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Ch. 7 Longitudinal Stability

Static Equilibrium

Longitudinal Stability

Longitudinal Stability in Case of Small Angle of Trim
Longitudinal Righting Moment Arm

Derivation of Longitudinal Metacentric Radius (BM,)

Moment to Trim One Degree and Moment to Trim One
Centimeter (MTC)

Examples
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Static Equilibrium
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m: Mass of a ship
° oge ° a: Acceleration of a ship
Statlc EqU|||br|um G: Center of mass of a ship
F: Gravitational force of a ship
B: Center of buoyancy at initial position
Fj: Buoyant force acting on a ship

F ? I: Mass moment of inertia
Gl @. Angular velocity
7: Moment
GL
W 1 L
B
W,L,: Waterline at initial position
AP F F.P
Static Equilibrium |
/@) Newton’s 2" law A /® Euler equation )
ma = ZF lo= ZT
=—I. +F, for the ship to be in static equilibrium
for the ship to be in static equilibrium 0= ZT ,(Cow=0)
0= ZF ,(a=0) When the buoyant force(F,) and the
gravitational force(F,) are on one line,
\_ FG = FB ) the total moment about the transverse axis
through any point becomes 0.
It does not matter where the axis of rotation is
\ selected if the two forces are on one line. s




Longitudinal Stability
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o . oge B,: Changed position of the center of buoyancy after the ship has been trimmed
LOﬂgItUdlnal Stablllty W,L,: Waterline at initial position
W,L,: Waterline after trim

- Sta b I e Eq u i I i b ri u m A.P: after perpendicular, F.P: forward perpendicular

AP -

@ Produce an external trim moment by moving a weight in the longitudinal direction (z,).

@ Then, release the external moment by moving the weight to its original position.

® Test whether it returns to its initial equilibrium position.

 Z,: Intersection point of the vertical line to the waterline W,L, through the changed position of the center of buoyancy
| (B,) with the horizontal line parallel to the waterline W,L, through the center of mass of the ship(G)

Return to its initial equilibrium position

Longitudinal righting GZ, % Longitudinal
Stable moment(7) [> righting arm
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Reference Frames

Rotation of the
water plane fixed
frame while the
body(ship) fixed
frame is fixed

Same in
view of the
Mechanics!!

Rotation of the
body(ship) fixed
frame with
respect to the
water plane fixed
frame




Longitudinal stability of a ship
- Stable Condition (1/3)

' @ Apply an external trim moment to the
, ) Z ship
z @ Then release the external moment

(3 Test whether it returns to its initial

equilibrium position.
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In this figure, the angle of inclination, @, is negative,
which means that the ship is trimmed by the stern.
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' s °I1: : i i k i(y(;'F(;,z_Z(;'F(;,;,-)
Longitudinal s.t.ablllty of a ship I T
- Stable Condition (2/3) Foo Fop Fol| kG Foy = Fo)

4 Resultant moment about
z' (y-axis] through point O () :

e —
T =1, %K, tr; XK,

= Wy, £,z F5,)
[Hilx, By 42, F,))

+k(xg - Fo, — V6 F5 )

Hi(yy Fy, =z Fy )
(+i(-x, Fy +2, - Fy )
+Kk(xy - Fy, =y - Fp,)

= J(=x; Fo .tz %x)
+j(_XBl 'FB,Z TZp ﬂ,x)
= j(—x, -(—W)—)CB1 -A)
If W=A
= j(_'xG '(_A)_XB1 -A)

In this figure, the angle of inclination, @, is negative, ,Z | = = J . A(XG — X, )
which means that the ship is trimmed by the stern. !
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Longitudinal stability of a ship
- Stable Condition (3/3)

4

Z,zZ Resultant moment about

Z,; 1 (y-axis] through point O () :

e —
T =1, %K, tr; XK,

:j'A(xG_xBl)
=j-A-GZ,

-7 Longitudinal Righting Moment

T =A-GZ,

The moment arm induced by the
buoyant force and gravitational
force is expressed by GZ,, where Z;
is the intersection point of the line
of buoyant force(A) through the
new position of the center of
buoyancy(B,) with a transversely
parallel line to a waterline through
the center of the ship’s mass(G).

Stable 1!
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Position and Orientation of a Ship
with Respect to the Water Plane Fixed and Body(Ship) Fixed Frame

The ship is rotated.

'
77X

Emerged
volume Rotation of the
body(ship) fixed
V. frame with

— respect to the
water plane fixed
frame

Submerged
volume

Same
in view of

the Mechanics!!

Rotation of the
water plane fixed
frame while the
body(ship) fixed
frame is fixed




Longitudinal Stability
in Case of Small Angle of Trim
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Assumptions for Small Angle of Trim

Emerged volume

W,L,: Waterline at initial position
I W,L,: Waterline after trim

Assumptions

@ Small angle of inclination 3o-~5¢ for trim)

@ The submerged volume and the emerged volume are to be the
same.

