 0 0 0 0 -1 0[|&E=X)| || |4
12 0 0 0 0 0 -1)|&HEX)| | (4]
S{(:X7)
| 5,(=X5)

Define the artificial objective function as sum of all the artificial variables (Y,+Y,+Y;+Y,).

S5x,+5x,—3u, —3u, -, —-¢, -5, —s,+ Y+, + Y, +Y, =12
w

—5x, = 5x, +3u, +3u, + £, + &, + 5 +5, = w—12 : Artificial objective function

CETD bTSYsiem
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Applying the Simplex Method of Phase 1
for Solving Linear Indeterminate Eguations (3/9)

0

1

— N O N
[\

-2
-1

o O

-1 -1
-2 0
0 O
0 O

0
-1

0

0

0
0
-1
0

-1

] u (= X;)

xl(:Xl)_
X, (=X),)

u,(=X,)
¢ (=X5)

4/2(: X6)
S{(:X7)

| 5, (=Xy) |

P SN SIS

R S S\ I\

—5x,—5x, +3u, +3u, + £, + &, + 5 + 5, = w—12 : Artificial objective function

1 X1 X2 X3 X4 X5 X6 X7 X8 Y1 Y2 Y3 Y4 bi bi/ai
Y1 2 0 -2 -1 -1 0 0 0 1 0 0 0 2 1
Y2 0 2 -1 -2 0 -1 0 0 0 1 0 0 2
Y3 2 1 0 0 0 0 -1 0 0 0 1 0 4 2
Y4 1 2 0 0 0 0 0 -1 0 0 0 1 4 4
A.Obj. | -5 -5 3 3 1 1 1 1 0 0 0 0 w-12
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Applying the Simplex Method of Phase 1
for Solving Linear Indeterminate Eguations (4/9)

2 X1 X2 X3 X4 X5 X6 X7 X8 Y1 Y2 Y3 Y4 bi bi/ai
X1 1 0 -1 -1/2 | -1/2 0 0 0 1/2 0 0 0 1
Y2 0 2 -1 -2 0 -1 0 0 0 1 0 0 2 1
Y3 0 1 2 1 1 0 -1 0 -1 0 1 0 2 2
Y4 0 2 1 1/2 | 1/2 0 0 -1 -1/2 0 0 1 3 3/2
A.Obj.| O -5 -2 1/2 | -3/2 1 1 1 5/2 0 0 0 w-7
3 X1 X2 X3 X4 X5 X6 X7 X8 Y1 Y2 Y3 Y4 bi bi/ai
X1 1 0 -1 -1/2 | -1/2 0 0 0 1/2 0 0 0 1
X2 0 1 -1/2 | -1 0 -1/2 0 0 0 1/2 0 0 1
Y3 0 0 5/2 2 1 1/2 -1 0 -1 -1/2 1 0 1 2/5
Y4 0 0 2 5/2 | 1/2 1 0 -1 -1/2 | -1 0 1 1 1/2
A.Obj.| O 0 -9/2 | -9/2 | -3/2 | -3/2 1 1 5/2 | 5/2 0 0 w-2
4 X1 X2 X3 X4 X5 X6 X7 X8 Y1 Y2 Y3 Y4 bi bi/ai
X1 1 0 0 |3/10 |-1/10| 1/5 | -2/5 0 1/10 | -1/5 | 2/5 0 7/5 | 14/3
X2 0 1 0 -3/5 | 1/5 | -2/5 | -1/5 0 -1/51 2/5 | 1/5 0 6/5
X3 0 0 1 4/5 | 2/5 | 1/5 | -2/5 0 -2/5 | -1/5 | 2/5 0 2/5 1/2
Y4 0 0 0 |9/10 |-3/10| 3/5 | 4/5 -1 [3/10 | -3/5 | -4/5 1 1/5 2/9
A.Obj.| O 0 0 |-9/10| 3/10 | -3/5 | -4/5 1 7/10 | 8/5 | 9/5 0 w-1/5
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Applying the Simplex Method of Phase 1
for Solving Linear Indeterminate Eguations (5/9)

S X1 X2 X3 X4 X5 X6 X7 X8 Y1 Y2 Y3 Y4 bi bi/ai

X1 1 0 0 0 0 0 -2/3 | 1/3 0 0 2/3 (-1/3 | 4/3

X2 0 1 0 0 0 0 |7/15 | -2/3 | 2/5 0 |-7/1512/15| 4/3

X3 0 0 1 0 2/3 | -1/3 |-10/9( 8/9 | -2/3 | 7/15 [ 10/9 |-8/45( 2/9

X4 0 0 0 1 -1/3 | 2/3 | 8/9 [-10/9| 1/3 | -2/3 | -8/9 | 2/9 2/9 -
A. Obj. 0 0 0 0 0 0 0 0 1 1 1 1 w-0

Since the value of the objective function becomes zero, the initial basic feasible solution is obtained.
/ !

T —
X(1x8)_|:x1 X, U U, G G, S8,

One of the initial basic feasible solutions is X;=X,=4/3, X;=X,=2/9, X:=X=X=X=0.

_ _ 4 _ _2 _ O A
xl—x2—3,u1—u2—9,§1—§2—S1—S2 _O

And this solution satisfies the following nonlinear equations(constraints).
u,s; =0, wus =0, £x=0, ¢x,=0

Therefore, the optimal solution of this problemis x, = x, =3,u, =u, =5,§, =, =5, =5, =

This result is same as that obtained by the first method.

5 ‘%% STSYsiem
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Applying the Simplex Method of Phase 1
for Solving Linear Indeterminate Eguations (6/9)

Instead of choosing the first column as the pivot column, we can choose the second column,

because the coefficient of the objective function is same.

