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Ch. 3 B[asis]-Spline Curves

3.1 Introduction to B-Spline Curves
3.2 B-Spline Basis Function
3.3 C! and C? Continuity Condition
3.4 B-Spline Curve Interpolation
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3.1 Introduction to B-Spline Curves
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‘Smooth’ Connection of Separate Curve Segments at Knots

- Seline Curve

curve segment

curve segment

curve segment

Knot ={...,0,1,4,7, ..}

e A curve is "smoothly” connected with curve segments: spline curve
e Curve segments are tied by knots: knot
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Point on the Bezier Curve
- Connected Two Bezier Curves at the ‘Knot’ (1/2)

In contrast with dividing one curve

into two Bezier curves, we can imagine
~ as if two Bezier curves ry(t) and r,(t)
"""""""" were connected at u=u,. Here, u, is
called ‘knot’, that means the knot ties

the curves.

u u,

r,(t)=(1—1)’by +3(1—1)’tby +3(1-1)t’b; +’b}, r,(t)=(1-1)’b, +3(1-2)*tb; +3(1-1)t’b} +£’b},
L L potmu

U —u, U, —uy,




Point on the Bezier Curve
- Connected Two Bezier Curves at the ‘Knot’ (2/2)

At u=u,, the curves obviously satisfy C°,

C1, and C2 continuity conditions at least,
because the curve r(u) was originally
one curve.

CO continuity: Continuity of the 0t derivatives
C! continuity: Continuity of the 1st derivatives
C2 continuity: Continuity of the 2nd derivatives

Ck continuity: Continuity of the kth derivatives

C? continuity condition |

C’ continuity condition
sf To(?) ——
bo C9 continuity condition | 0
ul A0 ul Al I b 3
’ u, U,
r,(t)=(1—1)’by +3(1—1)’tby +3(1-1)t’b; +’b}, r,(t)=(1-1)’b, +3(1-2)*tb; +3(1-1)t’b} +£’b},
, o U poumu
u, —u, u, —u,



Definition of B-Spline Curves

Cubic Bezier Curve Cubic B-spline Curve

bl b2 dl d2

Single curve segment Single curve segment

I I +H L
t] 1 um 1L

t0=0 t1=1 Uy u

Given: by, b,, b,, b;, and t Given: d,, d,, d,, d;, and u

Find: Pomts on the curve at parameter t Find: Pomts on the curve at parameter u

r(t)=b B (t)+b.B (t)+b .B (t)~+b B (z); r(u)=d Ng(u).+d N3(u)+d Nj(u)+d N3(u3

00000000000000000000
lllllllllllllllllllllllllllllllllllllllllllllllll
"""""""""""""""""""
..................
----------
...............
-----

Bernstein basis function B-spline basis function
(Cox-de Boor recurrence formula)

What happens if one more control point is included?




Property of Bezier Curves and B-Spline Curves

in Increasing(Changing) the Number of the Control Points

Bezier Curve of 4t" degree ... Cubic B-spline Curve
::‘ b 4 ‘:: ::0 d 4 “‘:
b, b, 0O/ d, d, o/

S | Curve segment #2

| Curve segment #1 |

Single curve segment
b, J J b, d,

d,

I I LU I 1
t] 1 um 1 1L

to = 0 t1 = 1 Uy Uuq \ U,
. ingl .
Given: by, by, b, b, by, and =229 Given: dy, dy, d,, d, d,, and y2 e emes

Find: Points on the curve at parameter t : Find: Points on the curve at parameter u

For the Bezier curve, if the number of the
control points increases, the degree of the
Bezier curve will also increase.

(Cubic Bezier curve » 4th-degree Curve)

For the B-spline curve, if the number of
the control points increases,

the degree of the curve does not change
but additional one Bezier curve of the 31
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Properties of Bezier Curves and B-Spline Curves
with Same Control Points

Bezier Curve of 4t" degree Cubic B-spline Curve
b, d,

| Curve segment #2 |

b 0 : b d 0 |Curve segment #1 | d
Single curve segment | 4 4
t : uHi : t
to =0 tl =1 Uy Uuq U,
\single curve segment \ two curve segments
Given: by, b,, b,, b;, b,, and t Given: d,, d,, d,, d;, d,, and u

Find: Points on the curve at parameter t - Find: Points on the curve at parameter u

r(t)=b,B, (t)+b,B' (1) +b,B;(t)+b,B; (1) +b,B;(t) - r(u)=d,N,w)+d,N; (u)+d,N;(u)+d,N; (u)+d,N; (u)

» i
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Geometric Meanings of B-Spline Curve (1/4)

M A ‘cubic’ B-spline curve is composed of several ‘cubic’ Bezier
curves, which are connected with the C? continuity condition
(condition of continuous 2" derivatives).

b1,

........
....................
........
g .
.....
[
cey
.
ce
.
.
ce

»
B,
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Geometric Meanings of B-Spline Curve (2/4)

A =2

MOIO ulzl u2:3

Assign new global parameter u to the connected curves.

CO continuity condition
(coincident position)

=

___________________________________________



Geometric Meanings of
B-Spline Curve (3/4)

Given

B-spline control point d,
Parameter u
B-spline basis function N/ (u)

Find

B-spline curve r(u)

C' continuity condition

_________

_________

b? =b,
Al 0 A() 1
A() +Al ’ A() +Al |

o —




Geometric Meanings of | Bspline control point d,

Given | Parameter u

B-Spline Curve (4/4) B-spline basis function N/ (u)

Find | B-spline curve r(u)

d, 4 B-spline control points

_ _ i A A |

| A=l A =2 . ipl=bl=—"1 pit+—0 p!

! . ! ' A, + A, A, + A !

uO = O ul :1 u2 :3 \ i
s =i+ {——d,

Assign new global parameter u to the connected curves Ay + A, Ag+4A - 5
A A :

b =¢ L\, +¢ 0 1 :

A A, T A A, |

4

___________________________________________



« ey ) . B-spline control point d,
Definition of B-Spline Curve Given | Parameter 4

- Degree, Control Point, Knot, Curve Segments B-spline basis function N (1)

Find | B-spline curve r(u)

Mn: degree
M S: number of Bezier curve segments
Mnumber of knot = (S-1)+2(n+1)

=2 \\\"\\\Al Mnumber of control points
~~< = (n+1)+(S'1)

d4
A =2 |
|
u, =0 u, =1 u, =2
U, Us
u; <4 Start/end knot multiplicity: degree + 1 » ¥
u, (We use the duplicated knots to use Cox-de Boor Recurrence Formula.) Uy

r(u) =d,N, () +d,N; () +d,N; () +d;N; (u) +d, N, (1)

if u, , <u<u 25

,ZNi”(u)zl

14

U—u;

_ u. —u
N’ 1(u) +
u.

Nzn(u) — N

1
Nz’:l(u) N,-O(M):{
0 else

itn—-1 ui—l ui+n i



Example of Cubic B-Spline Curve B-spline control point d,

Given | Parameter u

with Elght Control Points B-spline basis function N (u)

Find | B-spline curve r(u)

d

Mdegree: 3
Mnumber of Bezier curve segments: 5
d Mnumber of knot = (5-1)+2(3+1) d6
1

M number of control points = 4+(5-1)

d, 7
| | I I | |
I I | [ | !
U, = s U, Us Us Uy =
U, Ug
U, Uy
U, Uy

r(u)= doNg (u)+ d1]\713 (u)+ dzN§ (u)+ d3]V33 (u) +
d,N; (u)+d N (u)+d N; () +d, N5 (u)

15



3.2 B-Spline Basis Function
(Cox-de Boor Recurrence Formula)

Naval Architecture & Ocean Engineering
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Cox-de Boor Recurrence Formula B-spline control point d,

Given | Parameter u

(B-S line Function) B-spline basis function N/ (u)

Find | B-spline curve r(u)

d,

M Example: Cubic B-spline curve

x|
r(u)=| y)|=2 d,N/(u)
zw)| ™

----------
“

= dgN; (u)+ AN} () + d

0..
Ll ]

L4 A d
.........

m Cox-de Boor Recurrence Formula (B-spline function)

u—u. _ u.. —u _
N (u) = =— N/ H(u) + Hn—NiIill (u)
Uiy — Ui U, U
0 1 1if u,  Su<u,
Ni (u) —
0 else

Gt SNgSYstem :
i@ Design 17
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[Example] B-Spline Function of
One Curve Segment (1/10)