14
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Longitudinal Metacenter (M,) (1/3)

M, i
L1}
oG
% ! I 0 {“1
H - 7
B
§B
W,L,: Waterline at previous position
W,L,: Waterline after trim
AP F , F.P
B
0028

X Metacenter “M" is valid for small angle of inclination.

Longitudinal Metacenter (/1,)

The intersection point of

a vertical line through the center of buoyancy at a previous position (B)

with a vertical line through the center of buoyancy at the present position (B))

after the ship has been trimmed.

e ESS82 SYstem
=i Design §
- )lLaboratory |

Planning Procedure of Naval Architecture and Ocean Engineering, Fall 2013, Myung-Il Roh

15



Longitudinal Metacenter (M,) (2/3)

AP Fb]HGQ F.P

M, remains at the same position for small angle of trim, up to about 2~5 degrees.

As the ship is inclined with a small trim angle, B moves on the arc of circle whose center is at M,.

The BM, is longitudinal metacentric radius.

The GM| is longitudinal metacentric height.

16
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Longitudinal Metacenter (M,) (3/3)

M, does not remain in the same position for large trim angles over 5 degrees.

Thus, the longitudinal metacenter, M, is only valid for a small trim angle.

e ESS82 SYstem :
Design 17
Planning Procedure of Naval Architecture and Ocean Engineering, Fall 2013, Myung-Il Roh e Dl Laboratory |



Longitudinal Stability Assumption

@ A small trim angle (3°~5°)

for a BOX-Sha ed Shi @ The submerged volume and the
% emerged volume are to be the same.

i 5 ® : Midship
I\ |7t
\
Emerged volume
W, ? vy | L
/
3 L
f £ W,L,: Waterline at initial position =
U In Kc W,L,: Waterline after a small angle of trim
AP ’ F.P
7, / @ FB !
. . . . (S
About which point a box-shaped ship rotates, while the submerged volume,e
and the emerged volume are to be the same? (ﬁz

[ @ Apply an external trim moment(z,) which results in the ship to incline with a trim angle 6. ]

the ship rotates about the transverse axis through the point O.

[@ For the submerged volume and the emerged volume are to be the same, }

t‘“%% §TSYsiem |
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Longitudinal Stability  Assumption

A small angle of indina‘tﬁ%
for d General Shl — @ The submerged volume and the -
. ‘ merged volume are to be the sa&

The hull form of a general ship is not symmetric ¢ Tz
about the transverse(midship section) plane.

I." [*% F,
W, T
T Submerged volume '
AP Ff K[ F.P
B FB @ i

'!':

What will happen if the hull form of a ship is not symmetric about the i
transverse(midship section) plane through point O?

The submerged volume and the emerged volume are not same!

So, the draft must be adjusted to maintain same displacement.

0 &g SYstem |
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Rotation Point (F)

Expanded view . I

W,L,: Waterline at initial position B le

W,L,: Waterline after a small angle of trim ;
W;L;: Adjusted waterline L3
A.P F Kl F.P
: 00

So, the draft must be adjusted to maintain same displacement.

The intersection of the initial waterline(W,L,) with the adjusted waterline(W,L;) is a point F,
on which the submerged volume and the emerged volume are supposed to be the same.
1

€.
What we want to find out is the point F. How can we find the point F?(’;

0 &g SYstem
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Longitudinal Center of Floatation (LCF) (1/3)

[ o . .
Z A°4Z x": Longitudinal coordinate from the temporary origin <
i : i) y': Breadth of waterline W,L, at any position x’

W, 7
W i

W,L,: Waterline at initial position

W,L,: Adjusted waterline i

4P o

From now on, the adjusted waterline is indicated as W,L,.

A(x") Submerged volume(v,) = Emerged volume(yf)
___________ ' ' F F.P
:(y )(x -tan 9) L.p y’-(x'-tan@)dx':_[F '+ (x'-tan @)dx’
:x,.y’.tang F ' ! ! F.p ' ' '
A(x,) L.Px 'y dx :.[F Xy dx
V(x")
:I A(x")dx'
15
:j x'-y'-tan Odx’ iWhat does this equation mean?
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Longitudinal Center of Floatation (LCF) (2/3)

<Plan view of waterplane>
Since these moments are

. equal and opposite, the
. longitudinal moment of the
entire water plane area about
_[F'Px’dA =J‘F'Px’-y’dx thg transverse axis through
F F point /' Is zero.

Longitudinal moment of the forward
water plane area from F about the
transverse axis(y’) through the point F

Longitudinal moment of the after
water plane area from F about the
transverse axis(y’) through the point

F (F
j x'd4 = . x"-y'dx’

That means the point F' lies on

the transverse axis through the
centroid of the water plane,

called longitudinal center of
floatation(LCF).