1 X1 X2 X3 X4 X5 X6 X7 X8 Y1 Y2 Y3 Y4 bi bi/ai
Y1 2 0 -2 -1 -1 0 0 0 1 0 0 0 2
Y2 0 2 -1 -2 0 -1 0 0 0 1 0 0 2 1
Y3 2 1 0 0 0 0 -1 0 0 0 1 0 4 4
Y4 1 2 0 0 0 0 0 -1 0 0 0 1 4 2
A.Obj. | -5 -5 3 3 1 1 1 1 0 0 0 0 w-12
2 X1 X2 X3 X4 X5 X6 X7 X8 Y1 Y2 Y3 Y4 bi bi/ai
Y1 2 0 -2 -1 -1 0 0 0 1 0 0 0 2 1
X2 0 1 -1/2 | -1 0 -1/2 0 0 0 1/2 0 0 1
Y3 2 0 1/2 1 0 1/2 -1 0 0 -1/2 1 0 3 3/2
Y4 1 0 1 2 0 1 0 -1 0 -1 0 1 2 2
A.Obj. | -5 0 1/2 -2 1 -3/2 1 1 0 5/2 0 0 w-7
3 X1 X2 X3 X4 X5 X6 X7 X8 Y1 Y2 Y3 Y4 bi bi/ai
X1 1 0 -1 -1/2 | -1/2 0 0 0 1/2 0 0 0 1
X2 0 1 -1/2 | -1 0 -1/2 0 0 0 1/2 0 0 1
Y3 0 0 5/2 2 1 1/2 -1 0 -1 -1/2 1 0 1 2/5
Y4 0 0 2 5/2 | 1/2 1 0 -1 -1/2 | -1 0 1 1 1/2
A.Obj. [ O 0 -9/2 | -9/2 | -3/2 | -3/2 1 1 5/2 | 5/2 0 0 w-2
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Applying the Simplex Method of Phase 1
for Solving Linear Indeterminate Eguations (7/9)

4 X1 X2 X3 X4 X5 X6 X7 X8 Y1 Y2 Y3 Y4 bi bi/ai
X1 1 0 0 |[3/10]|-1/10| 1/5 | -2/5]| 0 |[1/10| -1/5| 2/5 0 7/5
X2 0 1 0 |-6/10| 1/5 | -2/5|-1/5| O |[-1/5| 2/5 | 1/5 0 6/5
X3 0 0 1 4/5 | 2/5 | 1/5|-2/5| 0 |-2/5]|-1/5| 2/5 0 2/5
Y4 0 0 0 |9/10|-3/10| 3/5 | 4/5 -1 | 3/10 | -3/5 | -4/5 1 1/5 1/4
A.Obj.| 0 0 0 |-9/10|3/10 | -3/5 | -4/5 1 7/10 | 8/5 | 9/5 0 [ w-1/5
D X1 X2 X3 X4 X5 X6 X7 X8 Y1 Y2 Y3 Y4 bi bi/ai
X1 1 0 0 3/4 | -1/4 | 1/2 0 -1/2 | -1/4]-1/2 | O 1/2 3/2
X2 0 1 0O |-3/8| 1/8 |-1/4]| O -1/4 |1 -1/8 | 1/4 0 1/4 5/4
X3 0 0 1 5/4 | 1/4 | 1/2 0 -1/2 | -1/4 ] -1/2 | O 1/2 1/2
X7 0 0 0 9/8 | -3/8 | 3/4 1 -5/4 | 3/8 | -3/4 | -1 5/4 1/4
A.Obj.| O 0 0 0 0 0 0 0 1 1 1 1 w-0
T , ) Since the value of the objective function becomes zero, the initial
X (1x8) — |:x1 X, U u, 4/1 52 S8 basic feasible solution is obtained.

The another initial basic feasible solution is X,=3/2, X,=5/4, X;=1/2, X=X=X=0, X ~=1/4, X;=0.
X =5, =5,u =5,u,=6,=0,=0,5)=7,5,=0
But this solution does not satisfy the constraint of u;ss; =0.

Therefore, this solution cannot be the optimal solution.

=» When the smallest(i.e., the most negative) coefficient of the artificial objective function or the smallest positive
ratio “b,/a,” appears more than one entry, the initial basic feasible solution can be changed depending on the
selection of the pivot element in the pivot operation.

» We have to check whether the solution obtained by the Simplex method satisfies the nonlinear equation.
(constraint, u,*s;=0).



Applying the Simplex Method of Phase 1
for Solving Linear Indeterminate Eguations (8/9)

In the tableau 3, if we choose the column 4 as the pivot column which has the same coefficient

of the artificial objective function as of the column 3, what will happen?