B-spline control point d,
Given | Parameter u
B-spline basis function N/ (u)

Find | B-spline curve r(u)

d, d,
N[ () =~ NP ) o+ B N (ae)
. ANO 1 1f 2z, | = u < wu,
. () =
’ O else
d | d
0 3 1 Ng 0 u-1S u<uo
Iu.1 G u|3 ......... 2 No 0 <
U, (Parameter for the point on the curve) u, 3i/ NO N1 N1 0 UO—U< U
" . iNo: 1
i H. N2 1 N2 0 wsu<u
r(u):dONg(u)+d1N13(u)+d2N23(u)+d3N33(u) N1 . N2 ) - N2 NO 1 u2<u< u3
. . 2 3 -
N , N
EN"’i N3 1 N o ussu<ua
3: 2 N4
........ T~ N2 1 N2 0 w<u<us
Ns
N2 0 ussu<us

Computer Aided Ship Design, II-3. B-Spline Curves, Fall 2013, Myung-Il Roh
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[Example] B-Spline Function of

One Curve Segment

(2/10)

Ex) Calculation of N

B-spline control point d,

Given | Parameter u
B-spline basis function N/ (u)
Find | B-spline curve r(u)

_ . — U _
; Nin l(u) + y = Nilill (u)

1t e, | = wu < u,;

i+n

dl dZ
Ni” (un) = L
1
'; NP () = { o
d d,
w, u 0, 2
U, (Parameter for the point on the curve) u, 3 NO
31 Ug N0
2 Ug N2
=0 =1 3 1
r(u) =d,N; (u) +d,N; (u) +d,N; (1) + d, N3 () N1 N2
From i, < 3 2
we can get Ng(u):O N3 NZ
; N
N (u)=0
N (u)=0
0 _
N, (u) =1

INJ 0 u<u<uo
EN? 0 Uo<u<u
NS 0 w<u<u
EN% 1 USU<us!
Nf{ 0 Wssu<us
N? o w<u<us
N? 0 us<u<ue

Computer Aided Ship Design, II-3. B-Spline Curves, Fall 2013, Myung-Il Roh
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[Example] B-Spline Function of
One Curve Segment (3/10)

Ex) Calculation of N

Given

B-spline control point d,

Parameter u
B-spline basis function N/ (u)

Find

B-spline curve r(u)

_ U. — U _
L N/ ")+ —L2—— N (w)
Uu. U .

1t e, | = wu < u,;

i+n

d, d,
Nin (7/[) — U — ui
1
NP (u) = { o
a d.
u, l] Iu3 2
U, (Parameter for the point on the curve) u, 3 NO
u, u
u, : 0 2
=0 :61 3 N1
r(u) =d,N: (1) +d, N> (u) +d,N2 () +d, N2 (1) N+ N2
o ; 3 2
No(”):()» Nl(u)zo N2 9
NY(u)=0, Ny(u)=1 N3 N3
2
u-—u u, —u N4
M= Nl = ) =
Uy—u, u,—u,

N 0 uu<uw
Ny o w<u<w
N2 0o wsu<uw
N2 1 wsu<us
Nf{ 0 Wssu<us
N2 0 w<u<us
N2 0 us<u<ue

20




[Example] B-Spline Function of
One Curve Segment (4/10)

Ex) Calculation of N

Given

B-spline control point d,
Parameter u
B-spline basis function N/ (u)

Find

B-spline curve r(u)

dl dZ
N[ () =~ NP ) o+ B N (ae)
, NO () — 1 1f 2z, | = u < wu,
2T 0 else
d i
0 | d; N 0 urLu<uw
[ 2 mo ssmasssa No
4 u u, : . 0
30 (Parameter for the point on the curve) u, 3 N% N1 N1 0 UoSU<U1
31 Us 0 : : 1
i 5 N2 N2 0 wsu<u
— ; ; - N3 N-
r(uo)—doNo(u)+d01N1 () +d, Ny (u) +d; N5 (u) ; N% Ng 1 UZSU< Us
No(u)=0, N/(u)=0 N> 2 N3 0 <
NO()=0, Ny (u)=1 N3 N3 NI NS o usSu<us
2 0 <
N () =0, N'(u)=0, N'(u)=1-u N N Ng 0 usSu<us
5
N? 0 us<u<ue

21




B-spline control point d,
Parameter u
B-spline basis function N/ (u)

[Example] B-Spline Function of Civen
One Curve Segment (5/10)
Ex) Calculation of N§ Find

B-spline curve r(u)

d, d,
N7 () = = N ) e N ()
. o 1 1f 2z, | = u < wu,
N ) = O else
d |
0 d, 1 Ng 0 u.1Su<Uo
I ® i N0
4 u u, 0
Eo (Parameter for the point on the curve) u, “ ..... 3 ': N% 1 N1 0 uosu< U
u us i Np: ) N1 0 <
A =, .N3 N1 N1 N2 0 uisu<uz
u) = 3 u 3 u 3 u 3 u 1 2
r(u) =d Ny (u)+d,N; (u)+d,N;(u) +d;N;(u) 5 N% Ng 1 UZSU< U3
N3 () =0, V() =0 N> ) N3
0 0 5 N3 N? o UsSu<us
N2 (u)=0, Ny (u)=1 N3 2 N
N3 NY 0 w=su<us
Ny(u)=0, N} ()=0, N3(u)=1-u K
N2 0 us<u<us
Ny()=0, N} (u)=(1~uf

Computer Aided Ship Design, II-3. B-Spline Curves, Fall 2013, Myung-Il Roh
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[Example] B-Spline Function of

One Curve Segment

Given

(6/10)

B-spline control point d,
Parameter u
B-spline basis function N/ (u)

Find

Ex) Calculation of N3

B-spline curve r(u)

dl dZ
N[ () =~ NP ) o+ B N (ae)
. o 1 1f 2z, | = u < wu,
Ny = O else
d |
: g d; 1 NS 0 wu<u<uo
“L_1 G uI3 ) N0 .0 ................ < ............
U, (Parameter for the point on the curve) u, NO N1 0 uo—U< u1
: s N3 Ni -
u1 5 0 E
o 5 N? 1 N2 0 wisu<u
3 3 3 3 N1 N2 :
u)=d,N;(u)+d,N; (u)+d,N; (u)+d;N;(u :
r(u) (u)+d Ny (u) + (u) + (u) ; N% Ng 1 Wwu<us
From u, <u<u,, N> N!
2 3 ‘a0 <
N3 N3 N NG 0 usSu<us
we can get 0 _ 3 0 1 e
get w, (u) 0 N 1 N2 0 w=su<us
Ns
N2(u)=0 N2 0 ussu<us

N3 ()

I
-

Computer Aided Ship Design, II-3. B-Spline Curves, Fall 2013, Myung-Il Roh
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[Example] B-Spline Function of
One Curve Segment (7/10)

Given

B-spline control point d,

Parameter u
B-spline basis function N/ (u)

. Bosl
. 4, Ex)Calculation of N3 Find | B-spline curve r(u)
1 2
NI () = ——=— N () + Z e = ()
. AJO 1w, =su<u,
o () = O else
d |
" a d; 1 NS o uu<w
| ' i N0
U, u u, 0
U, (Parameter for the point on the curve) u, 3 N% N1 N1 0 UoSU<U1
" s No ALE
o d N N? e N2 o wsu<u
r(u):dONg(u)+d1N13(u)+d2N§(u)+d3N33(u) 1 2 . 2: 0
N3 P N3 1 wsu<us
NIO( ):O No(u)zo Ng , N;
NY(u)=1, N{(u 3 N3 1 N o ussu<ua
N N Ns 0 o0 w<u<u
4 S
Nl(u): U—u, N% ) —0 N1 Ns 4 5
N? 0 us<u<ue
N (u —” ”IN% N(u) =5"% —1-y
Uy —u,
Uu—u u—u
)= N ) /<u> o,
Uy — Uy — U U, —u,

24




[Example] B-Spline Function of
One Curve Segment (8/10)

Given

B-spline control point d,

Parameter u
B-spline basis function N/ (u)

Find

B-spline curve r(u)