T tan@)d = [y (x'- tan 6)dx’
.Py-(x-an)x—J‘Fy-(x-an)x

IFP X'y dx' = jF'Px'-y’ dx’

A4 r

0 &g SYstem :
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Longitudinal Center of Floatation (LCF) (3/3)

s A
Therefore, for the ship to incline under the condition that the submerged volume and
emerged volume are to be the same,

the ship rotates about the transverse axis through the longitudinal center of floatation (LCF).

. J

F [> Longitudinal Center of Floatation (LCF)

0 &g SYstem :
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Longitudinal Righting Moment Arm
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Longitudinal Righting Moment Arm (GZ))

P
: z"l;_,lML : - N
- ] ;9 : Longitudinal Righting Moment
T oAl _ .
w, |, | %pG P r/ L, — GZL FB
1 ! ¥
P BT From geometrical configuration
....... el o =3 :
e ﬁ m ........................... e GZL = GML 'sind
"""""""""""""" | with assumption that M, remains at the same
z'A ; position within a small angle of trim (about 2°~5°)
v My - J
K
GM, =KB +BM —KG
1 ! \
% [ )
KB = 51~52% draft Vertical center of mass

of the ship

How can you get the
value of the BM,?

GM,: Longitudinal metacentric height

®
B K B: Vertical center of buoyancy at initial position
FB BM,: Longitudinal metacentric radius
K* K G: Vertical center of mass of the ship

K: Keel M;: Longitudinal Metacenter

SYstem :
Design . 925
Planning Procedure of Naval Architecture and Ocean Engineering, Fall 2013, Myung-Il Roh Laboratory




Derivation of Longitudinal Metacentric
Radius (BM))

< P2 SYstem
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Derivation of Longitudinal o tsim ancle 5.
Metacentric Radius (BM,) (1/8)

V: Displacement volume , g Center of the emerged volume L
v: Submerged / Emerged volume . &;: Center of the submerged volume A

@ The submerged volume and the
emerged volume are to be the same.

x',r, 2", longitudinal and vertical distance
of the emerged volume from F

T~

1
B: Center of buoyancy at initial position Ly G - & ‘ .
B,: Changed position of the center of buoyancy iy x',,, z',, . longitudinal and vertical distance
' ] ' ' d volume from F
| X 3 X
v,a !y v,f

.7

\W "
AP . i K] F.P
Let's derive longitudinal metacentric radius BM; when a ship is trimmed. , qML
The center of buoyancy at initial position(B) moves parallel to gg,. ZA /./':
. 1% i ’ e
The distance BB, equals to v 8 | 0 :
v i i/'/ |
BB] :6' 88, i ././E' :
| Because the triangle gg'g; is similar with BB'B, | . 'F |
BB, BB . BB, BB, i A W— S > X
ge, g¢' g8 g% i S A
5x! | 52! | T
ey +i' ) T e ) ’ Bl ~< }
v v,a v, f ! v,a v.f E 9,'\_ S - I
!/ v !/ 1 . . . : ' = ~ ~
oxy =—-(x;,+x,,) ...() : Longitudinal translation 521'3//—\ - q
\4 of B to B, | S B 5)63 B
v . . '
Sz =—- (2 +2 (2 : Vertical translation :
B ( v.a v,f) (2) of B to B, S 27




Derivation of Longitudinal

Metacentric Radius (BMl) (2/8) y (e

[ AU
B Y
/ ~ -~ -
9/. ~

ML

!
OXy =

oz, =

BM, -tan 0 = BB,

B

v
v (x +xvf)

v
—(z,,+z

sy, = BB
tan 0 ':D BB, = BB + BB,
1 ! !
= (BB'+B'B,)
tan
1
= Ox, +0z,tand Substituting (1), (2
g0 mo) =) Stiing 0,0
L (Y ex )+l 42 Ytand
tang\ v = ¢ Ty e
BM, = ! (v-x' §+vx +(vz +§v-z'f§)tan9)
V-tang* Lo

v

Planning Procedure of Naval Architecture and Ocean Engineering, Fall 2013, Myung-Il Roh
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Derivation of Longitudinal
&etacentric Radius (BM

L) (3/8)

V. t1an9<vxf+v X, +(V z, f+V z )tanﬁ)
(A) (B (© (D

: Moment of the emerged volume
about y’-z' plane

Planning Procedure of Naval Architecture and Ocean Engineering, Fall 2013, Myung-Il Roh
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1

Derlvatlon of Longltudlnal BM, = o (v v + vz + vz, ) an )

@ ® © ©
]

(B) VX : Moment of the submerged volume
' ’ about y’-z’ plane

F
= L.PA(X )-x"dx

F

= A.P(x'-y'-tane-x')dx

!

x' = tan ¢9J':P(x’)2 -y'dx’

