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NP-optimization problems

&ñ
_� 1.1

An NP-optimization, Π consists of the followings.

A set of valid instances, DΠ, recognizable in polynomial time. All the
numbers are rational. The size of an instance I ∈ DΠ, denoted by |I | is
the number of bits needed to write I in binary.

Each instance I ∈ DΠ has a nonempty set of feasible solutions, SΠ(I ).
Every solution s ∈ SΠ(I ) is of length polynomially bounded in |I |.
Also, there is polynomial time algorithm that, given I and s, decides
whether s ∈ SΠ(I ).

There is a polynomial time computable objective function
objΠ : SΠ(I )→ Q+.

Π is specified to be either a maximization problem or a minimization
problem.
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When Π is a minimization problem, s ∈ SΠ(I ) is an optimal
solution for an instance I if objΠ(s) is the largest among the
feasible solutions of SΠ(I ).

OPTΠ(I ) or simply OPT will denote the largest objective value.
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Approximation algorithms

Let Π be a minimization (maximization) problem, and δ : Z+ → Q+ a
function with δ ≥ 1 (δ ≤ 1, resp.). An algorithm A is said to be factor δ
approximation algorithm, or δ-approximation of Π if, on each instance I ,
A produces a feasible solution s ∈ SΠ(I ) such that

objΠ(s) ≤ δ(|I |)OPTΠ(I )

(objΠ(s) ≥ δ(|I |)OPTΠ(I ), resp.).

&ñ
_� 1.2

(Vertex Cover) Given an undirected graph G = (V ,E ), and a cost
function c : V → Q+, find a minimum cost vertex cover, namely
U ⊆ V such that every edge has at least one endpoint in U.

Notation: c(v) = cv c(U) =
∑

v∈U cv .

cv�� �̧¿º 1{9� M:, Cardinality Vertex Cover (CVC) ���¦ ÂÒ�Ér��.
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Lower bounding OPT

NP-hard NP-þj&h��o ë�H]j_� OPT\�¦ ½̈
���H ��Ér	כ K�\�¦ ½̈
���H ��õ	כ ��ðøÍ��t�
�Ð NP-hards��� (�=?).
����"f ��H��·ú��¦o�1pu�̀¦ n������ ½+É M:��H OPT\�¦ @/���½+É Ãº e����H °úכs� 
¹כ��9�
��. ���½Ór�çß� >�íß���0pxô�Ç OPT_� 
�ô�Ç(lower bound) (þj�è�o ë�H]j_� �â
Äº)�̀¦
�Ð:�x ��6 xô�Ç��.
s��Qô�Ç Lower bounding�̀¦ CVC \V\�¦ :�xK� ¶ú�(R �Ð��.

&ñ
_� 1.3

(Matching) Given an undirected graph G = (V ,E), an edge set M ⊂ E is
called a matching if no two edges of M shares an endpoint.

$í
|9� 1.4

|M| ≤ |C | ∀ matching M and cover C.
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·ú��¦o�1pu 1.5

Find a maximal matching M of G and return the M-covered
vertices.

s ∈ S is maximal if no other element of S is “larger than” s and
maximum if s is “larger than” or equal to any other element.

&ñ
o� 1.6

Algorithm 1.5 is a 2-approximation of CVC.

Proof
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Some questions

1. A better analysis of Algorithm 1.5 is possible?

2. A better algorithm with the same lower bounding scheme?

3. A better approximation?
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Well-characterized problems Π

&ñ
_� 1.7

���&ñ
ë�H]j Π ∈ NP ⇐⇒ Π has a YES-certificate: Π_� ²ú�s� ‘\V’{9�
M:, s�\�¦ ���½Ór�çß�\� SX����
�>� 
���H ��H���� �>rF�.

$í
|9� 1.8

P ⊆ NP.

&ñ
_� 1.9

Π ∈ NP ⇐⇒ Πc ∈ co−NP.

$í
|9� 1.10

P ⊆ co−NP.
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VC: G��H |C | ≤ k��� vertex cover C\�¦ ��t���H��?
VCc : G_� �̧��H vertex cover C��H |C | > k�����?

• VC�� NP\� 5Åq
���H ��Ér	כ ~1�>� ·ú� Ãº e����. YES-certificate�Ér ~1�
>� ëß�[þt Ãº e��l� M:ë�Hs���. 7£¤, VCc

��H co-NP\� 5Åqô�Ç��. Õª�Q��,
VC��H YES-certificateõ���H ²ú�o�, /'î�r NO-certificate (VCc_�

YES-certificate)s� �>rF�
�t� ·ú§Ü¼ 9, z�́]j�Ð �>rF�
�t� ·ú§��H���¦
~ÃÎ��[þts��¦ e����.

ÆÒ8£¤ 1.11

VCc /∈ NP (equiv, VC /∈ co−NP).

Õª�Q��� , ��6£§õ� °ú �Ér ÆÒ8£¤s� %i�r� $í
wn�
�>� �)a��.

ÆÒ8£¤ 1.12

NP 6= co−NP.
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Widely accepted picture

$í
|9� 1.13

ÆÒ8£¤ 1.12�̀¦ ��&ñ

���� #Q*�ô�Ç NP-hard ë�H]j�̧ No-certificate�̀¦
��|9� Ãº \O���.

(�=���t� [O�"î
½+É �(.	כ
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&ñ
_� 1.14

���&ñ
ë�H]j Π well-characterized. ⇔ Π ∈ NP ∩ co−NP.

·ú¡_� �7H_�\� _�
�#� Π�� well characterized����H ��Ér	כ ���½Ó·ú��¦o�
1pu�̀¦ ���������H y©�ô�Ç ‘~½Ó7£x’s� �)a��.
%i���&h�Ü¼�Ð, s�ì�rÕªA�áÔ\�"f_� ��n�&�!Q, þj@/ ���f±	l�
(matching) ë�H]j, Õªo��¦ ���+þA>�S\�(LP)�Ér well-characterization�̀¦
°ú���H����H ��z�́\� ��H��
�#� ���½Ó·ú��¦o�1pu�̀¦ ÆÒ½̈Ùþ¡~�� @/³ð&h����

\V.
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\V 1.15

Áº�¾Ó ÕªA�áÔ G�� s�ì�rÕªA�áÔs���� þj@/ ���f±	l�ü< þj�è vertex
cover_� ß¼l���H °ú ��. (König_� &ñ
o�)
����"f VC��H s�ì�r ÕªA�áÔ\�"f��H well-characterized. z�́]j�Ð
s�ì�rÕªA�áÔ\�"f vertex coverë�H]j��H ���½Ó·ú��¦o�1pus� �>rF�ô�Ç��.

�ÃÐ�¦ 1.16

s�ì�rÕªA�áÔ_� ��&ñ
s� \O�Ü¼��� ¿º °úכs� °ú t� ·ú§�Ér \V\�¦ ~1�>� ëß�[þt

Ãº e����. \V\�¦ [þt#Q, f.ËÃº �r�Ð. ¢̧ô�Ç x�'���H ÕªA�áÔ��H
¢-a������f±	l�\�¦ °ú�Ü¼���"f�̧ þj�è VC_� ß¼l��� ¢-a������f±	l�_�
ß¼l� 5 �Ð�� ß¼��. s���H x�'���H ÕªA�áÔ�� ��n�\�¦ /BNÄ»
�t� ·ú§��H
¿º>h_� U�́s� 5��� f.ËÃº�r�Ð\�¦ °ú�l� M:ë�H���X<, y��y�� þj�è 3>h_�
��n��� 
¹כ��9�l� M:ë�Hs���.
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\V 1.17

f.ËÃº ��n�&�!Qü< þj@/ß¼l� ���f±	l� (Tutte-Berge Formula)

\V 1.18

LP-duality

����"f, s�ì�rÕªA�áÔ_� ���f±	l�ü< °ú s� þj@/ß¼l� ���f±	l�, Õªo��¦
LP��H well-characterized.
ú́§�Ér min-max �'a>���H LP-duality�Ð K�$3�½+É Ãº e����. (König_� &ñ

o�ü< Tutte-Berge Formula�̧ ��ðøÍ��t�.)
+'\� �Ð��xt�ëß� LP-duality��H ���½Ó·ú��¦o�1pu ÷�rëß� ��m��� ��H��K�
ZO� >hµ1Ï\��̧ B�Äº Ä»6 x
���.
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|9�½+Ë&�!Q(Set Cover)

ë�H]j 2.1

Set Cover (SC)
����]�: Ä»ô�Ç|9�½+Ë U, |U| = n. U_� ÂÒì�r|9�½+Ë_� c+t�7����
S = {S1, . . . ,Sm}, c : S −→ Q+.
i¦�\�B�: ½+Ë
���� U�� ÷&��H S_� þj�èq�6 x ÂÒì�r c+t�7����.

• �&³F���t�_� SC ·ú��¦o�1pu[þt�Ér O(log n)s��� f_� ��H��$í
�̀¦ °ú���H
��. (#�l�"f f��H U_� ô�Ç>h_� "é¶�è�� S_� |9�½+Ë\� ��������H þj@/
S��Ãº. VC_� �â
Äº, f = 2.)

�&³F���t� &�!Q�)a ��n�[þt�̀¦ C���¦ ½+É M:, S_� |9�½+Ë S_� î̈
ç�Hq�
6 x�̀¦ ��6£§õ� °ú s� &ñ
_�:

c(S)

|S − C |.
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Greedy N±Ó�§h��æ̧

1. C ←− ∅;

2. while C 6= U do
�&³F� ���©� ����Ér î̈
ç�Hq�6 x(α���¦ 
���)�̀¦ °ú���H S_� |9�½+Ë, say,
S\�¦ ���×þ�; S − C_� y�� "é¶�è v[þt_� �����, p(v) = α�Ð &ñ
_�;

C ←− C ∪ S ;

3. ���×þ��)a |9�½+Ë[þt�̀¦ Ø�¦§4�.
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l��:r&ñ
o� 2.2

U_� "é¶�è[þt�̀¦ &�!Q�)a í�H"f@/�Ð v1, v2, . . . , vn s����¦ 
���.
Õª�Q���,

p(vk) ≤ OPT
n − k + 1

.

¤� ÃZ�: e��_�_� ìøÍ4�¤éß�>�\�"f�̧, þj&h�K�\�"f ��6 x÷&t� ·ú§�Ér |9�½+Ë
�̀¦ �� �̧Ü¼��� OPT\�¦ �Å�t� ·ú§��H q�6 xÜ¼�Ð ��f�� &�!Q÷&t� ·ú§�Ér
��n�[þt_� |9�½+Ë U \ C\�¦ �̧¿º &�!Q½+É Ãº e����. ����"f s� |9�½+Ë ×�æ
\���H î̈
ç�Hq�6 xs� OPT

|U\C |\�¦ �Å�t� ·ú§��H ��s	כ e����: þj&h�K� ×�æ z���Ér

|9�½+Ë[þt�̀¦ Si1 , Si2 , . . ., Sils��� 
����, OPT
|U\C | ≥

(c(Si1
)+···+c(Sil

))
|Si1

\C |+···+|Sil
\C | ≥

mink

{
c(Sik

)

|Sik
\C |)

}
. (Use: �̧��H Ãº �ª�Ãº{9� M:, a1

a2
≤ b1

b2
, c1

c2
s����

a1
a2
≤ a1+b1+c1

a2+b2+c2
.)
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vk�� &�!Q÷&��H ìøÍ4�¤éß�>�\�¦ Òqty��
���. Õª�Q���
|U − C | ≥ n − k + 1s� 9, vk��H ·ú��¦o�1pu\� ���� î̈
ç�Hq�6 xs� ��

�©� ����Ér |9�½+ËÜ¼�Ð &�!Q÷&l� M:ë�H\�

p(vk) ≤ OPT
|U − C |

≤ OPT
n − k + 1

.�

&ñ
o� 2.3

0A_� ·ú��¦o�1pu�Ér Hn ≡ 1 + 1
2 + 1

3 + · · ·+ 1
n � ln n_� ��H��>�Ãº\�¦

°ú���H��.
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Tight example

U = {1, 2, . . . , n}, c({1, 2, . . . , n}) = 1 + ε,
c({1}) = 1

n , c({2}) = 1
n−1 , . . ., c({n}) = 1.

Essentially the best possible approximation!
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Layering

��n� ��×�æu� w : V → Q+�� #Q�"� �©�Ãº c > 0�� �>rF�
�#�
w(v) = cdeg(v)\�¦ ëß�7á¤
���� degree-weighted���¦ ÂÒØÔ��.

l��:r&ñ
o� 2.4

w�� degree-weighteds���� w(V ) ≤ 2OPT.

¤� ÃZ�: U\�¦ þj&h�&�!Q���¦ 
���. &�!Qs�l� M:ë�H\�∑
v∈U deg(v) ≥ |E |. ����"f w(U) ≥ c |E |. Õª���X<

w(V ) = c
∑

v∈V deg(v) = 2c |E |. ����"f, w(V ) ≤ 2OPT. �

e��_�_� ��×�æu� w\� @/K�"f, ��6£§õ� °ú s� þj@/ degree-weighted
��×�æu�\�¦ &ñ
_�
���: 	�Ãº�� 0��� ��n�\�¦ �̧¿º ]j��ô�Ç��.
c = min{w(v)/deg(v)}\�¦ >�íß�
��¦ Dh�Ðî�r ��×�æu�
t(v) = cdeg(v)\�¦ &ñ
_�ô�Ç��. Õªo��¦ ïß�#���×�æu�
w ′(v) = w(v)− t(v)\�¦ >�íß�ô�Ç��.
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��6£§õ� °ú �Ér ·ú��¦o�1pu�̀¦ &h�6 xô�Ç��.

G0 = G�Ð Z�~��H��. G0�Ð ÂÒ'� 	�Ãº�� 0��� ��n� |9�½+Ë D0\�¦ �̧¿º

]j��
��¦ w\� @/
�#� þj@/ degree-weighted ��×�æu�\�¦ >�íß�ô�Ç��.
s� M: 0_� ïß�#���×�æu�\�¦ °ú���H ��n�|9�½+Ë�̀¦ W0���¦ 
���.

G1�̀¦ ��n� |9�½+Ë V − (W0 ∪D0)�Ð Ä»�̧�)a ÕªA�áÔ���¦ 
���. 0A_�
õ�&ñ
�̀¦ ïß�#���×�æu�\�¦ ��×�æu��Ð ��6 x
���H G1\� ìøÍ4�¤ô�Ç��.

s� õ�&ñ
�Ér �̧��H ��n�_� 	�Ãº�� 0s� ÷&��H Gk�� Òqt$í
|̈c M: ��t�

ìøÍ4�¤ô�Ç��. C = W0 ∪ · · · ∪Wk−1�̀¦ K��Ð Òqt$í
ô�Ç��.
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t0, t1, . . . , tk−1�̀¦ G0,G1, . . . , tk−1_� þj@/ degree-weighted ��×�æu�
���¦ 
���.
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&ñ
o� 2.5

0A_� ·ú��¦o�1pu�Ér e��_�_� ��×�æu�\� @/
�#� 2-��H��K�ZO�s���.

¤� ÃZ�: Äº��� C�� ��n�&�!Qe���̀¦ �Ðs���. ëß���� ��m������,
V − C = D0 ∪ · · · ∪ Dk����H ��z�́�Ð ÂÒ'�, #Q�"� iü< j\� @/
�#�,
u ∈ Di , v ∈ Dj����H _�p�s���. i ≤ j���¦ 
���. Õª�Q��� (u, v)��
Gi_�  ñs�#Q�� 
� 9 s���H u�� Gi\�"f 	�Ãº�� 0s�����H ��\	כ �̧í�H
s���.

��H��u�\�¦ 7£x"î

�l� 0AK� C ∗
\�¦ þj&h� ��n�&�!Q���¦ 
���. ëß����

v ∈ C ∩Wjs���� w(v) =
∑

i≤j ti (v)�� �)a��. ����"f

w(C ) =
∑k−1

i=0 ti (C ∩ V (Gi )). ô�Ç¼#� v ∈ Djs����

w(v) ≥
∑

i<j ti (v) =
∑

i≤j ti (v) (tj(v) = cdegGj
(v) = 0). ����"f

e��_�_� ��n� |9�½+Ë S\� @/
�#� w(S) ≥
∑k−1

i=0 ti (S ∩ V (Gi )).
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Äº��� y�� i\� @/K�, C ∗ ∩ V (Gi )��H Gi_� ��n�&�!Q�� �)a��. ����"f
·ú¡_� l��:r&ñ
o�\� _�
�#�

ti (C ∩ V (Gi )) ≤ ti (V (Gi )) ≤ 2ti (C
∗ ∩ V (Gi )).

w(C ) =
∑k−1

i=0 ti (C ∩ V (Gi )) ≤ 2
∑k−1

i=0 ti (C
∗ ∩ V (Gi )) ≤ 2w(C ∗).

�

Tight example

Kn,n with unit vertex weights.
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Steiner Tree and TSP
Multicutõ� &ñ
Ãº��¾¡§3lqâì2£§ë�H]j: ��Áº_� �â
Äº
MST\�¦ ��6 xô�Ç StT ·ú��¦o�1pu
BjàÔaË: TSP

Multicutõ� &ñ
Ãº��¾¡§3lqâì2£§ë�H]j: ��Áº_� �â
Äº

&ñ
_� 3.1

RcçÃÍÏ� â«��l��/��ÈÁ(MStT) G�� ¢-a��� ñ (complete) ÕªA�áÔs��¦  ñ_�
q�6 xs� ��6£§õ� °ú s� ���y��ÂÒ1pxd���̀¦ ëß�7á¤
���H Û¼��s��-��Áº ë�H]j\�¦ BjàÔaË:

Û¼��s��- ��Áºë�H]j���¦ 
���:

cij + cjk ≥ cik , ∀ i , j , k ∈ V .

&ñ
o� 3.2

e��_�_� Û¼��s��-��Áº ë�H]j\�¦, ��H��>�Ãº�� Ä»t�÷&�̧2�¤ 
����"f, BjàÔaË:
Û¼��s��- ��Áº ë�H]j�Ð ���½Ó���8̈��Ö̧ Ãº e����.

¤� ÃZ�: 0A_� &ñ
_�ü< °ú s� Û¼��s��-��Áº ë�H]j�� e���̀¦ M:, °ú �Ér ��n�|9�½+Ë�̀¦ �����
¢-a��� ñ ÕªA�áÔ G ′\�"f Û¼��s��-��Áº ë�H]j\�¦ &ñ
_�ô�Ç��. S��H 1lx{9�
�>� Z�~��H��.
q�6 x�̀¦ ��6£§õ� °ú s� &ñ
_�ô�Ç��.

c ′ij = G_� i − j þjéß��â
�Ð q�6 x.
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Steiner Tree and TSP
Multicutõ� &ñ
Ãº��¾¡§3lqâì2£§ë�H]j: ��Áº_� �â
Äº
MST\�¦ ��6 xô�Ç StT ·ú��¦o�1pu
BjàÔaË: TSP

 ñq�6 x c ′s� ���y��ÂÒ1pxd���̀¦ ëß�7á¤
���H ��Ér	כ {©����
���. ¢̧ô�Ç G ′_�
 ñq�6 x�Ér G_�  ñq�6 x�Ð�� ß¼t� ·ú§��. ����"f, G ′_� þj&h�K���H
G_� þj&h�K��Ð�� q�6 xs� ß¼t� ·ú§��. G ′_� þj&h�K�_�  ñ\� @/6£x
�
��H þjéß��â
�Ð_�  ñ\�¦ �̧¿º �í�<Ê
���H G_� ÂÒì�rÕªA�áÔ��H Õª q�6 x
s� °ú ��. ëß���� �r�Ð\�¦ �í�<Ê
���� �r�Ð�� Òqtl�t� ·ú§�̀¦ M:��t�  ñ
\�¦ ]j��
�#� G_� þj&h� ��0pxK�\�¦ %3��̀¦ Ãº e����. �
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Steiner Tree and TSP
Multicutõ� &ñ
Ãº��¾¡§3lqâì2£§ë�H]j: ��Áº_� �â
Äº
MST\�¦ ��6 xô�Ç StT ·ú��¦o�1pu
BjàÔaË: TSP

MST\�¦ ��6 xô�Ç StT ·ú��¦o�1pu

t��FKÂÒ'� G�� ���y��ÂÒ1pxd���̀¦ ëß�7á¤ô�Ç���¦ ��&ñ

���.

MST e�ð5� StT N±Ó�§h��æ̧

S�Ð Ä»�̧�)a ÂÒì�rÕªA�áÔ\�"f þj�è����©���Áº(MST)\�¦ ½̈ô�Ç��.

&ñ
o� 3.3

0A ·ú��¦o�1pu K�_� q�6 x�Ér þj&h� q�6 x_� 2C�\�¦ �Å�t� ·ú§��H��.

¤� ÃZ�: q�6 x OPT\�¦ ����� þj&h�Û¼��s��- ��Áº\�¦ Òqty��
���. Õªo��¦  ñ\�¦ ¿º C��Ð
4�¤��ô�Ç��. s�XO�>� %3��Ér ÕªA�áÔ_� �̧{9��Q �r�Ð\�¦ ½̈
���. (\V\�¦ [þt#Q ��6£§õ�
°ú s� U�·s�Äº����ÃÐÒ�oÜ¼�Ð ½̈½+É Ãº e����.) Õªo��¦ ’Short-cutting’�̀¦ ��6 x
�#�,
S_� ��n�[þt_� K�x9���� �â
�Ð\�¦ ½̈ô�Ç��.
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Steiner Tree and TSP
Multicutõ� &ñ
Ãº��¾¡§3lqâì2£§ë�H]j: ��Áº_� �â
Äº
MST\�¦ ��6 xô�Ç StT ·ú��¦o�1pu
BjàÔaË: TSP

���y��ÂÒ1pxd��\� _�
�#� K�x9���� �â
�Ð_� U�́s���H OPT_� ¿ºC�\�¦ �Å�
t� ·ú§��H��. K�x9���� �â
�Ð��H S_� ��n�\�¦ �í�<Ê
���H ���gË>��Áº\� 
�
��s���. ����"f &ñ
o�_� 7£x"î
s� =åQèß���. �

tight example
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Steiner Tree and TSP
Multicutõ� &ñ
Ãº��¾¡§3lqâì2£§ë�H]j: ��Áº_� �â
Äº
MST\�¦ ��6 xô�Ç StT ·ú��¦o�1pu
BjàÔaË: TSP

BjàÔaË: TSP

&ñ
_� 3.4

TSP
����]�: ¢-a��� ñ ÕªA�áÔ G , q�6£§  ñ q�6 x c.
��·�]�: þj�èq�6 x ÈÒ#Q, 7£¤, �̧��H ��n�\�¦ &ñ
SX�y� ô�Ç��� �í�<Ê
���H �r�Ð.

 ñq�6 xs� ���y��ÂÒ1pxd���̀¦ ëß�7á¤
���� BjàÔaË: TSP���¦ 
���.

&ñ
o� 3.5

#Q�"� ���½Ór�çß� >�íß���0px �<ÊÃº α(n)\� @/K�"f�̧ TSP_� α(n)-��H����H
Ô�¦��0px
���.

¤� ÃZ�: ��6£§õ� °ú s� ÕªA�áÔ G = (V ,E) 0A_� HC�Ð ÂÒ'� ��n�|9�½+Ë V_� ¢-a��� ñ
ÕªA�áÔ G ′\� &ñ
_��)a TSP�Ð_� ���½Ó���8̈��̀¦ Òqty��K��Ð��. G ′_�  ñ e_� q�6 x
ce��H,

ce =

{
1, e ∈ E
nα(n), e /∈ E .

ëß���� TSP_� α(n)-��H���� ��0px
������, s�\�¦ ��6 x
�#� ���½Ór�çß�\� ���&ñ
ë�H]j

HC\�¦ Û�¦ Ãº e��6£§�̀¦ ·ú� Ãº e����. �
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Steiner Tree and TSP
Multicutõ� &ñ
Ãº��¾¡§3lqâì2£§ë�H]j: ��Áº_� �â
Äº
MST\�¦ ��6 xô�Ç StT ·ú��¦o�1pu
BjàÔaË: TSP

RcçÃÍÏ� TSP��· �Dø5� 2-FD9��

1. G_� MST\�¦ ½̈ô�Ç��.
2. MST_�  ñ[þt�̀¦ s�×�æ4�¤��ô�Ç��.
3. �̧{9��Q �r�Ð\�¦ ½̈ô�Ç��.
4. �̧{9��Q �r�Ð\�¦ �â
Ä»
� 9, ��n�[þts� %�6£§ ���̧��H í�H"f@/�Ð ‘short-cutting’�̀¦
:�x
�#� ÈÒ#Q\�¦ ëß���H��.

Tight example
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Steiner Tree and TSP
Multicutõ� &ñ
Ãº��¾¡§3lqâì2£§ë�H]j: ��Áº_� �â
Äº
MST\�¦ ��6 xô�Ç StT ·ú��¦o�1pu
BjàÔaË: TSP

>h����)a 3
2
-��H��

1. G_� MST\�¦ ½̈ô�Ç��.
2. MST_� f.ËÃº 	�Ãº ��n�[þt�Ð Ä»�̧�)a G_� ÂÒì�rÕªA�áÔ\�"f þj�èq�6 x
¢-a������f±	l� M�̀¦ ½̈
�#�, s�  ñ[þt�̀¦ MST\� ÆÒ��ô�Ç��.
3. 0A ÕªA�áÔ��H �̧��H ��n� 	�Ãº�� ���Ãºs�Ù¼�Ð �>rF�
���H �̧{9��Q �r�Ð\�¦
½̈ô�Ç��.
4. �̧{9��Q �r�Ð\�¦ �â
Ä»
� 9 ��n�[þts� %�6£§ ���̧��H í�H"f@/�Ð ’short-cutting’�̀¦
��6 x
�#� ÈÒ#Q\�¦ ëß���H��.

l��:r&ñ
o� 3.6

U ⊆ V , |U|��H ���Ãº, Õªo��¦ Ms� U�Ð Ä»�̧�)a ÂÒì�rÕªA�áÔ_� þj�èq�6 x
¢-a������f±	l����¦ 
���. Õª�Q��� c(M) ≤ 1

2
OPT.

¤� ÃZ�: þj&h�ÈÒ#Q τ\�¦ Òqty��
���. Õªo��¦ τ ′�̀¦ ÈÒ#Q τ\�¦ �â
Ä»
� 9 U\�

short-cutting�̀¦ &h�6 x
� 9 ëß���H ÈÒ#Q���¦ 
���. Õª�Q��� c(τ ′) ≤ c(τ). Õª���X<,

τ��H U_� ¿º>h_� ¢-a������f±	l�_� ½+Ë|9�½+Ës� �)a��. ����"f s�×�æ, q�6 xs� ����Ér

��Ér	כ
1
2
OPT \�¦ �Å�t� 3lwô�Ç��. ����"f þj�èq�6 x ¢-a������f±	l��̧ Õª�Q
���. �
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Steiner Tree and TSP
Multicutõ� &ñ
Ãº��¾¡§3lqâì2£§ë�H]j: ��Áº_� �â
Äº
MST\�¦ ��6 xô�Ç StT ·ú��¦o�1pu
BjàÔaË: TSP

0A\�"f ½̈ô�Ç �̧{9��Q �â
�Ð_� q�6 x�Ér

≤ c(MST ) + c(M) ≤ OPT +
1

2
OPT =

3

2
OPT.

tight example

ÆÒ8£¤ 3.7

BjàÔaË: TSP_� 4
3
-��H���� ��0px
���.
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Multiway Cut and k-cut

Part III

Chapter 4
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Multiway Cut and k-cut k-'�p�V,�]X�éß����, k-]X�éß����ë�H]j

k-'�p�V,�]X�éß����, k-]X�éß����ë�H]j

&ñ
_� 4.1

â�
í5�¢�>(cut) �������)a Áº�¾ÓÕªA�áÔ G = (V ,E)_� V\�¦ ì�r½+É(partition)
���H
e��_�_� ¿º |9�½+Ë, U ∪ (V \ U)\� ���5ge����H  ñ_� |9�½+Ë�̀¦ ]X�éß����(cut)s����¦
ô�Ç��. ëß���� s ∈ U, t ∈ V \ Us���� s − t ]X�éß����s����¦ ô�Ç��.

0Aü< °ú s� ]X�éß����Ü¼�Ð ì�ro�
��¦ z�·�Ér ��n�[þt�̀¦ '�p�V,�s����¦ ÂÒØÔ��.

&ñ
_� 4.2

k-'ai�Ûy
â�
í5�(k-terminal cut £¿ÐM� multyway cut)%K�V�
����]�: Áº�¾Ó ÕªA�áÔ G = (V ,E), q�6£§  ñ q�6 x c, '�p�V,� |9�½+Ë
{s1, s2, . . . , sk} ⊆ V .
��·�]�: ]j��
���� �̧��H '�p�V,�[þts� "f�Ð ì�ro�÷&��H  ñ |9�½+Ë, 7£¤,
'�p�V,�]X�éß����(terminal cut) ×�æ\�"f þj�èq�6 x�̀¦ °ú���H �.	כ

<�ª $í
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Multiway Cut and k-cut k-'�p�V,�]X�éß����, k-]X�éß����ë�H]j

• k ≥ 3s���� NP-hard.