Ex) Calculation of N3

d, d,
N7 (1) = —— N () + e NI ()
i+n—1 — Hi u, ., —u;
o {1 it 2z,  <u<u,
N () =
O clse
d |
0 | . NY 0 uru<u
Ih o i Nil)
4 u u, 0
Eo (Parameter for the point on the curve) u, 3 N% N1 N1 0 UoSU< U1
31 us 5 greeeey 1
“ R N2 1 N2 0 w<u<u
3 3 3 3 N1 . : N2
(u) =d Ny (u)+d, Ny (u) +d,N; (1) +d; N5 (u) . .
— : 3 :N3: N} 1 wsu<us
N, (u):O, Nz(u)zo N2 R N:13
: 0 N3 NS us<u<u
N3(u):l, N (u)=0 N3 3 N1 4 0 3= 4
3 2 4
0
N()=0, Ni(u)=1—u, N' (1) = Ni N N 0o w<u<us
> U—u, . U, —u U, —u ) ° N2 0 us<u<us
N, (u)z N, )"' Nz(u)_ (l—u) :( —u)
U, —u, Us; —u, Us; —u,
u-—u u u u-—u u, —
N () =—= Ny () +——N; () =—(1—u)+——u =2u(1-u)
3 U 4 — Uy 3 U u,—u,

25




B-spline control point d,
Given | Parameter u
B-spline basis function N/ (u)

[Example] B-Spline Function of
One Curve Segment (9/10)

Ex) Calculation of N3

Find | B-spline curve r(u)

d, d,
N[ () =~ NP ) o+ B N (ae)
. AJO 1w, =su<u,
o () = O else
d |
0 i . N} o ucu<w
I - i Nil)
u, U, 0
U (Pagmeterforthe point on the curve) u, N% N1 N1 0 UoSu< U1
. us 1
i s N? \: N2 0 wsu<u
u) =d,N; (u)+d, N, () +d,N; (1) +d,N; (u 2
r(u) (1) +d, N} () +d,N; (u) + d, N (1) N2 N? 1 wlu<us
Nlo(u)zO, Ng(u):O N;
2
NY(u)=1, N(u)=0 N3 N N o ussu<ua
2 4 0 <
Ni(u)=0, N/(u)=0, Ni(u)=1-u N N1 Ns 0 UWi=u<us
0 0 wus<u<u
le(u)z(l—u)z, Nf(u)zZu(l—u) N6 5 6
Nf’(u): u—u, le(u U, —u sz(u) _ u—-u, (1—u)2+ Uy, —u Zu(l—u) :3u(1—u)2
U, — U, u, —u, U, — U, u, —u,

Computer Aided Ship Design, II-3. B-Spline Curves, Fall 2013, Myung-Il Roh
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[Example] B-Spline Function of
One Curve Segment (10/10)

B-spline control point d,
Given | Parameter u

B-spline basis function N/ (u)
Find | B-spline curve r(u)

dl dZ
N[ () =~ NP ) o+ B N (ae)
. AJO 1w, =su<u,
() = { O clse
d |
° a 9 N} o u<u<uo
Iu-1 G uI 2 Nil) 0 <
U, (Parameter for the point on the curve) ui 3 NO N1 N1 0 UO—U< U
31 Ug 0 1
i 5 N? \: N2 0 wsu<u
. 3 3 3 3 N 2
r(u) = d,No @) + N7 () + d, N3 () + d, N () ; N2 NS 1 wh<u<us
Calculate N;(u), N;(u) N: 5 N3 0
in the same manner. N3 N3 N Ni 0 Wsu<us
3 4
N (u)=(1-u) N: 1 N? 0 w<u<us
Ns 0 0 <u<
( ): 3u(1 u) Ns Us=U<<Us
3 3 3 3
( ):3u2( ) r(u)=d,Ny(u)+d Ny (u)+d,N;(u)+d;N; (u)
N3 (u)=3u’ r(u)=(1-u)d, +3u(l—u)d, +3u*(1-u)d, +u’d

» The B-spline curve is identical with the 39-degree Bezier curves four given control points.

27



[Example] B-Spline Function of

Two Curve Segments (1/4)

U, (Parameter for the point on the curve) u,

=0

r(u) = DZi d,N;(u)

B-spline control point d,
Given | Parameter u
B-spline basis function N/ (u)
Find | B-spline curve r(u)
N[ () =~ NP ) o+ B N (ae)
ANO () — 1 1f u, | = wu < u,
o A= O clse
1 N} 0 wu<u<uo
No
2 0 <u<
=4 N8/ N0§N1 Ni 0 uUosu<un
) 'N? 1 N2 o w<u<uw
N1 - N2
N3 "N3- "NY 1 wu<us
2 E
N3 N3 N NS o wsu<us
3 2 4
N32 N: 1 N3 0 w=su<us
4 2 N5 0 0 < <
N5 1 Ns Us=u<us
Ne
N? 0 us<u<ur

Computer Aided Ship Design, II-3. B-Spline Curves, Fall 2013, Myung-Il Roh
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[Example] B-Spline Function of
Two Curve Segments (2/4)

B-spline control point d,
Given | Parameter u

B-spline basis function N/ (u)
Find | B-spline curve r(u)

Ex) Calculation of N?
d

2 u —

—n N7 ()
ui i

U, u U31 u,
u =
w .
U, (Parameter for the point on the curve) u, N2
=0 =4 3 0
Ns
...... N3
u u 1 U—Uy a3
Nl=0 N ==—— N;= :N3; ,
Uy —U, Uz —Upy e N3
3
N> ,
D—1
) N3 N3
r(u)= ZdiNl. (1) 3 N2
i=0 3 4
4 2
5

N3 0 u<u<uo
N? o w<u<u
N2 0o wsu<uw
N? 1 wu<us
Nf{ 0 Wssu<us
N? o w<u<us
N? 0 wus<u<ue
N? 0 us<u<ur

Computer Aided Ship Design, II-3. B-Spline Curves, Fall 2013, Myung-Il Roh
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[Example] B-Spline Function of . | Boptine control point d
Two Curve Seaments (3/4) B-spline basis function N/ (u)
] 3 Find | B-spline curve r(u)
Ex) Calculation of N
s Uu—u,; u., B —uU
N7 = e N o e N
NPC( R 1t v, | = u < wu,;
o () = O clse
1 Ng 0 UrLu<Uo
No
3 N§ NS o w<u<u
N3 N )
1 1 u u 1 u— Mz :"".?;‘ N% 1 N2 0 u1 S U< u2
Nl =0 Nz— 3 N3= .".N1.': 5 N2 0
u3 —u2 M3 —l/lz ~.-;; N2 N3 1 UZSU< U3
N> N1
3
NP =T g WU 3 N3 1 NS o wsu<us
U, —u, U, — U, Uy — U, N3 2 N, 0
u—1u u, —u 3 N4 N5 0 wu<us
2 | a7l 4 1 1
N; = N, N, 4 2 N5
U; —u, u,—u, 5 Ng 0 u5Su< u6
_u—u uy—u u—u u—i, N;l5
Uy =ty Uy—u, U —U, Uy—U, Ng 0 U63U<U7

Gt SNgSYstem |
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[Example] B-Spline Function of | B-spline control point d,
Given | Parameter u
Two Curve Seaments (4/4) B-spline basis function N/ (u)
_ 3 Find | B-spline curve r(u)
Ex) Calculation of N
d2
N7 (1) = —— N () + e NI ()
i+n—1 i—1 u,,, —u,
o 1 1t u, | =u<uwu,
: N () = O else
aooWn " 1 NY 0 uru<u
31 T . e 2 NO 0
=20 (Parameter for the point on the curve) :74 NO 1 N1 0 uosu< UA
'k , N 0
_ e s N N2 o wisu<u:
Nl=o N =T NI-Z2TT ivE 1 N
1= 2~ N ANE 2
U, —u, Uz —Uy .._.; N% Ng 1 U2$U< us
N> N1
_ _ _ 3
NE=MaTH Nl MU MU X N3 1 N? o ussu<us
Uz —U Uz —U] Uz — Uy N3 N2 N4 0 <
2 _ MUy 1 Uy TU 3 4 1 Ns 0 uWs=u<us
Ny = N5 + N; 4 N5
us —uy Uy —Up N% NO 0 U5SU<UG
_u—u up—u Upg—u U N;IS 6
Uz —up Uz Uy Uy —Uy Uz Uy 9 0 wsu<uw
...N3_u U, N2 U, —u szu—uo.%—u.uz—u u4—u.u—u1-u2—u M4—MOM4—M-M—M2
1 U, —u, 1 u, —u, ? Uy —Uy Uy —U Uy —U, U, —U Uy—U U;—U, U,—U U, —U, U, —U,