0 &g SYstem :
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1

Derivation of Longitudinal BM, = (v v, + vz vzl ) tan )

ietacentric Radius (BM,) (5/8) @ ® © O

E(C) V'ZL y : Moment of the emerged volume
' ’ about x’-y’ plane

F.P
= IF A(x")-z"dx

- j:'P (x"-)'-tan @) (%’ tan 9} dx’

t 20 ’ ' i i
=L )y

e ESS82 SYstem :
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Derlvatlon of Longltudlnal BM, = (vl 4vexl + (02, v ) tan6)

(A) (B (€ O

i (D) v-zL . : Moment of the submerged volume
' ’ about x’-y’ plane

F
_ L.PA(x)-z dx

P, x'
:J‘A.P(x -y -tan@)(ztanejdx

E t 20 ! ! !
x L e

0 &g SYstem :
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Derivation of Longitudinal () vexiy =an0f (@) -y (© vez, SB[ (o) g

Metacentric Radius (BM,) (7/8)® vexl, =mnof (O d©) yoz SBTO g
A

Z L

~

[

2 -

-

BM, = ! (V X +v-x +dv Z -z tan@) ,ég'_ ______________ _B_-*._J:_
VN ® © © W L

/ i

AP z KT

@ By substituting (A), (B), (C), and (D) into the BM, equation

’ i i / ' l ' t 20 ' / i l t 28 i ' i
(tan@-jfp(x)z-ydx+tan9-'[jp(x)2-ydx+[ anz I:P(x)z-ydx+ar12 jjp(x)z-ydxjtanﬁl

I, : Moment of inertia of the entire water plane
about transverse axis through its centroid F

= tan9-1L+l.tan36’-IL
V-tan6 2

BM, :I—L(l+ltan2 6’]
\% 2

0 &g SYstem :
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Derivation of Longitudinal ZﬁM
Metacentric Radius (BM,) (8/8) B

which is generally known as BM,.

The BM, does not consider the change of center of buoyancy in vertical direction.

In order to distinguish between them, the two will be indicated as follows:

] 1 . . . . .
_ 1y 2 (Considering the change of center of buoyancy in vertical direction)
BML0—€(1+5tan 9)

/

L (Without considering the change of center of buoyancy in vertical direction)

BMng

0 &g SYstem
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Moment to Trim One Degree and

Moment to Trim One Centimeter
(MTC)

b;?!SY stem
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LCF: Longitudinal center of floatation
Z,: Intersection point of the vertical line to the water surface through the

M Oment to Tri m 0 ne Deg ree | changed center of buoyancy with the horizontal line parallel to the

water surface through the center of mass

M ! M;: Intersection point of the vertical line to the water surface through the
| SE— center of buoyancy at previous position(B) with the vertical line to the
,’]_ water surface through the changed position of the center of

buoyancy(B,) after the ship has been trimmed.

r

¢
5y

2, 83G

T )

/When the ship is trimmed, the static

equilibrium states:
' Moment to trim = Righting moment

— FB ) GZL
(atsmall angle ) |~ FB -GML .s1n @

a . el
Definition
It is the moment of external forces
required to produce one degree trim.

.

Assumption

Small trim where the metacenter is not

. —,—I— Substituting 9 = |
changed (about 2~5°)

Moment to trim one degree =F,-GM, -sinl’

0 &g SYstem :
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Moment to Trim One Centimeter (MTC) (1/2)

1
ﬁ” Moment to trim one degree :FB . GML .sinl
1

Often, we are more interested in the
changes in draft produced by a trim

moment than the changes in trim angle.
S e L,
] i
MIC=F,-GM, - 5 AP L, Fp
LBP -100 ! . : t
. Trim(s): d,—d,, sin @ ~ tan 6 =7
MTC: Moment to trim 1 ¢cm i 1 Draft afte T B
Lgp: Length between perpendiculars [m] | d;: Draft forward (If 0 is small)

‘%3 bTSYsiem |
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Moment to Trim One Centlmeter (MTC) (2/2)

MTC=F,-GM, - :

_.1 LBP-100
GM, =KB+BM, —KG

As practical matter, KB and KG are : — 7
usually so small compared to GM, that | Substituting F, =p-v, BM, =;L
BM-L can be SUbStItUtEd for GML‘ I I,: Moment of inertia of the water plane area about y' axis
—<
| I
1 1 i MTC :p.v. L, 1
MTC=F,-GM, ———~F,-BM, - ; V. Ly -100
L,,-100 Ly, -100
_ p1,
— = L,,-100

‘%3 bTSYsiem |
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Example
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Example) Calculation of Draft Change
Due to Fuel Consumetion (1/4)