3 X1 X2 X3 X4 X5 X6 X7 X8 Y1 Y2 Y3 Y4 bi bi/ai
X1 1 0 -1 -1/2 | -1/2 0 0 0 1/2 0 0 0 1
X2 0 1 -1/2 | -1 0 -1/2 0 0 0 1/2 0 0 1
Y3 0 0 5/2 2 1 1/2 -1 0 -1 -1/2 1 0 1 1/2
Y4 0 0 2 5/2 | 1/2 1 0 -1 -1/2 | -1 0 1 1 2/5
A.Obj.| O 0 -9/2 | -9/2 | -3/2 | -3/2 1 1 5/2 | 5/2 0 0 w-2
4 X1 X2 X3 X4 X5 X6 X7 X8 Y1 Y2 Y3 Y4 bi bi/ai
X1 1 0 |-6/10] O -2/5 | 1/5 0 -1/5 | 2/5 | -1/5 0 1/5 6/5
X2 0 1 3/10| O 1/5 |-1/10] O -2/51-1/511/10]| O 2/5 775
Y3 0 0 |9/10] O 3/5 |-3/10| -1 4/5 | -3/5 | 3/10 1 -4/5 1/5 1/4
X4 0 0 4/5 1 1/5 | 2/5 0 -2/5 | -1/5 | -2/5 0 2/5 2/5
A.Obj.| O 0 |-9/10] O -3/5 | 3/10 1 -4/5 | 8/5 |7/10| O 9/5 | w-1/5
D X1 X2 X3 X4 X5 X6 X7 X8 Y1 Y2 Y3 Y4 bi bi/ai
X1 1 0 -3/8 0 -1/4 1 1/8 | -1/4 0 1/4 | -1/8 | 1/4 0 5/4
X2 0 1 3/4 0 1/2 | -1/4 | -1/2 0 -1/2 | -1/4 | 1/2 0 3/2
X8 0 0 9/8 0 3/4 | -3/8 | -5/4 1 3/4 | 3/8 | 5/4 -1 1/4
X4 0 0 5/4 1 1/2 | 1/4 | -1/2 0 -1/2 | -1/4 | 1/2 0 1/2
A.Obj.| O 0 0 0 0 0 0 0 1 1 1 1 w-0
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Applying the Simplex Method of Phase 1
for Solving Linear Indeterminate Eguations (9/9)

9 X1 X2 X3 X4 X5 X6 X7 X8 Y1 Y2 Y3 Y4 bi bi/ai
X1 1 0 -3/8 0 -1/4 | 1/8 | -1/4 0 1/4 | -1/8 | 1/4 0 5/4
X2 0 1 3/4 0 1/2 | -1/4 | -1/2 0 -1/2 | -1/4 | 1/2 0 3/2
X8 0 0 9/8 0 3/4 | -3/8 | -5/4 1 3/4 | 3/8 | 5/4 -1 1/4
X4 0 0 5/4 1 1/2 | 1/4 | -1/2 0 -1/2 | -1/4 | 1/2 0 1/2
A. Obj. 0 0 0 0 0 0 0 0 1 1 1 1 w-0

XT(lx8):[x1 X, u u, & &, s Sz]

Since the value of the objective function becomes zero, the
initial basic feasible solution is obtained.

The another initial basic feasible solution is X,=5/4, X,=3/2, X;=0, X,=1/2, X;=X,=0=X =0, X;=1/4.

— 4 —
x1_3’x2_4

_ _ 1 _ o r_ 1

But this solution does not satisfy the constraint of u,s; =0.

Therefore, this solution cannot be the optimal solution.
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[Reference] Reason to Decompose the Unrestricted Variable into the Difference
of Two Nonnegative Design Variables for Using the Simplex Method (1/2)

To use the Simplex method, the variables must be nonnegative in the LP problem.

We can use the Simplex method only for the case that all the variables are nonnegative at the optimal point.

The variables unrestricted in sign at the optimal point should be decomposed into the difference of two nonnegative

variables in the LP problem.

Minimize z=-Yy,—2Yy,
Subjectto 3y, +2y, <12

Subject to

2y,+3y,26
y120

YV, is unrestricted in sign.

Minimize f = —

Since y, is free in sign, it should be decomposed into the

difference of two nonnegative variables.

For “<” type inequality constraint, we
Introduce the slack variable.

For “>” type inequality constraint, we
Introduce the surplus variable and
the artificial variable.

Minimize f = y1—2y§+2y5
Subject to 3y1 +2y2 2)/2 +xl =12
2,43y, =3y, i-ix, =

Vo Vi, v, 20, x. >0;i=1t0 3

Solve the problem
using the Simplex
method.

§99




[Reference] Reason to Decompose the Unrestricted Variable into the Difference
of Two Nonnegative Design Variables for Using the Simplex Method (2/2

Minimize f(x)= x12 + x22 + 2x, — 2x, : Quadratic objective function

! 7.)Iution
where, X, , X, are free in sign. : —
R
. e . 2 2 . .
Minimize  f(x)=Xx{ +x, +2x —2x, Basic | x4 | x2 | Y1 | v2 | bi [biai
variable
Definition of the Lagrange function Y1 -2 0 1 0 2 -
2 2
L(x;,x,) = x; + x5 +2x, —2x, Y2 0 2 0 1 2 1
f"é_[:_"_"_"""""""""""1: A. Obj. 2 -2 0 0 w-4
i ™ :2x1+2:0 ........ ®’i -
: ! i We try to solve this Basic : o
: oL 0. =D =) e @’ ' Pproblem by using the variable X1 X2 Y1 Y2 bi bi/ai
| 2 | :
| Ox, Simplex method V1 2 0 1 0 7 2
"""""" Since these constraints are the X2 0 1 0 | 1,2 1
equality constraints, we must
— 2xl — 7 introduce artificial variables for —2x1 +y, = 2 ---® A. Obj. 2 0 0 1 W-2
the equality constraints and

2x2 = define an artificial objective 2)C2 + V, = 2 ___@

) . - All coefficients of the artificial objective
function, and solve it .

function become nonnegative.

- However, the sum of all the artificial
variables(w) does not become zero.

x=0,x,=1Ly,=2,y,=0

- The simplex method does not give the optimum solution of x,=-1,
X,=1, rather x,=0, x,=1.