Computer Aided Ship Design, II-3. B-Spline Curves, Fall 2013, Myung-Il Roh
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[Example] B-Spline Function of

5 Curve Segments (1/5)

r(u) =d,N;@)+d,N; (@) +d,N; () +d; N3 (u) + N°
d4Nj(u)—|—d5N53(u)+d6N§(u)+d7N$(u) N1 °
0 0
N; 1 N
N , N; 0
3 N’ 1 Nz
N1 2 N2 0
3 N3 | NS
. %) d, N2 2 N3 0
d, ‘(P/arameter for the point on the curve) 3 N3 N4
1
! 3
a,p; U P : ) R
A %A A 7Yy A yy
Ak, S ou M e & g al Na N2 N: N
A u21 A Uy 5 6
3 1
3 3 3 3 N5 2 N6 0
r(u)=d,N;(u) +d,N; (1) +d,N; (u) +d; N, (u) 5 N N1 7
+d4N/(u)+d5N/(u) +d6N/(u) +d7N/(u) 6 2 ! N®
N7 N:
2 8 0
N; Ns
— _ 1
N () = ——= e NP () + e N () N, 0
U, g — U, i+n Y 10
o 1 1t 2z, | = u < s,
N, () =
O clse

0

0

u_1S u<u,
uoS u<u,
u. < u<u,
uzﬁ u<u,

S <
U3 u u
S <
u u U5

< <

u5 u u6
< <

u6 u u7

Su<
U7 uu8

S u<
U8 UU9

Su<
u, =u=u,
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[Example] B-Spline Function of

5 Curve Segments (2/5)

r(u) =d Ny () +d, N} (u)+d,N; (u)+d, N3 (u) + N°
d4Nj(u)—|—d5N53(u)+d6N§(u)+d7N$(u) N1 °
0 0
N; 1 N
N , N; 0
3 N’ 1 Nz
N1 2 N2 0
3 N: | NS
! . dg N2 2 N3 0
d, (Palrxa.meter for the point on the curve) 3 N3 N4
1 1
| 3
d, ePo _:LI Ps d; 3 i 4 N(S)
A, 42 a yy a 7y
Ak, % ou M T & g al Na N2 N: N
A u21 A Uy 5 6
3 1
3 3 3 N5 2 N6 0
r(u)=d,Nj(u)+ d N/ (u)+d,N;(u) +d; N5 (1) 2 Ne N1 7
+d,N? (u)+d5N/(u) +d6N/(u) +d7N/(u) 6 2 ! N®
N: N:
2 8 0
N: Ns
— - 1
NP () = ——2= N () + e N () Ns 0
U, g — U, i+n Y 10
o 1 1t 2z, | = u < s,
N, () =
O clse

0 u_1S u<u0
0 uoSu<u1
0 u1Su<u2
0 u,su<u,

S <

I u,=u=u,
S <

0 u u<u,

" u < u<u
5 6
0 < <
u6 u u7

S u<
0u7uu8

fu<
0u8uu9

Su<
ousuum
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[Example] B-Spline Function of

5 Curve Segments (3/5)

r(u) =d N, () +d, N} () +d,N; (u) +d;N; (u) + N°
d4Nj(u)—|—d5N53(u)+d6N§(u)+d7N$(u) N1 0
0 0
% -t
2 N 0
N1 1 N2
N,
N; 1 N
N,
2
N; 1 NS
2 4
0
4
:”—A:A A, A, 1 N5
AUy Us Uy 2 N5 0
.y N: 1 N
3 3 N5 N6 0
r(u) =d,Nj(w)+d,Nf (u) +d,N; (u) +d;N; (u) ; Nf; N1 -
+d,N; (u)+d N2 (u) + d6N;/(u) +d7N/(u) 6 2 ! N®
N3 N!
8 0
N: 1 Ns
N/ () = —=—2b NP ) + e =2 N () N, 0
U, , 1 — U, 4 ivn My 10
o {1 it 2z,  <u<u,
Ni (Z/l) -
O else

0

0

u_1S u<u,
u, < u<u,
u. < u<u,
u, < u<u,

S <
U3 u u
S <
u u U5

< <

u5 u u6
< <

u6 u u7

Su<
U7 uu8

S u<
U8 UU9

Su<
u, =u=u,
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[Example] B-Spline Function of
5 Curve Segments (4/5)

r(u) =d N () +d, N/ () +d,N; () +d;N; (u) +
d,N;(u)+ ds]\/vs3 (u) + d6N§ (u) + d7N$ (u)

A A o
Y A, A I, Ay
A u zu u, 4 Us ug 6 A ug
A U? 3 A Uy
Ay, A Uy

r(u) = dONI/(u) + le,/(u) + dle/(u) +d, N5 (1) .
d, N )+ d N () +d N2 () +d7N/(u) 6

z

0
3 7 Ns

1
7 Ng 0

2

N2 Ns

u—u, _ u,  —u e 1
N/ (u) = L NPT () + e N () N, 0
i+n—1 — H; u,, , —u,; 10

o 1 1t 2z, | = u < s,
N, () =
O clse

0 u_1Su<u0
0 uoSu<u1
0 u1Su<u2
0 u,su<u,
0 u3Su<u4
< u<u5
1 u5£u<u6
fu<u

fu<u

S u<
UU9

0 <u<
u9 u u10
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[Example] B-Spline Function of
5 Curve Segments (5/5)

r(u) =d,Ng ) +d, N (u) +d,N; (1) +d; N5 (u) +
d4Nj (u) + ds]\/vs3 (u) + d6N§ (u) + d7N$ (u)

u Az u A,
A uo U3 4 2 S 0
A u2 5 N6

z2z2 222

r(u)= dONI/(u) +d1N,/(u) + dle/(u) +d3N%u) - Nf; 1 2
> N
Fd N2 () + N2 () + AN () +d, N3 )| V6 2 7 N
E N
N? i N
NP () = —2 7o N )y 4 e T8 et N 0
ui+n—1 _ui—l i+n i 10
o {1 it 2z,  <u<u,
Ni (Z/l) —
O else

0 u_1S u<u0
0 uoSu<u1
0 u su<u,
0 u,su<u,

" u < ”<”
3 4

S <
0 u u u5

< <
0 u5 u u6
I < <
u6 u u7

S u<
0u7uu8

fu<
0u8uu9

0 <u<
u9 u u10
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Cf: Cubic Bezier Curve

[Summary] Cubic B-Spline Curves | civen:b,b,b, byt

Find
r(t):boBg(t)+b1Bl3(1)+sz§(t)+b3B33(1)
™ CUbiC B-spline curves Bernstein polynomial function
. Bl(1) = (njt a-n"",
* Given: d;, u; Yo
» Find: r(u) (Points on curve at parameter u) (’?j-nci_{i,(n'i)! f0<i<n
0 else

r(u) =d,Ny () +d,N; (u) +d,N; () +--+d, N, (1)

d, : Control points (de Boor points), i=0,1, ..., D-1
N (u) : B-spline basis function of degree n(=3)

u, :Knots, j=0,1, ..., K1

- ~
U—u. _ u. —u ..
N(u) = =N ")+ —— le (u)
Uiy — U U, ., —Uu;
1 if u . <u<u <
Ny (u) = A SESE Y N () =1

0 else i=0

N y,

o ‘%% §TSYsiem |
T .
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Computer Implementation of B-Spline Curve

=
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3.3 C! and C? Continuity Condition

(1) 1st Derivatives of Cubic Bezier Curves at Junction Point
(2) C! Continuity Condition of Composite Curves

(3) 2nd Derivatives of Cubic Bezier Curves

(4) C2 Continuity Condition of Composite Curves

Naval Architecture & Ocean Engineering
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1st Derivatives of Cubic Bezier Curves at Junction Point

dr ()

u

The derivative value of

L u—u, u-—u,

U —u, A,

dr ) _dry(u@) dr _ 1 dr,(2)

inuy,<u<u

du dt du A, dt

Parameter transformation: u = t
- u is a global parameter.
- tis a local parameter defined in [0, 1] section

dr ()

du

The derivative value of

inu, <u<u,

u—u, uU—u

U, —u, A,

dr (u) _dr@)dt _ 1 dr()

du dt du A, dt

Computer Aided Ship Design, II-3. B-Spline Curves, Fall 2013, Myung-Il Roh
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C! Continuity Condition of Composite Curves
at Junction Point

u, =1

r(u = u,)=ry(t=1) =r,(t = 0). C' condition must satisfy at junction point.

dr(u)) _ 1 dry(?) :LS(bs—bz) R}
du u=t Do dt | A
_ L@ _ L by -
A dto|_, A

(b3—=b2):(bs—b3) =A, : A,

2

A A
b3 :le2 +X0b4

- Suppose the parameter u is time, then, 15t derivative is velocity of the point which passes through the curve.