: '
\ ﬁ 88 m , L
P I ——— LS S o] (.
4 - | |
s.SSka]& 3] o | |5
AP Lyp =195m F.P
During a voyage, a cargo ship uses up 320 tones of consumable stores (H.F.O:
Heavy Fuel Qil), located 88 m forward of the midships.
Before the voyage, the forward draft marks at forward perpendicular recorded
5.46 m, and the after marks at the after perpendicular, recorded 5.85 m.
At the mean draft between forward and after perpendicular, the hydrostatic
data show the ship to have LCF after of midship = 3 m, Breadth = 10.47 m,
moment of inertia of the water plane area about transverse axis through point F
= 6,469,478 m*4, Cwp = 0.8.
Calculate the draft mark the readings at the end of the voyage, assuming that
there is no change in water density(p=1.0 ton/m3).
Planning Procedure of Naval Architecture and Ocean Engineering, Fall 2013, Myung-Il Roh %:Eg&g %%Ie‘ggﬂiory L



Example) Calculation of Draft Change
Due to Fuel Consumetion (2/4)

! —
W\ J 88 m . /
1 F l ! L
kS Tm_)

1 1
AP 195m d; F.P

Y

4. —

y

@ Calculation of parallel rise (draft change) ] Ayp

C,»
0.8- 195 10 47
1,633.3[m*]

= Tones per 1 cm immersion (TPC)

1 1
:TPC =p-Ayp-—— =1[ton/m’]-1,633.3[m*]-
" Too ~ | [ 100[cm / m]
= 20.4165[ton / cm]
= Parallel rise
] 320][ton
S5d = Wesht  _ onl |5 67367cm] = 0.1567[m]

TPC 20.4165[ton / cm]

IR bTSYsiem
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Example) Calculation of Draft Change
Due to Fuel Consumetion (3/4)

—
VVS\ F ': 88m =i l‘.l
AU s e ———
St T
A.l: 195m di) F.P
[ @ Calculation of trim ]
* Trim moment :7,,, =320[ton]-88[m] = 28,160[ton-m]
= Moment to trim 1 cm (MTCQ)
3
re=P A Monm] o460 a78[m*] =331.7949(ton-m [ cm]
100-L,, 100[cm/m]-195[m]
= Trim
: Trim = —in 28,160[on-m] ¢4 g785[cm] = 0.8488[m]

MTC  331.7949[ton-m/ cm]

> -~
Bl «
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Example) Calculation of Draft Change
Due to Fuel Consumetion (4/4)

195m

0.8488[m]

3 Calculation of changed draft at FP and A.P AP
195/2+3

(195 :0.8488 = [, : ?)
= Draft change at F.P due to trim =—TX0-8488 =—0.4375[m] (195:0.8488 = 1,: ?)

195/2-3
= Draft change at A.P due to trim =TX0-8488 =0.4113[m]

» Changed Draft at F.P : draft — parallel rise - draft change due to trim
=5.46[m]—0.1567[m]—0.4375[m] =4.8658[m]

= Changed Draft at A.P: draft — parallel rise + draft change due to trim
=5.85[m]—0.1567[m]+0.4113[m] =6.1046[m]

> -~
Bl «
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Derivation of Longitudinal Metacentric
Radius (BM,) by Using the Origin of
the Body Fixed Frame

b;?!SY stem
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Assumption

Derivation Of BML (1/12) @ A small trim angle (3°~5° )

@ The submerged volume and the
emerged volume are to be the same.

oM,
\ ,
AZ
| 3
: X
|

Let us derive longitudinal metacentric radius “BM, ".

Assumption

1. A main deck is not submerged.
2. Small angle of inclination -5 for trim)

X The ship is not symmetrical with respect to midship section. Thus to keep the same displaced
volume, the axis of inclination does not stand still. In small angle of inclination, the axis of

inclination passes through the point “F” (longitudinal center of floatation). e



Assumption

Derivation Of BML (2/12) @ A small trim angle (3°~5° )

@ The submerged volume and the
emerged volume are to be the same.

V: Displacement volume
v: Submerged / Emerged volume

ML .\ B: The center of buoyancy before inclination
\ B,;: The center of buoyancy after inclination
N g: The center of the emerged volume
I \\Z g;: The center of the submerged volume
1 \
\
1
G
o
/ 1
X, I

Translation of the center of buoyancy
caused by the movement of the small volume v

oxy =(x-v)/V ..(1)
0z, =(z,-v)/V ..(2)

, Where V s the each volume of the submerged
and emerged volume.

V s total volume of the ship. 47



Assumption

Derivation Of BML (3/12) @ A small trim angle (3°~5° )

@ The submerged volume and the
emerged volume are to be the same.

V: Displacement volume

M. ® v: Submerged / Emerged volume
L N B: The center of buoyancy before inclination
B,;: The center of buoyancy after inclination
' g: The center of the emerged volume

g;: The center of the submerged volume

Submerged
volume(v)

-
—————————),’
e
N
g
"

A<—
.xv’f

|
Emerged &1\~ Lo
1
1

O
volume(v,)

!
0x,

o
K @ ! !

r_
Translation of the center of buoyancy Z,=Z,;,72Z,, (4

caused by the movement of the small volume v Substituting Eq. (3), (4) into the Eq. (1), (2), respectively.

oxy =(x,-v)/V ..(1) ox, =(x, ,—x,,)v/V
0z, =(z,-v)/V ..(2) Oz =(z,,~2,,)v/V

O «—— v=v,-v=y

, Where V is the each volume of the submerged , ) , a
Oxy =(x, v, +x,,v,)/V

and emerged volume.