&ñ
_� 4.3

k-â�
í5�(k-cut)%K�V�
����]�: Áº�¾Ó ÕªA�áÔ G = (V ,E ), q�6£§  ñ q�6 x c .
��·�]�: ]j��
���� �̧��H G�� k >h_� ¹�è�Ðכ ì�ro�÷&��H  ñ |9�½+Ë, 7£¤,
k-]X�éß����(terminal cut) ×�æ\�"f þj�èq�6 x�̀¦ °ú���H �.	כ

• k�� �¦&ñ
�)a �©�Ãºs���� ���½Ór�çß�\� Û�¦ Ãº e��6£§. ÕªXO�t� ·ú§Ü¼���
NP-hard.
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Multiway Cut and k-cut k-'�p�V,�]X�éß����, k-]X�éß����ë�H]j

k-'ai�Ûy
â�
í5�¢�> N±Ó�§h��æ̧

1. y�� i = 1, 2, , . . . , k\� @/K� '�p�V,� si\�¦ ���Ér �̧��H
'�p�V,��ÐÂÒ'� �¦wn�r�v���H þj�èq�6 x ]X�éß���� Ci\�¦ ½̈ô�Ç��.
2. Ci[þt ×�æ\�"f ���©� q�6 xs� 	�H �,	כ say, Ck\�¦ ]jü@r�v��¦ �� Qt�

]X�éß����_� ½+Ë|9�½+Ë C ≡
⋃k−1

i=1 Ci\�¦ K��Ð ô�Ç��.

• si\�¦ �¦wn�r�v���H þj�è]X�éß�����Ér, S \ si\�¦ 
���_� ��n��Ð »¡¤���ô�Ç
ÕªA�áÔ\�"f, »¡¤��� ��n�ü< si\�¦ ì�ro�
���H þj�èq�6 x ]X�éß����.
����"f þj@/âì2£§ ·ú��¦o�1pu�̀¦ ��6 x
���� ���½Ór�çß�\� ½̈½+É Ãº

e����.
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Multiway Cut and k-cut k-'�p�V,�]X�éß����, k-]X�éß����ë�H]j

&ñ
o� 4.4

k-'�p�V,�]X�éß���� ·ú��¦o�1pu�Ér (2− 2
k
)-��H��K�\�¦ �Ð�©�ô�Ç��.

¤� ÃZ�: þj&h�K�\�¦ A���¦ 
���. �̧��H  ñq�6 xs� q�6£§s�Ù¼�Ð, A��H G\�¦, si\�¦ ô�Ç >h

m�� �í�<Ê
���H &ñ
SX�y� k>h_� ¹�è�Ðכ ì�ro�ô�Ç���¦ ��&ñ
½+É Ãº e����. s� M:, '�p�V,�
si\�¦ �í�<Ê
���H >¹�èüכ ���Ér ¹�è[þtכ ��s�\� ���5ge����H A_�  ñ[þt�̀¦ Ai���¦ æ¼��.
A_� y��  ñ��H ¿º >h_� �\¹�èכ ���5ge��Ü¼Ù¼�Ð

A =
k⋃

i=1

Ai ,

k∑
i=1

c(Ai ) = 2c(A).

c(Ci ) ≤ c(Ai )s�Ù¼�Ð C�� 2-��H������H �¦̀�	כ ~1�>� ·ú� Ãº e��t�ëß�, �̧�FK �8 ���Ér
ì�r$3�s� ��0px
���:

c(C) ≤
∑k

i=1 c(Ci )− c(Ck) ≤
∑k

i=1 c(Ai )− c(Ck)

≤ 2c(A)− 2
k
c(A).

��t�}�� ÂÒ1px ñ��H c(Ck)�� #Q�"� c(Ai )�Ð���̧ ß¼l� M:ë�Hs���. �
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Multiway Cut and k-cut k-'�p�V,�]X�éß����, k-]X�éß����ë�H]j

tight example

·ú��¦o�1puÜ¼�Ð %3��Ér K�_� q�6 x�Ér

(2− ε)(k − 1) = (2− ε)
(
1− 1

k

)
k = (2− ε)

(
1− 1

k

)
OPT ∀ε > 0.
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Multiway Cut and k-cut k-'�p�V,�]X�éß����, k-]X�éß����ë�H]j

&ñ
_� 4.5

�§�¿h�-Ññ ��ÈÁ  ñq�6 x c\�¦ ����� ÈÁ/�×ÕªA�áÔ G = (V ,E )�� e���̀¦
M:, ��n�|9�½+Ë Vü<  ñ��×�æu� w\�¦ ��t���H ��Áº T�� ��6£§_�
$í
|9��̀¦ ëß�7á¤½+É M: �¦�̧o�-Êê ��Áº���¦ ô�Ç��.
i) �̧��H e ∈ E\� @/K� T\�"f  ñ e\�¦ ]j��
���� �ª�ì�r÷&��H
��n�|9�½+Ë Uü< V \ U�Ð ���&ñ
÷&��H G_� ]X�éß����_� q�6 xs� we��

�)a��: c(U;V \ U) = we .
ii) �̧��H ��n� �©� u, v ∈ V\� @/K�, þj�èq�6 x u − v ]X�éß����_� °úכs�
Gü< T\�"f °ú ��.

• þj@/âì2£§ ·ú��¦o�1pu�̀¦ n − 1��� &h�6 x
���� �¦�̧o�-Êê ��Áº��H %3�
�̀¦ Ãº e����(Exer. 4.3-4.6)!
• s���H

(n
2

)
>h ��n� �©��̀¦ ì�ro�
���H þj�è]X�éß����[þt�̀¦ T_� n − 1>h

_� ]X�éß����Ü¼�Ð �̧¿º ����è­q Ãº e������H _�p�s���.
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Multiway Cut and k-cut k-'�p�V,�]X�éß����, k-]X�éß����ë�H]j

k-â�
í5�¢�> N±Ó�§h��æ̧

1. G_� G-H ��Áº T\�¦ ½̈ô�Ç��.
2. T_�  ñ ×�æ\�"f ��×�æu��� ���©� ����Ér k − 1>h_�  ñ\�¦ Y�J��,
G\�"f s�\� @/6£x
���H ]X�éß����_� ½+Ë|9�½+Ë C\�¦ ½̈ô�Ç��.,

&ñ
o� 4.6

0A_� ·ú��¦o�1pu�Ér (2− 2
k )-��H��K�\�¦ �Ð�©�ô�Ç��.

¤� ÃZ�: Äº��� C�� z�́]j�Ð k>h s��©�_� ¹�è�Ðכ G\�¦ ì�ro�ô�Ç����H
�¦̀�	כ �Ð��. (k�Ð�� ß¼��� k>h�� ÷&�̧2�¤ C\�"f  ñ\�¦ NS��� �)a��.)
T\�"f k − 1_�  ñ\�¦ ]j��
����, &ñ
SX�y� k>h_� >¹�èüכ s�
�\¹�è[þtכ @/6£x
���H k>h_� ��n�|9�½+Ës� Òqtl���HX<, s� ��n�
|9�½+Ë[þt�Ér �̧¿º G\�"f�̧ "f�Ð ì�ro��)a����H �¦̀�	כ ·ú� Ãº e����.
����"f k>h s��©�_� ¹�è�Ðכ G�� ì�ro��)a��.
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Multiway Cut and k-cut k-'�p�V,�]X�éß����, k-]X�éß����ë�H]j

k-]X�éß���� ë�H]j_� þj&h�K�\�¦ A���¦ 
���. A\�¦ ]j��½+É M: Òqtl���H k>h_� �_¹�èכ
��n�|9�½+Ë�̀¦ V1, V2, . . . ,Vk , Õªo��¦ Vi\�¦ ���Ér ��n�[þtõ� ì�ro�
���H ]X�éß�����̀¦

Ai���¦ 
���. Õª�Q���
k∑

i=1

c(Ai ) = 2c(A).

s� ×�æ\�"f  ñq�6 xs� ���©� 	�H �¦̀�	כ Ak���¦ 
���.

ëß���� T\�"f ��×�æu��� y��y�� c(Ai ) i = 1, 2, . . . , k − 1�Ð�� ß¼t� ·ú§�Ér k − 1>h_�

 ñ\�¦ ¹1Ô�̀¦ Ãº e������� 7£x"î
�Ér =åQ��>� �)a��. s�\�¦ 0AK� T\�"f V1, V2, . . . ,Vk_�

y�� ��n�|9�½+Ë�̀¦ 
���_� ��n��Ð »¡¤���ô�Ç��. s� M: ��n�|9�½+Ë ��s�\�"f z����e����H

 ñ_� |9�½+Ë�̀¦ B���¦ 
���. ëß���� s�XO�>� %3��Ér ÕªA�áÔ�� ��Áº�� ��m���� ��Áº��

|̈c M:��t�  ñ\�¦ ]j��ô�Ç��. z���Ér k − 1>h_�  ñ|9�½+Ë�̀¦ B ′s����¦ 
���. ëß���� s�

��Áº\�"f (u, v) ∈ B ′s��¦ (u, v)�� Vi\� @/6£x
���H ��n�\� ²ú��9e�����¦ 
���. Õª

�Q��� wuv��H þj�è u − v ]X�éß����_� q�6 xs��¦ Ai��H u − v ]X�éß���� ×�æ 
���s�l� M:

ë�H\� wuv ≤ c(Ai )�� $í
wn�ô�Ç��.
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Multiway Cut and k-cut k-'�p�V,�]X�éß����, k-]X�éß����ë�H]j

C��H T_�  ñ×�æ\�"f q�6 xs� ���©� ����Ér k − 1>h_�  ñ_� q�6 xs�l� M:ë�H\�,

c(C) ≤
∑

e∈B′ we ≤
∑k−1

i=1 c(Ai )

≤
(
1− 1

k

) ∑k
i=1 c(Ai ) = 2

(
1− 1

k

)
c(A).�

tight example
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Chapter 5, 6
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k-Center
Feedback Vertex Set

k-G'p'�ë�H]j

k-G'p'�ë�H]j

&ñ
_� 5.1

RcçÃÍÏ� k-�¤d'a%K�V�
{9�§4�: ���y��ÂÒ1pxd���̀¦ ëß�7á¤
���H  ñq�6 x cuv , uv ∈ E\�¦ ����� Áº�¾Ó ¢-a��� ñÕªA�áÔ
G = (V ,E), �����Ãº k(< |V |).
þj&h�K�: ß¼l��� k��� V_� ÂÒì�r|9�½+Ë S ×�æ\�"f, V_� y�� ��n�\�"f S_� þj�è
q�6 x s�Ö�© ��n���t�_� q�6 x_� þj@/°úכs� þj�è�� ÷&��H �:	כ
minS⊆V :|S|=k maxv∈V minu∈S cvu.

&ñ
_� 5.2

Dominating Set Áº�¾ÓÕªA�áÔ G = (V ,E)_� �̧��H ��n�_� s�Ö�©�̀¦ �í�<Ê
��¦
e����H |9�½+Ë D ⊆ V\�¦ G_� dominating sets����¦ ô�Ç��.

s���Ér	כ G_� ��n�|9�½+Ës� |D|>h_� Z>�(K1p, p ≥ 1)�Ð &�!Q�)a����H ��õ	כ 1lxu�s���.

(Z>�s� �̧¿º ��n� �§|9�½+Ës� \O����¦ ��&ñ
½+É Ãº e����.)
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• k-G'p'�ë�H]j��H BjàÔaË:s� ����� �â
Äº, #Q�"� ��H��>�Ãº α(n)�̧ Ô�¦
��0px.

• BjàÔaË: k-G'p'�ë�H]j��H #Q�"� ε > 0\� @/K�"f�̧ (2− ε)-��H���� Ô�¦
��0px
���.

• Hochbaumõ� Shmoys��H 2-��H��K�ZO� >hµ1Ï.

<�ª $í
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BjàÔaË: k-G'p'�ë�H]j_� ���Ér �'a&h�

 ñ\�¦ q�6 x 7£x�� í�H"f�Ð &ñ
\P�ô�Ç��: ce1 ≤ ce2 ≤ · · · ≤ cem .
Ei ≡ {e1, e2, . . . , ei}. Gi ≡ (V ,Ei )�Ð &ñ
_�ô�Ç��. k-G'p'�ë�H]j��H
ß¼l��� k\�¦ �Å�t� ·ú§�Ér dominating set�̀¦ ����� Gi×�æ\�"f þj�è °úכ

i∗\�¦ ���×þ�
���H ë�H]jü< 1lxu�s���. Õª�Q��� cei∗�� þj&h�3lq&h��<ÊÃº

°úכs� �)a��.
• þj�è ß¼l� dominating set�̀¦ ½̈
���H ë�H]j��H NP-hards���.

&ñ
_� 5.3

V¹כ��Ü«8�è«(square graph) Áº�¾ÓÕªA�áÔ G = (V ,E )_�
]jY�LÕªA�áÔ G 2

��H °ú �Ér ��n�|9�½+Ë Vü<, G\�"f U�́s� 2s�
�_�
�â
�Ð�Ð ������÷&��H ��n� çß�_�  ñ |9�½+ËÜ¼�Ð ÅÒ#Qt���H ÕªA�áÔ�Ð

&ñ
_�ô�Ç��.
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l��:r&ñ
o� 5.4

G 2_� îß�&ñ
|9�½+Ë(stable set, independent set), I_� ß¼l���H G_�
dominating set D_� ß¼l� �Ð�� °ú ���� �����.

¤� ÃZ�: G_� ��n�|9�½+Ë�Ér |D|>h_� Z>��Ð &�!Q�)a��. G_� Z>��Ér G 2_�

9þtaË:s���. ô�Ç>h_� 9þtaË:\�"f þj@/ ô�Ç>h_� îß�&ñ
|9�½+Ë_� ��n��� ���
×þ�|̈c Ãº e����. ����"f, |I | ≤ |D|. �
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RcçÃÍÏ� k-�¤d'a N±Ó�§h��æ̧

1. G 2
1 ,G 2

2 , . . . ,G 2
m\�¦ ½̈$í
ô�Ç��.

2. G 2
i _� maximal îß�&ñ
|9�½+Ë Mi\�¦ ½̈ô�Ç��.

3. |Mi | ≤ k��� þj�è i\�¦ j���¦ 
���.
4. Mj\�¦ K��Ð Ø�¦§4�.

l��:r&ñ
o� 5.5

cej ≤ OPT.

¤� ÃZ�: i < js���� k < |Mi | ≤ �̧��H dominating set_� ß¼l�. ����"f
i < i∗. 7£¤, cej ≤ OPT.
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&ñ
o� 5.6

0A_� ·ú��¦o�1pu�Ér 2-��H��K�\�¦ �Ð�©�ô�Ç��.

¤� ÃZ�: Äº��� Mj��H maximal îß�&ñ
|9�½+ËÜ¼�Ð+�, G 2
j ����"f G_� dominating sets�

�)a��. s� M:, ���y��ÂÒ1pxd��\� _�K� G\�"f G'p'� Mj_� ��n�[þts� ��6 x
���H  ñ��H

G 2
j  ñ q�6 x 2C�\�¦ �Å�t� ·ú§��H��. ����"f, l��:r&ñ
o� 5.5 \� _�K� &ñ
o��� $í
wn�. �

Tight example
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&ñ
o� 5.7

P 6= NP�����, #Q*�ô�Ç ε > 0\� @/K�"f�̧ BjàÔaË: k-G'p'�_�
(2− ε)-��H��K�ZO��Ér Ô�¦��0px
���.

¤� ÃZ�: G = (V ,E )\� |D| ≤ k��� dominating set D�� �>rF�
���H����
��H ���&ñ
ë�H]j\�¦ �Ð��. G\�  ñ\�¦ '����
�#� ¢-a��� ñ ÕªA�áÔ�Ð ëß�[þt
��. "é¶A�  ñ\���H 1, Dh�Ð '�����)a  ñ\���H 2_� q�6 x�̀¦ ï�r��. Õªo��¦
s� ÕªA�áÔ\�"f &ñ
_��)a BjàÔaË: k-G'p'� ë�H]j\� (2− ε)-��H��K�ZO��̀¦
&h�6 xô�Ç��.

²ú�s� “\V”��� ë�H]j��H 3lq&h��<ÊÃº�� þj@/ (2− ε) ��� K�\�¦ ��H��K�ZO�
s� ½̈½+É �,¦��s	כ “��m��̧”��� ë�H]j��H 3lq&h��<ÊÃº�� þj�è 2 ��� K�\�¦
½̈½+É �.���s	כ �
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&ñ
_� 5.8

��g� ��
ä»n� RcçÃÍÏ� k-�¤d'a%K�V�
{9�§4�: ���y��ÂÒ1pxd���̀¦ ëß�7á¤
���H  ñq�6 x cuv , uv ∈ Eõ� ��n�
��×�æu� w : V → Q+\�¦ ����� Áº�¾Ó ¢-a��� ñÕªA�áÔ G = (V ,E ),
�©�Ãº k ∈ Q+.
þj&h�K�: ��×�æu�_� ½+Ës� k\�¦ �Å�t� ·ú§��H V_� ÂÒì�r|9�½+Ë S ×�æ\�"f,
V_� y�� ��n�\�"f S_� þj�è q�6 x s�Ö�© ��n���t�_� q�6 x_�
þj@/°úכs� þj�è�� ÷&��H �:	כ
minS⊆V :w(S)≤k maxv∈V minu∈S cvu.

wdom(H) ≡ ��n� ��×�æu�\�¦ ����� ÕªA�áÔ H_� dominating set_�
��×�æu� ×�æ\�"f þj�è°úכ.
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l��:r&ñ
o� 5.9

ÕªA�áÔ H\�"f ��n� u_� þj�è ��×�æu� s�Ö�© ��n�\�¦ s(u), I\�¦
H2_� îß�&ñ
|9�½+Ës����¦ ½+É M:,

w({s(u) : u ∈ I}) ≤ wdom(H).

¤� ÃZ�: D\�¦ H_� þj�è��×�æu� dominating sets����¦ 
���. Õª�Q���
H_� �̧��H ��n�\�¦ &�!Q
���H D_� y�� ��n�\�¦ ×�æd��Ü¼�Ð 
���H "f�Ð
��n� �§|9�½+Ës� \O���H Z>�s� |D| >h �>rF�
� 9 s�[þt�Ér H2\�"f��H �̧

¿º 9þtaË:s� �)a��. ����"f I��H y�� Z>�\�"f ô�Ç>h s��©�_� ��n�\�¦ ��|9�
Ãº�� \O���. Õªo��¦ I_� ��n�[þt�Ér #Q�"� Z>�\� 5Åq
��¦ ����"f Õª Z>�
_� ×�æd�� ��n�\�¦ s�Ö�©��n��Ð °ú���H��. ����"f,
w({s(u) : u ∈ I}) ≤ wdom(H). �

si (u) ≡ Gi\�"f ��n� u_� þj�è ��×�æu� s�Ö�©��n�
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��g� ��
ä»n� RcçÃÍÏ� k-�¤d'a N±Ó�§h��æ̧

1. G 2
1 ,G

2
2 , . . . ,G

2
m\�¦ ½̈$í
ô�Ç��.

2. G 2
i _� maximal îß�&ñ
|9�½+Ë Mi\�¦ ½̈ô�Ç��.

3. Si = {si (u) : u ∈ Mi}\�¦ ½̈ô�Ç��.
4. w(Si ) ≤ k��� þj�è i\�¦ j���¦ 
����, Sj\�¦ K��Ð ô�Ç��.

&ñ
o� 5.10

3-��H��

¤� ÃZ�: ��n� ��×�æu��� \O���H �â
Äºü< °ú s�, l��:r&ñ
o� 5.9\� _�
�#�,
cej ≤ OPTe���̀¦ ·ú� Ãº e����.

�̧��H ��n� v��H Mj_� #Q�"� ��n� uü< Gj\�"f ¿º >h s�
�_�  ñ\�¦ ����� �â
�Ð�Ð

�������)a��. ¢̧ô�Ç u ∈ Mjü< sj(u)��H &ñ
_�\� ����, Gj_� ô�Ç>h_�  ñ�Ð �������)a��.
�̧��H G_� ��n�ü< Sj_� #Q�"� ��n���H, ����"f, Gj_�  ñ\�¦ [j>h s�
� ����� �â
�Ð�Ð

�������)a��. ���y��ÂÒ1pxd��\� _�K� Õª �â
�Ð_� U�́s���H ≤ 3cej ≤ 3OPT�� �)a��. �
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Tight example
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x�×¼Ñþ� ��n�|9�½+Ë

&ñ
_� 6.1

q�Þ«9̀c ��g����TÒ¼

{9�§4�: ��n� ��×�æu� w : V → Q+\�¦ ����� Áº�¾Ó ÕªA�áÔ

G = (V ,E ).
þj&h�K�: ]j��
���� G\�¦ Áº�r�Ð(acyclic) ÕªA�áÔ�Ð ëß�×¼��H ��n�
|9�½+Ë ×�æ\�"f ��×�æu�_� ½+Ës� þj�è�� ÷&��H �.	כ

• ]j��
���� G\�¦ Áº�r�Ð(acyclic) ÕªA�áÔ�Ð ëß���H����H ��Ér	כ G_�
�̧��H �r�Ðü< �§	�ô�Ç����H ��õ	כ °ú ��.

GF[2] ≡ �̂(field)�Ð"f_� {0, 1},
�ÃÐ�¦: �̂(field) = ��8̈���¾ºl�8̈�(commutative division ring)

0 + 0 = 0, 0 + 1 = 1 + 0 = 1, 1 + 1 = 0,

0 · 0 = 0 · 1 = 1 · 0 = 0, 1 · 1 = 1
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G_�  ñ_� >hÃº ëß��pu_� 	�"é¶�̀¦ �����  7�'� /BNçß� {0, 1}|E |\�"f,
G_� éß�í�H�r�Ð C_� :£¤$í
 7�'� χC

[þt�Ð Òqt$í
�)a(span) ÂÒì�r/BNçß�,
7£¤, �r�Ð/BNçß�_� 	�"é¶�̀¦ cyclomatic number, cyc(G )���¦ ô�Ç��. �r
�Ð/BNçß�_� "é¶�è[þt�Ér �̧��H ��n� 	�Ãº�� 2��� ÂÒì�rÕªA�áÔ�� ÷&��H �	כ
�̀¦ ·ú� Ãº e����.

&ñ
o� 6.2

cyc(G ) = |E | − |V |+ κ(G ).

Äº��� G_� �r�Ð/BNçß��Ér y�� �����_¹�èכ�� �r�Ð/BNçß�_� ½+Ë(direct
sum)s� �)a��. ����"f, G�� �������)a ÕªA�áÔ���¦ ��&ñ

��¦ &ñ
o�\�¦
7£x"î

���� �)a��: cyc(G ) = |E | − |V |+ 1.

T\�¦ G_� ���gË>��Áº���¦ 
���. Tµ1Ú_� y��  ñ e�� T_�  ñü< ëß�×¼
��H �r�Ð[þt�Ér �̧¿º ���+þA1lqwn���� :£¤$í
 7�'�\�¦ ëß���H��. ����"f,
cyc(G ) ≥ |E | − (|V | − 1).
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ô�Ç¼#� T_� y��  ñ\� _�K� &ñ
_�÷&��H ]X�éß���� (S ;Sc)_� :£¤$í
 7�'���H,
�̧��H �r�Ð_� :£¤$í
 7�'�ü< "f�Ð Ãºf��s���. 7£¤ ?/&h�s� 0s� �)a��. �=
��
����, ]X�éß����õ� �r�Ð��H �½Ó�©� ���Ãº >h_�  ñ[þt�̀¦ /BNÄ»
�l� M:ë�H
s���.

s��Qô�Ç ]X�éß�����Ér |V | − 1>h �>rF�
���HX< �̧¿º ���+þA1lqwn�s���. 7£¤,
�r�Ð /BNçß�_� #�/BNçß�_� 	�"é¶�Ér þj�è |V | − 1s� ÷& 9, ����"f �r�Ð
/BNçß�_� 	�"é¶�Ér |E | − (|V | − 1)�̀¦ �Å�t� ·ú§��H��. �
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�������)a ÕªA�áÔ G\�"f ��n� v\�¦ ]j��½+É M:, cyclomatic number_�
y���è\�¦ δG (v)���¦ 
���. &ñ
o� 6.2\�¦ Gü< G \ v\� &h�6 x
����,
cyc(G ) = |E | − |V |+ 1, Õªo��¦
cyc(G \ v) = |E | − degG (v)− |V |+ 1 + κ(G \ v)\�¦ %3���H��. s��Ð
ÂÒ'�, �������)a ÕªA�áÔ G\�"f��H

δG (v) = degG (v)− κ(G \ v). (6.1)

l��:r&ñ
o� 6.3

H�� G_� ÂÒì�r ÕªA�áÔs���� δH(v) ≤ δG (v).

¤� ÃZ�: v\�¦ ]j��½+É M:, %ò
�¾Ó�̀¦ ~ÃÎ��H ÂÒì�r�Ér s�\�¦ �í�<Ê
���H �¹�èëßכ
s���. ����"f, Gü< H�� ������÷&%3����¦ ��&ñ

���. (6.1)\� _�
�#�
��6£§�̀¦ 7£x"î

���H ��õ	כ °ú ��.
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degH(v)− κ(H \ v) ≤ degG (v)− κ(G \ v).

�ª�Aá¤_� �½Ó[þt�̀¦ q��§
���. Äº��� degH(v) ≤ degG (v)s���. H\�"f
v\�¦ ]j��
�#� Òqtl���H ¦¹�è[þt�̀כ c1, c2, . . ., ck���¦ 
���. G\�ëß�
e����H  ñ ×�æ\�"f v\� ²ú��9 e��t� ·ú§�Ér  ñ��H s� ¦¹�è[þt�̀כ ������r�&�
>hÃº\�¦ y���è r�v���HX< ëß� �̧¹¡§s� �)a��. ����"f, ëß���� G \ v�� ¹כ
�è\�¦ �8 ��t��¦ e�������, s���H ]j��÷&��H v\� ²ú��9 e��Ü¼ 9 G\�ëß�
e����H  ñ M:ë�H\� ÆÒ�� ÷&��H .���¹�è[þtsכ Õª�Q��, s��Qô�Ç ¹�èכ ô�Ç
>h {©� degG (v)�� degH(v)�Ð�� þj�è 1 ß¼��. ����"f ÂÒ1px ñ�� $í

wn�.�
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ëß�{9� F = {v1, v2, . . . , vf }�� x�×¼Ñþ���n�|9�½+Ës���� F\�¦ ]j��
����
cyclomatic number��H 0s� ÷&Ù¼�Ð, G0 ≡ G ,
Gi ≡ G \ {v1, . . . , vi}(i = 1, 2, · · · )���¦ 
����,

cyc(G ) =
f∑

i=1

δGi−1
(vi ).

l��:r&ñ
o� 6.3\� _�
�#�,

cyc(G ) ≤
∑
e∈F

δG (v). (6.2)
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l��:r&ñ
o� 6.4

F�� minimal x�×¼Ñþ� ��n�|9�½+Ës����
∑

v∈F δG (v) ≤ 2cyc(G).