- The reason is that the simplex method assume that all the variables
are nonnegative, whereas the variables x,, x, of this example are
free in sign. From this, we can see that to use the simplex method,
the unrestricted variables must be decomposed into the two
nonnegative variables. 100

Since the artificial objective function is the sum of all the > Stop the simplex

artificial variables, its minimum value must be zero.
Eq. @+® —> —2x,+2x,+ y,+y, =4
2x,=2x, =y, +y,—4
w

Redefine the variables as x;, = X|,x, = X,,y,=Y,,y, =Y,
and express in Matrix from.



[Review]

Minimize  f(x)= x12 + x22 +2x, —2x, : Quadratic objective function

Subjectto  x, =20 : Linearized inequality constraint

(-@ Optimal
L. ) ) solution
Minimize  f(x)=x; +x, +2x,—2x,

Subjectto  x, 20— -x,<0—>-x,+5° =0 M 1 x;

Definition of the Lagrange function
L(x,%,,$,8)=x) +x; +2x, —2x, + £ (—x, +5°)

Kuhn-Tucker necessary condition: VL(x,,x,,{,0)=0

ia—L:2x1 -|-2_é/:0 ........ @ i
| Ox,
ia—Lzzxz —2:0 ........ ® i
| OX, !
ia_L:_xl _|_52 — () e ® i
06 |
' OL !
2 =205=0 e ® !

If we assumeé’ =0, X, = —1  ® The equation ® is not satisfied.

Ifwe assumed =0, x, =0,x, =1, =2
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Solving the Problem by Using the Simplex Method (1/2)

X

(-@ Optimal

e e e 2 2 solution
Minimize f(x)=x; +x; +2x, —2x, i
Subjectto x,>0—>—x,<0—>—x,+5° =0 ® > 2x,—¢=-2 \\_14 1 x

@ > 2x, —2x, =2

Minimize f(x)= )cl2 + x22 + 2x, — 2x, : Quadratic objective function

Subjectto x,20 : Linearized inequality constraint

Definition of the Lagrange function

L(x,,%,,(,0) =X + x5 +2x, = 2x, +{(—x, +57) ____________ |

Kuhn-Tucker necessary condition: VL(x,,x,,4,0)=0

We try to solve this problem by using the Simplex method. Multiply the both side of equation ® by &

and substitute the equation @ into that.

E STL _ 2xl i2- oi xz_x;_x; ES_L _ 2x1 1o é/ — 0 e @i We eliminate one variable © and one equation.
! 1 : ............................ L OX !
: oL . X > ' ! . . . . .
——=2%,-2=0 *2>% 20 L OL e o 1 i 1st stage: Find the solution satisfying the
| O, | > —=2x, —2x, =2=0"®: : ion @. @ ®
' OL 5 ' Sincex, is free in i a'x2 O : ! equatlon ’ ’ and .
E%Z_X1+5 =0 | sign, we may ' oL i
| oL | decomposeitas | — =y + 57=0 ® i 2nd stage: Check whether the solution
55 =2¢5=0 A | : obtained in the 1st stage satisfies the
' OL | - - .

L ors=0 e ® | nonlinear equation ® or not

_________________________________
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Minimize f(x)= )cl2 + x22 + 2x, —2x, : Quadratic objective function

Subjectto  x, 20

The right hand sides of

the equations have to .
2x1 -¢=-2 be nonnegative. - 2xl +¢ =2

2x, —2x, =2 2x, —2x, =2

Since the constraints are
_ — the equality constraints,
2x1 + ; 2 introduce the artificial

t_ - — variables.

The artificial variables have to be zero.
Since the artificial objective function is the sum of all the
artificial variables, its minimum value is clearly zero.

—2x,+2x, =2x, +C+y, +y, =4
2x,=2x, +2x, = ¢ = _)51_35_)_/;,—4

Change the variables as x, = X|,x, = X,,x, = X,,{ =X,y
and express these as the Matrix from.

Basic | vy I x2 | x3 | x4 | Yt | Y2 | bi |bisai

variable

Y1 -2 0 0 1 1 0 2 -

Y2 0 2 -2 0 0 1 2 1

A. Obj.| 2 -2 2 -1 0 0 w-4

—2x+C+y =
2x, =2x,+y,=2

=Y.,

: Linearized inequality constraint

— 1]
vaiiﬂfe X1 | x2 | x3 | x4 | vt |vy2]| bi [biai
vi | 2]o0 o 1] 1]o0 2 -
y2 o | 2| 2]0 o0 1 2 1
Aobi.l 2 | 2| 2|10 0| w4

—~
va?f:gfe X1 | x2 [ x3 | x4 | Yt | Y2 ]| bi |bi/ai
vi |20l o 1] 1]o0 2 2
x2 | o 1|10 | o0 |12] 1
AObji.l 2 oo |1 | ol 1| w2

—I
e xt | x2 | x3 | x4 | Y1 | v2 | bi [|biai
x4 | 2]l o0l o | 1] 1]o0 2 -
X2 11100 [12] f1
Aobi.l ol oo | o] 1] 1] wo

X,=0,X,=1,X,=0,X,=2,Y =0,Y,=0

x,=0,x; =L,x, =0, =2,y

— + - — —
Since the equation ® is satisfied,

®

this is the solution of this problem.§

=0,y,=0



[Reference] Solution of the Problem

Having the Design Variables whose Sign iIs Unrestricted (1/2)

Matrix Form

—> Number of design

d(+ by variable 2n+2m+2p
nx
[ H —H 0 N N, e | e T
(nxn) (nxn) (nxm) (nxm) (nxp) (nxp) u (nx1)
T T (mx1) | _
N;meel; < A (mxn) —-A (mxn) 0(m><m) I(mxm) O(mxp) O(mxp) S! o b(mxl)
of equation T N7 (mx1)
n+2mtp N =Ny 0y O O 00y | | Com |
_B Y (px) _D
= P ((n+m+p)x(2n+2m+2 p)) z ((n+m+p)x1)
. x1
—u.s =0;i=1tom —(p—_)—X
— N(2n+2m+2 p)x1)
B((n+m+p)><(2n+2m+2p))X((2n+2m+2p)xl) = D((n+m+p)><1)

+

The interesting variables v; and d; are determined by the equation V.., =Y ,x) = Z(,x) -

The number of the design variables is the same with that of the equations as n+2m+p in the original problem.