- If 1st derivative of the curve is continuous at the junction point b;, then the velocity must be continuous.

- Accordingly, if the time interval is changed from A, to A;. the distance must be changed proportionally,
because the velocity is continuous at the junction point.

41



2nd Derivatives of Cubic Bezier Curves at Junction Point

(a) When u changed from O to 1 o (b) When u changed form u, to u,

The second derivative of cubic Bezier curve at u=1 : The second derivative of cubic Bezier curve at u=1

d’r(1)

> =
u

r()) 1 d*r()
dui>  (A)? dP

33-1)(b, —2b, +b))

(A=u, —u,)

Edzr(ul) 1 dzr(l): 1

di> (AP df  (A)

_3(3-1)(b,—2b, +b))

o ‘%% §TSYsiem |
Bl «
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C? Continuity Condition of Composite Curves

at Junction Point

C? condition at junction point b,
d’r(u,) 1 dr,(1) 1

du’ (Ao)2 dt* (Ay)
d’r(u,,) _ 1 d’r,(0) _ 1
du’ (Al)2 dr’ (A)
2 2
@Since ’rw) _d’r@w.)
d

2
u du

_3(3-1)(b,—2b, +b,)

_3(3-1)(b;—2b, +b,)

6 6
— (b, —2b, +b1):A—)2(b5 —2b, +b,)
1

2
(4)
@ R AL A,
And substitute C' condition(b, =—Db, +—b,).
A A

To summarize is

A A A A
= —"lp +—b,=—b, ——Cb,
AO A0 A1 A1

A A
b4 :de2+ +le5

@ Thus, if the points d, =d,, =d, exist,

C? condition is satisfied.

@ [C? condition at junction point

A A A A
——tby+—=b, =—=b, —~Lb,
0 0 1 1

ratio(b,,b,,d,) = ratio(d,,b,,by) =

g

A,

AIJ
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ineering

3.4 B-Spline Curve Interpolation

(1) Determination of the Number of Curve Segments and Knots Values
(2) Problem Definition of B-Spline Curve Interpolation
(3) Determination of Bezier End Control Points by End Tangent Vectors

(4) Determination of Bezier Control Points Satisfying C! Continuity
Condition

(5) Determination of B-Spline Control Points Satisfying C2 Continuity
Condition

(6) Calculation of B-Spline Control Points by Using Tri-diagonal Matrix
Solution

(7) Bessel End Condition

Naval Architecture & Ocean Eng
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Example of B-Spline Curve Interpolation
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Determination of the Number of Bezier Curve Segments
and Knot Values

M Given: Fitting points P, and corresponding parameter ¢, Given:

- Points p; on the curve
. . - Knots u; of the given
1. Determine the number of Bezier curve segments points on the curve

(= Number of fitting points - 1) - Tangent vectors t,, t, at
both ends

2. We can determine knots to be same as the parameters ¢, Find:

1. B-spline control point
d;
2. Cubic B-spline curve
r(u) passing through

the points p; on the curve

and satisfying CZ continuity

3. How can we determine the B-spline control points?

*— condition.
P3
f,=0.7 F
b t,=0.85 P.
= Degree: 3 ts -1.0
Po = Number of Bezier curve segments: 5
to =0 = Number of control points = 4+(5-1) = 8
i | | | | |
U = u; =0.3 u,=0.5 u;=0.7 u, =0.85 U, =
Uy Ug
U U,

u |
u, 10 - 46



Problem Statement of an Example of

a Cubic B-Seline Curve InterEOIation

® Degree: 3
d d = Number of Bezier curve segments: 5
3 4 = Number of control points = 4+(5-1) = 8
e o, _
// \\\
/// ............................ \\\\
// ... ........ Oeeeennll, \\\\
/// .... p3 ....... \\\ dS
7 P> A
Ve '..
d2 /// . o..
//‘ J " p4 )
/ .0'
/// S Py
| .'.\\
/ ~® d6
3 A
d, é: !
‘\f J
le ; d
.
3 6 d,
A A A A A AU
2 u, = Uz uy Us Ug a ud
Al A Uy
u;

Assumption of basis function: Each curve segment is 3"9-degree Bezier curve.
Constraints: Satisfying C°, C', CZ continuity conditions at knots
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Determination of Bezier End Control Points
by Using End Tangent Vectors

0
Au A, A A, A A, A A, A A, Ay
Ab, u; Uy Us Ug A Ug
AU, A U
AU O : Given or Known values A tho

e ESS82 SYstem
=24 Design . 48
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Determination of Bezier Control Points

Satisfxing C0 and C! Continuitx Conditions

A3 A A4 A A5 A Ae A u7
u, Us Ug A Ug
(b;—b,):(b,—b;) =A,:A, A U
(by—bs):(b,—=by) = A;:A, A Uq

(by—bg): (b, —by) = A, 1A
(b, —=b;):(b;—b,,) = As:A

»
B,
Computer Aided Ship Design, II-3. B-Spline Curves, Fall 2013, Myung-Il Roh L IDlLaboratory




Determination of B-Spline Control Points

Satisfxing C? Continuitx Condition

A A
L id, + {—2—}d,
A, + A, A, + A,

A
A Us
A
A Uy
A+ A A
b10:{ : : }d4+{ : }ds
A, + A + A A, + A + A
A A, +A b,=d
n =1 : jd, +1{ : : 1d; a ¢
A, + A+ A A, + A+ A b, =d, =p,
A A
13:{ ¢ }d5+{ : }d()
A + A Ay + A



Formulation of Equations to Determine d.

Satisfxing CO C!, and C2 Conditions

: C0, C Conditions

: A A
: P=b,=———b,+——=—b,
5 A, + A, A, +A; T e
: : A A, + A
—bh — A, A3 i by =4 : }dz +1{ : 2 }d3 :
P2_ 6_A3+A4b5+A3+A4b7 E ; 5 AZ_i_A3—|_A4 A2+A3+A4 E
: : A, +A A
—bh — A5 A4 : b7 — { : : }d3 "‘{ 2 }d4
: P3_b9_A4+A5b8+A4+A5b10 A, +A, + A A, +A, + A
P :b :Lb +Lb : . b8 :{ AS }d3+{ A3+A4 }d4
: ) 2 A5+A6 . A5+A6 13; A3+A4+A5 A3 +A4+A5 .
roseesssssees . b10 :{ 5 6 }d4 _|_{ 4 }ds
: C2 Condition A, +A+A, Ay +Ag+A,
b, =d, = A A, +A
: by =dy =P, b, =1 ° }d4 +1{ : : }ds
Eblzdl A4—|_A5—|_A6 A4+A5+A6 E
A A A, A,
: b, = >, + 2 \d b,=1{ fds +1{ id 5
2 {A2+A3} 1 {A2+A3} 2 13 A5+A6 5 A5+A6 6
A, +A A b,=d
b, ={————*—}d, +{ L id, S
A, +A, +A, A, +A; +A, b, =d, =p; :



Expression of the Points p; on the Curve with B-Spline

Control Points d-I and Reeresentation of Its Matrix Form

P, =d,
P = :

(A, +A)(A, +A5 +A,)

H{AA (A, + A+ A+ A (A, +A)A +A (A, +A)d, +(A2)2d3]