¤� ÃZ�: %i�r� G�� ������÷&%3����¦ ��&ñ
½+É Ãº e����. F = {v1, v2, . . . , vf } Õªo��¦
F\�¦ ]j��
���� k>h_� ��¹�èכ Òqt|�����¦ 
���. s�×�æ G\�"f F_� �̧f�� ô�Ç>h_� ��
n�\�  ñ�Ð ������÷&��H �¹�è[þtsכ t>h���¦ 
����,

f∑
i=1

κ(G − vi ) = f + t. (6.3)
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&ñ
o� 6.2\� _�
�#�
∑f

i=1 δG (vi ) =
∑f

i=1(degG (vi )− κ(G − vi )),
cyc(G ) = |E | − |V |+ 1s�Ù¼�Ð, ëß���� ��6£§�̀¦ �Ðs���� 7£x"î
�Ér =åQèß�
��:

f∑
i=1

(degG (vi )− κ(G − vi )) ≤ 2(|E | − |V |).

s���Ér	כ (6.3)\� _�
�#� ��6£§õ� 1lxu�s���:

f∑
i=1

degG (vi ) ≤ 2(|E | − |V |) + f + t.

f>h_� ��n�\�¦ ]j��
�#� %3��Ér k>h_� y�� ¹�è��Hכ ��Áº�� �)a��, ��
��"f ¹�èכ ?/ÂÒ_�  ñ_� Ãº\�¦ ½+Ë
����

|V | − f − k. (6.4)
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]X�éß���� (F ;V \ F )_�  ñ_� >hÃº_� 
�ô�Ç�̀¦ ½̈K��Ð��. F��
minimals�Ù¼�Ð y�� vi��H F_� ���Ér ��n�\�¦ �í�<Ê
�t� ·ú§��H �r�Ð\�
�í�<Ê÷&#Q�� ô�Ç��. ����"f (0A_� ÕªaË>õ� °ú s�) y�� vi��H ¿º >h s��©�

_�  ñ�Ð ������÷&��H ¦�\¹�èכ þj�è 
��� ��t��¦ e��#Q�� ô�Ç��. y��
vi\� @/
�#� s� ¿º >h_�  ñ ×�æ 
���\�¦ ]j��
���� �̧¿º f>h_�  ñ��
]j���)a��. ��n�ü< ¹�èכ ô�Ç �©��̀¦ ×�æ4�¤ ������
���H  ñ\�¦ ô�Ç >hm�� ]j
��
�%i�Ü¼Ù¼�Ð, s�XO�>� f>h\�¦ ]j��ô�Ç Êê\��̧, t>h_� ¹�è[þt�Érכ #�
���y� F_� ��n� ×�æ\� þj�è ô�Ç>hü<  ñ�Ð ������÷&#Q�� 
� 9, k − t>h
_� ¹�è[þt�Érכ þj�è ¿º >hü<  ñ�Ð ������÷&#Q�� ô�Ç��. ����"f
(F ;V \ F )_�  ñ_� >hÃº��H þj�è

f + t + 2(k − t) = f + 2k − t. (6.5)

����"f, (6.4)õ� (6.5)\� _�
�#�∑f
i=1 degG (vi ) ≤ 2|E | − 2(|V | − f − k)− (f + 2k − t)

= 2(|E | − |V |) + f + t.�
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k-Center
Feedback Vertex Set

x�×¼Ñþ� ��n�|9�½+Ë

&ñ
_� 6.5

#Q�"� �©�Ãº c > 0\� @/K� y�� ��n� v_� ��×�æu��� wc = cδG (v)\�¦ ëß�7á¤
���� w\�¦
cyclomatics����¦ ÂÒ�Ér��.

(6.2)\� _�
�#� w�� cyclomatics���� ccyc(G) ≤ OPT s���. ¢̧ô�Ç l��:r&ñ
o�
6.4\� _�
�#� w�� cyclomatics��¦ F�� minimal x�×¼Ñþ���n�|9�½+Ës����
w(F ) ≤ 2ccyc(G)s���:

ccyc(G) ≤ OPT ≤ w(F ) ≤ 2ccyc(G).

����"f, ��×�æu� w�� cyclomatics���� e��_�_� minimal x�×¼Ñþ�|9�½+Ë F\� @/K�

��2£§&ñ
o� 6.6

w(F ) ≤ 2OPT.
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k-Center
Feedback Vertex Set

x�×¼Ñþ� ��n�|9�½+Ë

s��¦̀�	כ {9�ìøÍ&h���� ��×�æu�\� &h�6 x
�l� 0A
�#� ��6£§õ� °ú �Ér ‘layering’�̀¦ Òqty��
�
��.

c ← minv∈V

{
wv

δG (v)

}
; tv ← cδG (v); w ′

v ← wv − tv .

¢̧ô�Ç ïß�#���×�æu� w ′
v�� �ª�Ãº��� ��n�|9�½+Ë�̀¦ V ′(( V ), G ′

�̀¦ V ′Ü¼�Ð Ä»�̧�)a ÂÒ

ì�rÕªA�áÔ���¦ 
���.

s��Qô�Ç õ�&ñ
�̀¦ G @/��� G ′\�, Áº�r�Ð ÕªA�áÔ�� |̈c M:��t�, ìøÍ4�¤ô�Ç��:
G = G0 ) G1 ) · · · ) Gk

V = V0 ) V1 ) · · · ) Vk .

¢̧ô�Ç, t i (1 = 0, 1, . . .)��H Gi\�"f &ñ
_��)a cyclomatic ��×�æu�, w i (1 = 0, 1, . . .)��H
Gi_� ïß�#���×�æu����¦ 
���: w 0 ≡ w , w 1 ≡ w − t0, . . .. Õªo��¦ ¼#�_��©�
tk = w k���¦ Z�~��. Õª�Q���, ∑

i :v∈Vi

t i
v = wv . (6.6)
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k-Center
Feedback Vertex Set

x�×¼Ñþ� ��n�|9�½+Ë

l��:r&ñ
o� 6.7

H\�¦ V ′Ü¼�Ð Ä»�̧�)a G = (V ,E )_� ÂÒì�rÕªA�áÔ���¦ 
���. F\�¦
H_� minimal x�×¼Ñþ� ��n�|9�½+Ë, F ′ ⊆ V \ V ′

�̀¦ F ∪ F ′s� G_�
x�×¼Ñþ� ��n�|9�½+Ës� ÷&��H, minimal |9�½+Ës����¦ 
���. Õª�Q���
F ∪ F ′s� G_� minimal x�×¼Ñþ� ��n�|9�½+Ës� �)a��.

s���� G_� ì�rK�õ�&ñ
\�"f Áº�r�Ð��� Gk_� minimal x�×¼Ñþ���n�|9�
½+Ë�Ér Fk = ∅s� �)a��. s�\�¦ �íl�K��Ð 
�#� i = k, k − 1, . . . , 1\� @/

�#�, Gi_� minimal x�×¼Ñþ� |9�½+Ë�̀¦ Vi−1 − Vi_� minimal |9�½+Ë�̀¦
��6 x
�#� Gi−1_� minimal x�×¼Ñþ� |9�½+Ë Fi−1�Ð SX��©�ô�Ç��. s�\�¦ ìøÍ
4�¤
�#� F0\�¦ K��Ð ô�Ç��.
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k-Center
Feedback Vertex Set

x�×¼Ñþ� ��n�|9�½+Ë

&ñ
o� 6.8

2-��H��.

¤� ÃZ�: F ∗
\�¦ þj&h�K����¦ 
���. Õª�Q��� F ∗ ∩Vi��H Gi_� x�×¼Ñþ�|9�½+Ë

s��)a��. Õªo��¦ t iUc 7�ø5� Gi_� x�×¼Ñþ� |9�½+Ë_� þj�è��×�æu�\�¦

OPTi���¦ 
����,

OPT = w(F ∗) =
k∑

i=0

t i (F ∗ ∩ Vi ) ≥
k∑

i=0

OPTi .

¢̧ô�Ç F0 %i�r� ��6£§õ� °ú s� ì�rK�½+É Ãº e����:

w(F0) =
k∑

i=0

t i (F0 ∩ Vi ) =
k∑

i=0

t i (Fi ).
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k-Center
Feedback Vertex Set

x�×¼Ñþ� ��n�|9�½+Ë

l��:r&ñ
o� 6.7\� _�
�#�, Fi��H Gi_� minimal x�×¼Ñþ�|9�½+Ës���. Õª
o��¦ �̧��H 0 ≤ i ≤ k − 1\� @/K� ti�� cyclomatic ��×�æu�s�Ù¼�Ð
ti (Fi ) ≤ 2OPTi . ����"f,

w(F0) ≤ 2
k∑

i=0

OPTi ≤ 2OPT. �

Tight example
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k-Center
Feedback Vertex Set

x�×¼Ñþ� ��n�|9�½+Ë

minimal x�×¼Ñþ� |9�½+Ë�̀¦ ½̈
���H ~½ÓZO�

V_�ÂÒì�r|9�½+Ë U�ÐÄ»�̧�)aÕªA�áÔ G [U]\�¦Òqty��
���. U ← ∅Ü¼�Ð
r����
�#�, G [U]\� �r�Ð�� µ1ÏÒqt½+É M: ��t� V_� ��n�\�¦ '����ô�Ç��.
Õª�Q��� F := V \ U��H minimal x�×¼Ñþ� |9�½+Ës� �)a��.

s� ~½ÓZO��Ér l��:r&ñ
o� 6.7\�"f Fü< F ′
�̀¦ ½̈
���HX< �����Û¼XO�>�

&h�6 x½+É Ãº e����: 0A_� ~½ÓZO�Ü¼�Ð H\�"f F\�¦ ½̈ô�Ç Êê\� s�\�¦ G\�
SX��©�r�~�́ M:��H V \ V ′_� ��n� ×�æ\�"f �r�Ð�� µ1ÏÒqt÷&t� ·ú§�̀¦
M:��t� '����ô�Ç��. s� ×�æ '����÷&t� ·ú§�Ér ��n�[þt_� |9�½+Ës� F ′s�
�)a��.

�ÃÐ�¦ 6.9

Ä»�¾ÓÕªA�áÔ\�"f��H O(log |V | log log |V |)-��H�� ��0px
(Seymour[95], Even et al[95]).
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Strong NP-hardness & FPTAS

¢-a������½Ó��H��K�ZO�ç�H(FPTAS)

¢-a������½Ó��H��K�ZO�ç�H(FPTAS)

&ñ
_� 7.1

FD9��B�ß��!B� þj&h��oë�H]j Π_� ��0pxK� x_� 3lq&h��<ÊÃº\�¦ fΠ(x)���¦

���. ��6£§õ� °ú �Ér ·ú��¦o�1pu A\�¦ ��H��K�ZO�ç�H s����¦ ÂÒ�Ér��:
e��_�_� ë�H]j \V Iü< ε > 0�̀¦ {9�§4�
���� ��6£§�̀¦ ëß�7á¤
���H ��0pxK�
x\�¦ Ø�¦§4�ô�Ç��.

Π�� þj@/�oë�H]js���� fΠ(x) ≥ (1− ε)OPT,
þj�è�oë�H]js���� fΠ(x) ≤ (1 + ε)OPT.

A_� Ãº'��r�çß�s� �¦&ñ
�)a ε > 0\� @/
�#� ���½Ód��s����
���½Ór�çß���H��K�ZO�ç�H(PTAS, polynomial time approximation
scheme)s����¦ ô�Ç��. �8������, 1

εõ� Π {9�§4�ß¼l�_� ���½Ód�� s����
¢-a������½Ór�çß���H��K�ZO�ç�H (FPTAS, fully polynomial time
approximation scheme)s����¦ ô�Ç��.
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FPTAS
Strong NP-hardness & FPTAS

¢-a������½Ó��H��K�ZO�ç�H(FPTAS)

ë�H]j 7.2

:�#�×%K�V� ÂÒx� wj ∈ Z+, ò́6 x pj ∈ Z+\�¦ ����� n>h_� ¾¡§3lq,
j ∈ N = {1, 2, . . . , n}�̀¦ ÂÒx� W ∈ Z+\�¦ ����� C�z©�\� ò́6 x_�

½+Ës� þj@/�� ÷&�̧2�¤ ���×þ�
�#� V,���H��.

:�#�×%K�V���· �Dø5� ËÂ����/�× N±Ó�§h��æ̧

〈I 〉 ≡ ë�H]j \V I_� s���� {9�§4�ß¼l�
|I | ≡ ë�H]j \V I_� unary {9�§4�ß¼l�

&ñ
_� 7.3

ë�H]j Π_� �̧��H ë�H]j \V I\�¦, #Q�"� ���½Ó�<ÊÃº p\� @/
�#�
p(|I |)-r�çß�\� ÉÒ��H K�ZO��̀¦ Ä»�����½Ór�çß� K�ZO�s����¦ ÂÒ�Ér��.
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Strong NP-hardness & FPTAS

¢-a������½Ó��H��K�ZO�ç�H(FPTAS)

·ú��¦o�1pu 7.4

ËÂ����/�×N±Ó�§h��æ̧ I: z(W ′, l) =¾¡§3lq {1, 2, . . . , l}(l ≤ n)�Ð ÂÒx� W ′(≤W )�̀¦
����� C�z©�\�"f %3��̀¦ Ãº e����H þj@/ ò́6 x. (W ′ ≥ w1s���� z(W ′, 1) = p1,
0 ≤W ′ < w1s���� z(W ′, 1) = 0Ü¼�Ð �íl��o. W ′ < 0s���� z(W ′, l) = −∞�Ð
&ñ
_�.

z(W ′, l) = max{z(W ′ − wl , l − 1) + pl , z(W ′, l − 1)}. (7.7)

·ú��¦o�1pu 7.5

ËÂ����/�×N±Ó�§h��æ̧ II: w(Z , l) =¾¡§3lq {1, 2, . . . , l}(l ≤ n)�Ð ò́6 x Z\�¦ %3�l�
0AK� ¹ô�Çכ��9 C�z©�_� þj�è ÂÒx� (⇒ w(0, l) = 0, l = 1, 2, . . . , n.) Z < 0s����
w(Z , l) =∞�Ð &ñ
_�.

w(Z , l) = min{w(Z − pl , l − 1) + wl ,w(Z , l − 1)}. (7.8)

OPT = w(Z , n) ≤ B��� þj@/ Z .
O(n2 max pj) r�çß� ·ú��¦o�1pu.
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¢-a������½Ó��H��K�ZO�ç�H(FPTAS)

:�#�×%K�V���· �Dø5� FPTAS

��s�n�#Q: X<s�'�_� &ñ
SX��̧\�¦ ±ú�ÆÒ#Q (±ú��Ér ��o� Ãº��\�¦ {9�&ñ
ÂÒì�r Áºr�)
{9�§4�ß¼l�\�¦ nõ� 1

ε
(ε �̧	�)_� ���½Ód��Ü¼�Ð ô�Ç��.

P ≡ max{pj}, p̂j = b pj

εP/n
c�Ð ë�H]j\�¦ ��H��
�#� Ä»�����½Ó·ú��¦o�1pu II\�¦

&h�6 x
�#� ½̈ô�Ç þj&h�K�(¾¡§3lq|9�½+Ë) S\�¦ ��H��K��Ð ��6 x.

$í
|9� 7.6

p(S) ≥ (1− ε)OPT.

¤� ÃZ�: Äº��� �̧��H |9�½+Ë S ⊆ N\� @/K� p̂(S) ≥
∑

i∈S(
pj

εP/n
−1) ≡ 1

εP/n
p(S)−|S |.

����"f, (εP/n)p̂(S) ≥ p(S)− (εP/n)|S | ≥ p(S)− εP ≥ p(S)− εOPT.
����"f, "é¶A� ë�H]j_� þj&h�K�\�¦ S∗���¦ 
���� (εP/n)p̂(S∗) ≥ (1− ε)OPT.

Õª���X<, p(S) ≥ (εP/n)p̂(S) ≥ (εP/n)p̂(S∗).
����"f, p(S) ≥ (1− ε)OPT. �

0A_� ·ú��¦o�1pu_� Ãº'��r�çß��Ér O(n2b P
εP/n
c) = O(n2b n

ε
c) = O( n3

ε
). ����"f

C�z©�ë�H]j\�¦ 0Aô�Ç FPTAS�� �)a��.
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Strong NP-hardness & FPTAS

Strong NP-hardness & FPTAS

&ñ
_� 8.1

NP_� �̧��H ë�H]j��, {9�§4�X<s�'��� unary�Ð ³ð�&³�)a Π�Ð
���½Ó���8̈�s� ��0px
����, Π\�¦ strongly NP-hard���¦ ô�Ç��.

&ñ
_� 8.2

ë�H]j Π_� �̧��H ë�H]j \V I��, #Q�"� ���½Ó�<ÊÃº p�� �>rF�
�#�,
|I | ≤ p(〈I 〉)\�¦ ëß�7á¤
���� Π\�¦ q�Ãºu�ë�H]j (no number
problem)s����¦ ô�Ç��. ÕªXO�t� ·ú§Ü¼��� Ãºu�ë�H]j (number
problem)���¦ ô�Ç��.

Πp = {I ∈ Π : |I | ≤ p(〈I 〉)}.
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Strong NP-hardness & FPTAS

$í
|9� 8.3

ëß���� Π�� NP-completes��¦ q�Ãºu�ë�H]j����� Ä»�����½Ór�çß�
·ú��¦o�1pu�Ér P 6= NP��� ô�Ç Ô�¦��0px
���.

&ñ
_� 8.4

ëß���� #Q�"� ���½Ó�<ÊÃº p\� @/K� Πp�� NP-complete(NP-hard)s����
Π\�¦ strongly NP-complete (strongly NP-hard)���¦ ô�Ç��.
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Strong NP-hardness & FPTAS

&ñ
o� 8.5

p\�¦ ���½Ó�<ÊÃº Π\�¦ NP-hard þj�è�o þj&h��oë�H]j���¦ 
���.
3lq&h��<ÊÃº fΠ��H &ñ
Ãºs��¦ �̧��H ë�H]j \V I\� @/K�
OPT(I ) < p(|I |)�� $í
wn�ô�Ç���¦ 
���. ëß���� Π�� FPTAS\�¦ ��t����
Ä»�����½Ó ·ú��¦o�1pu�̀¦ °ú���H��.

¤� ÃZ�: ε = 1/p(|I |). �

��2£§&ñ
o� 8.6

Π�� &ñ
o� 8.5_� �̧|	��̀¦ ëß�7á¤ô�Ç���¦ 
���. ëß���� Π�� strongly
NP-hards���� FPTAS��H Ô�¦��0px
���.
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Euclidean TSP f�������o�(Euclidean) TSP

f�������o�(Euclidean) TSP

d-	�"é¶ /BNçß�_� ¿º &h� x , y ��s�\� ��6£§õ� °ú �Ér f�������o�\�¦ Òqty��


���:
√∑d

i=1(xi − yi )2.

&ñ
_� 9.1

ÒÏ�¤n>��h�(Euclidean) TSP: d-	�"é¶ f�������o� /BNçß�(Euclidean
space)\� n>h_� &h�s� e���̀¦ M:, s�[þt�̀¦ �í�<Ê
���H f�������o�_� ½+Ës�
���©� ����Ér í�H�r\�¦ ½̈ô�Ç��.

Äºo���H d = 2��� �â
Äº, 7£¤ î̈
��� 0A_� ë�H]j\�¦ ��&ñ
ô�Ç��. ({9�ìøÍ&h����
�â
Äº�Ð ~1�>� SX��©�½+É Ãº e����.)

<�ª $í
 �9� þj&h��o��H��K�ZO�



Euclidean TSP f�������o�(Euclidean) TSP

Äº���, �̧��H &h�[þt�̀¦ �í�<Ê
���H ���©� ����Ér &ñ
��y��+þA_� U�́s�\�¦ Ls�
���¦ 
����, L�Ér 4n2, Õªo��¦ &ñ
��y��+þA_� çß����s� 1��� ����� 0A\�
�̧��H n>h_� &h�[þts� 0Au�
��¦ e�����¦ ��&ñ
½+É Ãº e���� (n�Ér 2_�
��[þv ]jY�Ls����¦ ��&ñ
.):
L = 4n2, L = 2k , k = 2 + 2 log2 n.

¢̧ô�Ç m�Ér ½̈çß� [kε , 2k
ε ]\� 5Åq
���H 2_� ��[þv ]jY�LÃº���¦ 
���.

⇒ m = O( log n
ε ).

l��:rì�r½+É

L× L→ 4 L
2 ×

L
2 (level 1) → · · · → 4i L

2i × L
2i (level i) → · · ·

s��Qô�Ç l��:rì�r½+É�Ér �̧��H ��n��� ��d���̀¦ W1>hm�� ��t���H ��Áº

T�Ð ³ðr�½+É Ãº e����. s�M: ��Áº_� y�� ��n���H Óüt�:r ô�Ç >h_�
&ñ
��y��+þA�̀¦ _�p�ô�Ç��.
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�í_O�

í�H�r�� &ñ
��y��+þA�̀¦ [þt�¦ ±ú�M:��H �½Ó�©� �í_O��̀¦ �â
Ä»ô�Ç��.
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&ñ
_� 9.2

τ�� n>h_� &h�õ� #Q�"� �í_O� ÂÒì�r|9��n?Ü¼�Ð s�ÀÒ#Q��� í�H�r
(tour)s� 9, �í_O��̀¦ ]jü@ô�Ç �� Qt� ÂÒì�r\�"f��H  ñ_� �§	���
µ1ÏÒqt
�t� ·ú§�̀¦ M:, l��:rì�r½+É\� ú́���H í�H�r���¦ ÂÒØÔ��.
l��:rì�r½+É\� ú́���H í�H�r τ�� #Q�"� �í_O��̧ ¿º����̀¦ �íõ�
�#�
�â
Ä»
�t� ·ú§�̀¦ M:, l��:rì�r½+É\� ú́���H �§	��� ]jô�Ç�)a í�H�r���¦
ÂÒØÔ��.

l��:r&ñ
o� 9.3

τ\�¦ l��:rì�r½+É\� ú́���H í�H�r���¦ 
����, U�́s��� τ\�¦ �Å�t� ·ú§��H
�§	��� ]jô�Ç�)a í�H�r\�¦ ½̈½+É Ãº e����.

¤� ÃZ�: �ª�¼#�\�"f Short-Cutting. �
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l��:r&ñ
o� 9.4

l��:r ì�r½+É\� ú́���H ]jô�Ç�)a �§	� í�H�r ×�æ\� þj&h� í�H�r\�¦

2O(m) = nO( 1
ε
) r�çß� îß�\� ½̈½+É Ãº e����.

¤� ÃZ� â«X�n�: 1lx&h�>�S\�ZO�\� _�
�#� ��Áº T_� y�� &ñ
��y��+þA_� �̧
��H “valid visit”_� q�6 x_� ³ð\�¦ Ä»t�K� çß���. T_� U�·s���
k = O(log n)s�Ù¼�Ð &ñ
��y��+þA_� >hÃº��H n_� ���½Ó�<ÊÃº (>�íß�K�
�̂¦�.(	כ

τ\�¦ l��:r ì�r½+É\� ú́���H ]jô�Ç�)a �§	� í�H�r ×�æ\� þj&h� í�H�r���¦ 
�
��. τ�� ��Áº T_� #Q�"� &ñ
��y��+þA�̀¦ [þt�¦ ����H 8úxS��Ãº��H 8m�̀¦
�Å�t� ·ú§��H��. τ ×�æ\�"f S\� 5Åq
���H ÂÒì�r�Ér, S_� W1>h_� ���_� �í
_O�[þt\�"f r����
��¦ =åQ����H þj@/ 4m>h_� �â
�Ð�Ð s�ÀÒ#Q �����.
s�XO�>� W1���_� �í_O�[þt�Ér °ú �Ér �â
�Ð_� r����õ� =åQs� H�d\� ���� ���

�̀¦ t�Ö�¦ Ãº e����HX<, ��6 x�)a �í_O�_� |9�½+Ë Õª ���f±	l�\�¦ valid
visitss����¦ ÂÒ�Ér��.
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Euclidean TSP f�������o�(Euclidean) TSP

y�� �í_O��Ér 0, 1, Õªo��¦ 2 �����t� ��6 x|̈c Ãº e��Ü¼Ù¼�Ð ����̂
34m = nO( 1

ε
)_� ��0px$í
s� e��t�ëß� s�×�æ\�"f ���Ãº, 2r>h_� �í_O�s�

[þt�¦ ±ú�M: ��6 x÷&#Q ���t�0>t���H �â
Äºëß� Òqty��
���� �)a��. s���H
22r
�̀¦ �Å�t� ·ú§Ü¼ 9 Õª Ãº��H %i�r� nO( 1

ε
)
\�¦ �Å�t� ·ú§��H��. ����"f

S_� valid visit_� Ãº��H nO( 1
ε
).

ô�Ç >h_� valid visit_� þj&h� q�6 x�Ér #Qb�G>� ½̈½+É��? S�� i���P: YU
6\�_� ��n����¦ 
���. Õªo��¦ e��_�_� valid visit V\�¦ Òqty��
���.
S��H YU6\� i + 1\� W1>h_� &ñ
��y��+þAÜ¼�Ð ì�r½+É ÷& 9, s� M:, W1 >h
_� ?/ÂÒ f�����s� þj@/ 4m>h_� ÆÒ�� �í_O��̀¦ °ú�>� �)a��.
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Euclidean TSP f�������o�(Euclidean) TSP

W1 >h_� &ñ
��y��+þA_� �̧��H �í_O�s� [þt�¦ ����H &h�Ü¼�Ð ��6 x÷&��H �â


Äº_� Ãº��H %i�r� nO( 1
ε
). ����"f W1 >h ��y��+þA_� �̧��H valid visit_�

�̧½+Ës� ëß�×¼��H �â
Äº_� Ãº nO( 1
ε
)s� 9 s�[þt_� y�� ��y��+þA\� K�{©�
�

��H valid visit_� þj�è q�6 x�Ér s�p� ·ú��¦ e����.
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Euclidean TSP f�������o�(Euclidean) TSP

W1 >h ��y��+þA_� �̧��H valid visit_� �̧½+Ë ×�æ\�"f Vü< ú́���H �þt]	כ ëß�
�̀¦ �¦�9ô�Ç��. Õª ×�æ\�"f q�6 x_� ½+Ës� þj�è�� ÷&��H ��s	כ V_� þj
�èq�6 xs� �)a��. �

ëß����\� l��:r&ñ
o� 9.4\�"f ½̈ô�Ç, l��:r ì�r½+É\� ú́���H ]jô�Ç�)a �§	�
í�H�r ×�æ_� þj&h�K�_� q�6 xs� ≤ (1 + ε)OPTs���� PTAS�� �)a��. Õª
�Q��, ÕªXO�t� ·ú§�Ér \V\�¦ ëß�[þtÃº e����.

s��Qô�Ç &h��̀¦ K����
�l� 0AK� ��6£§õ� °ú �Ér Áº���0A�Ð ���×þ��)a ì�r½+É

�̀¦ Òqty��
���: l��:rì�r½+É�̀¦ (a, b) (0 ≤ a, b < L)ëß��pu s�1lxô�Ç
(a, b)-s�1lx ì�r½+É�̀¦ Òqty��
���. 7£¤, l��:rì�r½+É\�"f ýa³ð (x , y)\�¦ t�
����H Ãºf�����õ� Ãºî̈
����̀¦ y��y�� (a + x) mod Lü< (b + y) mod L\�¦
t����̧2�¤ s�1lxô�Ç ì�r½+É�̀¦ Òqty��K��Ð��.
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Äºo���H ëß���� a, b\�¦ Áº���0A�Ð ���×þ�
���� (a, b)-s�1lx ì�r½+É\� ú́���H ]jô�Ç�)a �§	�
í�H�r ×�æ_� þj&h�K�_� q�6 xs� ≤ (1 + ε)OPT�� |̈c SX�Ò�¦s� 1

2
s��©�s� H�d�̀¦ �Ð{9�

�.���s	כ

π\�¦ þj&h� í�H�r, N(π)\�¦ π�� ��������[þt�̀¦ Ãºî̈
 ¢̧��H Ãºf��Ü¼�Ð �§	�
���H S��Ãº��
�¦ 
���. (�����&h��̀¦ �§	�
���H �â
Äº, ¿º���Ü¼�Ð G'p��.) Õª�Q���, ��6£§�Ér ~1�>� 7£x
"î
½+É Ãº e����.

l��:r&ñ
o� 9.5

N(π) ≤ 2 ·OPT.
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&ñ
o� 9.6

a, b\�¦ [0, L)\�"f Áº���0A�Ð ���×þ�
���� π\�¦ (a, b)-s�1lx ì�r½+É\� ú́�ÆÒ#Q�̧, í�H�r_�
U�́s� 7£x��_� l�@/ °úכ�Ér 2εOPT\�¦ �Å�t� ·ú§��H��.

¤� ÃZ�: π\�¦ (a, b)-s�1lx ì�r½+É\� ú́�ÆÒl� 0AK�"f��H #Q�"� ��� l�̀¦ t�±ú� M:, �í_O��̀¦ t�
��t� ·ú§Ü¼��� K�{©� ���ì�r�̀¦ ¿º>h�Ð ��¾º#Q ���©� �����Ér �í_O��̀¦ t����̧2�¤ K���

ô�Ç��. s�M:, s��Ð���ô�Ç í�H�r q�6 x 7£x����H ��� l_� �í_O� çß�����̀¦ �Å�t� ·ú§��H��. ls�
i-���P: YU6\�_� ���s� |̈c SX�Ò�¦�Ér 2i

L
s� 9, s� M: �í_O� çß�����Ér L

2i m
s� �)a��. ����"f,

í�H�r q�6 x 7£x��_� l�@/ °úכ�Ér ∑
i

L

2im

2i

L
=

k

m
.

Õª���X<, k
ε
≤ m ≤ 2k

ε
s�Ù¼�Ð s� °úכ�Ér ε�̀¦ �Å�t� ·ú§��H��. ����"f l��:r&ñ
o� 9.5\�¦

��6 x
���� &ñ
o��� 7£x"î
�)a��. �.
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l��:r&ñ
o� 9.7

�����ïáÔ ÂÒ1pxd��(Markov Inequality): X�� q�6£§ SX�Ò�¦���Ãºs����

Pr(X ≥ kE [X ]) ≤ 1

k
.