Since the equations V., =Y. ~Z(x) and d,,, =d., —d. , are introduced, the number of the design
variables is also increased by n+p.

Example | x+y+z=2

Equation 2x+2y+2z=6

Replacezas z, — z,

2x+y=35

>
(21,2, 20)

X+y+z—z,=2

2x+2y+z,—z,=6

2x+y=35

Solution x=1,y=3,z=-2

x=1,y=3,z,=0,z, =2

After replacing the
variable, this problem
becomes the
indeterminate equation.
The value of z,-z, is
always -2.
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[Reference] Solution of the Problem

Having the Design Variables whose Sign iIs Unrestricted (2/2)

Example X+y+z=95 x+y+z,—z,=5
: Replacezas z, —z,
Equation 2x+3y+z=11 ( O)> 2x+3y+z,—2z,=11
Z,Z, 2
xz=0 v xz=0
Case #1 Case #2
Introduce the artificial variables for using the Simplex Introduce the artificial variables for using the Simplex
method method
X+y+z+ Yl -5 * Number of the design x4+ % 4+ Zl _ ZZ 4+ Yl — 5 * Number of the design

variables: 5
* Number of the linear
independent equation: 2
Solve this problem by assuming the three design
variables as zero.
Stop the Simplex method, if the sum of all the artificial
variables(Y1+Y2) zero.

2x+3y+z+Y, =11

(%, Y, zZ, Y1, Y2)
@ (4, 1, 0, 0, 0)
@
® 0, 3, 2, 0, 0)

Between the solution O and ® obtained by
using the Simplex method, the final solution has
to satisfy the equation xz = 0.

If the solution whose value of z(=z,-z,) is
negative is excluded, the solution of the Case #1
is the same with that of the Case #2.

variables: 6
* Number of the linear

2.X + 3y + Zl T Zz + YZ = 1 1 independent equation: 2

Solve this problem by assuming the four design variables

as zero.

Stop the Simplex method, if the sum of all the artificial

variables(Y1+Y2) zero.

z2=2,-2,

(x, Y, Z, Z,, Y1, Y2)
@ (4, 1, 0, 0, 0, 0)
@ (6, 0, 0, 1, 0, 0)
®
@
®
® (0, 3, 2, 0, 0, 0)

Among the solution @, @, and ® obtained by using
the Simplex method, the final solution has to satisfy

the equation xz = 0. 105



[Appendix] Another Method for
Sequential Quadratic
Programming(SQP)

Use of the Descent Condition Method for SQP
Instead of the Golden Section Search Method
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Use of the Descent Condition Method for SQP 1) =3 433 =3
Instead of the Golden Section Search Method (1/4é)(")_"“+ G 1050
e

g3(X) =X <0

(vi) Step 6: By using the one dimensional search method(ex. - &=0
Descent condition method), calculate the step size to minimize
the descent function along the search direction(d(®) and
determine the improved design point.

O(x"Ny = fx“)+ R, -V (x")

— x> +x2 (k.j)
=x; +x, —3xx, +10-V(x"'")

kN k. k. k.t ~ )
V(X( J)) — maX{O, g1(X( J))’g2 (X( J))’g3(x j))}, (k=0)
(k) _ (k) (k)
X=X d i
(k,j) k iteration of CSD algorithm
j iteration of one dimensional search method .

d, =11 x*=(,1),

; : ,
o (t(o,j) ) S—1—ty,;, where, fi=y[d®[ =0.50%+1%) =1 " Point to be found by the
d(x%) = £(x® Y+ R -V (x*D)=—1+10x0=—1 L ' Golden section search _
(00) f( ) 0 ( ) ATOOI ' 0.5 method 10"?' B
V(x"?)=max{0,-%,-1,-1} =0 ) ’ ) 107



Use of the Descent Condition Method for SQP

f(x)= xl +xz 3x,x,

Instead of the Golden Section Search Method (2/4 =g+ 10<0
M

(vi) Step 6: By using the one dimensional search method(ex.

Descent condition method), calculate the step size to minimize

the descent function along the search direction(d(®) and
determine the improved design point.

CD(X(k’j)) — f(X(k’j)) +Rk i V(X(k’j))
=x_ +x; =3x,x, +10-V(x"*)
V(x*) = max{0,g,(x""), g, (x“), g, (x"*")}, (h=0)

(k)
(k,j)d

(k,j) k iteration of CSD algorithm
j iteration of one dimensional search method

UN) RO

By reducing the value of 7 from 1 to a half, find the point to satisfy the

following equation.

_______________________ Oltap) =1ty k=0.7=0
When t((),j) 1

X =xO 41, - dO =11 +1-(L1)=(2,2)

(0,7) —
D (t,))=f(2.2)+R, -V (x*") =—4+10x0.333 =—-0.667
where, V(x*”) = max{0,%,-2,-2} = 0.333
1-t,,=-1-1=-2

/g2=0

(]

g;(x)=-x,<0




Use of the Descent Condition Method for SQP 1) =3 433 =3
Instead of the Golden Section Search Method (3/4 =g+ 10<0
M

g;(x)=-x,<0

(vi) Step 6: By using the one dimensional search method(ex. =0
Descent Condition method), calculate the step size to minimize
the descent function along the search direction(d(®) and
determine the improved design point.