V is total volume of the ship. 5z =(zl, v, +2,,v,)/V 18



Derivation of BM, (4/12){

Oxp =(x],

0z, = (Z"w

v+x

v,)/V..()

v, t+z, v) IV L(2)

Emerged L\

volume(v,)

BM, sin@ = BB,

BM,

s1n (9

 sin@

= 0959 (5')@9 +9'z,

sin @

_ ! (6'xy+ 6"z, tan 6)

tan &

(5x cos@+6'z, sin )

1

tan &

: Moment about the y, axis through the

point F due to the force in %z direction

: Moment about the y, axis through the

point F due to the force in tx direction

X

Submerged
vqume(vf)

(5x; +0z, tan 49) % Substituting (1), (2)

into 6x'5,0z'

1
v, +xé,f V) +§°(ZL,¢, v, +zL,f -vf)tané?)
TR CORA IRl
] 1 ‘ Find!

49



° o B L v v.f f
Derivation of BM, (5/12) VelTm e © o

M :—(ix’ VXV, +(z +z v)tan@)

Submerged
vqume(vf)

Emerged
volume(v,)

(x"x,F)tane (A) xL p .vf : Moment about transverse
., R I ’ axis through point O of
dv=(x'=x})-tan0-dy'-dx : the submerged volume
---------------------- [, . me I,::, (x'—x,)-tan -y’ -’
f - 1
9 d / star :
' ' fore p port , , ,
: ’ —T— _ I fore J- ;Uort x _x tan 9 ‘ dy' ‘ dx’ i = tan@ I J;mr —X F) dy dx
x _x star :
F 1~ dx’ | 50



! i !
VX, V(2 f+z v)tanH)

Derivation of BM, (6/12) B

Submerged
volume(v)

Emerged
volume(v,)

(B) x: R Moment about transverse
F ’ axis through point O of
Q : the emerged volume

/ e (a0} - I;Iftx’dv

E F ¢ port , , p , ,
F ¢ port | =J. I x-(x—xF)-tané?-dy-dx
— _ 1 aft
y —j I dv .
i a aft J star a :

7 (x"-x';)tanO - J'i Iport (x'—x})-tan&-dy' - dx’

ift d star

port

=tan6- | j )-dy'- dx’

tar

51




M :—(ix’ VXV, +(z +z v)tan@)

° o B L TS v.f f
Derivation of BM, (7/12) VelTm e © o

Submerged
vqume(vf)

Emerged
volume(v,)

! ! 1
(x"-x'p)tan6 | (C) Z, 'V, - Moment about transverse

axis through point O of

dv=(x'-x ) tan6-dy'-dx’ : the submerged volume
E _ thore-‘-pon x' xF '[an(9 .dvf
1 tar ’
7 Jore po:t Jore ¢ port x xF tan 0 ' ! ! !
_J‘ J‘ _I I -(x —xF)-tanH-dy-dx
d ! f star
_ J-jorc J-::::t x _x tan@-dy'-dx’ E tan ejforejj::t 1,:)2 -dy'-dx'

52



L=

Derivation of BM, (8/12)

1R

1

}!
( fvf+x v+(zf ’

,,,,,,,,,,,,,

V-tan@ -
(A) (B) (© (D)

Emerged
volume(v,)

/ dv=(x'-x})-tan@-dy' - dx’

F pport
W= I I dv
4 aft J star a

= Li Lport (x'—x})-tan&-dy' - dx’

t o star

(D) z,,

Submerged
volume(v)

"V, : Moment about transverse
axis through point O of
the emerged volume
ort tan@
—J. Ip -dv,
aft J star
port (X' =X, ) tand , , o
—Iﬁj 5 (x'=x)-tan6-dy’ - dx
tan 0 port
.[aftJ.tar dy dx

53



Derivation of BM, (9/12)

/= tan 0. J»fore _[ port

star x xF) dy dx (C)Z ‘ . tan HJ‘fOrEJ'port

—xj'r)2 -dy'-dx'

star

tan 0

por t port

X xF dyr . dx’ (D) Z\,z,a . V x! -XF dyr . dxr

tar aft J star

va Ve =tan@- aﬂJ.