[(A3)7 (A, + Ay + A)/(A, +A5)d,

=ad, +4d, +7d, gres—— ( .A.T.z.).2 ..................................... E
1 : ai B (Az +Ai+l + Ai+2 )(AHI + AHZ) :
= [(A )zd + {A (A +A )+ é o A (A +AL) Ai(A, +AL) A A :
2 (A3 + A4)(A3 + A4 + As) 4 2 4 2 3 E ﬂl {(Al + AH—I + Ai+2) ' (Ai+1 +Ai+2 +Ai+3)}/(Al+l +Al+2) :
Ay(A,+As)Hds + (A3)2d4] =a,d, + f,d; +7,d, y = (A’
: I (Ai+l + AHZ + Ai+3)(Ai+l + AHZ)
1 e
P. = A)d, +{A (A, +A)A, +A. +A
3 (A4+A5)(A3+A4+A5)[( s) d; +{A (A, DA, 5 6)
Known Unknown
FAL A+ A, + A, +ADTA, + A + AN, +(A) (A, +A, +A,)
J(Ay+As+A)d ] = ad, + Bid, + 7., 4 i 71 0 0 0 0 0 0 0 \‘d A
| o S 3 0 0 0|
P, = [(Ay)*d, + 0 A, A, 1
(As+A (A, +As+Ag) p, 0 a, 181 Vi 0 0 0 0 d,
{As(Ay +A) +AA(A, + A +A¢)}d; P, 0 0 a, ,32 V5 0 0 0 d3
+(A5) (A, +As+ADd ] =ad, + B,d; +7.d, P; 10 0O 0 o B y; O 0 ||d,
pl 10 0 0 0 a B ¥ 0]
P =d, t, 0O 0 0 0 0 0 ;—3 Ai d,
6 6
Pl 1o 0 0 0 0 0 o 1%

o




Calculation of B-Spline Control Points d.

bx Using Tri-diagonal Matrix Solution

| 0 0 0 0 0
Py -3 3 d,
— — 0 0 0 0
t A, A, d,
P, 0 o B v, 0 0 0 0 d,
Py | 0 0 « ﬁz 7, 0 0 0 d,
P, 0 0 0 a, B y, O 0 d,
P, 0 0 0 0 a, B, 7, 0 d,
t, O 0 0 0 0 0 ;—3 Ai d;
6 6
Psllo 0o 0 0 0o o o 1|9
Known Known Unknown

D= AX
X=A"'D

Because Matrix A is tri-diagonal matrix, the inverse matrix A1 is easy to obtain.

B s
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Bessel End Condition (1/2)

M If the tangent vectors t,, t. at both end points are not given,
(1) Construct 2"d-degree curve(quadratic curve) from the three consecutive
points at both ends of the curve.
(2) And assume that the tangent vectors at each end point are the same with
the value of the first derivatives of the constructed quadratic curves at each
end point.

Po = dy

Ao : Ug 54



Ps=dg

1l
The beginning of u'” A L A lu A Iu A '”u The end of
the curve u: 2 3 3 44 > 5 u> the curve
f up Ug
S — p - _—
Pl .’ . ~@ Pm
” p ~
7 m-2 N
/ \
/ \
tS / \
/ \
l/ \
Pm
Po te
1 l l l l 1]
Il ' ' Il
uo Az Ll3 A3 u4 uK—S AK 5 uK_4 AK 4 uK—S
U, Ug >
T Mk,
P (2B FA, (A, +A) A, ) AV Yo o BestAe)
) Ay (A, + A3) " AA, 1 A, (A, + A3) b: AresBpos Thia) Ar-sBis
- - (A 4 +Ax5) D)
(AK 5 +AK—4)AK 4 : | 56



Determination of t, and t,

bx Using Lagrange Polxnomial (1/2)

Ple o2 x)=Lp,+ L ()p, + L (w)p,
L%(M): (u_u3)(u_u4) Lf)(u):(u_u4)+(u_u3)
ts (uz — Uy )(u2 _u4) (”2 — U )(uz _u4)
j Lf(u): (u_uz)(”_u4) L?(u):(u_u4)+(u_u2)
(1 — 1y )(u; —uy) (uy —uy )(uy —uy)
pom | | Li(u): (u—u,)(u—u,) Li(u)z (u—uy)+u—u,)
Il ' ' (u, —uy)(u, —u,) (uy —u, )(u, —uy)
Ho Az U, A3 u, . . .
i x(u) = Ly (w)p, + L; (w)p, + L; (1)p,

X(uy) = Lg ()P + L; (uy)P, + L3 (11,)p,
_(uz_u4)+(“2_u3) +(u2—u4)+(u2—u2) +(”2_u3)+(”2_”2)
)y —w) g —w) -y (=), )
_(A2+A3)_Az _(A2+A3) _Az
= P, + p,+ p
(_Az)(_(A2+A3)) ’ Az(_A3) 1 (A2+A3)(A2) ’
. 2A+A, (A, +4;) A,
TN ) T AN, PTAG, +A)
Therefore

2A, + A, N (A, +A)) A, )
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Determination of t, and t,

bx Using Lagrange Polxnomial (2/2)

-—— T =~ Pm-
0. & - X(u) = L()p,, » + L @p,,, + L;()p,

AN Py e W))W ) ()
\\ (Ug s —ug Uy s~y 3) (g s =g MUy s —uy 3)

\ Lz(u) _ (M—MK_S)(M—MK_3) Lz(u) _ (u_”K—3)+(u_u1{_5)
Pm \t | (Ug_y — U s Ug_y —Uy_5) 1 (g~ s )ty —tig5)

€ _ (u_uK_s)(u_uK—4) LZ — (M—MK_4)+(L£—MK_5)
I /\ I A ”ll L2 (u) - (MK_3 Uk s )(MK_3 _MK_4) Z(M) (uK—3 —Ug s )(”K—3 _”K—4)

A= e A=y, ) . :
e o ue, X(@)=L@p, ,+L@p,. +Lwp,
Ug 4

X(uy_5) = L%) (Ug_3)P,p T Lf (Ug_3)P, T Li (Ug_3)P,,

_ (U g —Ug )+ (U3 — Uy y) (g — g )+ (U s —Uy ) (s —ug_y)+ (U 5 —Ug_5)

- pm—Z + pm—l + pm

(U s —ug_, Uy s —Ug_5) (g =g ) Ug_y — Uy ) (g —ug )ty —Ug_,)
A1<—4 + _(AK—4 + AK—5) + AK—4 + (AK—4 + AK—S)

} (_AK—S )(_(AK—4 + AK—S )) P2 AK—S (_AK—4) P (AK—4 + AK—S)(AK—4) ;

— A1<—4 . (AK—S + A1<—4) (2AK—4 + AK—5)
- ( pm—2 m—1 + pm)
AK—S (AK—S + AK—4) AK—SAK—4 (AK—S + AK—4)AK—4
Therefore
A A +A. A, +A. ;
te:( K-4 pm—Z_( K-5 K4) n ( K—4 KS) pm)




3.5 de Boor Algorithm
(Generalization of the de Casteljau
Algorithm)
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Problem Statement of de Boor Algorithm

Input d, (de Boor Points)
! Processor: n-times sequential “linear interpolation” at u by marching (advancing) the segment of d; d.,,

Output: Point on nt"-degree curve

0 &g SYstem :
@ Design . 59
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de Boor Algorithm (1/4)

d ()= g ) ()
As ivn—k Uiy u

i+n—k

b
|l

ek

o0

= The ratio of the linear interpolation used in the de Casteljau algorithm is constant.

® |[n contrast, the ratio of the linear interpolation used in the de Boor algorithm is not constant, because
the intervals of the parameters of the Bezier curve segments, of which B-spline curve is composed,
are different from each other.

t‘“%% §TSYsiem |
BB, «
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) - g )+ g o)

de Boor Algorithm (2/4) e

1
d3 A, d4 A, A, d4

R
|l
ek
00

=
I
&
0

< Q2 SYstem
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) - g )+ g o)

de Boor Algorithm (3/4) BT

R
|l
ek
00

=
I
&
0
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de Boor Algorithm (4/4)

k =3 —e i
r(u)=d,N; (u)+d,N; (u)+d,N; (u)+

o+ d, N, (u)
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Example of de Boor Algorlthm

—Uu u
d (u) = et T8 gii () M gho(
(4-u) Uiink Uiy 1

d3=(4;”)d§+—(”_l)dj
1 0 0
GRS RGN
di _ (4;u)dg+(u—1)d2 3
di (4- u)[(4 u)d2+ d3) (u— 1)((4 u) (u_l)dL)
3 4 4 3 3 3
_(4—u) (4 u)u (u D(4—u) d (u—1)2d
3.4 d;+ 3.4 d: + 33 T35
_ (4—u)2 d'z Jr((4—u)u (u— 1)(24 u)jd; N (u —21)2 al
3.4 3.4 3 3
& _(4-uy’ ((4 u)do U ]+((4—u)u+(u—1)(4—u)j((4 1) g0 . 4 qo }(u—l)z((4—u)do+(u—l)doj
Y34 4 47 12 9 4 7 47 9 3 3

v
PS4
“
0

AowE 2 RO
g A= g0 Gy (24 (1= l)jdo w4 )(28 u(=1)  (u-1) } a0 4 =Dt g

.
.
G
,,,,,
--------
L L
........................