CD(X(k’j)) — f(X(k’j)) +Rk i V(X(k’j))
=x_ +x; =3xx, +10-V(x"*)
V(x*) = max{0,g,(x""), g, (x“), g, (x"*")}, (h=0)

(k.)) — (k) (k)
X=X+, d 1

(k,Jj) » k iteration of CSD algorithm
j iteration of one dimensional search method

(]

By reducing the value of 7 from 1 to a half, find the point to satisfy the Xy
following equation. .
____________ —225= ®(fo)) S 1-tom-15 k=0, )=
When ¢, ,, =0.5 Clb ®(4,5)
X=X ey d 7 =D +05-AD =515
(0,/) _

®(t,))=f(1.51.5)+R, -V (x*)=-225+10x0=-2.25

where, V(x*”) = max{0,-2,-1.5,-1.5} =0 Point to befound by the .
------------------------------------------------------------------- Descent : ¢ (X(O’O) ) —Lo.
_l_t(o ) ——1-05=-15 condition method :
Since (¢, )<-1-¢,, is satisfied, (1.5, 1.5) is the next design - ; i S —

Ao. 0 0.5 1.0 B

point. -



Use of the Descent Condition Method for SQP 1) =3 433 =3
Instead of the Golden Section Search Method (4/4 =g+ 10<0
M

The step size obtained by Descent condition is
different from the step size obtained by Golden
section search method. 4

Since the improved design points obtained by two
method are different, the number of iteration of
defining the QP problem is changed.

If we use the Golden section search method in the
right example,
- The number of iteration of the one dimensional search

W

g (x)=-x,<0
*B
/
f=-10
/
/
/
/
/
7/
/
/ _—

, 2 _— Initial point to be found by
the Golden section search
method

Initial point to be found by the
Descent Condition

in the first iteration of CSD is 62.
- By defining the QP problem two times, we can find

the optimal design point.

+ The step size obtained by one dimensional search direction is exact
size.

If we use the Descent condition method
in the right example,

- The number of iteration of the one dimensional search in the
first iteration of CSD is 1.

- Since the step size obtained by one dimensional search
direction is not exact size, the QP problem should be defined
in 20 times to find the optimal solution.

o

Descent :
condition methil)d :
Point to be found by the
Golden section search

Ao

0.5 method 1.0 B



Comparison between the Golden Section Search Method and Descent Condition Method
- Example #1 (1/2)

Minimize f(x)=x+x; —3xx,

1 1
SUb_ieCt to gl(X) :gxlz +gx22 —1.0<0 ‘
g, (X)=-x<0
g;(x)=-x<0
g,=04
34
2_
Optimal Solution: 17 x(o).=
X =(3,43), f(x)=- A

«‘U g b?SYstem
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Comparison between the Golden Section Search Method and Descent Condition Method
- Example #1 (2/2)

Minimize: f(x)=x;+x; —3xx, Subject to: 2/ (x) = le N lxzz _1.0<0
6 6
Solution: x = (\/5, \/g), f(x)=-3 & (x)=-x<0
g;(x)=—x,<0
s IteraFion o Iter.ation .Of ON€ 1 Local Optimum Optimum
Initial Value Method defining the dimensional Point Value
QP problem [ search method
r=0.0 19 19 (1.732, 1.732) 3.0
Descent r=0.1 19 19| (1.732, 1.732) 3.0
(1, 1) condition method | - 0.5 19 19|  (1.732,1.732) -3.0
r=0.9 19 19]  (1.732, 1.732) 3.0
Golden section search method 1 62 (1.732, 1.732) -3.0
r=0.0 35 85 (1.732, 1.732) -3.0
Descent r=0.1 36 52|  (1.732, 1.732) 3.0
(0.1, 0.1) condition method [ 0.5 29 44|  (1.732,1.732) 3.0
r=0.9 44 124]  (1.732, 1.732) -3.0
Golden section search method 1 38 (1.732, 1.732) -3.0
r=0.0 18 18] (1.732, 1.732) 3.0
Descent r=0.1 18 18]  (1.732, 1.732) 3.0
(1.5, 1.5) condition method r=0.5 18 18 (1.732, 1.732) -3.0
r=0.9 18 18] (1.732, 1.732) 3.0
Golden section search method 2 68 (1.732, 1.732) -3.0

> (-
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Comparison between the Golden Section Search Method and Descent Condition Method
- Example #2

s s s 2 2
Minimize: f(x,,x,)=x —X,+2x +2xX,+X,

Solution: x=(-1.0, 1.5), f(x)=-1.25

" Itelfa'tion of Iter'ation .Of ON€ 1 Local Optimum Optimum
Initial Value Method defining the dimensional Point Value
QP problem | search method
r=0.0 39 59 (-1.0, 1.5) -1.25
Descent r=0.1 38 58 (-1.0, 1.5) -1.25
(0, 0) condition method r=0.5 41 67 (-1.0, 1.5) -1.25
r=0.9 60 127 (-1.0, 1.5) -1.25
Golden section search method 17 329 (-1.0, 1.5) -1.25
r=0.0 40 63 (-1.0, 1.5) -1.25
Descent r=0.1 40 63 (-1.0, 1.5) -1.25
(1, 1) condition method r=0.5 40 66 (-1.0, 1.5) -1.25
r=0.9 72 194 (-1.0, 1.5) -1.25
Golden section search method 17 282 (-1.0, 1.5) -1.25
r=0.0 35 55 (-1.0, 1.5) -1.25
Descent r=0.1 35 55 (-1.0, 1.5) -1.25
(-1, 2) condition method r=0.5 37 61 (-1.0, 1.5) -1.25
r=0.9 66 177 (-1.0, 1.5) -1.25
Golden section search method 18 299 (-1.0, 1.5) -1.25