V: Displacement volume

v: Submerged / Emerged volume
B: Center of buoyancy before inclination
B,;: Center of buoyancy after inclination

BM, =

V-tan@ "

, g Center of the emerged volume
, g;- Center of the submerged volume

Submerged
volume(v)

z,,+v,)tan 0)
(D)

(ifx\,z,f 'Vf§ + ‘x\’),a )
(A)

Emerged\ A

volume(v,)

@ By substituting (A), (B), (C), (D) into above equation

; tan @- jm
V-tan@

01t

Jaft .Ltai

tan’ @

tan o

[t st B [ o

:V-tané? tan & J‘forej‘:’::t x xF) dy’-dx’+ an 9""”0’@]‘8’::’ x xF) -dy' - dx’
e [ B ]
P e S [ )

JA fore j port
aft  Jstar

x-dy' - dx' — j;rej

port port

tan 9 fore j
aft  Jstar

2

port

x"-dy'dx' +

fore ¢ port fore
Xp-x"-y-dx'+ (I j x?-dy' - dx' =2 j x’2-dy'-dx')j
tar aft  Jstar aft tar
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Derivation of BM, (10/12)

, g Center of the emerged volume

V: Displacement volume
g;: Center of the submerged volume

v: Submerged / Emerged volume

B: Center of buoyancy before inclination
B,;: Center of buoyancy after inclination

BM, =

@ By substituting (A), (B), (C), and (D) into above equation

(J.;orej

1
U,

L (v,
V-tanf "\ "

f-vf;+

1
‘xv,a

1,
-va+(izv’f-vf +

(A)

(B)

(9) (D)

(A) xé, !

z,,+v,)tan 0)

tan @

port fore p port
x"-dy'-dx' — _[ I xp - x'-y'odx+
tar aft tar
¢ fore ¢ port
dy'-dx'= A
Jaft  Jstar y we
¢ fore ¢ port
x'-dy'-dx' =M
Jaft  Jstar
¢ fore ¢ port
Jaft Jstar
tan @
' ' r2
— XM (1, = 2%, M + X} 4, ))

a

(B) X,

fore

aft

Emerged\ A

volume(v,)

J

"V, =tan HLF

v :tan@jjp(x’—XL)'X"y"d’x (D) Z:}’a v,

port

tar

: The water plane area

P(x'—x'F)x'-y'-dx’ (©) ZL,f

Vi =

L

B tan’ @ ¢

tan’ @
2

x-dy'-dx' — Lj:w

J

port

tar

Xy -x'-dy'-dx'+

Submerged
volume(v)

fore J- port
aft

tar

;:2'dy,'dx,)j

o The moment of the water plane area about the y’-axis through point O’

Planning Procedure of Naval Architecture and Ocean Engineering, Fall 2013, Myung-Il Roh
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>.dy'-dx'=1, .: The moment of inertia of the water plane area about the y'-axis through point O’
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. 2
(A) X, "V, :tanHI:P(x'—x'F)x'-y'-dx' € z, v, _tan 0

Derivation of BM, (11/12)

V: Displacement volume , g Center of the emerged volume
v: Submerged / Emerged volume . &;: Center of the submerged volume

B: Center of buoyancy before inclination
B,;: Center of buoyancy after inclination

1 | i :
BM, =———(x v, +x, v, +(z v, +2z,,v,)tan0
L Vtant9( v, f /i via “a < S 1 a a) )

(A) (B) (9) (D)

@ By substituting (A), (B), (C), and (D) into above equation

+ w(h,o —2x; M, + x> Ayp ))

\L Xp Ayp =M,

tané?(

1 !/ !/ !
- %( I, —xp M, +———(1,,—2x,M , + xFMy.)j

'[aIl(9(

1 !/ !
_ 6( I, -xM,+——(I,, —xFMy,)J

(B) XL,Q°VQ:tan@jjp(x’—x;)-x’-y’-d’x(D) z v,

Emerged\ A

— ,.
=1/ T X M,

2 [ (=) ya

_tanZHJ-F N ,

L

Submerged
volume(v)

According to the parallel axis theorem

_ '2
]L,y' - IL’ ty +xF AWP

— o, _ .
=1, +Xp xp Ay |:> IL’ty—IL,y, Xp-M,

L,

I, - The moment of inertia of the water plane area about y'-axis
through the point O’

I, The moment of inertia of the water plane area about y,-axis
through the center of floatation F

Ayp: The water plane area

M,: The moment of the water plane area about y'-axis through

Planning Procedure of Naval Architecture and Ocean Engineering, Fall 2013, Myung-Il Roh
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Derivation of BM, (12/12) &

V: Displacement volume , g Center of the emerged volume

v: Submerged / Emerged volume . &;: Center of the submerged volume
B: Center of buoyancy before inclination

Submerged

!
B,: Center of buoyancy after inclination -7 ->Xx
Emerged/‘\/'
volume(v,)
Vi 1 If O is small, tan20~62=0 b
Laty 2 L,ty
BM = I+—tan" 6| | p BM, =
\% \%

v

which is generally known as BM,.

That BM, does not consider change of center of buoyancy in vertical direction.