¤� ÃZ�: E [X ] =
∫∞
0 xf (x)dx ≥ c Pr[X ≥ c] ∀ c > 0. c ← kE [X ]�Ð

@/{9�. �

&ñ
o� 9.6\�"f í�H�r7£x��_� l�@/°úכ�Ér E [X ] ≤ 2εOPT. ����"f, ��
���ïáÔ ÂÒ1pxd��\�"f k = 2�Ð Z�~Ü¼��� ��6£§õ� °ú �Ér ��z�́�̀¦ %3���H��.

��2£§&ñ
o� 9.8

Áº���0A�Ð ���×þ�ô�Ç (a, b)-s�1lx ì�r½+É\� ú́���H U�́s��� (1 + 4ε)OPT\�¦
�Å�t� ·ú§��H í�H�r�� �>rF�½+É SX�Ò�¦s� þj�è 1

2s� �)a��.
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Part VII

Chapter 12-15
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Introduction to LP-Duality
Set Cover via Dual Fitting

Rounding Applied to Set Cover
Set Cover via the Primal-Dual Schema

LP-l�ìøÍ ��H��K�ZO�

Part II. LP-l�ìøÍ ��H��K�ZO�

Review

The LP-duality theorem

Min-max relations and LP-duality

Two LP-based algorithm design techniques

Rounding

Primal-dual schema

Also we can use LP-duality to analyze approximation algorithms,
by dual fitting.
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Set Cover via the Primal-Dual Schema

Dual fitting analysis

Dual fitting analysis

ë�H]j 11.1

Set Cover (SC)
����]�: Ä»ô�Ç|9�½+Ë U, |U| = n. U_� ÂÒì�r|9�½+Ë_� c+t�7����
S = {S1, . . . ,Sm}, c : S −→ Q+.
i¦�\�B�: ½+Ë
���� U�� ÷&��H S_� þj�èq�6 x ÂÒì�r c+t�7����.

min
∑

S∈S cSxS

sub. to
∑

S :e∈S xS ≥ 1 ∀e ∈ U

xS ∈ {0, 1} S ∈ S.
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Dual fitting analysis

���+þA>�S\� ¢-a�o��H ��6£§õ� °ú s� jþt Ãº e����:

(fractional covering)

OPTp = min
∑

S∈S cSxS (11.9)

sub. to
∑

S :e∈S xS ≥ 1 ∀e ∈ U ←→ ye

xS ≥ 0

(fractional packing)

max
∑

e∈U ye (11.10)

sub. to
∑

e:e∈S ye ≤ cS ∀S ∈ S
ye ≥ 0 ∀e ∈ U
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Dual fitting analysis

Recall

�&³F���t� &�!Q�)a ��n�[þt�̀¦ C���¦ ½+É M:,
S_� |9�½+Ë S_� î̈
ç�Hq�6 x�̀¦ ��6£§õ� °ú s� &ñ
_�:

pe =
c(S)

|S − C | , ∀e ∈ S − C .

Greedy N±Ó�§h��æ̧
1. C ←− ∅;

2. while C 6= U do
�&³F� ���©� ����Ér î̈
ç�Hq�6 x(α���¦ 
���)�̀¦ °ú���H

S_� |9�½+Ë, say, S\�¦ ���×þ�;
S − C_� y�� "é¶�è e[þt_� �����, pe = α�Ð &ñ
_�;

C ←− C ∪ S ;
3. ���×þ��)a |9�½+Ë[þt�̀¦ Ø�¦§4�.
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Dual fitting analysis

#�l�"f pe\�¦ ���+þA¢-a�o_� �©�@/ë�H]j(fractional packing)_� K��Ð �¦�9
����, �½Ó�©�
��0pxK��� ÷&t���H ·ú§��H�� (HW: 13.2).

Õª�Q��, ��6£§õ� °ú s� &ñ
_�
���� ��0pxK��� �)a��:

ye :=
pe

Hn
.

¤� ÃZ�: S_� e��_�_� |9�½+Ë S�� k>h_� "é¶�è\�¦ ��������¦ 
���. s�[þt�̀¦ Greedy ·ú��¦
o�1puÜ¼�Ð &�!Q÷&��H í�H"f�Ð e1, e2, . . ., ek���¦ 
���. ei�� &�!Q÷&��H ìøÍ4�¤éß�>�\�¦

Òqty��K��Ð��. s� í�Hçß� þj�èô�Ç k − i + 1>h_� &�!Q÷&t� ·ú§�Ér "é¶�è�� �>rF�ô�Ç��.
����"f S��H e\�¦ þj@/ c(S)/(k − i + 1)_� î̈
ç�Hq�6 xÜ¼�Ð &�!Q½+É Ãº e����. ·ú��¦
o�1pu�Ér ���©� $�§4�
�>� e\�¦ &�!Q
�Ù¼�Ð pe ≤ c(S)/(k − i + 1).
����"f,

yei ≤ 1
Hn
· c(S)

k−i+1

⇒
∑k

i=1 yei ≤
c(S)
Hn
·
(

1
k

+ 1
k−1

+ · · ·+ 1
1

)
= Hk

Hn
· c(S) ≤ c(S). �

����"f, y�� �©�@/ ��0pxK��� ÷&Ù¼�Ð,∑
e∈U

pe = Hn(
∑
e∈U

ye) ≤ Hn ·OPT.
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LP-rounding for Set Cover

f := S_� |9�½+Ë[þt\� y�� "é¶�è�� Ø�¦�&³
���H S��Ãº ×�æ þj@/ °úכ.

·ú��¦o�1pu 12.1

LP-rounding algorithm

1. ���+þA¢-a�oë�H]j_� þj&h�K�\�¦ ½̈ô�Ç��;

2. xS ≥ 1
f��� S\�¦ �̧¿º �¦�Ér��.
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&ñ
o� 12.2

·ú��¦o�1pu 12.1�Ér ��H��>�Ãº f\�¦ �Ð�©�ô�Ç��.

¤� ÃZ�: e��_�_� e ∈ U\�¦ Òqty��
���. e\�¦ �í�<Ê
���H |9�½+Ë�Ér ú́§����
f>h, ����"f þj�è ô�Ç>h_� |9�½+Ë S��H fractional cover_� K�\�"f
xS ≥ 1

f�� ÷&��ô�Ç��. ����"f, 0A_� ·ú��¦o�1pus� ���×þ�ô�Ç |9�½+Ë S_�
|9�½+Ë C��H ��0pxK��� ÷&#Q�� ô�Ç��.
Õªo��¦ xS ≥ 1

f��� �â
Äº\�ëß� 1s� ÷&Ù¼�Ð, fractional solution[þt�Ér
fC�\�¦ �íõ�
�#� 7£x��
�t� ·ú§��H��. ����"f, Ø�¦§4��)a &ñ
ÃºK�_� 3lq
&h��<ÊÃº °úכ�Ér fractional cover_� 3lq&h��<ÊÃº °úכ OPTp_� fC�\�¦ �Å�t�
·ú§��H��. �
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·ú��¦o�1pu 12.3

��È��· ��(P�þb� N±Ó�§h��æ̧

1. ���+þA¢-a�oë�H]j_� þj&h�K� x\�¦ ½̈ô�Ç��;

2. y�� |9�½+Ës� xS_� SX�Ò�¦�Ð ���×þ�÷&�̧2�¤ Áº���0A�Ð

y�� |9�½+Ë�̀¦ ���×þ�
�#� C\�¦ ½̈ô�Ç��.
(·ú¡���õ� ź»���s� ���̀¦ SX�Ò�¦s� y��y�� xS , 1− xS���

1lx����̀¦ ~��4R ·ú¡���s� ���̧��� |9�½+Ë S\�¦ K�\� �í�<Êr������.)

3. 0A_� õ�&ñ
�̀¦ c log n ��� ìøÍ4�¤
�#�
Õª ½+Ë|9�½+Ë C′�̀¦ K��Ð ô�Ç��.
(c_� °úכ�Ér ��A�\� [O�"î
.)

E[c(C)] =
∑
S∈S

cS · Pr[S �� ���×þ�H�d] =
∑
S∈S

cSxS = OPTp
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U�+ ḈÐ xjS�¿ a�� CUc �+B� &�!aÁGö ��È��·ÖR�?

S_� k>h_� |9�½+Ës� "é¶�è a\�¦ �í�<Êô�Ç���¦ 
���. Õª þj&h�K�_�
°úכ[þt�̀¦ x1, x2, . . ., xks����¦ 
���. Õª�Q��� x1 + x2 + · · ·+ xk ≥ 1.
s� |9�½+Ë ×�æ þj�èô�Ç 
����� ���×þ�|̈c SX�Ò�¦�Ér

1− (1− x1)(1− x2) · · · (1− xk) ≥ 1− (1− 1

k
)k ≥ 1− 1

e
.

·ú��¦o�1pu\�"f ��6£§s� ëß�7á¤÷&�̧2�¤ c\�¦ ú̧���H��:(
1

e

)c log n

≤ 1

4n
.
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Õª�Q���,

Pr[a�� C′Ü¼�Ð &�!Q÷&t� ·ú§6£§] ≤
(

1

e

)c log n

≤ 1

4n
.

����"f C′s� ��0pxK��� ��u�́ SX�Ò�¦�Ér ≤ n · 1
4n ≤

1
4 .

ô�Ç¼#�, E[c(C′)] ≤ c log nOPTps�Ù¼�Ð, �����ïáÔ ÂÒ1pxd���̀¦ &h�6 x½+É
Ãº e����: X�� q�6£§ SX�Ò�¦���Ãºs����, e��_�_� �ª�Ãº t\� @/K�

Pr[X ≥ t] ≤ E[X ]
t .

Pr[c(C′) ≥ 4c log n ·OPTp] ≤ Pr[c(C′) ≥ 4E[c(C′]] ≤ 1

4
.

����"f C′s� ��0pxK�s��¦ Õª q�6 xs� 4c log n ·OPTp\�¦ �Å�t� ·ú§�̀¦

SX�Ò�¦�Ér
1
2 s��©�s� �)a��.
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1
2 -&ñ
Ãº$í
�̀¦ ��6 xô�Ç ��n�&�!Q 2-��H�� ·ú��¦o�1pu.

min
∑

v∈V cvxv (12.11)

sub. to xu + xv ≥ 1 ∀(u, v) ∈ E

xv ∈ {0, 1}, v ∈ V .

min
∑

v∈V cvxv (12.12)

sub. to xu + xv ≥ 1 ∀(u, v) ∈ E

xv ≥ 0, v ∈ V .
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l��:r&ñ
o� 12.4

(12.12)�Ér 1
2
-&ñ
Ãº$í
�̀¦ °ú���H��. 7£¤, Õª =�Gt�&h�[þt�Ér �̧¿º Õª "é¶�è_� °úכs� 0, 1

2
,

¢̧��H 1s� �)a��.

¤� ÃZ�: "é¶�è_� °úכs� 0, 1
2
, ¢̧��H 1s� ����� °ú̀�כ¦ °ú���H ��0pxK� x��H ���Ér ¿º ��0pxK�

_� �̂¦2�¤�̧½+ËÜ¼�Ð ³ðr�÷&��H �¦̀�	כ �Ðs���.

V+ =

{
v :

1

2
< xv < 1

}
, V− =

{
v : 0 < xv <

1

2

}
.

ε > 0\� @/
�#�, ��6£§õ� °ú �Ér K�\�¦ &ñ
_�
���:

yv =


xv + ε, v ∈ V+

xv − ε, v ∈ V−
xv , �� Qt�.

, zv =


xv − ε, v ∈ V+

xv + ε, v ∈ V−
xv , �� Qt�.

#�l�"f, y 6= zs� 9 yü< z�� q�6£§ �̧|	�õ� (12.12)_� ��0pxK��� ÷&�̧2�¤ ε�̀¦ Ø�æì�r
y� ���>� ú̧��̀¦ Ãº e����.
Õª���X<, x = 1

2
(y + z). �

s��Qô�Ç 1
2
-&ñ
Ãº$í
�̀¦ ��6 x
���� 2-��H��K�ZO��̀¦ ~1�>� ëß�[þt Ãº e����. �=���t� [O�"î

�

#� �Ð��.

<�ª $í
 �9� þj&h��o��H��K�ZO�



Introduction to LP-Duality
Set Cover via Dual Fitting

Rounding Applied to Set Cover
Set Cover via the Primal-Dual Schema

�©�@/$í
�̀¦ ��6 xô�Ç Set Cover ·ú��¦o�1pu

�©�@/$í
�̀¦ ��6 xô�Ç Set Cover ·ú��¦o�1pu

A = (aij) ∈ Qm×n

min cT x (13.13)

Ax ≥ b

x ≥ 0.

max bT y (13.14)

AT y ≤ c

y ≥ 0.
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�©�@/$í
�̀¦ ��6 xô�Ç Set Cover ·ú��¦o�1pu

��H��-"é¶-�©��Ð#�Ä»�̧|	�

α ≥ 1
�̧��H j = 1, . . . , n\� @/K�, xj = 0s�����,
cj

α ≤
∑m

i=1 aijyi ≤ cj .(¢̧��H, 1
αcT ≤ yTA ≤ cT .)

��H��-�©�@/-�©��Ð#�Ä»�̧|	�

β ≥ 1
�̧��H i = 1, . . . ,m\� @/K�, yi = 0s�����,
bi ≤

∑n
j=1 aijxj ≤ βbi .(¢̧��H, b ≤ Ax ≤ βb.)
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�©�@/$í
�̀¦ ��6 xô�Ç Set Cover ·ú��¦o�1pu

l��:r&ñ
o� 13.1

(x , y)�� ��H��-�©��Ð#�Ä»�̧|	��̀¦ ëß�7á¤
���H "é¶-�©�@/ ��0pxK� �©�s����
(bT y ≤)cT x ≤ αβbT ys� $í
wn�ô�Ç��.

¤� ÃZ�:
cT x ≤ αyTAx ≤ αβyTb. �

Set Cover\�¦ 0Aô�Ç "é¶-�©�@/ ·ú��¦o�1pu
α = 1, β = f .

��H��-"é¶-�©��Ð#�Ä»�̧|	�
∀S , xS > 0⇒

∑
e∈S ye = cS .

��H��-�©�@/-�©��Ð#�Ä»�̧|	�
∀e, ye > 0⇒

∑
S :e∈S xS ≤ f .

<�ª $í
 �9� þj&h��o��H��K�ZO�



Introduction to LP-Duality
Set Cover via Dual Fitting

Rounding Applied to Set Cover
Set Cover via the Primal-Dual Schema

�©�@/$í
�̀¦ ��6 xô�Ç Set Cover ·ú��¦o�1pu

·ú��¦o�1pu 13.2

Set Cover xjS-3�×7� FD9�� N±Ó�§h��æ̧
1. x ← 0, y ← 0;

2. �̧��H "é¶�è�� &�!Q|̈c M: ��t� ��6£§�̀¦ ìøÍ4�¤ô�Ç��:
��f�� &�!Q÷&t� ·ú§�Ér e��_� "é¶�è e\�¦ ���×þ�ô�Ç��;
1px ñ�Ð ëß�7á¤÷&��H �©�@/ ]j���d��s� ÒqtU�́ M: ��t�

ye\�¦ 7£x��r������;
1px ñ�Ð ëß�7á¤÷&��H ]j���d��_� |9�½+Ë[þt�̀¦ �̧¿º &�!Q\� V,��¦

s�\� ���� xS\�¦ \O�X<s�àÔô�Ç��;
s� M: Dh\�v>� &�!Q÷&��H "é¶�è[þt�̀¦ \O�X<s�àÔ ô�Ç��.

3. |9�½+Ë&�!Q x\�¦ Ø�¦§4�ô�Ç��.
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�©�@/$í
�̀¦ ��6 xô�Ç Set Cover ·ú��¦o�1pu

&ñ
o� 13.3

·ú��¦o�1pu 13.2�Ér f -��H��K�\�¦ �Ð�©�ô�Ç��.

<�ª $í
 �9� þj&h��o��H��K�ZO�



Maximum Satisfiability

Part VIII

Chapter 16

<�ª $í
 �9� þj&h��o��H��K�ZO�



Maximum Satisfiability MAX-SAT�̀¦ 0Aô�Ç ���+þA>�S\� ��î�rç̀


MAX-SAT�̀¦ 0Aô�Ç ���+þA>�S\� ��î�rç̀


&ñ
_� 14.1

Max-Sat
����]�: n>h_� ÂÒÖ�¦���Ãº x = (x1, x2, . . ., xn)_� o�'�XO�[þt_�
disjunctionÜ¼�Ð s�ÀÒ#Q��� ]X�(clause) c[þt_� |9�½+Ë C_�
conjunctive normal form �<ÊÃº,

f =
∧

c∈Cc

c .

y�� ]X� c ∈ C_� ��×�æu� wc .
i¦�\�B�: f_� ëß�7á¤÷&��H ]X�[þt_� ��×�æu�_� ½+Ës� þj@/�� ÷&��H x_�
���o�°úכ.

�̧��H ]X�_� o�'�XO�_� >hÃº�� k>h s�
�s���� MAX-kSATs����¦ ÂÒ
ØÔ��.
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]X�_� o�'�XO�s� ú́§�̀¦ M:

·ú��¦o�1pu 14.2

Max-Sat N±Ó�§h��æ̧
y�� ���Ãº�� 1lqwn�&h�Ü¼�Ð 1

2 SX�Ò�¦�Ð True�� ÷&�̧2�¤ ���o�°ú̀�כ¦
Òqt$í
ô�Ç��.

K�\�"f ]X� c_� ��×�æu� °ú̀�כ¦ Wc���¦ 
����, c_� o�'�XO�_� >hÃº\�¦
k���¦ 
���� E [Wc ] = (1− 1

2k )wc�� H�d�̀¦ ~1�>� ·ú�Ãº e����.

(1− 1
2k ) ≥ 1

2s�Ù¼�Ð ����̂ ��×�æu�_� l�@/°úכ�Ér

E [W ] =
∑
c∈C

E [Wc ] ≥
1

2

∑
c∈C

wc ≥
1

2
OPT.

�̧��H ]X�\�"f k ≥ 2s���� E [W ] ≥ 3
4OPT�� H�d�̀¦ ·ú� Ãº e����.
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Derandomization

·ú��¦o�1pu 14.2\�¦ ���&ñ
&h� ·ú��¦o�1puÜ¼�Ð derandomize
�#� �Ð��. 7£¤, 1lx{9�ô�Ç
��H��u�\�¦, SX�Ò�¦&h�s� ��m���, ���&ñ
&h�Ü¼�Ð �Ð�©�½+É Ãº e����H ~½ÓZO��̀¦ �Ð��.

E [W |x1 = a1, . . . , xi = ai ]

= E [W |x1 = a1, . . . , xi = ai , xi+1 = True] · 1
2

+E [W |x1 = a1, . . . , xi = ai , xi+1 = False] · 1
2

����"f, E [W |x1 = a1, . . . , xi = ai , xi+1 = True],
¢̧��H E [W |x1 = a1, . . . , xi = ai , xi+1 = False]��H E [W |x1 = a1, . . . , xi = ai ]�Ð��
&���ô�Ç��.

����"f s��Qô�Ç �'a>�\�¦ xi[þt_� e��_��Ð &ñ
ô�Ç í�H"f\� ���� ('���� í�H"f���¦

��&ñ

���) &h�6 x
���� �̧��H xi[þts� ���o�°ú̀�כ¦ °ú�>� ÷&��H í�Hçß�, E [W ]ü< °ú ����

	�H 3lq&h��<ÊÃº\�¦ ����� K��� ìøÍ×¼r� ����"f ���&ñ
&h�Ü¼�Ð ½̈K�t�>� �)a��.
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�̧��H i\� @/K� l�@/°úכ E [W |x1 = a1, . . . , xi = ai ]\�¦ ���½Ór�çß�\�
>�íß�½+É Ãº e�������, s���H ���½Ór�çß� ·ú��¦o�1pus� �)a��. ���o�°úכs�
1lqwn�&h�Ü¼�Ð ÅÒ#Qt���H �â
Äº s���H ���½Ór�çß�\� >�íß�½+É Ãº e����.
(�= �����?)

Notice: s� "é¶o���H l�@/°ú̀�כ¦ ���½Ór�çß�\� >�íß�½+É Ãº e������� ���Ãº
���o�°úכs� 1lqwn�&h�Ü¼�Ð ÅÒ#Qt�t� ·ú§��H �â
Äº\��̧ &h�6 x�)a��:

E [W |x1 = a1, . . . , xi = ai ]

= E [W |x1 = a1, . . . , xi = ai , xi+1 = True]
×Pr[xi+1 = True|x1 = a1, . . . , xi = ai ]

+E [W |x1 = a1, . . . , xi = ai , xi+1 = False]
×Pr[xi+1 = False|x1 = a1, . . . , xi = ai ].
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]X�_� o�'�XO�s� &h��̀¦ M:

S+
c : ]X� c\� "é¶+þAÜ¼�Ð ��������H ���Ãº |9�½+Ë

S−
c : ]X� c\� ÂÒ&ñ
Ü¼�Ð ��������H ���Ãº |9�½+Ë

yi =

{
1, xj = True
0, xj = False.

max
∑

c∈C wczc (14.15)

sub. to
∑

i∈S+
c

yi +
∑

i∈S−c
(1− yi ) ≥ zc ∀c ∈ C

zc ∈ {0, 1}, ∀c ∈ C,
yi ∈ {0, 1}, ∀i .

max
∑

c∈C wczc (14.16)

sub. to
∑

i∈S+
c

yi +
∑

i∈S−c
(1− yi ) ≥ zc ∀c ∈ C

0 ≤ zc ≤ 1, ∀c ∈ C,
0 ≤ yi ≤ 1, ∀i .
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·ú��¦o�1pu 14.3

Max-Sat LP ��(P�þb� N±Ó�§h��æ̧
���+þA>�S\� 14.16\�¦ Û�¦#Q þj&h�K� (y∗, z∗)\�¦ ½̈ô�Ç��.
y�� ���Ãº xi�� SX�Ò�¦ y∗i �Ð True�� ÷&�̧2�¤ 1lqwn�&h�Ü¼�Ð ���o�°ú̀�כ¦
���&ñ
ô�Ç��.

LP ��î�rç̀
 ·ú��¦o�1puÜ¼�Ð %3��Ér ���o�°úכs� ëß�7á¤
���H ]X�_� ��×�æu�
½+Ë�̀¦ W , Õª ×�æ ]X� c\� K�{©�
���H ÂÒì�r�̀¦ Wc���¦ 
���.
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l��:r&ñ
o� 14.4

c�� k>h_� o�'�XO��Ð ëß�[þt#Q&�������, E [Wc ] ≥
(
1−

(
1− 1

k

)k
)

wcz
∗
c .

¤� ÃZ�: c_� ���Ãº[þt�̀¦ ¼#�_��©� x1, . . . , xk���¦ 
���.
Õª�Q��� c�� ëß�7á¤|̈c SX�Ò�¦�Ér

1−
∏

i∈S+
c
(1− yi )

∏
i∈S−c

yi ≥ 1−
(

1
k

(∑
i∈S+

c
(1− yi ) +

∑
i∈S−c

yi

))k

=

1−
(
1− 1

k

(∑
i∈S+

c
yi +

∑
i∈S−c

(1− yi )
))k

≥ 1− (1− z∗c
k

)k .

#�l�"f g(z) := 1− (1− z
k
)k
��H �̧3lq(concave)�<ÊÃºs���. ����"f ½̈çß� [0, 1]\�"f

h(z) = g(1)z + g(0) =
(
1−

(
1− 1

k

)k
)

z�Ð�� ß¼��. ����"f · · · .�

1−
(
1− 1

k

)k
��H k\� @/ô�Ç y���è�<ÊÃºs���. ����"f, �̧��H ]X�_� o�'�XO�_� Ãº��

k\�¦ �Å�t� ·ú§��H�����, E [W ] ≥
(
1−

(
1− 1

k

)k
) ∑

c∈C wcz
∗
c =(

1−
(
1− 1

k

)k
)

OPTLP ≥
(
1−

(
1− 1

k

)k
)

OPT ≥
(
1− 1

e

)
OPT.

·ú��¦o�1pu 14.2ü< ��ðøÍ��t��Ð ·ú��¦o�1pu 14.3�̀¦ derandomize½+É Ãº e����.
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3
4-FD9�� N±Ó�§h��æ̧

��6£§õ� °ú �Ér ·ú��¦o�1pu�̀¦ Òqty��K��Ð��.

1lx����̀¦ ~�������. ·ú¡s� ���̧��� ·ú��¦o�1pu 14.2\�¦ +'�� ���̧���
·ú��¦o�1pu 14.3\�¦ Ãº'��ô�Ç��.

l��:r&ñ
o� 14.5

E [Wc ] ≥ 3
4wcz

∗
c .

¤� ÃZ�: E [Wc |·ú¡] = (1− 2−k)wc ≥ (1− 2−k)wcz
∗
c ,

E [Wc |+'] =
(
1−

(
1− 1

k

)k
)

wcz
∗
c . ����"f,

E [Wc ] ≥ 1
2

(
(1− 2−k) +

(
1−

(
1− 1

k

)k
))

wcz
∗
c ≥ 3

4wcz
∗
c . �

<�ª $í
 �9� þj&h��o��H��K�ZO�



Maximum Satisfiability MAX-SAT�̀¦ 0Aô�Ç ���+þA>�S\� ��î�rç̀


·ú��¦o�1pu 14.6

(���&ñ
&h� 3
4 -��H�� ·ú��¦o�1pu) 1. ·ú��¦o�1pu 14.2�̀¦ derandomizeô�Ç��.

2. ·ú��¦o�1pu 14.3\�¦ derandomizeô�Ç��.
3. ¿º >h_� K� ×�æ ���Ér �¦̀�	כ Ø�¦§4�ô�Ç��.

l��:r&ñ
o� 14.7

·ú��¦o�1pu 14.6�Ér MAX-SAT_� 3/4-��H��K�\�¦ ���&ñ
&h�Ü¼�Ð
�Ð�©�ô�Ç��.
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·ú¡\�"f E [W ] ≥ 3
4
OPTLP , ����"f, ·ú��¦o�1pus� ]j/BN
���H &ñ
ÃºK�_� integrality

gap�Ér 3
4
s��©�s���. z�́]j�Ð ��6£§õ� °ú �Ér tight examples� �>rF�ô�Ç��.

\V 14.8

f = (x1 ∨ x2) ∧ (x̄1 ∨ x2) ∧ (x1 ∨ x̄2) ∧ (x̄1 ∨ x̄2). �̧��H ]X�_� ��×�æu�\�¦ 1s����¦

���� yi = 1

2
, zc = 1s� ���+þA¢-a�o_� þj&h�K��� H�d�̀¦ ·ú�Ãº e����. ����"f

OPTLP = 4. Õª�Q��, OPT = 3.

\V 14.9

f = (x1 ∨ x2) ∧ (x1 ∨ x̄2) ∧ (x̄1 ∨ x2). ]X�_� ��×�æu�\�¦ y��y�� 1, 1, 2 + εs����¦

���� yi = 1

2
, zc = 1s� ���+þA¢-a�o_� þj&h�K��� H�d�̀¦ ·ú�Ãº e����. ����"f, ¿º

randomized ·ú��¦o�1pu �̧¿º �̧��H ���Ãº\�¦ 1
2
_� SX�Ò�¦�Ð True�Ð t�&ñ
ô�Ç��.

derandomization éß�>�\�"f x1�̀¦ ���©� ���$� �̧|	�Ü¼�Ð ú̧�Ü¼���,
E [W |x1 = True] = 3 + ε

2
, E [W |x1 = False] = 3 + ε. ����"f x1�Ér False�Ð

t�&ñ
ô�Ç��. Õª�Q��� 3lq&h��<ÊÃº��H 3 + ε. Õª�Q��, x1\�¦ True�Ð t�&ñ

���� 4 + ε_�
��×�æu�\�¦ %3��̀¦ Ãº e����.
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1lqwn� #î
§>=áÔ�Ð[j"f Û¼H�×�¦a�A

ë�H]j 15.1

�ấ��� ÄZ�Ý~
è«�×Tz"� â«X�
ä·ÿb�

����]�: ���\O� |9�½+Ë J, áÔ�Ð[j"f |9�½+Ë M, ̈½¹כ ���\O�r�çß� pij ∈ Z+,
i ∈ M, j ∈ J.
i¦�\�B�: ‘makespan’ 7£¤ ��t�}�� ���\O�s� =åQ����H í�Hçß���t�_�
r�çß��̀¦ þj�è�o
���H áÔ�Ð[j"f-���\O� Û¼H�×�¦.

pij�� �̧��H i ∈ M\� @/K� °ú �Ér �â
Äº, þj�è makespan ë�H]j���¦ ÂÒ
ØÔ 9, PTAS�� �>rF�. y�� áÔ�Ð[j"f_� 5Åq�̧ si�� e��#Q, ���\O�r�çß�s�
pj/si�Ð ���&ñ
÷&��H �â
Äº\��̧ PTAS �>rF� (17.5).
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Parametric pruning£�· ��£� ø5� ¤n>ÌfCµì��ª

min t
sub. to

∑
i∈M xij = 1, ∀j ∈ J∑

j∈J pijxij ≤ t, ∀i ∈ M

xij ∈ {0, 1}, ∀i ∈ M, ∀j ∈ J.