> (-
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Comparison between the Golden Section Search Method and Descent Condition Method
- Example #3 (1/2)

Minimize

J(x,x,) :_[25_(x1 - 5)’ —(x, _5)2]
Subject to

gl(xl,xz):—32+4xl+x22 <0

g, (x,x,) =—x <0

g;(x,,x,) =x, <10

g,(x,x,)=—x,<0

g5(x;,x,) =x, <10

Solution
x, =4.374,x, =3.808, f(x, ,x, )=-4.815

«‘U g b?SYstem
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Comparison between the Golden Section Search Method and Descent Condition Method
- Example #3 (2/2)

Minimize: f(x,x,)=-|25-(x,—5)° —(x,~5)"|  Subjectto: g(x,x)=-32+4x+x <0
g,(x,%,)=-x<0

Solution: x=(4.374, 3.808), f(x)=-4.815 g3(x,,x,) = x, <10
g4(x,x,)=—x,<0
gs(x,x,) =x, <10

- IteraFion of Iter.ation .Of oM | Local Optimum Optimum
Initial Value Method defining the dimensional Point Value
QP problem | search method
r=0.0 22 23 (4.374, 3.808) -23.188
Descent r=0.1 22 23 (4.374, 3.808) -23.188
0, 0) condition method r=0.5 22 23 (4.374, 3.808) -23.188
r=0.9 22 24| (4.374, 3.808) -23.188
Golden section search method 590 13,509 (4.374, 3.808) -23.188
r=0.0 15 22| (4.374, 3.808) -23.188
Descent r=0.1 15 22| (4.374, 3.808) -23.188
(7, 1) condition method r=0.5 15 22 (4.374, 3.808) -23.188
r=0.9 24 45| (4.374, 3.808) -23.188
Golden section search method 1143 26,804 (4.374, 3.808) -23.188
r=0.0 19 35| (4.374, 3.808) -23.188
Descent r=0.1 19 35| (4.374, 3.808) -23.188
(-3, -10) condition method r=0.5 19 35| (4.374, 3.808) -23.188
r=0.9 28 61 (4.374, 3.808) -23.188
Golden section search method 884 20,005 (4.374, 3.808) -23.188
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Comparison between the Golden Section Search Method and Descent Condition Method
- Example #4 (1/2)

Find x(=B/T),x,(=1/C,)
Minimize f(x,,x,)=x] +2x; —4x, —2x,x, +10

Subject to gl (‘xl , xz) — xl _ 3 < Ol} Optimization probllem haV|.ng two unl.(nown variables and
two inequality constraints

g,(x,x,)=x,-5/3<0 Contour line(f = const.) of objective function
X2 [

4 / ;

2l 9,79/, _

5/3 | /7 /

0 Feasible region _

—2 " -

1

A: True solution /

_4 X1* - 3.0, X2* - 1.5, f(X1*, sz - 2.5 i

S S

~10 -5 0 3 5 x, 10

P G2 SYst
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Comparison between the Golden Section Search Method and Descent Condition Method
- Example #4 (2/2)

|
Minimize: f(x,,x,)=x+2x; —4x, —2xx, +10 Subject to: g,(x,,x,)=x,—-3<0
g, (x,x,)=x,-5/3<0
Solution: x=(3.0, 1.5), f(x)=2.5

e IteraFion & Iter.ation .Of M€l Local Optimum Optimum
Initial Value Method defining the dimensional Point Value
QP problem [ search method
r=0.0 22 24 (3.0, 1.5) 2.5
Descent r=0.1 22 24 (3.0, 1.5) 2.5
0, 0) condition method r=0.5 22 26 (3.0, 1.5) 2.5
r=0.9 24 33 (3.0, 1.5) 2.5
Golden section search method 13 203 (3.0, 1.5) 2.5
r=0.0 19 20 (3.0, 1.5) 2.5
Descent r=0.1 19 20 (3.0, 1.5) 2.5
(2, 1) condition method r=0.5 19 20 (3.0, 1.5) 2.5
r=0.9 19 20 (3.0, 1.5) 2.5
Golden section search method 4 89 (3.0, 1.5) 2.5
r=0.0 26 52 (3.0, 1.5) 2.5
Descent r=0.1 25 28 (3.0, 1.5) 2.5
(-3, -5) condition method r=0.5 25 28 (3.0, 1.5) 2.5
r=0.9 25 30 (3.0, 1.5) 2.5
Golden section search method 9 255 (3.0, 1.5) 2.5
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Comparison between the Golden Section Search Method and Descent Condition Method
- Example #5 (1/2)

Goldstein-Price Function

Minimize
F(x,%,)={1+(x, +x, +1)* -(19—14x, +3x,> —14x, + 6x,x, +3x,")}
{30+ (2x, —3x,)* - (18— 32x, +12x,> +48x, —36x,x, +27x,°)}

Subject to
g (x,x,)=-2-x,<0,g,(x,,x,)=-2-x, <0,

g5(x,x,)=x-2<0,g,(x,x,)=x,-2<0 200000

o[

A : Global Minimum
X1* - 0.0, Xz* - '1.0, f(X1*, Xz? - 3.0 x1

B : Local Minimum
X1* - '0.6, X2* - '0.4, f(X1*, sz - 30.0

C : Local Minimum
x, =1.2, x,”= 0.8, f(x,, x,) = 840.0

D : Local Minimum

x, =18, x, =0.2, f(x,", x,) = 84.0 |
X, 1 2 (X1 X2) 118
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Comparison between the Golden Section Search Method and Descent Condition Method
- Example #5 (2/2)