de Boor Algorithm as a “Constructive Approach”

M de Boor Algorithm: “Constructive Approach”
Input: d; (de Boor Points)

Processor: n-times sequential “linear interpolation” at u

by marching (advancing) the segment of d. d_,,

Output: Point on Nt"-degree curve

r(u)= doNS(“) +d1N13(”) +d2N23(u) T °°+an,f(u)

P 2 SYstem
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Relationship between the de Boor Algorithm
and B-Spline Curves

M de Boor Algorithm: “Constructive Approach”
Input: d; (de Boor Points)
Processor: n-times sequential "linear interpolation”

Output: Point on Nt"-degree curve

M B-spline curve: “B-spline function evaluation Approach”
Input: d; (de Boor Points)
Processor: “Blending” the de Boor points(d)) in space
and B-spline basis function(Cox-de Boor recurrence formula)
Output: Closed form of nt-degree curve equation

»
B, -
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3.6 Cox-de Boor Algorithm and
de Boor Algorithm

Naval Architecture & Ocean Engineering
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Cox-de Boor Algorithm

Evaluation of Cox—de Boor Basis Function

u, —u

U—Uy Uy —U Uy —U

0 u <u<u)w
Su<

0 u <u<u,
<

0 usu<u,

Su<
tluzuu3

fu<
0 u,Su<u,

<u<
0 u <u<u

fu<
0u6uu7

4

TOW, : i T u
ulig MM U A, uli %
us; A us; Ug A

U2 u7 A 4

Su<
0U3 u U4

ra) =V N W+ VNP DV + VPN D) + VEN? i) + VON? (w)

Cox-de Boor Algorithm
N7 () = N () 2 N ()
ui+n—1 _ui—l ul+n - l
0 {1 if u,  Su<u,
N, (u) =
0 else

N; =

Uy — U, U, —u, Uy —U, Uy —U U —U,

(4 u)

Uy—U U=y Uy U Uy U U U U—U,

Uy —Uy Uy —U Uy—U, U, —U U —U, U;—U,

r,(u) =

d’+(4—u) (a+”3—61j O+ (4- u)( "

u(u 1) (u— 1) +(u 1) do
36 27 d; 27
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de Boor Algorithm

)

(—)( 36)2

P 2 u(u 1) (u—1)° a + (u—-1)° a
8 36 27 27

The same cubic equation at

the parameter u can be obtained.
®» de Boor Algorithm is the same as
Cox de-Boor Algorithm.

24 36

36 27 27

(4o u)[4; u(u—1)+(u—1)2]dg+(u—1)3

by =30 8”) d’ +(4-u) (—+”—1de+

d;

(4_U) y u . (4 I/l)
4 db,1+zdb,2 d§3 4 d} Zdly,z

D
dl,Z -

y _(4-uw) Uy , _(4- u) Uy
d1,3 4 dgz _d0,3 d24 3 3 dlyA

d1V4 @-u) dgg + (-1 dg,4 d§,4 = @-u) d§,3 + (-1 d;,4

Uu. J—
Nz’k 2(u)_|_ i+k—1



Bezier Curve and B-Spline Curve

ltem Bezier Curve B-Spline Curve
Bezier Control Point b, B-Spline Control Point d;
. Given | Parameter ¢ Parameter u
Efqgat‘o” Bernstein Polynomial Func. B/ (¢) | B-Spline Basis Func. N, (u)
or curves
Find Bezier Curve r(1) B-Spline Curve r(u)
" r(t)=b B, (t)+b,B/(t)+......+b, B (2). r(u)=d,N, (u)+d,N; (u)+d,N; u)+--+d, N,  (u)
Bernstein Polynomial Function B-Spline Basis Function
"y | (Cox-de boor Recursive Formula)
Function B'(®) :( .jfl(l 0", _ _
l n . u ui—l n-1 ui+n u n—1
Evaluation y N, (“)—um_l_ui_1 N, (u)+—ui+n—ui Ny (u)
Approach n ——— if0<i<n
PP ;PG =i n=D)! NG) 1 if u,, <u<uy, an( =1
Au) = R ; u) =
0 else i 0 else £
: de Casteljau Algorithm de Boor Algorithm
Constructive )= (= + b k v u I O
bi(z)=(1-¢)b;" +1b; df(u)=—2 = @ (y)+ ——=L—d*
ApprOaCh 1 l(u) Ui — Uiy l 1(”) Ui — Uiy l (”)
Given | Points on Curve: p,, py, ..., P, Points on Curve: p,, p,, ..., P,
Interpolation : - : :
Find | Bezier Control Point b, B-Spline Control Point d,
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[Appendix] Determination of the Number of Bezier Curve

Segments and Knot Values (1/2)

Given:
- Points p;on the curve

M Given: Fitting points P, and corresponding parameter ¢, | - knots u; of the given

. points on the curve
where, = 0.1,....m and I, = 0, [, = 1 - Tangent vectors t,, t, at
both ends

Find:

1. B-spline control point

M First, determine number of Bezier curve segment and |

itS knOtS 2. Cubic B-spline curve
r(u) passing through

the points p; on the curve
and satisfying C2
continuity condition.

i

P tS - 10
0
by = 0 = 3: degree
= 2: number of Bezier curve
segments
=  number of control points
=4+ (2-1) =5

< @2 SYstem |
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[Appendix] Determination of the Number of Bezier Curve

Segments and Knot Values (2/2)

M Given: Fitting points P; and corresponding parameter ¢
where, i=0,1,..m and ¢, =0, ¢ =1

M First, determine number of Bezier curve segment and its knots.

PO = 3: degree
t, = 0 = 3: number of Bezier curve
segments
=  number of control points
=4+ (3-1) =6

= How do we determine Knots?
(= start / end points of each

cubic Bezier curve) 73



[Appendix] LU Decomposition Method

o
S
L
0
v
S
g
Ly
S
0
0
O
O
o3
2
S
b
3
2
S
S
<
®
5
<
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[Appendix] Procedure to Determine X

Tri-diagonal matrix

A tri-diagonal matrix has nonzero elements only in the main diagonal, the
first diagonal below the main diagonal, and the first diagonal above the main

diagonal. ® “Tri” + “Diagonal”
o _ _ _ _ v, ? v
boco 0 %o dy Ax=d

0 azbz 02 0 X5 d 2 Ais decomposfed i.f'nto
. . multiplication bf L:and U.
Diagonal / LUx=d
elements J Substitute y for Ux
O an—l bn—l ] n—1 x”_l n—l1 ; y 2 !
a, b, | [ X | 4, | ® UX =Yy

- A B ¢ d ' 4

Procedure to determine X

(1) Ais decomposed into multiplication of L and U.

(2 Solve the equation “Ly = d” fory.
@ Solve the equation “Ux = y” for x.
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[Appendix] Decomposition of A into Multiplication of L and U

®A=LU

o boo 0 0 01 5 0
0w boe 0 0 @ B0 o1 p 0

Diagonal elements

“‘
...............................................
R

ay
.y
"ay
.......
ey
"y
"ay
.

i=0,-,n—1
a,,=c,, b, _=a,y,,+B. Coy = Bt

a, =a, bn =7, +IBn




[Appendix] Decomposition of A into Multiplication of L and U
- Forward Substitution

!
@Ly =
'iﬂo O 11 Yo | | d, ]
181 M d,
O a, 132 V2 d,
Diagonal /
elements
0 «, ﬂn 10 Yo d,,
v v
ﬁoyo d, )
! d —a.v.
a, yoA ‘,/Bl y, =, Forward y, =—1 248!
substitution b,
— I = 19 e, H
ay+py,=d
: with y, =—
an—lyn—2 + n—lyn—l - dn—l 0

anyn—l +IBnyn :dn

V

Ax=1
l@ﬁztﬁ
lﬂkiﬂm;

oty

ely=1 :