���+þA¢-a�oë�H]j_� integrality gap�Ér Áºô�Ç
���:

\V 15.2

m>h_� áÔ�Ð[j"fü< �̧��H áÔ�Ð[j"f\�"f m_� Ãº'��r�çß�s� ���o���H
ô�Ç>h_� ���\O�_� �â
Äº, þj&h� 3lq&h��<ÊÃº °úכ�Ér ms�t�ëß� ���+þA¢-a�o
þj&h�K� 3lq&h��<ÊÃº °úכ�Ér 1.
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s�XO�>�, 3lq&h��<ÊÃº�Ð�� 	�H ���\O�r�çß��̀¦ ����� ���Ãº�� �ª�_� °ú̀�כ¦ °ú�
��H �FGéß�&h���� K�\�¦ ~½Ót� 
�l� 0AK� ��6£§õ� °ú s� parametric
pruning�̀¦ #î
'��
���H ���+þA>�S\�¢-a�o\�¦ Òqty��
���: y�� T ∈ Z+°úכ\�

@/K�, ST = {(i , j) : pij ≤ T}�Ð &ñ
_�
���. Õªo��¦ LP(T )\�¦ ��6£§
õ� °ú �Ér ���+þA>�S\� ��0px$í
ë�H]j�Ð &ñ
_�
���:∑

i :(i ,j)∈ST
xij = 1 ∀j ∈ J (15.17)∑

j :(i ,j)∈ST
pijxij ≤ T , ∀i ∈ M

xij ≥ 0, ∀(i , j) ∈ ST .

s�ì�r�ÃÐÒ�oÜ¼�Ð LP(T )�� ��0pxK�\�¦ °ú���H þj�è T\�¦ ½̈½+É Ãº e����.
s�\�¦ T ∗���¦ 
���� OPT_� 
�ô�Çs� �)a��.

l��:r&ñ
o� 15.3

LP(T )_� =�Gt�&h�K���H þj@/ m + n>h_� �ª�Ãº "é¶�è\�¦ °ú���H��.
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��2£§&ñ
o� 15.4

LP(T )_� =�Gt�&h�K���H þj�è n −m>h_� ���\O�\� @/K� &ñ
Ãº°úכ 7£¤ 1�̀¦ °ú���H��.

¤� ÃZ�: =�Gt�&h� K�\�"f &ñ
Ãº°ú̀�כ¦ °ú���H ���\O�, 7£¤ ô�Ç>h_� áÔ�Ð[j"f\� C�u��)a ���\O�
_� Ãº\�¦ α, #��Q >h_� áÔ�Ð[j"f\� ì�rÃº°úכÜ¼�Ð ��¾º#Q��� ���\O�_� Ãº\�¦ β���¦
�
��. Õª�Q���, �ª�Ãº\�¦ °ú���H "é¶�è��H þj�èô�Ç α+ 2βs�t�ëß� ·ú¡_� l��:r&ñ
o� 15.3\�
_�
�#� �ª�Ãº "é¶�è_� >hÃº��H þj@/ m + ns���. ����"f α+ 2β ≤ m + n. ¢̧ô�Ç
α+ β = n. Õª�QÙ¼�Ð α ≥ n −m. �

LP(T )_� =�Gt�&h�K�, x\� @/K� ��6£§õ� °ú �Ér ��n�|9�½+Ë J ∪M\�¦ °ú���H s�ì�rÕªA�

áÔ G = (J ∪M,E)\�¦ &ñ
_�ô�Ç��. (j , i) ∈ E ⇔ xij 6= 0. F ⊆ J\�¦ #��Q >h_� áÔ�Ð

[j"f\� ì�rÃº°úכÜ¼�Ð ��¾º#Q��� ���\O�_� |9�½+Ës����¦ 
���. Õªo��¦ H\�¦ ��n� |9�½+Ë

F ∪M\� _�
�#� Ä»�̧�)a G_� ÂÒì�rÕªA�áÔ���¦ 
���. Óüt�:r H_� y��  ñ (j , i)��H

0 < xij < 1\�¦ ëß�7á¤ô�Ç��.
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H\���H F_� ��n�[þt�̀¦ �̧¿º &�!Q
���H ���f±	l��� �>rF�ô�Ç����H �¦̀�	כ
7£x"î
½+É Ãº e����(l��:r&ñ
o� 15.6).

ªŚm��\� B��+ Å]���


��n�|9�½+Ë V\�¦ ��t� 9,  ñ_� >hÃº�� |V | s�
���� �������)a ÕªA�áÔ\�¦
Ä»����Áº(pseudo-tree)���¦ ÂÒØÔ��. ¢̧ô�Ç �����¹�è[þtsכ�� �̧¿º
Ä»����Áº��� ÕªA�áÔ\�¦ Ä»��Õü}(pseudo-forest)s����¦ 
���.
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l��:r&ñ
o� 15.5

LP(T )_� =�Gt�&h�K��Ð &ñ
_��)a s�ì�rÕªA�áÔ G = (J ∪M,E )��H
Ä»��Õü}s� �)a��.

¤� ÃZ�: G_� e��_�_� ������ ¦�\¹�èכ Gc���¦ 
���. LP(T )\�¦ Gc_� ���

\O�õ� áÔ�Ð[j"f\� ²DGô�Ç
�#� %3��Ér ë�H]j\�¦ LPc(T )���¦ 
���. Õªo�
�¦ x×�æ Gc_� ���\O�õ� áÔ�Ð[j"f\� @/6£x÷&��H ÂÒì�r�̀¦ xc���¦ 
���.
�� Qt���H xc̄���¦ 
���. Gc�� G_� ���Ér ÂÒì�rõ� ������÷&t� ·ú§�Ér ¹כ
�ès�l� M:ë�H\� xc��H LPc(T )_� =�Gt�&h�s� �)a��. (ëß���� ��m������,
xc��H LPc(T )_� "f�Ð ���Ér ¿º &h�_� �̂¦2�¤�̧½+ËÜ¼�Ð ³ð�&³÷&��HX<,
Gc�� 1lqwn��)a �����¹�ès�lכ�� M:ë�H\� y�� &h��Ér xc̄\�¦ ½+Ë
����

LP(T )_� ��0pxK��� �)a��. s�XO�>� %3��Ér ¿º ��0pxK�\�¦ �̂¦2�¤�̧½+Ë
�
��� x�� ÷& 9 s���H x�� =�Gt�&h�s�����H ��\	כ �̧í�Hs� �)a��.) ����"f,
l��:r&ñ
o� 15.3\�¦ &h�6 x
���� Gc��H Ä»����Áº�� �)a��. �
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l��:r&ñ
o� 15.6

H��H �̧��H ���\O��̀¦ &�!Q
���H ���f±	l�\�¦ °ú���H��.

¤� ÃZ�: x\�"f, �̧f�� ô�Ç >h_� áÔ�Ð[j"f\� 1�Ð ½+É{©�÷&��H ���\O�[þtõ�
Õª 1_� °úכ\� @/6£x÷&��H  ñ[þt�̀¦ ]j��
�#� %3��Ér ÕªA�áÔ�� ���Ð
H�� �)a��. 7£¤ H��H G\�"f °ú �Ér Ì�	Ãº_� ��n�ü<  ñ�� ]j��÷&#Q %3�
�Ér ÕªA�áÔs�Ù¼�Ð %i�r� Ä»��Õü}s� �)a��. ¢̧ô�Ç H��H y�� ���\O�s� þj�è
2>h_�  ñ\�¦ ²ú��¦ e����(��A� ÕªaË> �ÃÐ�̧).
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����"f H_� �̧��H {9�(leaf)�Ér áÔ�Ð[j"f�� �)a��. y�� {9��̀¦ s�Ö�©ô�Ç
���\O�õ� ���f±	�¦ s� ¿º ��n�\�¦ H\�"f ]j��ô�Ç��. s�\�¦ �̧��H ����¹כ��
�è\� ìøÍ4�¤ &h�6 xô�Ç��. s� M:, B� éß�>� ���� �̧��H {9��Ér áÔ�Ð[j"f��
�)a��. (�=�����?)

ëß���� s���� õ�&ñ
\�"f ÕªA�áÔ_� #Q�"� �����_¹�èכ�� ÂÒì�rs� z����H��

��� s���H �r�Ð�� ÷&#Q�� 
� 9, s�ì�rÕªA�áÔs�l� M:ë�H\� ���\O�õ� áÔ
�Ð[j"f�� ���°ú��� ��������H ���Ãº �r�Ð�� �)a��. ����"f, ���\O�õ�
áÔ�Ð[j"f\�¦ z���̂�\O�s� ���t�Ö�¦ Ãº e����. �
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N±Ó�§h��æ̧

Äº��� T_� #3�0A\�¦ ½̈K��Ð��. y�� ���\O��̀¦ þj�è Ãº'�� r�çß��̀¦ °ú���H áÔ�Ð[j"f\�
@/6£xr�v���H K�\�¦ Òqty��K� �Ð��. #Q*�ô�Ç ���+þA¢-a�o K�_� 8úx ���\O�r�çß�_� ½+Ë�̧ s�
K�_� �â
Äº�Ð�� ����̀¦ Ãº \O���. ô�Ç¼#� s� K�_� makespan�̀¦ α���¦ 
����, s� K���H
pruning�̀¦ #î
'��ô�Ç ���+þA¢-a�oë�H]j LP(α)_� ��0pxK�s���. ����"f, T ∗

��H ½̈çß�

[α/m, α]_� #3�_� îß�\� e����.

·ú��¦o�1pu 15.7

1. ½̈çß� [α/m, α]_� s�ì�r�ÃÐÒ�o�̀¦ :�x
�#� LP(T )�� ��0pxK�\�¦ °ú���H þj�è T\�¦
½̈ô�Ç��. s�\�¦ T ∗���¦ 
���;
2. LP(T ∗)_� =�Gt�&h�K� x\�¦ ½̈ô�Ç��;
3. &ñ
Ãº°ú̀�כ¦ °ú���H ���Ãº[þt�Ér @/6£x
���H ���\O�[þtõ� áÔ�Ð[j"f[þt�̀¦ ���t�î�r��;
4. ·ú¡\�"f [O�"î
ô�Ç ��õ	כ °ú s� ÕªA�áÔ H\�¦ ½̈$í

��¦ �̧��H ���\O��̀¦ &�!Q
���H
���f±	l�\�¦ ¹1Ô��H��:
5. F_� ���\O�[þt�̀¦ s� ���f±	l�\� ���� C�&ñ
ô�Ç��.
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&ñ
o� 15.8

·ú��¦o�1pu 15.7�Ér 2-��H��\�¦ �Ð�©�ô�Ç��.

¤� ÃZ�: T ∗ ≤ OPTe���̀¦ ~1�>� ·ú� Ãº e����. =�Gt�&h�K� x�� makespan
T ∗
\�¦ °ú��¦ e��l� M:ë�H\�, éß�>� 3��t� �̧��H áÔ�Ð[j"f��H T ∗îß�\�

���\O��̀¦ =åQ?/>� �)a��. ¢̧ô�Ç H_�  ñ[þt�Ér �̧¿º ���\O�r�çß�s� T ∗
\�¦

�Å�t� ·ú§��H��. Õª���X< éß�>� 5\�"f y�� áÔ�Ð[j"f���� þj@/ ô�Ç>h_�
���\O��̀¦ ÆÒ�� C�&ñ
 ~ÃÎÜ¼Ù¼�Ð, þj7áx K�_� makespan�Ér 2T ∗

\�¦ �Å�t�

·ú§��H��. �
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Tight example

m>h_� áÔ�Ð[j"fü< 1 + m(m − 1)>h_� ���\O��̀¦ Òqty��
���. %�6£§ ô�Ç
>h_� ���\O��Ér �̧��H áÔ�Ð[j"f\�"f m_� r�çß�s� 
¹כ��9���. �� Qt�
���\O��Ér, �̧¿º, #Q�"� áÔ�Ð[j"f\�"f��Ht� éß�0Ar�çß�s� 
¹כ��9����¦

���. s� �â
Äº, þj&h�K���H OPT = m.

·ú��¦o�1pu 15.7\�¦ &h�6 x
�#� �Ð��. T < ms���� LP(T )��H ��0pxK���
�>rF�
�t� ·ú§��H��. ����"f T ∗ = m. LP(T )��H ��6£§õ� °ú �Ér
=�Gt�&h�K�\�¦ °ú���H��. %�6£§ ô�Ç >h_� ���\O��Ér �̧��H áÔ�Ð[j"f\�
1
mëß��pu ½+É{©�÷&�¦, �� Qt� ���\O��Ér �̧¿º m − 1>hm�� m>h_�
áÔ�Ð[j"f\� 1�Ð ½+É{©�. (=�Gt�&h�e���̀¦ SX���� ½+É �.	כ ���_þvë�H]j 17.2)
s� M:, ·ú��¦o�1pu 15.7s� Òqt$í
ô�Ç K�_� makespan�Ér 2m− 1s� �)a��.
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Äº

Multicutõ� &ñ
Ãº��¾¡§3lqâì2£§ë�H]j: ��Áº_� �â
Äº

&ñ
_� 16.1

multicut
����]�: Áº�¾ÓÕªA�áÔ G = (V ,E),  ñ 6 x|¾Ó ce ∈ Q+, e ∈ E , k>h_� ��n� �©� |9�½+Ë,
{(s1, t1), . . . , (sk , tk)}.
i¦�\�B�: ]j��÷&��� �̧��H �©� (si , ti )�� "f�Ð ì�ro�÷&��H  ñ |9�½+Ë ×�æ þj�è 6 x|¾Ó�̀¦
����� �.	כ

þj�èq�6 x '�p�V,� ]X�éß���� ë�H]j��H multicutë�H]j�Ð ~1�>� ���8̈��)a��: s1, s2, s3\�¦ �̧

¿º "f�Ð ì�ro�÷&�̧2�¤ 
���H �,�Ér	כ ��6£§õ� °ú �Ér ��n��©�[þts� �̧¿º ì�ro�
���H ��õ	כ
°ú ��: (s1, s2), (s2, s3), (s3, s1). ����"f, NP-hardë�H]js���.

multicut�Ér k ≥ 2s���� NP-hards���. k ≥ 2s���� max-SNP-hards� 9 ����"f #Q

�"� c-��H��K�ZO��Ér Ô�¦��0pxô�Ç �©�Ãº c�� �>rF�ô�Ç��. {9�ìøÍ&h���� �â
Äº, �&³F�

O(log k)_� ��H��>�Ãº\�¦ °ú���H ·ú��¦o�1pus� �>rF�ô�Ç��. G�� ��Áº��� �â
Äº\��̧

max-SNP-hard. Õª�Q�� s� �â
Äº 2-��H��K�ZO�s� ��0px
���.

<�ª $í
 �9� þj&h��o��H��K�ZO�



Multicut and Integer Multicommodity Flow in Trees Multicutõ� &ñ
Ãº��¾¡§3lqâì2£§ë�H]j: ��Áº_� �â
Äº

$í
|9� 16.2

G�� Z�}s� 1s��¦ éß�0A 6 x|¾Ó_�  ñ\�¦ ����� ��Áº��� �â
Äº\��̧ multicutë�H]j��H
NP-hards���.

7£x"î
: ��n�&�!Që�H]j\�¦ 0A_� $í
|9��̀¦ ����� multicutë�H]j�Ð ���8̈�½+É Ãº e����.�

��ÈÁ multicut %K�V���· �Dø5� Ça�ÊÁN�Ì�(�¿ÌfC

min
∑

e∈E cede

sub. to
∑

e∈Pi
de ≥ 1, i = 1, . . . , k

de ∈ {0, 1}.

min
∑

e∈E cede

sub. to
∑

e∈Pi
de ≥ 1, i = 1, . . . , k

de ≥ 0.
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¿º ë�H]j ��s�\���H ��6£§_� \V\�"f �̂¦ Ãº e����H ��3!�%	כ &ñ
Ãºçß����s� �>rF�ô�Ç��.

���+þA¢-a�oë�H]j_� �©�@/ë�H]j��H ��6£§õ� °ú ��. ���5Åq&h���� °ú̀�כ¦ °ú���H ��¾¡§3lqâì2£§ë�H
]j�Ð K�$3�½+É Ãº e����. s� M:, y��  ñ\�"f, ~½Ó�¾Ó\� �'a>� \O�s�, �̧��H ¾¡§3lqâì2£§_�
âì2£§_� ½+Ë�Ér 6 x|¾Ó �̧|	��̀¦ ëß�7á¤
�#��� ô�Ç��.

¥o>¢4́����̧ ấéÛ��̧%K�V�

max
∑k

i=1 fi (16.18)

sub. to
∑

i :e∈Pi
fi ≤ ce , e ∈ E

fi ≥ 0 i ∈ {1, . . . , k}.
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ë�H]j 16.3

Ça�ÊÁ����̧ ấéÛ��̧%K�V�

����]�: multicutë�H]jü< 1lx{9�. y�� (si , ti )\�¦ ¾¡§3lq i_� ‘source’ü<
‘sink’�Ð Òqty��ô�Ç��. éß�, 6 x|¾Ó�Ér �̧¿º &ñ
Ãº.
��·�]�: �̧��H ¾¡§3lq âì2£§ ß¼l�_� ½+Ës� þj@/�� ÷&��H &ñ
Ãº âì2£§.

&ñ
Ãº��¾¡§3lqâì2£§ë�H]j��H e��_�_� 6 x|¾Ó�̀¦ ��t����, Z�}s��� 3��� ��Áº
_� �â
Äº�̧ NP-hard�� �)a��. ���5Åq Õªo��¦ &ñ
Ãº��¾¡§7áxâì2£§ë�H]j
��s�\���H &ñ
Ãº çß���� (integrality gap)s� �>rF�
���H �¦̀�	כ 0A_� ��Áº
_� �â
Äº\�"f�̧ ·ú� Ãº e����.
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"é¶-�©�@/ ��H��K�ZO�

��6£§õ� °ú �Ér ��H���©��Ð#�Ä»$í
�̀¦ ÆÒ½̈ô�Ç��.

"é¶�©��Ð$í
: de > 0 ⇒
∑

i :e∈Pi
fi = ce . 7£¤, multicut\� �í�<Ê÷&��H

 ñ_� âì2£§�Ér Tq̀ 	��� ô�Ç��.

��H���©�@/�©��Ð$í
: fi > 0 ⇒ (1 ≤)
∑

e∈Pi
de ≤ 2.

7£¤, âì2£§�̀¦ °ú���H (si , ti )-�â
�Ð ×�æ\�"f multicut\� �í�<Ê÷&��H  ñ��H
¿º >h\�¦ �Å�t� ·ú§��H��.

G_� e��_�_� ��n�\�¦ ÍÒo��Ð t�&ñ
ô�Ç��. y�� ��n��ÐÂÒ'� ÍÒo���t�
�â
�Ð_� U�́s�\�¦ ��n�_� U�·s��Ð &ñ
_�ô�Ç��. ¿º ��n� u, v ∈ V\�¦
{9���H �â
�Ð ×�æ\�"f ���©� ·û �Ér U�·s�_� ��n�\�¦ lca(u, v)�Ð
³ðl�
���.
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·ú��¦o�1pu 16.4

1. f ← 0, D ← ∅;
2. U�·s��� ±ú��Ér í�HÜ¼�Ð y�� ��n� v\� @/
�#� ��6£§�̀¦ ìøÍ4�¤ô�Ç��: lca(si , ti ) = v���
�̧��H (si , ti )\� @/
�#� âì2£§�̀¦ þj@/ ��0pxô�Ç ëß��pu C�&ñ
ô�Ç��. s� M:, �í�o�)a
 ñ[þt�̀¦ D\� í�H"f@/�Ð '����ô�Ç��. °ú �Ér ìøÍ4�¤éß�>�\� '�����)a  ñ[þt�Ér í�H"f\�¦
e��_�_� &ñ
ô�Ç��.
3. D\� '�����)a  ñ[þt�̀¦ í�H"f@/�Ð e1, e2, . . ., els����¦ 
���.
4. '�����)a %i�í�HÜ¼�Ð y��  ñ e\� @/
�#� ��6£§�̀¦ Ãº'��ô�Ç��: ëß�{9� D \ {e}��
multicutÜ¼�Ð Ä»t�÷&��� D ← D \ {e}�Ð Ãº&ñ
ô�Ç��.
5. fü< D\�¦ Ø�¦§4�ô�Ç��.

l��:r&ñ
o� 16.5

(si , ti )\�¦ 0�Ð�� 	�H âì2£§�̀¦ °ú���H �©�, Õªo��¦ lca(si , ti ) = v���¦ 
���. Õª�Q���
si\�"f v, Õªo��¦ v\�"f ti��t�_� �â
�Ð y��y��\�"f þj@/ ô�Ç >h  ñ�� D\�
�í�<Ê�)a��.
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¤� ÃZ�: si\�"f v��t� �â
�Ð_� ¿º >h_�  ñ eü< e ′s� D\� �í�<Ê÷&%3���
�¦ 
���. Õªo��¦ e�� e ′�Ð�� U�·s� e�����¦ 
���. 0A_� ·ú��¦o�1pu éß�
>� 4\�"f e\�¦ �¦�9
���H í�Hçß��̀¦ Òqty��K��Ð��. e�� ]j��÷&t� ·ú§��¤
Ü¼Ù¼�Ð, D\�"f e\�¦ Ä»{9�
�>� Õª ��s� �â
�Ð\� °ú���H ��n��©�
(sj , tj)�� �>rF�ô�Ç��. s� M:, e ′�Ér lca(sj , tj)�Ð�� 0A\� e��#Q�� 
�l�
M:ë�H\�, u := lca(sj , tj)��H v = lca(si , ti ) �Ð�� U�·s� �>rF�ô�Ç��.
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u�� éß�>� 2\�"f �¦�9�)a Êê\� D��H (sj , tj)\�¦ ������
���H �â
�Ð 0A_� #Q�"�  ñ e′′�̀¦
D\� �í�<Êr�~�́ �.���s	כ ��&ñ
\�"f v\�¦ �¦�9½+É M:, (si , ti )\�¦ ������
���H �â
�Ð 0A\�
0�Ð�� 	�H âì2£§�̀¦ �Ðè­q Ãº e��%3�����H �,�Ér	כ e��H Õª �����t���H �í�o�©�I�\� e��t�
·ú§��¤����H �¦̀�	כ _�p�
�Ù¼�Ð, v\�¦ éß�>� 2\�"f �¦�9ô�Ç Êê\� D\� �í�<Ê÷&%3���H �	כ
�̀¦ _�p� ô�Ç��. u��H v�Ð�� �8 U�·�Ér 0Au�\� e��Ü¼Ù¼�Ð ���$� �¦�9÷& 9, ����"f
e′′�Ér e�Ð�� ���$� D\� �í�<Ê ÷&%3�l� M:ë�H\�, éß�>� 4\�"f e�� �¦�9|̈c M:, e′′�Ér
D\� �>rF�ô�Ç��. s���H e�� (sj , tj) �â
�Ð 0A_� Ä»{9�ô�Ç D_�  ñ����H ��\	כ �̧í�H. �

&ñ
o� 16.6

·ú��¦o�1pu 16.4��H multicutë�H]j_� 2-��H��\�¦, &ñ
Ãº��¾¡§3lqë�H]j\���H 1
2
-��H��\�¦

�Ð�©�ô�Ç��.

¤� ÃZ�: ·ú��¦o�1pu_� K��� y��y�� multicutõ� &ñ
Ãº��¾¡§3lqâì2£§ë�H]j_� ��0pxK��� �)a��

��H ��Ér	כ ~1�>� ·ú� Ãº e����. ¢̧ô�Ç y�� �â
�Ð\�"f âì2£§s� �í�o÷&��H  ñ[þt�̀¦ D\� V,�

%3�l� M:ë�H\� "é¶�©��Ð$í
s� $í
wn�ô�Ç��. ¢̧ô�Ç l��:r&ñ
o� 16.5\� _�
�#� ��H���©�@/�©�

�Ð$í
�̧ $í
wn�
���H �¦̀�	כ ·ú� Ãº e����. ����"f l��:r&ñ
o� 13.1\�"f α = 1, β = 2��

ëß�7á¤
�Ù¼�Ð c(D) ≤ 2|f |s� $í
wn�. |f |��H þj&h� multicut_� 
�ô�Çs��¦, c(D)��H þj&h�

&ñ
Ãº��¾¡§3lqâì2£§ë�H]j_� �©�ô�Çs�÷&Ù¼�Ð &ñ
o��� $í
wn�ô�Ç��. �
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Äº

s��ÐÂÒ'� ��6£§õ� °ú �Ér ��H��&h���� min-max �'a>�\�¦ %3���H��.

��2£§&ñ
o� 16.7

 ñ_� 6 x|¾Ós� &ñ
Ãº��� ��Áº\�"f��H ��6£§õ� °ú �Ér ��H��&h���� þj@/

&ñ
Ãº��¾¡§3lqâì2£§ þj�è multicut 6 x|¾Ó �'a>��� $í
wn�ô�Ç��:

max
&ñ
Ãºâì2£§ f

|f | ≤ min
multicut C

c(C ) ≤ 2 max
&ñ
Ãºâì2£§ f

|f |.

{9�ìøÍ&h���� ÕªA�áÔ\�"f��H O(log k)-��H��K�ZO�s� ��0pxô�ÇX< s� �â
Äº,

�ô�Ç�̀¦ ì�rÃº multicut�̀¦ ��6 x
�>� �)a��. Õª�Q��, &ñ
Ãº��¾¡§7áxâì2£§
ë�H]j_� �â
Äº, ��Áº�Ð�� {9�ìøÍ&h���� ÕªA�áÔ\���� ��f�� #Q*�ô�Ç ��H��
K�ZO��̧ ·ú��94R e��t� ·ú§��. z�́]j�Ð ��6£§_� \V��H î̈
���(planar) Õª
A�áÔ\�"f�̧ ��¾¡§3lqâì2£§ë�H]j_� ���+þA¢-a�oë�H]j_� &ñ
Ãºçß����s� þj

�è n
2����H �¦̀�	כ �Ð#�ï�r��.
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{9�ìøÍ ÕªA�áÔ_� multicut ë�H]j

þj@/âì2£§-þj�è]X�éß���� &ñ
o�(max-flow min-cut theorem)_� ��¾¡§3lq {9�ìøÍ�o.

1. þj@/ ��¾¡§3lq âì2£§½+Ë ë�H]j: 1lxr�\� âìØÔ��H ¾¡§3lq[þt_� âì2£§_� ½+Ë�̀¦ þj@/�o -
multicutë�H]jü< ����'a.
2. þj@/ ��¾¡§3lq âì2£§Ö�¦ ë�H]j: y�� ¾¡§3lq i_� Ãº¹כ di\�¦ p�o� &ñ
K� Z�~�¦ �̧��H ¾¡§3lq

s� f · diëß��pu 1lxr� âì\�¦ Ãº e����H âì2£§Ö�¦(throughput) f\�¦ þj@/�o- sparsest
cutë�H]jü< ����'a

þj@/ ��¾¡§3lq âì2£§½+Ë ë�H]j

ë�H]j 17.1

����]�: Áº�¾Ó ÕªA�áÔ G = (V ,E),  ñ 6 x|¾Ó ce ∈ Q+, "f�Ð ���Ér ��n��©�
{(s1, t1), . . . , (sk , tk)} (y�� �©��Ér "f�Ð ���Ér ¾¡§3lq_� sourceü< sink).
i¦�\�B�: G\�"f �̧��H ¾¡§3lq[þt_� âì2£§ß¼l� ½+Ë�̀¦ þj@/�o. s� M:, y�� ¾¡§3lq_�
âì2£§�Ð�>rõ� y��  ñ_� 6 x|¾Ó ]jô�Ç�̀¦ �̧¿º ëß�7á¤K���ô�Ç��. s� M:, °ú �Ér ~½Ó�¾Ó÷�r
��m��� ìøÍ@/ ~½Ó�¾ÓÜ¼�Ð âìØÔ��H ¾¡§3lq[þt_� âì2£§ ß¼l�_� ½+Ës�  ñ 6 x|¾Ó�̀¦

�Å�#Q"f��H îß��)a��.
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þjy�� ¾¡§3lq i_� �̧��H (si , ti )-�â
�Ð |9�½+Ë�̀¦ Pi , Õªo��¦ P =
⋃k

i=1 Pi���¦ 
���.
P_� y�� �â
�Ð P\� âìØÔ��H âì2£§_� ß¼l�\�¦ fP���¦ 
���.

max
∑

p∈P fP (17.19)

s.t.
∑

P:e∈P fP ≤ ce , e ∈ E (17.20)

fP ≥ 0, P ∈ P (17.21)

�©�@/ë�H]j ���Ãº\�¦ de , e ∈ E���¦ 
���. s�M: de\�¦  ñ e_� ��o��Ð K�$3�
���.

min
∑

e∈E cede (17.22)

s.t.
∑

e∈P de ≥ 1, P ∈ P
de ≥ 0, e ∈ E

�©�@/K� d�� ��0pxK��� |̈c ¹כ��9 �̧|	��Ér, s� ��o� °ú̀�כ¦ &ñ
_��)a (si , ti ) þjéß��â
�Ð��
þj�è 1,s� ÷&��H �.���s	כ (����"f ì�ro�ë�H]j\�¦ þjéß��â
�Ðë�H]j�Ð ���½Ór�çß�\� Û�¦
Ãº e��Ü¼Ù¼�Ð �©�@/ë�H]j��H ���½Ór�çß�\� Û�¦ Ãº e����.) s� �©�@/ë�H]j_� &ñ
Ãº þj&h�K�
��H ���Ð þj�èq�6 x multicuts� �)a��.