Minimize: ) Subject to:
S x) = Al (5 4 +D) g (0,%,) = 2=, <0, 8,(%,%,) = 2=, <0,
x(19—14x, +3x" —14x, +6x,x, +3x,7)} g;(x,x,)=x,-2<0,g,(x,x,)=x,-2<0

x{30+(2x, —3x,)’
x(18=32x, + 12xl2 +48x, —36x,x, + 27x22 )}

In this example, since there are some local minimum design points, the optimal solution to be obtained is changed
depending on the initial design point. So, the calculating the optimal solutions by assuming the initial design point in many
times and comparing the results are needed.
. Itefa.tion 2 Iter.ation .Of "€ 1 Local Optimum Optimum
Initial Value Method defining the dimensional Point Value
QP problem search method
r=0.0 30 302 (-0.6, -0.4) 30.0
Descent r=0.1 26 258 (-0.6, -0.4) 30.0
(0, 0) condition method r=0.5 21 208 (-0.6, -0.4) 30.0
r=0.9 62 739 (-0.6, -0.4) 30.0
Golden section search method 15 467 (-0.6, -0.4) 30.0
r=0.0 77 605 (0.0, -1.0) 3.0
Descent r=0.1 31 194 (0.0, -1.0) 3.0
(2, 3) condition method r=0.5 28 172 (0.0, -1.0) 3.0
r=0.9 56 523 (0.0, -1.0) 3.0
Golden section search method 13 417 (0.0, -1.0) 3.0
r=0.0 70 545 (0.0, -1.0) 3.0
Descent r=0.1 24 135 (0.0, -1.0) 3.0
(-5, -5) condition method r=0.5 24 136 (0.0, -1.0) 3.0
r=0.9 51 459 (0.0, -1.0) 3.0
Golden section search method 17 497 (0.0, -1.0) 3.0

19



Comparison between the Golden Section Search Method and Descent Condition Method
- Example #6 (1/3)

Rastrigin’s Function

Minimize
f(x,x,)=20+x —10cos(27 - x,) + x> —10cos(2r - x,)
Subject to
g (x,x,)=-5.12-x, <0
g,(x,x,)=-5.12—-x,<0
g.(x,x,)=x,-5.12<0
g,(x;,x,)=x,-5.12<0

Solution

x, =0.0,x, =0.0, f(x, ,x, )=0.0
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Comparison between the Golden Section Search Method and Descent Condition Method

- Example #6 (2/3)

Global and Local minimum point of the Rastrigins’s Function
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Comparison between the Golden Section Search Method and Descent Condition Method
- Example #6 (3/3)

Minimize: , Subjectto: g,(x,,x,)=-5.12-x,<0
J(x,x,) =20+ x g,(x,x,)=-5.12-x, <0

—10cos(27 - x,) g.(x,x,)=x-5.12<0

2
+X2—IOCOS(27Z"X2) g4(X1,X2)=X2—5.12S0
In this example, since there are some local minimum design points, the optimal solution to be obtained is changed
depending on the initial design point. So, the calculating the optimal solutions by assuming the initial design point in many
times and comparing the results are needed.
. Itefa.tion 2 Iter.ation .Of "€ 1 Local Optimum Optimum
Initial Value Method defining the dimensional Point Value
QP problem search method
r=0.0 18 147 (0.0, 0.0) 0.0
Descent r=0.1 18 147 (0.0, 0.0) 0.0
(0.1, 0.1) condition method r=0.5 9 82 (0.0, 0.0) 0.0
r=0.9 39 427 (0.0, 0.0) 0.0
Golden section search method 1 47 (0.0, 0.0) 0.0
r=0.0 16 134 (1.990, 1.990) 7.960
Descent r=0.1 16 134 (1.990, 1.990) 7.960
(2.1, 2.1) condition method r=0.5 7 69 (1.990, 1.990) 7.960
r=0.9 32 358 (1.990, 1.990) 7.960
Golden section search method 1 45 (1.990, 1.990) 7.960
r=0.0 18 144 (-1.990, -2.985) 12.934
Descent r=0.1 18 144 (-1.990, -2.985) 12.934
(-2.1, -3) condition method r=0.5 9 82| (-1.990, -2.985) 12.934
r=0.9 36 395 (-1.990, -2.985) 12.934
Golden section search method 7 229| (-1.990, -2.985) 12.934




Comparison between the Golden Section Search Method
and Descent Condition

Descent Condition Golden Section
method Search method

Iteration number of one dimensional
search method

Step of calculation

Little Many

M Comparison between the Golden Section Search Method and
Descent Condition Method

B When we use the one dimensional search method, we have to calculate
the value of the objective function and constraints repetitively.

B If it takes much time to calculate the value of the objective function and
constraints, the Descent condition method is more useful.
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[Reference] Taylor Series Expansion for the Function of
Two Variables

The second-order Taylor series expansion of f(x,,x,) at (xl* ,x;)
of (x,,%;) o (x,,%;)
9

f(xl xz) f(xl xz)"' ( 1_x1*)+ (xz_x;)

X Xy

+%(82f(xf,x2) SOUPYACIES * e xz)(z_xz)] ...... @

(x, —x, (2, —x )(x, —x,) +
2
Ox; Ox, 0x, ox, define: ¢=Vf(x’),d=(x-x)

»f(X)=f(X*)+Vf(X*)T(X—X*)+%(X—x*)rH(x*)(x—x*)z f(x*)+ch+%dTH(x*)d’/-----'®
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