[Appendix] Decomposition of A into Multiplication of L and U

- Backward Substitution

?
: !
(Df]x::y
1 7 0 NEIEES
0O 1 y», O X M
0O 1 » O Xs V>
0 7/,1 xn—l yn—l
] 1] x, | Y
U X =Y
Xo T71% = Yo /\
X V2% =0 X = Vi = ViaXin
E }/%3 G Backward i=n—1,0
substitution
] / ! v with X, =Y,
'xn—l + 7/n'xn = yn—l
4

Ak-d
l@ﬁztﬁ
LUx=d :
Aoty
ciizﬁ




[Appendix] Programming for B-Spline
Curve

(1) Sample Code for B-Spline Curve Class
(2) Sample Code of Cubic B-Spline Curve Interpolation

Naval Architecture & Ocean Engineering
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Programming for B-Spline Curve Class

1) Definition of B-spline Curve

Ex: Cubic B-spline curve

» Degree
e Control Point

b, b,

Member Variables of B-spline Curve Class

int n: degree of B-spline Curve

Vector* m_ControlPoint: Control Point

int m_nControlPoint: the number of Control Point

2) Calculation of B-spline Basis Function

(Cox-de Boor Recurrence Formula)

N} (u) = —— NP7 () =2 N ()

Uiy — U U, ., —U;

bo b3 N.O(u):{l if u,_ <u<u,

0 else

.................................... . LA S 4~ 3) B_Spline curve Construction

*Divide the parameter u(u,;,~U,.) into n equal
parts

*Find the points on the curve at the each divided
parameter

*Represent curve by connecting points with
straight lines




Sample Code of Cubic B-Spline Curve (1/4)

Member Variables of B-spline Curve Class

int m_nDegree : degree of B-spline Curve
Vector* m_ControlPoint: Control Point

#include "vector.h int m_nControlPoint: the number of Control Point

class CubicBsplineCurve {

public:

Vector* m_ControlPoint; int m_nControlPoint
double* m_Knot; int m_nKnot;

int m_nDegree;

CubicBsplineCurve();
~CubicBsplineCurve();

void SetControlPoint(Vector* pControlPoint, int nControlPoint);

void SetKnot(double* pKnot, int nKnot);

Vector CalcPoint(double u);

double N(int d, int i, double u); // B-spline basis function

};

e Sz SYstem ;
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Sample Code of Cubic B-Spline Curve (2/4)

CubicBsplineCurve::CubicBsplineCurve () {
m_ControlPoint = 0; m_Knot = 0;
m_nControlPoint = 0; m_nKnot = 0; int m_nDegree =3;
}
CubicBsplineCurve::~CubicBsplineCurve () {
if(m_ControlPoint) delete[] m_ControlPoint;
if(m_Knot) delete[] m_Knot;
}
void CubicBsplineCurve::SetControlPoint(Vector* pControlPoint, int nControlPoint) {
m_ControlPoint = new Vector[nControlPoint];
for(int i=0; i < nControlPoint; i++) {
m_ControlPoint[i] = pControlPoint[i];
}

3
void CubicBsplineCurve::SetKnot(double* pKnot, int nKnot){

m_Knot = new double[nKnot];
for(int i=0; i < nKnot; i++) {
m_Knot[i] = pKnot[i];
}
}

Computer Aided Ship Design, II-3. B-Spline Curves, Fall 2013, Myung-Il Roh
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Sample Code of Cubic B-Spline Curve (3/4)

Vector CubicBsplineCurve::CalcPoint(double u)

{
Vector PointOnCurve(0,0,0);

if (t <m_Knot[0] || t > m_Knot[m_nKnot-1]) {
return PointOnCurve;

for(int i = 0; i < m_nControlPoint; i++){
PointOnCurve = PointOnCurve + m_ControlPoint[i] * N(m_nDegree, i, u);
3

return PointOnCurve;

Calculate points on the curve at parameter u

r(u)=d,N, (u)+d,N;(u)+d,N;(u)+d,N; (u)

Gt SNgSYstem :
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Sample Code of Cubic B-Spline Curve (4/4)

// Find Span k
//Ui-1<=U<Ui 2> k=i

if(d==0){

// return O or 1;
} else {

}

double CubicBsplineCurve:: N(int d, int i, double u) {

// return Cox de-Boor recurrence formula

Calculation of B-spline Basis Function
(Cox-de Boor Recurrence Formula)

U—1Uu. _ U, —u _
N!(u)= SN )+ N ()
Uiy — U U, U,

0 1 if u, , Su<uy,
N, () =
0 else

Computer Aided Ship Design, II-3. B-Spline Curves, Fall 2013, Myung-Il Roh
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Sample Code of Cubic B-Spline Curve Interpolation (1/4)

#ifndef __CubicBspline_h__
#define ___CubicBspline_h__

#include "vector.h“

class CubicBsplineCurve {

public:
Vector* m_ControlPoint; int m_nControlPoint;
double* m_Knot; int m_nKnot; int m_nDegree;

void SetControlPoint(Vector* pControlPoint, int nControlPoint);

void SetKnot(double* pKnot, int nKnot);

Vector CalcPoint(double u);

double N(int d, int i, double u);

void Interpolate(Vector *pFittingPoint, int nFittingPoint);

void Parameterization(int nType, Vector* FittingPoint, int nPoint, double* t);
I§
#endif

0 &g SYstem :
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Sample Code of Cubic B-Spline Curve Interpolation (2/4)

{

void CubicBsplineCurve::Interpolate(Vector *pFittingPoint, int

// Generate Knot
if(m_Knot) delete[] m_Knot;
m_nKnot = (m_nFittingPoint - 2) + 2*(3+1);
m_Knot = new double [m_nKnot];
// Use Chord length or Centripetal method

/1

Generate Matrix : (L+1) * (L+1)

int L = m_nFittingPoint + 1; /l (L+1)*(L+1) size Matri

// Fill rhs
Vector* rhs = new Vector[L+1];
for(i = 1; i <= L-1; i++) rhs[i] = pFittingPoint[i-1];

// Bessel End condition

rhs[0] = rhs[1]; rhs[L] = rhs[L-1];

Set knot using chord length

u, Ug
u, u,
u, =0.0 us =4.0

rhs[1] = StartTangentByBesselEndCondition;

rhs[L-1] = EndTangentByBesselEndCondition;

Computer Aided Ship Design, II-3. B-Spline Curves, Fall 2013, Myung-Il Roh
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Sample Code of Cubic B-Spline Curve Interpolation (3/4)

void CubicBsplineCurve::Interpolate(Vector *pFittingPoint, int nFittingPoint)

{

// Generate Knot
if(m_Knot) delete[] m_Knot;
m_nKnot = (m_nFittingPoint - 2) + 2*(3+1);
m_Knot = new double [m_nKnot];
// Use Chord length or Centripetal method

// Generate Matrix : (L+1) * (L+1)
int L = m_nFittingPoint + 1; /1 (L+1)*(L+1) size Matrix
// Fill rhs
Vector* rhs = new Vector[L+1];
for(i = 1; i <= L-1; i++) rhs[i] = pFittingPoint[i-1];

tS
AZ (AZ + A3)

// Bessel End condition
rhs[0] = rhs[1]; rhs[L] = rhs[L-1];

rhs[1] = StartTangentByBesselEndCondition; rhs[L-1] = EndTangentByBess

t, P,
AK—S (AK—S +AK—4) ?

Bessel End Condition

2A, + A
== : —p,

n (A, +A;) P,
AL A,
A,
- P,
Ay (A, +As)

A1<—4

_ (Ags+Ax )
Ag_sAg_y
(2Ax 4 +Ax5)

(Ag_s+Ax_)Ag,

pm—l

L
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Sample Code of Cubic B-Spline Curve Interpolation (4/4)

double* alpha = new double[L+1];
double* beta = new double[L+1];
double* gamma = new double[L+1];
double* up = new double[L+1];
double* low = new double[L+1];
if(m_ControlPoint) delete[] m_ControlPoint;
m_nControlPoint = L+1;
m_ControlPoint = new Vector[m_nControlPoint];
/! Fill alpha, beta, gamma
/1 Solve LU system
[_u_system(alpha, beta, gamma, L, up, low);
solve_system(up, low, gamma, L, rhs, m_ControlPoint);

e Calculate inverse matrix by using LU decomposition
/I ReTease memory

delete[] rhs; delete[] alpha; delete[] beta; delete[] gamma; delete[] up; delete[] low;
3
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