þj@/ ��¾¡§3lq âì2£§½+Ë ë�H]j_� þj&h�K�_� O(log k) C��� ÷&��H &ñ
ÃºK�\�¦ ½̈
���H ·ú�

�¦o�1pu�̀¦ /BNÂÒ
�>� ÷&��HX<, s���H nulticutõ� þj@/ ��¾¡§3lq âì2£§½+Ë ë�H]j_� �©�@/

çß����s� O(log k)\�¦ �Å�t� ·ú§��H �¦̀�	כ _�p�ô�Ç��.
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LP-��(P�þb� N±Ó�§h��æ̧

þj�èq�6 x multicut_� LP-¢-a�oë�H]j (17.22)_� þj&h�K� de_� 3lq&h��<ÊÃº °úכ

F =
∑

e∈E cede\�¦ Òqty��
���. �����Û¼XO�>� F\�¦ 
�ô�ÇÜ¼�Ð, s�\� q�K� ß¼t� ·ú§�Ér
q�6 x�̀¦ °ú���H multicut D\�¦ ¹1Ô��H ��H��K�ZO��̀¦ Òqty��½+É Ãº e����.

(\V\�¦ [þt#Q ��o� °úכs� �ª�Ãº���  ñ\�¦ �̧¿º �í�<Ê
���� multicut�Ér ÷&t�ëß� F\�
q�K� B�Äº 	�H q�6 x�̀¦ ��|9� Ãº e����. (���_þvë�H]j 20.3, 20.4))

s�\�¦ 0AK� multicut ÕªA�áÔ G = (V ,E)\�"f y��  ñ e_� ��o�\�¦ de�Ð, ��×�æu�\�¦
cede�Ð &ñ
_�
���. ¢̧ô�Ç �&³F� ��o� °úכ de (e ∈ E)\� @/
�#� ��n� uü< vçß�_�
þjéß� �â
�Ð_� U�́s�\�¦ d(u, v)�Ð ³ðl�
���.

Äºo�_� ��H��K�ZO��Ér ��6£§_� ¿º �̧|	��̀¦ ëß�7á¤
���H, "f�Ð �è��� ��n� |9�½+Ë[þt, S1,
S2, . . ., Sl l ≤ k\�¦ ¹1Ô��H��. y�� |9�½+Ë�̀¦ %ò
%i�s����¦ ÂÒØÔ��.

#Q�"� i�̧ siü< ti�� �̧¿º °ú �Ér %ò
%i�\� �í�<Ê÷&t� ·ú§��H��. �̧��H i��H, siü< ti
×�æ þj�è 
����� #Q�"� %ò
%i�\� �í�<Ê�)a��.

y�� %ò
%i� Si\� _�
�#� &ñ
_��)a ]X�éß���� δ(Si )_� ]X�éß����_� 6 x|¾Ó c(Si )��H,
#Q�"� ε > 0\� @/K� c(Si ) ≤ εw(Si )�̀¦ ëß�7á¤ô�Ç��.
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#�l�"f, w(S)��H %ò
%i� S_� ��×�æu��Ð, Äº��� @/|ÄÌ&h�Ü¼�Ð ú́�
���� S\� �ª� =åQ �̧×¼
\�¦ °ú���H  ñ_� ��×�æu�_� ½+ËÜ¼�Ð &ñ
_��)a��.
'Í	 ���P: �̧|	��Ér M = δ(S1) ∪ δ(S2) ∪ · · · ∪ δ(Sl)s� multicute���̀¦ �Ð7£xô�Ç��. ¿º
���P: �̧|	��Ér, @/|ÄÌ&h�Ü¼�Ð ú́�K�, multicut M_� 6 x|¾Ós� O(ε)F (&ñ
�̧)�� H�d�̀¦ ú́�
ô�Ç��.

ÆZ��]� ��È*�× ø�Ça�

%ò
%i� S1, S2, . . ., Sl l ≤ k��H ��6£§õ� °ú �Ér SX��©� õ�&ñ
�̀¦ ��5g ½̈$í
�)a��. y��

%ò
%i��Ér #Q�"� i\� @/K� si�� ti ×�æ 
���_� "é¶�è�Ð r����ô�Ç��. s�\�¦ %ò
%i�_�

ÍÒo����¦ ô�Ç��. ÍÒo���, \V\�¦ [þt#Q, s1s����¦ 
���. s� ÍÒo�\�¦ ×�æd��Ü¼�Ð

%ò
%i�_� ìøÍt�2£§�̀¦ 7£x��r������. 7£¤, y�� r ≥ 0\� @/K�, S(r)�̀¦ ÍÒo��ÐÂÒ'�_�

��o��� r�̀¦ �Å�t� ·ú§��H ��n�[þt_� |9�½+Ës����¦ 
���: S(r) = {v : d(s1, v) ≤ r}.
S(0) = {s1}�Ð r����
�#� r�̀¦ ���5Åq&h�Ü¼�Ð 7£x��r�v����, S(r)�Ér, s1Ü¼�ÐÂÒ'�

��o��� ����Ér í�HÜ¼�Ð ��n��� '����÷&#Q (Ô�¦���5Åq&h�Ü¼�Ð) SX��©�
�>� �)a��.
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l��:r&ñ
o� 17.2

rs� 1
2
s� ÷&l� ���\� %ò
%i� SX��©� õ�&ñ
s� 7áx«Ñ÷&��� S(r)�Ér #Q*�ô�Ç i\� @/K�"f�̧

siü< ti�̧¿º �í�<Ê½+É Ãº \O���.

¤� ÃZ�: S(r)_� �̧��H ��n� çß�_� ��o���H 2r�̀¦ �Å��̀¦ Ãº \O���. ]j����̧|	�\�"f �̧��H
i\� @/K� d(si , ti ) ≥ 1s���.�

��
ä»n� w(S)

s�]j ��n� |9�½+Ë S_� ��×�æu� w(S)\�¦ &ñ
SX�y� &ñ
_�
���. Äº��� w({s1}) = F/k�Ð
Z�~��H��. S\� ô�Ç =åQ ��n����̧ �í�<Ê÷&��H  ñ e[þt�Ér Õª �í�<Ê÷&��H q�Ö�¦ qe ëß��pu

��×�æu�\�¦ S\� �í�<Êr������. 7£¤, ëß���� e_� �ª�=åQ ��n��� �̧¿º S\� �í�<Ê÷&���
qe = 1�Ð &ñ
_�ô�Ç��. ëß���� e = (u, v)s��¦ u ∈ S(r), v /∈ S(r)s����,

qe =
r − d(s1, u)

d(s1, v)− d(s1, u)
.

Õªo��¦ s�\� ����, S_� ��×�æu���H ��6£§õ� °ú s� &ñ
_�ô�Ç��:

w(S(r)) = w({s1}) +
∑

cedeqe .
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]jr�
���H ·ú��¦o�1pu�Ér r < 1
2
#3�0A\�"f c(S(r)) ≤ εw(S(r))�̀¦ ëß�7á¤
���H εõ�

r�̀¦ ÆÒ½̈ô�Ç��.

l��:r&ñ
o� 17.3

ε = 2 ln(k + 1)Ü¼�Ð Z�~Ü¼��� #Q�"� r < 1
2
\� @/
�#� c(S(r)) ≤ εw(S(r))s�

$í
wn�
�>� �)a��.

¤� ÃZ�: �̧��H r ∈ [0, 1
2
]\�"f c(S(r)) > εw(S(r))s� $í
wn�ô�Ç���¦ 
���. �̧��H &h�\�

"f dw(S(r))/dr =
∑

e cede (dqe/dr)s� $í
wn�ô�Ç��. (#�l�"f Äº���\�"f��H, Óüt�:r,
S(r)\� ô�Ç Aá¤ =åQëß��̀¦ �����  ñ[þtëß��̀¦ ½+Ëô�Ç��.) e = (u, v)\�¦ Õª�Qô�Ç  ñ ×�æ\� 
�
�����¦ 
���: u ∈ S(r), v /∈ S(r). Õª�Q���,

cededqe =
cede

d(s1, v)− d(s1, u)
dr .

Õª���X<, de ≥ d(s1, v)− d(s1, u)s�Ù¼�Ð cededqe ≥ cedrs� $í
wn�
� 9 ����"f,

dw(S(r)) ≥ c(S(r))dr > εw(S(r))dr . (17.23)

w(S(0)) = F
k
, w(S( 1

2
)) ≤ F + F

k
. Õªo��¦,∫ f (b)

f (a)

g(f )df =

∫ b

a

g(f (x))f ′(x)dx .
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s�\�¦ (17.23)ü< ���½+Ë
����∫ F+ F
k

F
k

1

w
dw >

∫ 1
2

0

1

w(S(r))
εw(S(r))dr =

∫ 1
2

0

εdr .

Õª�QÙ¼�Ð, ln(k + 1) > 1
2
ε. s���Ér	כ ��&ñ
\� �̧í�H. �

N±Ó�§h��æ̧

·ú��¦o�1pu_� ò́Ö�¦$í
�̀¦ 0A
�#�, %ò
%i��̀¦ SX��©�
���H õ�&ñ
�Ér s�íß�&h���� õ�&ñ
Ü¼�Ð Ãº
&ñ
�)a��. S = {s1}Ü¼�Ð r����
�#�, s1�Ð ÂÒ'� ��o��� ����Ér ��n��ÐÂÒ'� 	�YV�Ð

S\� '����ô�Ç��. S_� ��×�æu� w(S)��H ��6£§õ� °ú s� Ãº&ñ
�)a��:

w(S(r)) = w({s1}) +
∑

cede .

éß�, Äº���_� ½+Ë\�"f��H S\� þj�èô�Ç ô�Ç =åQ�̀¦ °ú���H  ñ\�¦ �̧¿º �í�<Ê
� 9,

w({s1}) = F
k
�Ð &ñ
_�ô�Ç��. s� õ�&ñ
�Ér c(S) ≤ εw(S)s� %�6£§ ëß�7á¤÷&��H í�Hçß� 7áx

«Ñ�)a��. &ñ
_�\� ���� °ú �Ér S\� @/K� ���5Åq&h���� õ�&ñ
_� ��×�æu��Ð�� s�íß�&h� õ�&ñ


_� ��×�æu��� °ú ���� ß¼��. ����"f s�íß�&h� õ�&ñ
\�"f Òqt$í
÷&��H S��H ���5Åq&h� õ�&ñ


�Ð�� 9þt Ãº \O�Ü¼ 9, ����"f #Q�"� i\� @/K�"f�̧ siü< ti\�¦ �̧¿º �í�<Ê½+É Ãº \O���.
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s��Qô�Ç s�íß�&h� SX��©� õ�&ñ
�̀¦ ��6 x
���H ·ú��¦o�1pu�Ér ��6£§õ� °ú ��.
éß�, ��A� '���� H��H ÂÒì�rÕªA�áÔ\�"f &ñ
_��)a y�� °ú̀�כ¦ _�p�ô�Ç��.

·ú��¦o�1pu 17.4

þj�è multicut ��H��K�ZO�
1. ���+þA¢-a�oë�H]j (17.22)�̀¦ Û�¦#Q G_� y��  ñ_� ��o� °ú̀�כ¦ ½̈ô�Ç��;
2. ε← 2 ln(k + 1), H ← G , M ← ∅;
3. H\� siü< ti�� �̧¿º �í�<Ê÷&��H #Q�"� i�� �>rF�½+É M:��t� ��6£§�̀¦
ìøÍ4�¤ô�Ç��:

e��_�_� sj\�¦ ���×þ�ô�Ç��;
cH(S) ≤ εwH(S)�� ëß�7á¤|̈c M:��t� %ò
%i� S\�¦
SX��©�ô�Ç��;
M ← M ∪ δH(S), H ← H \ S ;

4. M�̀¦ Ø�¦§4�;
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l��:r&ñ
o� 17.5

·ú��¦o�1pu 17.4s� Ø�¦§4�
���H M�Ér multicut s���.

¤� ÃZ�: #Q�"� %ò
%i��̧ source-sink �©��̀¦ �í�<Ê
�t� ·ú§��H����H �¦̀�	כ �Ð
s���� �)a��. s�\�¦ 0AK�, l��:r&ñ
o� 17.2õ� 17.3�� �̧��H ìøÍ4�¤éß�>�\�
"f $í
wn��<Ê�̀¦ �Ðs���� �)a��. e��_�_� ìøÍ4�¤éß�>�_� ÂÒì�rÕªA�áÔ H\�¦
Òqty��
���. Äº��� H\�"f_� ��o���H G\�"f��H ��o��Ð�� °ú ���� U�́#Q
t�l� M:ë�H\� l��:r&ñ
o� 17.2�� $í
wn�
���H ��Ér	כ ~1�>� ·ú� Ãº e����.
¢̧ô�Ç, H\�"f SX��©�÷&��H %ò
%i� S��H 
�ô�Ç F

kü< �©�ô�Ç
F
k +F\�¦ °ú���H��.

����"f l��:r&ñ
o� 17.3_� 7£x"î
�Ér H\�"f�̧ Õª@/�Ð $í
wn�ô�Ç��. �
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Multicut in General Graph {9�ìøÍ ÕªA�áÔ_� multicut ë�H]j

l��:r&ñ
o� 17.6

c(M) ≤ 2εF = 4 ln(k + 1)F .

¤� ÃZ�: i���P: ìøÍ4�¤éß�>�_� Hü< S\�¦ y��y�� Giü< Si�Ð ³ðl�
���.
(G = G1.) Õª�Q��� ·ú¡_� 7£x"î
\�"f�̧ ���/åLô�Ç ��õ	כ °ú s�,
cGi

(Si ) ≤ εwGi
(Si )�� �̧��H ìøÍ4�¤éß�>�\�"f $í
wn�ô�Ç��. ¢̧ô�Ç

wGi
(Si )_�  ñ[þt�Ér K�{©� i���P: ìøÍ4�¤éß�>��� 7áx«Ñ
���� �̧¿º ]j���)a

��. y�� ìøÍ4�¤éß�>����� þj�è ô�Ç�©�_� source-sink �©�s� ì�ro�÷&l� M:
ë�H\�, Ãº'��÷&��H ìøÍ4�¤éß�>�_� S��Ãº��H k\�¦ �Å�t� ·ú§��H��. ����"f,

c(M) =
∑

i cGi
(Si ) ≤ ε (

∑
i wGi

(Si ))

≤ ε
(
k F

k +
∑

e cede

)
= 2εF . �
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Multicut in General Graph {9�ìøÍ ÕªA�áÔ_� multicut ë�H]j

&ñ
o� 17.7

·ú��¦o�1pu 17.4��H O(log k)-��H��K�\�¦ �Ð�©�ô�Ç��.

��2£§&ñ
o� 17.8

k->h_� source-sink �©��̀¦ ����� þj@/ ��¾¡§3lq âì2£§½+Ë ë�H]j��H ��6£§õ� °ú �Ér
��H��&h���� þj@/��¾¡§3lqâì2£§-þj�èmulticut6 x|¾Ó �'a>�\�¦ °ú���H��:

max
âì2£§ f

|f | ≤ min
multicut C

c(C) ≤ O(log k) max
âì2£§ f

|f |.

Tight example

\V 17.9

���+þA¢-a�oë�H]j (17.22)�� Ω(log k)_� &ñ
Ãºçß�����̀¦ °ú���H \V\�¦ ëß�[þt Ãº e����. s���H
·ú��¦o�1pu_� ì�r$3�s��� 0A\� l�Õüt�)a þj@/��¾¡§3lqâì2£§-þj�èmulticut6 x|¾Ó �'a>���
z�́]j�Ð �©�ÃºC�	�s��Ð tight
�����H �¦̀�	כ _�p�ô�Ç��. ”Expander” ÕªA�áÔ.

<�ª $í
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Multicut in General Graph {9�ìøÍ ÕªA�áÔ_� multicut ë�H]j

multicut�+ £� £� 

\V 17.10

þj�èq�6 x 2CNF≡]X� ]j��ë�H]j.
2CNF≡ formula F��H uü< v�� y��y�� o�'�XO�{9� M:, (u ≡ v)_� +þAI�_� ]X�[þt_�
conjunction�̀¦ ú́�ô�Ç��. y�� ]X�\� ��×�æu� w�� ÅÒ#Q&���̀¦ M:, ]j��÷&��� F��
ëß�7á¤÷&��H ]X�[þt_� ÂÒì�r|9�½+Ë ×�æ\�"f ��×�æu�_� ½+Ës� þj�è�� ÷&��H �¦̀�	כ ¹1Ô��H

ë�H]j\�¦ Òqty��
���. F�� n>h_� ���Ãº�Ð s�ÀÒ#Q&�����¦ 
���.

��6£§õ� °ú s�, y�� ���Ãº_� ¿º >h_� o�'�XO�\� y��y�� ô�Ç >h_� ��n�\�¦ @/6£xr�&�,

�̧¿º 2n>h_� ��n�\�¦ °ú���H ÕªA�áÔ G(F )\�¦ Òqty��
���. y�� ]X� (p ≡ q)\� ¿º >h_�

 ñ (p, q), (p̄, q̄)\�¦ @/6£xr������. ¿º >h_�  ñ �̧¿º, ]X� (p ≡ q)_� ��×�æu�ü< °ú �Ér

6 x|¾Ó�̀¦ ½+É{©�ô�Ç��. 1lx1pxô�Ç ]X� (p ≡ q)ü< (p̄ ≡ q̄)�� Ñüt �� �>rF�
���� ½+Ë5g"f


����Ð @/�̂½+É Ãº e����. ����"f, F_� y�� ]X�\� G(F )_� ¿º >h_�  ñ��

@/6£x�)a���¦ ��&ñ
½+É Ãº e����.

<�ª $í
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Multicut in General Graph {9�ìøÍ ÕªA�áÔ_� multicut ë�H]j

(x1 ≡ x̄2) ∧ (x1 ≡ x3) ∧ (x2 ≡ x3) ∧ (x̄2 ≡ x4) ∧ (x3 ≡ x̄5).

l��:r&ñ
o� 17.11

F�� ëß�7á¤|̈c �¹Ø�æìכ��9r�̧|	��Ér G(F )_� #Q�"� ������ ¹�è�̧כ ô�Ç ���Ãºü< Õª_�
ÂÒ&ñ
�̀¦ �í�<Ê
�t� ·ú§��H �.���s	כ

¤� ÃZ�: Ø�æì�r �̧|	��̀¦ ×�æ"î

�#� �Ð��. o�'�XO� pü< q�� ô�Ç >h_� �\¹�èכ ���������
ìøÍ×¼r� Õª ÂÒ&ñ
+þA[þt�̧ ô�Ç >h_� �\¹�èכ ����èß���. ����"f, #Q*�ô�Ç ¹�è�̧כ ô�Ç ���
Ãºü< Õª ÂÒ&ñ
+þA�̀¦ �í�<Ê
�t� ·ú§��H�����, �̧��H ,¦¹�è[þt�̀כ #Q�"� o�'�XO� |9�½+Ëõ� Õª
ÂÒ&ñ
+þAÜ¼�Ð s�ÀÒ#Q��� ¿º >h_� �¹�èz�oכ ��� t�Ö�¦ Ãº e����. s���� ô�Ç �©�\� 5Åq
�
��H ¿º ]X�_� ÂÒ&ñ
+þAÜ¼�Ð @/6£x
���H o�'�XO�[þt�Ér ���o�°ú̀�כ¦ ìøÍ@/�Ð °ú�>� 
���� �̧

��H ]X��̀¦ ëß�7á¤
���H ���o�°ú̀�כ¦ ½̈
�>� �)a��. �

(0A\�"f ô�Ç>h_� ]X�\� ¿º>h_�  ñ\�¦ �̧¿º @/6£xr�v���H ��s	כ �= x�½+É Ãº \O���H �	כ

���t�\�¦ Û¼Û¼�Ð SX����½+É �(.	כ

<�ª $í
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Multicut in General Graph {9�ìøÍ ÕªA�áÔ_� multicut ë�H]j

þj�èq�6 x 2CNF≡]X� ]j��ë�H]j\� ��6£§õ� °ú �Ér G (F )_� þj�èq�6 x
multicutë�H]j\�¦ @/6£xr�&��Ð��: y�� ���Ãº\� @/6£x÷&��H ¿º >h_� ��n�
[þt�̀¦ �̧¿º source-sink �©�Ü¼�Ð t�&ñ

���. M�̀¦ s� multicutë�H]j_�
þj&h�K����¦ 
��¦, C\�¦ 2CNF≡]X� ]j��ë�H]j_� þj&h�K����¦ 
���.
(M�Ér {9�ìøÍ&h�Ü¼�Ð y�� ]X�\� @/6£x÷&��H ¿º >h_�  ñ×�æ\�"f ô�Ç >hëß�
�̀¦ �í�<Ê½+É Ãº e������H ��\	כ Ä»_�.) Õª�Q���

l��:r&ñ
o� 17.12

w(C ) ≤ c(M) ≤ 2w(C ).

¤� ÃZ�: M�̀¦ ]j��
���� ì�r"î
 �̧��H ���Ãºü< Õª ÂÒ&ñ
+þA�Ér °ú �Ér �\¹�èכ
e��t� ·ú§>� �)a��. l��:r&ñ
o� 17.11\� ����, F��H ëß�7á¤÷& 9 'Í	���P:
ÂÒ1pxd��s� 7£x"î
�)a��. ¿º ���P: ÂÒ1pxd���Ér C_� ]X�\� ¿º >hm�� @/6£x
�
��H G (F )_�  ñ|9�½+Ës� multicuts� 9 Õª ��×�æu� ½+Ës� 2w(C )����H
�f"�\	כ ·ú� Ãº e����. �
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Semidefinite Programming

SDP¢-a�o\�¦ s�6 xô�Ç ��H��K�ZO�
SDP¢-a�o\�¦ s�6 xô�Ç ��H��K�ZO�
SDP¢-a�o\�¦ s�6 xô�Ç ��H��K�ZO�
0-1 2	��<ÊÃº>�S\�ZO��̀¦ 0Aô�Ç SDP ¢-a�o

þj@/]X�éß����ë�H]j\�¦ 0Aô�Ç 0.878-��H��K�ZO�

Goemansü< Williamson_� þj@/]X�éß����ë�H]j ��H��K�ZO����½̈��H, ���Ér
]X���HZO�Ü¼�Ð ²ú�$í
½+É Ãº e����H þj@/]X�éß����ë�H]j_� þj@/ ��0px ��H��

°úכ(approximation ratio)�̀¦, SDP\�¦ ��6 x
���� S\�l�&h�Ü¼�Ð >h���½+É
Ãº e������H �¦̀�	כ �Ð��� þj�í_� ���½̈s���. ]jîß��)a K�ZO��Ér SX�Ò�¦·ú��¦
o�1pus� 9, ·ú¡_� ì�rÀÓ\�"f Áº���0A�íî̈
��� l�ZO�\� K�{©�ô�Ç��.
s� ���½̈��H, p�²DG E�d�¦êøÍ�� °¹t��� /BN@/\�"f \P��2;, 2000�̧� Ãºo�
>�S\��<Æ�r (mathematical programming society)\�"f Û�¦&���H�©��̀¦
Ãº�©�
�%i���.
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Semidefinite Programming

SDP¢-a�o\�¦ s�6 xô�Ç ��H��K�ZO�
SDP¢-a�o\�¦ s�6 xô�Ç ��H��K�ZO�
SDP¢-a�o\�¦ s�6 xô�Ç ��H��K�ZO�
0-1 2	��<ÊÃº>�S\�ZO��̀¦ 0Aô�Ç SDP ¢-a�o

þj@/]X�éß����ë�H]j

ÅÒ#Q��� Áº~½Ó�¾Ó_� ÕªA�áÔ\�¦ G = (V ,E )���¦ 
��¦,  ñ_� ��×�æu�\�¦
wij , (i , j) ∈ E�Ð ³ðr�
�l��Ð 
���. G_� ]X�éß����(cut)s�êøÍ, �̧×¼|9�
½+Ë(node set)�̀¦ �ª�ì�rÙþ¡�̀¦ M:, ¿º �̧×¼|9�½+Ë\� ���u���H  ñ(edge)[þt
_� |9�½+Ë�̀¦ ú́�ô�Ç��.

Figure: þj@/]X�éß����(cut)_� \V
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Semidefinite Programming

SDP¢-a�o\�¦ s�6 xô�Ç ��H��K�ZO�
SDP¢-a�o\�¦ s�6 xô�Ç ��H��K�ZO�
SDP¢-a�o\�¦ s�6 xô�Ç ��H��K�ZO�
0-1 2	��<ÊÃº>�S\�ZO��̀¦ 0Aô�Ç SDP ¢-a�o

þj@/]X�éß����ë�H]j��H  ñ_� ��×�æu�_� ½+Ës� þj@/�� ÷&��H ]X�éß�����̀¦ ½̈
���H ë�H]js�

��([ÕªaË>.1]�ÃÐ�̧). 7£¤,

w(S) ≡
∑

i∈S, j∈S̄

wij (18.24)

\�¦ þj@/�o
���H �̧×¼_� ÂÒì�r|9�½+Ë S ⊂ V\�¦ ½̈
���H ë�H]js���.

þj@/]X�éß����ë�H]j��H ���½Ór�çß� îß�\� &ñ
SX�ô�Ç K�\�¦ ½̈
���H ·ú��¦o�7£§�Ér �>rF�
�t�

·ú§��H �Ü¼�Ð	כ Òqty��÷&��H NP-hard ë�H]js���. :£¤y� ���½Ód����H��K�ZO�ç�Hs� Ô�¦��0px
ô�Ç max-NP-hard ë�H]js���.

&ñ
_� 18.1

#Q�"� þj�è�o (þj@/�o) ë�H]j P_� �̧��H \V(instance)\� @/K�, þj&h�
3lq&h��<ÊÃº°úכ_� δ C�\�¦ �Å�t� ·ú§��H (�Å���H) K�\�¦ �Ð�©�
���H ���½Ór�çß� K�ZO� A\�¦
δ-��H��K�ZO� (δ-approximation algorithm) s����¦ ÂÒ�Ér��.
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Semidefinite Programming

SDP¢-a�o\�¦ s�6 xô�Ç ��H��K�ZO�
SDP¢-a�o\�¦ s�6 xô�Ç ��H��K�ZO�
SDP¢-a�o\�¦ s�6 xô�Ç ��H��K�ZO�
0-1 2	��<ÊÃº>�S\�ZO��̀¦ 0Aô�Ç SDP ¢-a�o

���_þvë�H]j 18.2

þj@/]X�éß����ë�H]j_� ��ÅÒ çß�éß�ô�Ç 1
2 -��H��K�ZO�: y�� �̧×¼ Z>��Ð

1lx����̀¦ ~�������. ·ú¡s� ���̧��� V1\� +'�� ���̧��� V2\� 5Åq
��̧2�¤

�̧×¼|9�½+Ë�̀¦ Áº���0A�Ð �ª�ì�rô�Ç��:V = V1
·
∪ V2.