In order to distinguish between them, those will be indicated as follows :

(Considering change of center of buoyancy in vertical direction)

I 1
BM, =22 (1+—tan’ 0
L= ( 5 )

BM =-—= (Without considering change of center of buoyancy in vertical direction)

e Sz SYstem
i@ Design §
Planning Procedure of Naval Architecture and Ocean Engineering, Fall 2013, Myung-Il Roh e IDlLaboratory
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Another Approach to Derive
the Following Formula

{ 0'xy=("x,, v, +'x,,v)IV

t ! !
0'zy=0z,,v,+'2,,v,)/V

(EANGD
t1]

S?SYstem
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Assumption

Derivation Of BML (1/4) @ A small trim angle (3°~5°)

@ The submerged volume and the
emerged volume are to be the same.

V: Displacement volume

v: Submerged / Emerged volume

B: The center of buoyancy before inclination
B,;: The center of buoyancy after inclination
\;5 g: The center of the emerged volume

g;: The center of the submerged volume

Another approach to derive
the following Equations

x, {5th=(txv’f-vf+txv’a-va)/v

t t t
0'zg=(z,,v,+'z,,v)/V

W2

The change in moment about the y,-axis due to the buoyant force caused by a small
inclination, 6, consists of two different components:
1. The change in moment due to the movement of the previous center of
buoyancy B by rotation of the ship : M@
2. The change in the displaced volume
1) The change in moment due to the emerged volume: M2
2) The change in moment due to the (additional) submerged volume: M3

The resultant moment: M@ = M@+MQ2)+MQG) s



Assumption

Derivation Of BML (2/4) @ A small trim angle (3°~5°)

@ The submerged volume and the
emerged volume are to be the same.

For the convenience of calculation, the forces are Body fived frame
decomposed in the body fixed frame.

Moment: MQO+MQ+MB)=M@)

V: Displacement volume

v: Changed displacement volume (wedge)

BB,;: Distance of changed center of buoyancy

gg,: Distance of changed center of wedge

B: The center of buoyancy before inclination

B,: The center of buoyancy after inclination

M,: The intersection of the line of buoyant force
through B; with the line of buoyant force B

For convenience, we define a new
temporary body fixed frame F-x-y,-z,
whose origin is the point F.

60



[Reference] Moment about x axis

Question)
Force F is applied on the point of rectangle object, what is the moment about x axis?
z F’Z ________ F
k (xlayla Zl) A ”/i
1 J Y ZA | >‘:F
X Ty
0 >
Y

Transverse moment

t‘“%% S‘FSYstem ‘
%&E& Design . 61
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k
Derivation of BM, (3/4) "~ A O B AT
Lh b MF,y,
X Body fixed frame
Moment: MO+M2)+MB=M®@
SO . Ghnaed diplstemnt volume (necad

BB,: Distance of changed center of buoyancy
gg,: Distance of changed center of wedge
. i - > x' B: The center of buoyancy before inclination
tZ B;: The center of buoyancy after inclination
v,a M,: The intersection of the line of buoyant force
S through B; with the line of buoyant force B

Emerged £\l
volume(v,)

For convenience, we define a new
temporary body fixed frame F-x,-y,-z,
whose origin is the point F.

Moment about the y;-axis through the point F
1. Moment about the y, axis due to the force in z, direction

_thl .(FBI,Z) = _th '(FB,Z) ~ txv,a .(FB_V,Z) ~ t’xv,f(FBv,z)
~'x, -(pgV -cos0) =—'x, -(pgV -cos0) — 'x, , -(pgv, -cos0) = 'x, ,(pgv, -cos )

~('xy = 'x,) - (P&V -co8B) = (='x,, v, = 'x, ; v,) (pd - cosD)

=0X,

—~(0'x5)-V=("x,,-v,~"x,,-v,)

v,a a

(5th)-V:(txv’a-va+txv,f-vf) .



k
Derivation of BM, (4/4) "-: o S, Fr B4, E o E) K, B F)
b5 E MF,y,
X Body fixed frame
Moment: MQ+M©2)+MQB)=M@)
SUbmerged . Canged diplacement volume (vedge)

BB,: Distance of changed center of buoyancy
gg,: Distance of changed center of wedge
! d_ — > x' B: The center of buoyancy before inclination
tZ B;: The center of buoyancy after inclination
v,a M,: The intersection of the line of buoyant force
S through B; with the line of buoyant force B

Emerged £\l
volume(v,)

For convenience, we define a new
temporary body fixed frame F-x,-y,-z,
whose origin is the point F

Moment about the y;-axis through the point F
2. Moment about the y, axis due to the force in x, direction

ZZBI .(FBl,x) = ZZB .(FB,x)-I_ th,a .(FB_V,x)—i_ th,f(FBv,x)
M® MO MO M®
'z, ((pgV-cosO)="z,-(pgV-sind)+ 'z, -(pgv, sind)+'z, (pgv, -sinb)

(z, — ’sz-(/gv sin®) =('z,, v, +'z,,v,) (pg sinD)

_ t
=0z,

t t t
0z, V=(z,,v,+'2,,v,)
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