Z�t��î�r ��z�́�Ér ��6£§õ� °ú �Ér ��H��K�ZO�s� >hµ1Ï÷&l� ��� ��� 20�̧� 1lx
îß�, 0A_� çß�éß�ô�Ç ��H��K�ZO� �Ð��, %3�x9�ô�Ç _�p�\�"f �8 ���Ér K�ZO�
s� �>rF�
�t� ·ú§��¤����H �.���s	כ

Óüt�:r �̧��H NP-hard �̧½+Ëþj&h��oë�H]j_� ��H��°ú̀�כ¦ &ñ
SX�ô�Ç þj&h�K�
\� K�{©�
���H 1\� Áºô�Çy� ��¾ú�>� >h���½+É Ãº e����H ��Ér	כ ��m���. s�
�Qô�Ç �̧½+Ëþj&h��oë�H]j��H �èÃº\� K�{©�
� 9, ú́§�Ér ë�H]j[þts� ·ú��¦
o�1pu_� Ãº'��r�çß��̀¦ t�Ãº&h�Ü¼�Ð(exponentially) Zþts�t� ·ú§��Hô�Ç,
#Q�"� °úכ�Ð�� a%~�Ér K�\�¦ �Ð�©�
���H �	כ ���̂�� NP-hard��� �â
Äº��
ú́§��. s��Qô�Ç °ú̀�כ¦ Ô�¦��0px ��H��°úכ(impossible approximation ratio)
s����¦ ÂÒ�Ér��.
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Semidefinite Programming

SDP¢-a�o\�¦ s�6 xô�Ç ��H��K�ZO�
SDP¢-a�o\�¦ s�6 xô�Ç ��H��K�ZO�
SDP¢-a�o\�¦ s�6 xô�Ç ��H��K�ZO�
0-1 2	��<ÊÃº>�S\�ZO��̀¦ 0Aô�Ç SDP ¢-a�o

�&³F���t� ·ú��9��� þj@/]X�éß����ë�H]j_� Ô�¦��0px ��H��°úכ�Ér 0.94s���.
7£¤ þj&h�K�_� 94%_� 3lq&h��<ÊÃº °ú̀�כ¦ °ú���H K�\�¦ �Ð�©�
���H ��Ér	כ Ô�¦
��0px
�����H �.���s	כ Goemansü< Williamson_� Áº���0A �íî̈
���K�
ZO��Ér ��� 88%_� l�@/°ú̀�כ¦ �Ð�©�
� 9, Õª���_� 50%\� q�K� Ô�¦��0px
��H��°úכ\� S\�l�&h�Ü¼�Ð ����0>��� �¦̀�	כ ·ú� Ãº e����.
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Semidefinite Programming

SDP¢-a�o\�¦ s�6 xô�Ç ��H��K�ZO�
SDP¢-a�o\�¦ s�6 xô�Ç ��H��K�ZO�
SDP¢-a�o\�¦ s�6 xô�Ç ��H��K�ZO�
0-1 2	��<ÊÃº>�S\�ZO��̀¦ 0Aô�Ç SDP ¢-a�o

SDP¢-a�o\�¦ s�6 xô�Ç ��H��K�ZO�
þj@/]X�éß����ë�H]j_� 2	��<ÊÃº�̧+þA

þj@/]X�éß����ë�H]j�� 0− 1 2	��<ÊÃº>�S\�ZO�õ� °ú �Ér ë�H]je���Ér ú̧� ·ú��9��� ��z�́s�
��. Goemansü< Williamson�Ér ��6£§õ� °ú �Ér −1,+1 2	��<ÊÃº>�S\�ZO� �̧+þA\�"f Ø�¦

µ1Ï
�%i���. V = V1

·
∪ V2�Ð �ª�ì�r½+É M:, i ∈ V1s���� xi = −1, i ∈ V2s����

xi = 1�Ð x ∈ R|V |
\�¦ &ñ
_�
���. Õª�Q��� þj@/]X�éß����ë�H]j��H ��6£§_� −1,+1 2	�

�<ÊÃº>�S\�ZO�ë�H]jü< °ú ��.

ë�H]j 18.3

q�@/g�A+þA

max 1
2

∑
i<j wij(1− xixj)

s.t. xi ∈ {−1, 1} ∀i ∈ V
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Semidefinite Programming

SDP¢-a�o\�¦ s�6 xô�Ç ��H��K�ZO�
SDP¢-a�o\�¦ s�6 xô�Ç ��H��K�ZO�
SDP¢-a�o\�¦ s�6 xô�Ç ��H��K�ZO�
0-1 2	��<ÊÃº>�S\�ZO��̀¦ 0Aô�Ç SDP ¢-a�o

·ú¡�©�_� q�@/g�A+þA�Ér wij = wji�̀¦ ��&ñ

���� ��6£§õ� °ú ��:

ë�H]j 18.4

@/g�A+þA

max 1
4

∑
i ,j wij(1− xixj)

s.t. xi ∈ {−1, 1} ∀i ∈ V

<�ª $í
 �9� þj&h��o��H��K�ZO�



Semidefinite Programming

SDP¢-a�o\�¦ s�6 xô�Ç ��H��K�ZO�
SDP¢-a�o\�¦ s�6 xô�Ç ��H��K�ZO�
SDP¢-a�o\�¦ s�6 xô�Ç ��H��K�ZO�
0-1 2	��<ÊÃº>�S\�ZO��̀¦ 0Aô�Ç SDP ¢-a�o

SDP¢-a�o\�¦ s�6 xô�Ç ��H��K�ZO�
 7�'�¢-a�o

·ú¡]X�_� −1,+1 2	��<ÊÃº>�S\�ZO� �̧+þA�Ér 0− 1 2	��<ÊÃº>�S\�ZO�_� ���çß�_� ���+þA{9�
÷�r, Õª ���̂�Ð �Ð��� K�ZO�\� e��#Q"f ��Áº��� :£¤Z>�ô�Ç �©�&h�s� \O���. Goemansü<
Williamson_� ��H��K�ZO�_� 'Í	���P: �̧����Ér s� −1,+1 2	��<ÊÃº>�S\�ZO� �̧+þA�̀¦ ��
6£§õ� °ú s� ‘ 7�'�>�S\�ZO�’ë�H]j�Ð ¢-a�oÙþ¡����HX< e����.

7£¤, y�� 1	� ���Ãº xj\�¦ m ≥ 2��� m-	�"é¶ éß�0A  7�'�, vj�Ð @/�̂
�#� ��6£§õ� °ú �Ér

ë�H]j\�¦ &ñ
_�
�%i���.

Figure: y�� xj��H \V\�¦ [þt#Q 3	�"é¶ /BNçß�_� ½̈��� S3\� 5Åq
���H éß�0A 7�'�

vj�Ð @/�̂ Ãº e����.
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Semidefinite Programming

SDP¢-a�o\�¦ s�6 xô�Ç ��H��K�ZO�
SDP¢-a�o\�¦ s�6 xô�Ç ��H��K�ZO�
SDP¢-a�o\�¦ s�6 xô�Ç ��H��K�ZO�
0-1 2	��<ÊÃº>�S\�ZO��̀¦ 0Aô�Ç SDP ¢-a�o

ë�H]j 18.5

max 1
2

∑
i<j wij(1− vT

i vj)

s.t. vi ∈ Sm ∀i ∈ V

ë�H]j (18.3)_� e��_�_� ��0pxK� x̄j j ∈ V�� ÅÒ#Q&���̀¦ M:,
v̄j = (x̄j , 0, · · · , 0) j ∈ V�Ér (18.5)_� ��0pxK��� ÷& 9, ¿º K�_� 3lq&h�
�<ÊÃº °úכ�Ér °ú 6£§�̀¦ ·ú� Ãº e����. ����"f ë�H]j 18.5_� þj&h�3lq&h��<ÊÃº
°úכ�Ér þj@/]X�éß����ë�H]j_� �©�ô�Çs� H�d�̀¦ ·ú� Ãº e����. s���� _�p�\�"f
ë�H]j (18.5)��H ë�H]j (18.3)_� ¢-a�oë�H]j(relaxation)�� �)a��.

éß�í�Hy� ¢-a�oë�H]j\�¦ ëß�×¼��H ��s	כ 3lq&h�s������ 0A\�"f �:r �,�3!�%	כ
m≥ 2��� #Q�"� m�̧ ��0px
���. Õª�Q�� Goemansü< Williamson_� K�
ZO��̀¦ 0AK�"f��H m = nÜ¼�Ð Z�~����ô�Ç��.
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SDP¢-a�o\�¦ s�6 xô�Ç ��H��K�ZO�
SDP¢-a�o\�¦ s�6 xô�Ç ��H��K�ZO�
SDP¢-a�o\�¦ s�6 xô�Ç ��H��K�ZO�
0-1 2	��<ÊÃº>�S\�ZO��̀¦ 0Aô�Ç SDP ¢-a�o

ë�H]j 18.6

 7�'�>�S\�ZO�ë�H]j

max 1
2

∑
i<j wij(1− vT

i vj) (18.25)

s.t. vi ∈ Sn ∀i ∈ V

Äºo���H #�l�"f �����Û¼XO�>� ��6£§õ� °ú �Ér ¿º��t� |9�ë�H�̀¦ 
�>� �)a

��.

1  7�'�>�S\�ZO�ë�H]j 18.6��H ò́Ö�¦&h�Ü¼�Ð Û�¦ Ãº e����H��?

2 ÕªXO������, ë�H]j 18.6_� þj&h�K���H þj@/]X�éß����ë�H]j_� ‘a%~�Ér’
K�\�¦ ½̈
���HX< ��6 x|̈c Ãº e����H��?
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Semidefinite Programming

SDP¢-a�o\�¦ s�6 xô�Ç ��H��K�ZO�
SDP¢-a�o\�¦ s�6 xô�Ç ��H��K�ZO�
SDP¢-a�o\�¦ s�6 xô�Ç ��H��K�ZO�
0-1 2	��<ÊÃº>�S\�ZO��̀¦ 0Aô�Ç SDP ¢-a�o

'Í	���P: |9�ë�H_� ²ú��Ér s�p� �̧A����\� ·ú��94R e��%3���. ��6£§õ� °ú �Ér '��§>=[þt_� Y�L
�̀¦ Òqty��
���.


−− vT

1 −−
−− vT

2 −−
...

−− vT
n −−


 | | |
v1 v2 · · · vn

| | |

 (18.26)

=


vT

1 v1 vT
1 v2 vT

1 v3 · · · vT
1 vn

vT
2 v1 vT

2 v2 vT
2 v3 · · · vT

2 vn

...
...

vT
n v1 vT

n v2 vT
n v3 · · · vT

n vn

 . (18.27)

s� M:, yij ≡ vT
i vj(= vi · vj)�Ð &ñ
_�
����

%3�#Q��� (Gram) '��§>=,

Y ≡


y11 y12 · · · y1n

y21 y22 · · · y2n

...
. . .

...
yn1 yn2 · · · ynn

 (18.28)

�Ér (@/g�A) PSD(positive semidefinite)'��§>=s� �)a��.<�ª $í
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SDP¢-a�o\�¦ s�6 xô�Ç ��H��K�ZO�
SDP¢-a�o\�¦ s�6 xô�Ç ��H��K�ZO�
SDP¢-a�o\�¦ s�6 xô�Ç ��H��K�ZO�
0-1 2	��<ÊÃº>�S\�ZO��̀¦ 0Aô�Ç SDP ¢-a�o

����"f ë�H]j 18.6�Ér ��6£§õ� °ú �Ér SDP�� �)a��.

ë�H]j 18.7

max 1
2

∑
i ,j wij(1− yij)

s.t. yii = 1 ∀i = 1, · · · , n
Y = (yij)��H PSD.

PSD '��§>=�Ér &ñ
~½Ó'��§>=_� Y�LÜ¼�Ð ³ðr�|̈c Ãº e��Ü¼Ù¼�Ð, Y =
W TW�Ð jþt Ãº e���¦, W_� y�� '��Ü¼�Ð &ñ
_��)a  7�'�[þt�Ér ë�H]j
18.6_� K��� �)a��. ����"f ë�H]j 18.6��H SDP ë�H]j 18.7õ� 1lx1pxô�Ç
ë�H]j�� ÷& 9, s���Ér	כ ë�H]j 18.6�� ���½Ór�çß�\� Û�¦ Ãº e������H _�p�
�Ð"f 'Í	���P: |9�ë�H_� ²ú�s� �)a��.

s�]j ¿º���P: |9�ë�H\� ²ú�K��Ð��.
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SDP¢-a�o\�¦ s�6 xô�Ç ��H��K�ZO�
SDP¢-a�o\�¦ s�6 xô�Ç ��H��K�ZO�
SDP¢-a�o\�¦ s�6 xô�Ç ��H��K�ZO�
0-1 2	��<ÊÃº>�S\�ZO��̀¦ 0Aô�Ç SDP ¢-a�o

SDP¢-a�o\�¦ s�6 xô�Ç ��H��K�ZO�
SX�Ò�¦·ú��¦o�1pu

��6£§õ� °ú �Ér SX�Ò�¦·ú��¦o�1pu(randomized algorithm)�̀¦ Òqty��K��Ð��.

1 ë�H]j 18.6_� þj&h�K�, v1, v2, · · · , vn\�¦ ½̈ô�Ç��.

2 éß�0A ½̈��� SnÜ¼�Ð ÂÒ'� ç�H{9�ô�Ç SX�Ò�¦�Ð  7�'�, r�̀¦ Áº���0A�Ð
���×þ�ô�Ç��.

3 rõ� Ãºf��s��¦ "é¶&h��̀¦ t�����H �íî̈
���Ü¼�Ð v1, v2, · · · , vn\�¦

¿º ÕªÒ�̈Ü¼�Ð ��è�HÊê, s�\� ���� �̧×¼[þt�̀¦ �ª�ì�r
�#� G_�
]X�éß�����̀¦ Òqt$í
ô�Ç��. 7£¤, ëß���� rTvi ≥ 0s����, xi ← 1�Ð Z�~�¦,
ÕªXO�t� ·ú§Ü¼���, xi ← −1�Ð Z�~��H��.

&ñ
o� 18.8

0A_� K�ZO��Ér þj@/]X�éß����ë�H]j_� 0.878-��H��K�ZO�s� �)a��.
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SDP¢-a�o\�¦ s�6 xô�Ç ��H��K�ZO�
SDP¢-a�o\�¦ s�6 xô�Ç ��H��K�ZO�
SDP¢-a�o\�¦ s�6 xô�Ç ��H��K�ZO�
0-1 2	��<ÊÃº>�S\�ZO��̀¦ 0Aô�Ç SDP ¢-a�o

¤� ÃZ�: ��H��K�ZO�Ü¼�Ð %3�#Q��� K�_� l�@/°úכ�Ér ��6£§õ� °ú s� ÅÒ#Q�����.

E [w(S)] (18.29)

=
∑

i<j wijPr [viü< vj�� rõ� Ãºf����� �íî̈
���Ü¼�Ð ��¾º#Q�����.]

=
∑

i<j wijPr
[
sgn(rTvi ) 6= sgn(rTvj)

]
Õª�Q��, sgn(rTvi ) 6= sgn(rTvj){9� ¹כ��9 Ø�æì�r�̧|	��Ér, r�̀¦ viü< vj�Ð Òqt$í
÷&��H î̈


���\� ÈÒ%ò
Ùþ¡�̀¦ M:, ô�Ç  7�'�ü<��H \Vy���̀¦ ���Ér  7�'�ü<��H é�Hy���̀¦ s�ÀÒ��H �.���s	כ
(ÕªaË>3 �ÃÐ�¦.)

Figure: viü< vj�� ì�ro�÷&��H �â
Äº.
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SDP¢-a�o\�¦ s�6 xô�Ç ��H��K�ZO�
SDP¢-a�o\�¦ s�6 xô�Ç ��H��K�ZO�
SDP¢-a�o\�¦ s�6 xô�Ç ��H��K�ZO�
0-1 2	��<ÊÃº>�S\�ZO��̀¦ 0Aô�Ç SDP ¢-a�o

s���H "é¶ÅÒÖ�¦ π ×�æ\�, viü< vj_� ��e±	y��_� ¿º C�\� K�{©�
���H ÂÒì�r

\� rs� ÈÒ%ò
|̈c SX�Ò�¦õ� °ú ��. ����"f,

Pr [viü< vj�� rõ� Ãºf����� �íî̈
���Ü¼�Ð ��¾º#Q�����.] (18.30)

= 1
π arccos (vT

i vj).

Õª�QÙ¼�Ð,

E [w(S)] =
∑

i<j wij
1
π arccos (vT

i vj) (18.31)

≥ 0.8781
2

∑
i<j wij(1− vT

i vj). (18.32)

(18.32)��H ��6£§õ� °ú �Ér ��z�́M:ë�H\� $í
wn��2³��. (ÕªaË> 4��H
arccos x

π /(1/2)(1− x)_� °ú̀�כ¦ −1 ≤ x ≤ 1_� #3�0A\�"f �̧r�ô�Ç �	כ
s���.)
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SDP¢-a�o\�¦ s�6 xô�Ç ��H��K�ZO�
SDP¢-a�o\�¦ s�6 xô�Ç ��H��K�ZO�
SDP¢-a�o\�¦ s�6 xô�Ç ��H��K�ZO�
0-1 2	��<ÊÃº>�S\�ZO��̀¦ 0Aô�Ç SDP ¢-a�o

1

π
arccos x ≥ 0.878

1

2
(1− x) ∀ − 1 < x < 1 (18.33)

Figure: arccos x
π /(1/2)(1− x).

Õª�Q��,  7�'�¢-a�oZO�ë�H]j 18.6_� þj&h�3lq&h��<ÊÃº°úכ�Ér, þj@/]X�éß����
ë�H]j_� 3lq&h��<ÊÃº°úכ�Ð�� ß¼Ù¼�Ð, 7£x"î
s� =åQèß���.
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SDP¢-a�o\�¦ s�6 xô�Ç ��H��K�ZO�
SDP¢-a�o\�¦ s�6 xô�Ç ��H��K�ZO�
SDP¢-a�o\�¦ s�6 xô�Ç ��H��K�ZO�
0-1 2	��<ÊÃº>�S\�ZO��̀¦ 0Aô�Ç SDP ¢-a�o

0-1 2	��<ÊÃº>�S\�ZO��̀¦ 0Aô�Ç SDP ¢-a�o

0− 1 2	� �<ÊÃº>�S\�ZO�ë�H]j�Ér ���©� ~1�>� SDP�Ð ¢-a�o|̈c Ãº e��6£§
�̀¦ ·ú� Ãº e����H ë�H]js���. 1997�̧� Nesterov�� ]jîß�ô�Ç, ��H��°úכs� Õª
Êê\� >h����)a K�ZO�[þt �Ð����H ��åÔt�ëß� ·ú¡]X�_� ~½ÓZO��̀¦ çß�éß�
�>�

SX��©�ô�Ç ~½ÓZO��̀¦ �è>hô�Ç��.

0− 1 2	� �<ÊÃº>�S\�ZO�ë�H]j��H çß�éß�ô�Ç ���Ãºu�8̈��̀¦ ��5g, ��6£§õ�
°ú �Ér 1lx1pxô�Ç −1,+1 2	� &ñ
Ãº >�S\�ë�H]j�Ð ~1�>� ���8̈�½+É Ãº e����.

ë�H]j 18.9

max
∑

i ,j aijxixj

s.t. xi ∈ {−1, 1} ∀ i
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SDP¢-a�o\�¦ s�6 xô�Ç ��H��K�ZO�
SDP¢-a�o\�¦ s�6 xô�Ç ��H��K�ZO�
SDP¢-a�o\�¦ s�6 xô�Ç ��H��K�ZO�
0-1 2	��<ÊÃº>�S\�ZO��̀¦ 0Aô�Ç SDP ¢-a�o

#�l�"f A = (aij) ∈ Sn��H PSD���¦ ��&ñ
½+É Ãº e����. Õª s�Ä»��H,
x2
i = 1s�Ù¼�Ð A_� @/y�����\� K�{©�
���H ÂÒì�r�Ér �©�Ãº �½Ó\� K�{©�
�
l� M:ë�H\� 
¹כ��9������ \O�����Ht� 	�H �©�Ãº\�¦ @/y�����\� �8½+É Ãº e��

l� M:ë�Hs���. ����"f þj&h�3lq&h��<ÊÃº °úכs� q�6£§s����¦ ��&ñ
½+É Ãº
e����.

·ú¡_� ~½ÓZO�õ� Ä»��
�>� xi\�¦ éß�0A  7�'� vi ∈ Rn�Ð u�8̈�
�#�, ��6£§
õ� °ú �Ér  7�'�>�S\�ZO�ë�H]j\�¦ %3���H��.

ë�H]j 18.10

max
∑

i ,j aijv
T
i vj

s.t. vT
i vi = 1 ∀ i

vi ∈ Rn

<�ª $í
 �9� þj&h��o��H��K�ZO�



Semidefinite Programming

SDP¢-a�o\�¦ s�6 xô�Ç ��H��K�ZO�
SDP¢-a�o\�¦ s�6 xô�Ç ��H��K�ZO�
SDP¢-a�o\�¦ s�6 xô�Ç ��H��K�ZO�
0-1 2	��<ÊÃº>�S\�ZO��̀¦ 0Aô�Ç SDP ¢-a�o

��6£§õ� °ú �Ér SX�Ò�¦·ú��¦o�1pu(randomized algorithm)�̀¦ Òqty��K��Ð��.

1 0A_�  7�'�>�S\�ZO� ë�H]j_� þj&h�K�, v1, v2, · · · , vn\�¦ ½̈ô�Ç��.

2 éß�0A ½̈��� SnÜ¼�Ð ÂÒ'� ç�H{9�ô�Ç SX�Ò�¦�Ð  7�'�, r�̀¦ Áº���0A�Ð
���×þ�ô�Ç��.

3 þj&h�K� v∗�Ð ÂÒ'� ��6£§õ� °ú s� x̄\�¦ ½̈ô�Ç��.

x̄i =

{
1 if rTv∗i ≥ 0
−1 if rTv∗i < 0

Õª�Q��� ��6£§õ� °ú �Ér ��H��°úכ\�¦ %3���H��.

&ñ
o� 18.11

0A_� SX�Ò�¦·ú��¦o�1pu�Ér 2
π -��H��K�ZO�s� �)a��.
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SDP¢-a�o\�¦ s�6 xô�Ç ��H��K�ZO�
SDP¢-a�o\�¦ s�6 xô�Ç ��H��K�ZO�
SDP¢-a�o\�¦ s�6 xô�Ç ��H��K�ZO�
0-1 2	��<ÊÃº>�S\�ZO��̀¦ 0Aô�Ç SDP ¢-a�o

i 6= j��� �â
Äº, ��6£§s� $í
wn�ô�Ç��:

Pr[sgn(rTv∗i 6= rTv∗i )] = Pr[x̄i x̄j = −1] =
1

π
arccos v∗i

Tv∗j .

(18.34)
����"f, ��6£§õ� °ú �Ér l�@/°ú̀�כ¦ %3���H��:

E [x̄i x̄j ]

= 1(1− 1
π arccos v∗i

Tv∗j ) + (−1) 1
π arccos v∗i

Tv∗j

= 1− 2
π arccos v∗i

Tv∗j

= 1− 2
π (π

2 − arcsin v∗i
Tv∗j )

= 2
π arcsin v∗i

Tv∗j .
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SDP¢-a�o\�¦ s�6 xô�Ç ��H��K�ZO�
SDP¢-a�o\�¦ s�6 xô�Ç ��H��K�ZO�
SDP¢-a�o\�¦ s�6 xô�Ç ��H��K�ZO�
0-1 2	��<ÊÃº>�S\�ZO��̀¦ 0Aô�Ç SDP ¢-a�o

l��:r&ñ
o� 18.12

ëß���� zij = arcsin xij − xijs��¦ |xij | ≤ 1 for all i , js���� X � 0{9� M:,
Z � 0s� �)a��.

l��:r&ñ
o� 18.12\�¦ ��6 x
����,

E [
∑

i ,j aij x̄i x̄j ]− 2
π

∑
i ,j aijv

∗
i
Tv∗j

= 2
π

∑
i ,j aij(arcsin v∗i

Tv∗j − v∗i
Tv∗j )

= 2
π

∑
i ,j aijzij

= 2
πX · Z

≥ 0 (Lemma 18.12).

����"f &ñ
o��� 7£x"î
�)a��.
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Counting Problems ��H��&h� Counting

��H��&h� Counting

&ñ
_� 19.1

#P: L�̀¦ NP_� ô�Ç ���#Q���¦ 
���. M�̀¦ s�_� ���7£x��(verifier)���
q����&ñ
ÈÓa�Al�>�, Õªo��¦ p\�¦ \V-��H��_� U�́s�_� ���½Ó�<ÊÃº �©�ô�Çs����¦ 
���.
ë�H��
�H x ∈ Σ∗\� @/K�, f (x)\�¦ |y | ≤ p(|x |)s� 9 M(x , y)�� ~ÃÎ��[þts���H y_�
>hÃº���¦ 
���. s��Qô�Ç �<ÊÃº f : Σ∗ −→ Z+_� |9�½+Ë�̀¦ #P���¦ ô�Ç��.

f���'a&h�Ü¼�Ð ú́�
���� #PêøÍ NP ë�H]j_� ë�H]j\V�� e���̀¦ M:,‘\V’�� ÷&��H “K�”_� >h
Ãº\�¦ [j��H ë�H]j���¦ ½+É Ãº e����. \V\�¦ [þt#Q, Áº�¾ÓÕªA�áÔ_� K�x9��:r �â
�Ð_� >hÃº
��, SAT_� Ø�æ7á¤ ���o�°úכ ½+É{©�_� >hÃº 1pxs� Õª \Vs���. ����"f #P��H þj�èô�Ç
NP ëß��pu #Q�9î�r ë�H]j���¦ ½+É Ãº e����.

f���'a&h�Ü¼�Ð ú́�K�"f, �̧��H #P ë�H]j[þts� #Q�"� #P ë�H]j�Ð ���½Ó���8̈� ��0px½+É M:,

Êê��\�¦ #P-completes����¦ ô�Ç��. NP-complete ë�H]j_� ��0pxK�\�¦ [j��H ë�H]j��H

@/ÂÒì�r #P-completes� 9, <Éªp��Ðî�r ��Ér	כ ú́§�Ér P ë�H]j_� ��0pxK�\�¦ [j��H ë�H]j

%i�r� #P-completes�����H �.���s	כ
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&ñ
_� 19.2

FPRAS: counting ë�H]j�� #P-complete ��� P\� 5Åq
���H ë�H]j�� e�����¦ 
���.
s� M:, ��6£§õ� °ú �Ér ·ú��¦o�1pu A\�¦ fully polynomial time randomized
approximation scheme (FPRAS)���¦ ô�Ç��: �̧��H ë�H��
�H x ∈ Σ∗ü< �̧��

ε > 0\� @/K�,

Pr[|A(x)− f (x)| ≤ εf (x)] ≥ 3

4
.

ë�H]j 19.3

DNF K�_� >hÃº f = C1 ∨ C2 ∨ · · · ∨ Cm�̀¦ n>h_� ÂÒÖ�¦���Ãº x1, . . ., xn_� DNF
���¦ 
���. li\�¦ o�'�XO�s����¦ ½+É M:, ��6£§õ� °ú s� ³ð�&³÷&��H y�� ]X�
Ci = l1 ∧ l2 ∧ · · · ∧ lri�Ér ��0pxK�\�¦ °ú���H���¦ ��&ñ
½+É Ãº e����. (7£¤, #Q�"� ���Ãºü<
s�_� ÂÒ&ñ
s� °ú s� [þt#Q e��t� ·ú§��.) Äºo�_� ë�H]j��H f_� ��0pxK�_� >hÃº #f\�¦
>�íß�
���H �.���s	כ
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Counting Problems ��H��&h� Counting

l��:r&h���� ��s�n�#Q��H #f\� @/ô�Ç Ô�¦¼#�ÆÒ&ñ
|¾Ó (unbiased estimator)s� ÷&��H SX�
Ò�¦���Ãº X\�¦ &ñ
_�
���H �:���s	כ E [X ] = #f . ëß����\� Õª�Qô�Ç X_� ³ðï�r¼#�	�
σ[X ]�� E [X ]_� ���½Ó�<ÊÃº C��Ð ]jô�Ç÷&��� FPRAS\�¦ ~1�>� ëß�[þtÃº e����: X_� °úכ
�̀¦ ë�H]j {9�§4� ß¼l�ü< 1

ε
_� ���½Ó�<ÊÃº S��Ãº ëß��pu ³ð�:r�̀¦ ÆÒØ�¦
�#� î̈
ç�H�̀¦ Ø�¦§4�


���� �)a��.

~1�>� Òqty��½+É Ãº e����H ~½ÓZO�: 2n>h_� ���o�°úכ τ 0A\� ç�H{9�ì�r�í(uniform
distribution)\�¦ °ú���H SX�Ò�¦���Ãº Y\�¦ ��6£§õ� °ú s� &ñ
_�ô�Ç��: τ�� f\�¦ ëß�7á¤
����
Y (τ) = 2n, ÕªXO�t� ·ú§Ü¼��� Y (τ) = 0. 
�t�ëß� s� �â
Äº��H ³ðï�r¼#�	��� �-Áº &�
"f FPRAS\�¦ s�=åJ#Q ?/t� 3lwô�Ç��.

s��Qô�Ç ë�H]j&h��̀¦ �FG4�¤
�l� 0AK�, f\�¦ ëß�7á¤
���H ���o�°úכ[þtëß� 0s� ����� SX�Ò�¦�̀¦
°ú��̧2�¤ SX�Ò�¦���Ãº\�¦ &ñ
_�ô�Ç��.

Si\�¦ Ci\�¦ ëß�7á¤
���H n>h ���Ãº_� ���o�°úכ |9�½+Ës����¦ 
���. Õª�Q��� |Si | = 2n−ri ,

#f = |
⋃m

i Si |. c(τ)\�¦ τ�� ëß�7á¤
���H ]X�_� >hÃº���¦ 
���. M�̀¦ Si[þts� ‘×�æ4�¤

�̀¦ �̧¿º �í�<Ê
���H’ ½+Ë|9�½+Ës����¦ 
���: |M| =
∑m

i |Si |. M�Ér y�� τ\�¦ c(τ) S��Ãº

�í�<Ê
�>� �)a��.
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f\�¦ ëß�7á¤
���H ���o�°úכ τ\�¦ c(τ)/|M|_� SX�Ò�¦�Ð ���×þ�÷&�Ð2�¤ ô�Ç��. Õªo��¦
X (τ) = |M|/c(τ)�Ð &ñ
_�
���.

l��:r&ñ
o� 19.4

SX�Ò�¦���Ãº X\�¦ ò́Ö�¦&h�Ü¼�Ð ³ð�:rÃº|9�s� ��0px
� 9 #f\� @/ô�Ç Ô�¦¼#�ÆÒ&ñ
|¾Ós�
�)a��.

¤� ÃZ�: Äº��� y�� τ�� c(τ)/|M|_� SX�Ò�¦�Ð ���×þ�÷&�̧2�¤ ò́Ö�¦&h���� ³ð�:rÃº|9�s� ��0px

�����H �¦̀�	כ �Ðs���. Äº��� y�� ]X�, Ci�� |Si |/|M|_� SX�Ò�¦�Ð ]X��̀¦ ���×þ�ô�Ç��. Õªo�
�¦ s� ]X��̀¦ ëß�7á¤
���H ���o�°úכ |9�½+Ë ×�æ\� ç�H1pxô�Ç SX�Ò�¦�Ð 
���\�¦ ���×þ�ô�Ç��. Õª�Q
���, Äºo��� "é¶
���H SX�Ò�¦_� ³ð�:rÃº|9�s� �)a����H �¦̀�	כ ~1�>� �Ö̧���½+É Ãº e���� (K�
�̂¦�.(	כ

¢̧ô�Ç,

E [X ] =
∑

τ Pr[r s� ���×þ�H�d] · X (τ)

=
∑

f \�¦ ëß�7á¤
���H τ

c(τ)
|M|

|M|
c(τ)

= #f . �

<�ª $í
 �9� þj&h��o��H��K�ZO�



Counting Problems ��H��&h� Counting

l��:r&ñ
o� 19.5

m�̀¦ ]X�_� >hÃº���¦ 
����, σ(X )
E [X ] ≤ m − 1.

¤� ÃZ�: |M|
m �̀¦ α���¦ 
���. Õª�Q��� E [X ] ≥ α�� $í
wn�ô�Ç��. y�� ���o�

°úכ\� @/K�, 1 ≤ c(τ) ≤ m. ����"f X (τ) ∈ [α, mα], ����"f
|X (τ)− E [X ]| ≤ (m − 1)α. ����"f, ³ðï�r¼#�	�, σ(X ) ≤ (m − 1)α.
�
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l��:r&ñ
o� 19.6

k>h_� ³ð�:r_� î̈
ç�H�̀¦ Yk���¦ e��_�_� ε > 0\� @/
�#�,
k = 4(m − 1)2/ε2s����

Pr[|Yk −#f | ≤ ε#f ] ≥ 3

4
.

¤� ÃZ�: �̂q�[VáÔ_� ÂÒ1pxd��, σ(Yk) = σ(X )/
√

k\�¦ ��6 x
����,

Pr[|Yk − E [Yk ]| ≥ εE [Yk ]]

≤
(

σ(Yk )
εE [Xk ]

)2
=

(
σ(X )

ε
√

kE [X ]

)2
≤ 1

4 �

s��Ð"f FPRAS�� ¢-a$í
�)a��.
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NP-complete

NP-completee���̀¦ 7£x"î

�l�
L-���8̈�õ� Max-SNP-hardness
Max-SNP-hardness
MST\�¦ ��6 xô�Ç StT ·ú��¦o�1pu

NP-completee���̀¦ 7£x"î

�l�

From Computers and intractability by Garey and Johnson

���&ñ
ë�H]j(decision problem) Π�� NP-completee���̀¦ 7£x"î

���H éß�
>�

(1) Π ∈ NPe���̀¦ �Ð�����: ²ú�s� “Yes” {9� M:, s�\�¦ ���½Ór�çß�\� SX�
��� ½+É Ãº e����H ~½ÓZO�, 7£¤ yes-certificate (7£x"î
, proof, ¢̧��H
verifier)s� �>rF��<Ê�̀¦ �Ð�����.

(2) Π\�¦ s�p� NP-completee���̀¦ ·ú��¦ e����H ë�H]j Π′Ü¼�Ð ���½Ór�çß�
\� ���8̈�s� ��0pxô�Ç �¦̀�	כ �Ð�����.
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Cook_� &ñ
o�\� _�
�#� SAT\�¦ Π′Ü¼�Ð ���×þ�½+É Ãº e����. s�\�¦ r����Ü¼�Ð ��6£§_�
6>h ë�H]j_� NP-completeness\�¦ éß�>�&h�Ü¼�Ð 7£x"î
ô�Ç��.

ë�H]j 20.1

SAT
����]�: Ä»ô�Ç>h_� ÂÒÖ�¦���Ãº |9�½+Ë X = {x1, x2, . . . , xn}_� o�'�XO�[þt_�
disjunctionÜ¼�Ð ½̈$í
�)a ]X�[þt_� |9�½+Ë C = {c1, c2, . . . , cm}.
��
%K�: �̧��H ]X��̀¦ ëß�7á¤
���H ���o�°úכs� �>rF�
���H��?

ë�H]j 20.2

3SAT
����]�: Ä»ô�Ç>h_� ÂÒÖ�¦���Ãº |9�½+Ë X = {x1, x2, . . . , xn}_� [j >h_� o�'�XO�[þt_�
disjunctionÜ¼�Ð ½̈$í
�)a ]X�[þt_� |9�½+Ë C = {c1, c2, . . . , cm}.
��
%K�: �̧��H ]X��̀¦ ëß�7á¤
���H ���o�°úכs� �>rF�
���H��?
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ë�H]j 20.3

3DM
����]�: y�� q>h_� "é¶�è\�¦ °ú���H "f�Ð �è |9�½+Ë W , X , Õªo��¦ Y .
ÂÒì�r|9�½+Ë M ⊆W × X × Y .
��
%K�: M�Ér ¢-a������f±	l� M ′

�̀¦ °ú���H��? 7£¤, °ú �Ér ýa³ð\� °ú �Ér
"é¶�è\�¦ °ú�t� ·ú§�Ér q>h_� í�H"f�©� |9�½+Ë M ′s� M\� �>rF�
���H��?

ë�H]j 20.4

VC
����]�: Áº�¾ÓÕªA�áÔ G = (V ,E )ü< �ª�Ãº k(≤ |V |).
��
%K�: G\� ß¼l��� k s�
���� vertex cover C�� �>rF�
���H��? 7£¤,
E_� �̧��H  ñ_� =åQ ��n� ×�æ &h�#Q�̧ ô�Ç >h\�¦ �í�<Ê
� 9, ß¼l��� k\�¦
�Å�t� ·ú§��H V_� ÂÒì�r|9�½+Ë C�� �>rF�
���H��?
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ë�H]j 20.5

CLIQUE
����]�: Áº�¾ÓÕªA�áÔ G = (V ,E)ü< �ª�Ãº k(≤ |V |).
��
%K�: G\� ß¼l��� k s�
���� 9þtaË: Q �>rF�
���H��? 7£¤, Q�Ð Ä»�̧�)a G_�
ÂÒì�rÕªA�áÔ G [Q]�� ¢-a��� ñÕªA�áÔ�� ÷& 9, ß¼l��� kü< °ú ���� 	�H V_�
ÂÒì�r|9�½+Ë Q�� �>rF�
���H��?

ë�H]j 20.6

HC (Hamiltonian circuit)
����]�: Áº�¾ÓÕªA�áÔ G = (V ,E).
��
%K�: G�� K�x9���� �r�Ð(Hamiltonian circuit)\�¦ ��t���H��? 7£¤, �̧��H ��n�\�¦
�í�<Ê
���H éß�í�H�r�Ð\�¦ ÂÒì�rÕªA�áÔ�Ð ��t���H�� ?

ë�H]j 20.7

PARTITION
����]�: Ä»ô�Ç|9�½+Ë Aü< Õª "é¶�è a ∈ A_� ��×�æu� w : A→ Z+.
��
%K�: ��×�æu�_� ½+Ës� °ú �̧2�¤ A\�¦ ¿º>h_� |9�½+ËÜ¼�Ð ��ÐütÃº e����H�� ?
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&ñ
o� 20.8

3SAT�Ér NP-completes���.

¤� ÃZ�: 3SAT ∈ NPe���Ér ~1�>� ·ú� Ãº e����: �̧��H ]X��̀¦ ëß�7á¤
���H ���o�°ú̀�כ¦
yes-certificateÜ¼�Ð ��6 x
���� O(]X�_� Ãº)_� r�çß�\� SX����s� ��0px
���. (éß�, Õª�Q
ô�Ç ���o�°ú̀�כ¦ #Qb�G>� ½̈
���Ht���H �h�s&¹כ ��m�����H �¦̀�	כ "î
d��
���.)
SAT ∝ 3SAT: ÅÒ#Q��� SAT_� ô�Ç ]X� c�� k>h_� o�'�XO� z1, · · · , zk�Ð s�ÀÒ#Q&��

���¦ 
���: k ≥ 4��� �â
Äº c := z1 ∨ z2 ∨ · · · ∨ zk . c\�¦ o�'�XO��̀¦ [j>hm�� ����� ]X�
�Ð ���8̈�
���� �)a��.
c ′ = (z1 ∨ z2 ∨ y1) ∧ (ȳ1 ∨ z3 ∨ y2) ∧ (ȳ2 ∨ z4 ∨ y3) ∧ · · · (ȳk−4 ∨ zk−1 ∨ yk−3) ∧
(ȳk−3 ∨ zk−1 ∨ ∨zk).
cü< c ′_� satisfiability�� 1lxu�����H �¦̀�	כ ��A�\�¦ 7£x"î

���H �Ü¼�Ð	כ r����
�#� )

±ú�&h�Ü¼�Ð SX���� ½+É �.	כ

z1 ∨ · · · ∨ zm ≡ (z1 ∨ · · · zl ∨ y) ∨ (zl+1 ∨ · · · ∨ zm ∨ ȳ).

�
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���_þvë�H]j 20.9

k ≤ 2��� �â
Äº, c ′�̀¦ #Qb�G>� ½̈$í
½+É Ãº e����H��?

���_þvë�H]j 20.10

2SAT�Ér ���½Ór�çß�\� Û�¦ Ãº e��6£§�̀¦ �Ð#���.
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&ñ
o� 20.11

3DM�Ér NP-completes���.

¤� ÃZ�: 3SAT ∝ 3DM: ÂÒÖ�¦���Ãº |9�½+Ë X = {x1, x2, . . . , xn}õ� Õª
o�'�XO�[þt�Ð ½̈$í
�)a ]X�[þt_� |9�½+Ë C = {c1, c2, . . . , cm}�̀¦ °ú���H
3SAT�̀¦ Òqty�� 
���. &ñ
SX�y�, 3SAT�̀¦ ëß�7á¤
���H ���o�°úכs� �>rF�½+É
M:, ¢-a������f±	l�\�¦ °ú���H |9�½+Ë W , X , Yü< ÂÒì�r|9�½+Ë
M ⊆W × X × Y\�¦ ½̈$í

���� �)a��.
7á§�8 ½̈�̂&h�Ü¼�Ð ú́�K�, 3SAT (¢̧��H SAT)_� �̧��H ]X��̀¦ ëß�7á¤
���H
���o�°úכs� �>rF�ô�Ç����H ��Ér	כ G±ÛÖR� ÉÙ	�·£o>ÊÁ�+ xjSÌfCø� ÉÙÇa�ÌfCl�

�â k�Uc ������m� Níâ�¿��́ ḈÐ â�
Uc"� h�'aÝ�
£�· ø5�5�ÛÏ� ¤n>Ça�TÒ» ÊÁ

ÑÏ���ÐM� ¿�
õ� 1lxu�����H �¦̀�	כ "î
d��
���. s� ��Ér	כ K�{©� ���Ãº��, ��
6 x�)a�����, �̧��H ]X�\�"f True <�Ê�Ér False ô�Ç ��t� �â
Äº�Ðëß� ��6 x
÷&#Q�� ô�Ç����H ��õ	כ 1lxu�s���.

<�ª $í
 �9� þj&h��o��H��K�ZO�



NP-complete

NP-completee���̀¦ 7£x"î

�l�
L-���8̈�õ� Max-SNP-hardness
Max-SNP-hardness
MST\�¦ ��6 xô�Ç StT ·ú��¦o�1pu

s��Qô�Ç �̧|	�_� $í
wn�õ� {9�u�
���H 3DM ë�H]j í�H"f�©�[þt_� |9�½+Ë�̀¦
[j éß�>��Ð ½̈$í
½+É �.���s	כ

éß�>� I\�"f��H #Q�"� ÂÒÖ�¦���Ãº�̧ "é¶+þAõ� ÂÒ&ñ
+þAs� 1lxr�\� ¿º >h
s��©�_� ]X�\�"f ���×þ�s� ÷&t� ·ú§�̧2�¤ í�H"f�©��̀¦ ½̈$í
ô�Ç��. éß�>� II
\�"f��H éß�>� I_� ½©gË:\� ú́���H y�� ]X� ô�Ç >h o�'�XO� ���×þ�s� ��0px
�
����H ��õ	כ ��0pxô�Ç í�H"f�©�s� �>rF�ô�Ç����H ��s	כ 1lxu��� ÷&�̧2�¤ í�H

"f�©� |9�½+Ë�̀¦ ½̈$í
½+É �.���s	כ ��t�}��Ü¼�Ð éß�>� III\�"f��H, éß�>� I
õ� II_� í�H"f�©�s� �>rF�
���H �â
Äº, ìøÍ×¼r� ¢-a��� ���f±	l��Ð SX��©�÷&
�̧2�¤ í�H"f�©��̀¦ '���� ½+É �.���s	כ
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I. Äº��� y�� ���Ãº xi\� @/
�#� ��6£§õ� °ú �Érí�H"f�©�[þt�̀¦ �̧��H ]X�

j = 1, 2, . . . ,m\� @/K� ½̈$í
ô�Ç��:

T t
i = {(x̄ij , aij , bij) : 1 ≤ j ≤ m}

T f
i = {(xij , ai(j+1), bij) : 1 ≤ j < m} ∪ {(xim, ai1, bim)}
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aü< b��H 0A\�¦ ]jü@ô�Ç í�H"f�©�\���H ������t� ·ú§��H ‘?/ÂÒ6 x’ ���Ãº
s���. ����"f, ¢-a������f±	l�\�¦ 0AK�"f��H, y�� i\� @/
�#� 0A\�"f &ñ

SX�y� m>h�� ���×þ�÷&#Q�� 
� 9, s���H �̧¿º T t

i _� "é¶�è[þts�����

T f
i _� "é¶�è[þts�����H �¦̀�	כ ·ú� Ãº e����.
s���H xi °ú̀�כ¦ �̧��H ]X�\�"f Trueü< False�Ð Z�~��H ��\	כ @/6£x
�>� �)a
��. s�ü< 1lxu��Ð, �̧��H ]X�s� ������̀¦ ëß�7á¤r�v���H o�'�XO��̀¦ ô�Ç >h
m�� ���×þ�½+É M:, #Q�"� ÂÒÖ�¦���Ãº xi�̧ "é¶+þAõ� ÂÒ&ñ
+þAs� 1lxr�\� ¿º

>h s��©�_� ]X�\�"f ���×þ�÷&t� ·ú§��H �¦̀�	כ _�p�ô�Ç��.
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II. y�� ]X� cj\� ¿º ?/ÂÒ6 x ���Ãº\�¦ @/6£xr������: s1j ∈ X , s2j ∈ Y . Õª
o��¦ ��6£§_� í�H"f�©��̀¦ ½̈$í
ô�Ç��: Cj = Cj1 ∪ Cj2,
Cj1 = {(xij , s1j , s2j) : xi ∈ cj}, Cj1 = ∪{(x̄ij , s1j , s2j) : x̄i ∈ cj}.

����"f, ¢-a������f±	l��� ÷&l� 0AK�"f��H Cj\�"f��H �̧f�� ô�Ç >h_� í�H

"f�©��̀¦ ���×þ�
�>� �)a��. s���H y�� ]X�s� ������̀¦ ëß�7á¤r�v���H “@/³ð”
o�'�XO��̀¦ 
��� ���×þ�
���H ��\	כ @/6£x�)a��. ëß���� ]X� j�� xij\�¦ ���×þ�


�%i������ s���H "é¶+þA o�'�XO� xi\�¦ ���×þ�
�%i�����H _�p�s� 9, éß�>� I
_� í�H"f�©� ×�æ\�"f T t

i �� ���×þ�÷&��H �â
Äº\�ëß� ��0px
���. ����"f I
_� ½©gË:\� ����, ���Ér ]X�[þt�̧, xi\�¦ ���×þ�ô�Ç����� %i�r� °ú �Ér "é¶+þA

Ü¼�Ðëß� ���×þ�½+É Ãº e����. ��ðøÍ��t��Ð ëß���� Cj\�"f x̄ij�� ���×þ��)a��

��� s���H ÂÒ&ñ
+þA x̄i\�¦ ������̀¦ ëß�7á¤r�v���H “@/³ð” o�'�XO��Ð ���×þ�
ô�Ç����H _�p�s� 9, éß�>� I\�"f T f

i �� ���×þ��)a �â
Äº\�ëß� ��0px
���.
Õªo��¦ xi��H ���Ér ]X�\�"f�̧ ��6 x�)a�����, �̧f�� ÂÒ&ñ
+þAÜ¼�Ðëß� ��
6 x�)a��.
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III. ÅÒ#Q��� 3SAT�̀¦ ëß�7á¤
���H ���o�°úכs� �>rF�
���H �,�õ	כ I\�"f ½̈$í
ô�Ç |9�½+Ë\�"f
&ñ
SX�y� mn>h Õªo��¦ II\�"f ½̈$í
ô�Ç |9�½+Ë\�"f��H m>h_� í�H"f�©��̀¦, °ú �Ér 0Au�\�
°ú �Ér "é¶�è�� µ1ÏÒqt
�t� ·ú§�̧2�¤, ���×þ�½+É Ãº e����H ��õ	כ 1lxu�����H �¦̀�	כ ·ú� Ãº e��
��.
s� í�H"f�©�_� 'Í	P: "é¶�è_� |9�½+Ë W\�¦ xij ¢̧��H x̄ij_� |9�½+ËÜ¼�Ð Z�~Ü¼��� �̧¿º

2mn>hs���. ¿º ���P: "é¶�è_� |9�½+Ë X�� aijü< s1j[þt�̀¦ �í�<Ê
�>� 
��¦, [j ���P:
"é¶�è_� |9�½+Ë Y�� bijü< s2j[þt�̀¦ �í�<Ê
�>� 
����, ·ú¡\�"f ���/åLô�Ç 3SAT�̀¦ ëß�7á¤
�
��H ���o�°úכ\� K�{©�
���H í�H"f�©�[þt_� |9�½+Ë�Ér mn + m>h�� �)a��.

����"f s��Qô�Ç í�H"f�©� |9�½+Ë�̀¦ ¢-a��� ���f±	l��Ð �½Ó�©� SX��©�½+É Ãº e��>� 
�l� 0AK�

"f �� Qt� 2mn −mn −m>h_� xij ¢̧��H x̄ij�� �í�<Ê÷&��H í�H"f�©�s� �½Ó�©� �>rF�
�

�̧2�¤ ��6£§õ� °ú �Ér í�H"f�©�[þt�̀¦ M\� �í�<Êr�v���� �)a��. s���H y�� xij ¢̧��H x̄ij\�>�

2mn−mn−m>h_� 2"é¶�è í�H"f�©� (g1k , g1k), 1 ≤ k ≤ m(n− 1)�� �̧¿º ������ ��

0px
��̧2�¤ ��6£§õ� °ú �Ér í�H"f�©� |9�½+Ë�̀¦ M\� �í�<Êr�v���H �.���s	כ

G = {(xij , g1k , g2k), (x̄ij , g1k , g2k) : 1 ≤ k ≤ m(n − 1), 1 ≤ i ≤ m, 1 ≤ j ≤ n.}
s���H X\���H g1k , 1 ≤ k ≤ m(n − 1)�� Y\���H g2k , 1 ≤ k ≤ m(n − 1)�� ÆÒ��÷&

��H �¦̀�	כ _�p�ô�Ç��. �
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���_þvë�H]j 20.12

3DM ∝ 3SAT.

ë�H]j 20.13

Exact cover by 3-sets (X3C)
{9�§4�: ß¼l��� 3q��� |9�½+Ë Xü< X_� 3-"é¶�è |9�½+Ë_� |9�½+Ë C .
|9�ë�H: X_� y�� "é¶�è�� C ′_� =�G ô�Ç>h_� |9�½+Ë\�ëß� ��������H
ÂÒì�r|9�½+Ë C ′s� C\� �>rF�
���H��?

���_þvë�H]j 20.14

3DM ∝ 3XC.

<�ª $í
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&ñ
o� 20.15

3SAT ∝ VC

¤� ÃZ�: 3SAT ∝ 3DM: ÂÒÖ�¦���Ãº |9�½+Ë X = {x1, x2, . . . , xn}õ� Õª
o�'�XO�[þt�Ð ½̈$í
�)a ]X�[þt_� |9�½+Ë C = {c1, c2, . . . , cm}�̀¦ °ú���H
3SAT�̀¦ Òqty�� 
���. y�� ]X�_� [j >i_� o�'�XO�[þt�̀¦ e��_�_� í�H"f�Ð
�¦&ñ

��¦, j ���P: ]X�_� l ���P: o�'�XO��̀¦ zjl�Ð ³ðl�
���:
c1 = z11 ∨ z12 ∨ z13, . . ., cm = zm1 ∨ zm2 ∨ zm3.
k = n + 2m.
(x1 ∨ x̄2 ∨ x4) ∧ (x̄1 ∨ x̄4 ∨ x̄5) ∧ (x2 ∨ x̄3 ∨ x5)
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�

���_þvë�H]j 20.16

VC ∝ STABLE ∝ CLIQUE ∝ VC

<�ª $í
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&ñ
o� 20.17

VC ∝ HC.

¤� ÃZ�: e��_�_� VC ë�H]j\V\�¦ Òqty��
���: Áº�¾ÓÕªA�áÔ G = (V ,E )ü<
�����Ãº k ≤ |V |. s�\� ����, &ñ
SX�y� G�� k\�¦ �Å�t� ·ú§��H vertex
cover\�¦ ��|9� M:, K�x9���� �r�Ð\�¦ °ú���H ÕªA�áÔ G ′ = (V ′,E ′)\�¦ ��
�½Ór�çß�\� ½̈$í
K��� ô�Ç��.
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&ñ
o� 20.18

3DM ∝ PARTITION.

¤� ÃZ�: e��_�_� 3DM ë�H]j \V, 7£¤, y�� q>h_� "é¶�è\�¦ °ú���H "f�Ð �è
|9�½+Ë W = {w1,w2, . . . ,wq}, X = {x1, x2, . . . , xq}, Õªo��¦
Y = {y1, y2, . . . , yq}ü< ÂÒì�r|9�½+Ë T ⊆W × X × Y\�¦ Òqty��
���.
|T | = k, T = {t1, t2, . . . , tk}���¦ 
���.
&ñ
SX�y� Ms� ¢-a������f±	l�\�¦ ��t���H �â
Äº ��×�æu�_� ½+Ës� °ú �Ér ì�r
½+É�̀¦ °ú���H PARTITION_� ë�H]j \V\�¦ ëß�[þt#Q �Ð��:
S = {s(a) : a ∈ A}.
S��H k + 2 >h_� "é¶�è\�¦ °ú���HX<, s� ×�æ k>h, {a1, a2, . . . , ak}��H
T_� y�� "é¶�è\� @/6£x÷& 9 ��6£§ ÕªaË>õ� °ú s� 3q × p>h_� ��aÅ@Ãº
\�¦ °ú���H 2���ZO� ��×�æu� s(ai )\�¦ °ú���H��.
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ëß���� ti = (wji , xki
, yli )s������ s�\� @/6£x
���H ai��H ÕªaË>_� wji ñß�,

xki
ñß�, Õªo��¦ zli ñß�[þt_� ���©� �̧�Ér Aá¤, 7£¤ ���©� ����Ér ��aÅ@Ãº[þt�̀¦

�̧¿º 1�Ð 
��¦ �� Qt���H �̧¿º 0Ü¼�Ð Z�~�Ér Ãº\�¦ ��×�æu� s(ai )�Ð
&ñ
_�ô�Ç��:

s(ai ) = 2p(3q−ji ) + 2p(2q−ki ) + 2p(q−li ).
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����"f T ′ = {ti1 , ti2 , . . . , tiq} ⊆ T�� ¢-a������f±	l��� |̈c �¹Ø�æìכ��9r�̧|	��Ér T ′_�

#Q�"� ¿º ��×�æu��̧ °ú �Ér ñß� ���©� �̧�ÉrAá¤ ��aÅ@Ãº\� >á¤°ú s� 1�̀¦ °ú�t� ·ú§��H����H
�,Ü¼ 9	כ ¢̧ô�Ç �̧��H ñß�s� ���©� �̧�ÉrAá¤ ��aÅ@Ãº\� 1�̀¦ °ú���H����H �.���s	כ
y�� ñß�_� ��aÅ@Ãº_� Ãº�� p = dlog2(k + 1)es�l� M:ë�H\� k>h_� ��×�æu�\�¦ �̧¿º �8
K��̧ #Q�"� ñß�_� Õüw��[þt_� ½+Ës� ¢,aAá¤ ñß�Ü¼�Ð �̀¦������H {9��Ér µ1ÏÒqt
�t� ·ú§��H��.
����"f, ¢-a������f±	l��� |̈c �¹Ø�æìכ��9r�̧|	��Ér Õª @/6£x
���H ��×�æu�_� ½+Ës� ��6£§õ�
°ú ����H �:���s	כ

q∑
j=1

s(aij ) = B.

�� Qt� ¿º >h_� "é¶�è b1õ� b2��H ��6£§õ� °ú s� &ñ
_�
���:

s(b1) = 2
k∑

i=1

s(ai )− B, s(b2) = 2
k∑

i=1

s(ai ) + B.

Õª�Q���, · · · .
�
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Y>���t� _�ß¼_��

Restriction

Local Replacement

Component Design

Restriction

SET COVER
HITTING SET
SUBGRAPH ISOMORPHISM
BOUNDED DEGREE SPANNING TREE
MINIMUM EQUIVALENT DIGRAPH
KNAPSACK
MULTIPROCESSOR SCHEDULING
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Local Replacement

ë�H]j 20.19

ENSEMBLE COMPUTATION
����]�: Ä»ô�Ç|9�½+Ë A, Õª ÂÒì�r|9�½+Ë[þt_� |9�½+Ë C, Õªo��¦ �����Ãº J.
��
%K�: ��6£§_� �̧|	��̀¦ ëß�7á¤
���H ��A�ü< °ú �Ér \P�(sequence)s�
�>rF�
���H��?

z1 = x1 ∪ y1, z2 = x2 ∪ y2, . . . , zj = xj ∪ yj .

1 j ≤ J,
2 xiü< yi��H y��y�� A_� "é¶�è a�Ð ëß�[þt#Q��� |9�½+Ë {a}s�����

k < i��� zks��¦, xiü< yi��H "f�Ð �ès� 9,
3 �̧��H c ∈ C�� zi ×�æ\� ����èß���.
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&ñ
o� 20.20

VC ∝ ENSEMBLE COMPUTATION.

¤� ÃZ�: ÕªA�áÔ G = (V ,E )ü< �����Ãº K�Ð &ñ
_��)a VC\�¦ EC�Ð ���
8̈�
���. By a “local replacement”:

A← V ∪ {a0}, C ← {{a0, u, v} : uv ∈ E} , J ← K + |E |.

�
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ë�H]j 20.21

PARTITION INTO TRIANGLES
����]�: #Q�"� �����Ãº q\� @/K� |V | = 3q��� ÕªA�áÔ G = (V ,E ).
��
%K�: V\�¦ "f�Ð �è��� 3"é¶�è |9�½+Ë(3-sets) V1,V2, . . . ,Vq�Ð

ì�r½+É
�#� Vi�Ð Ä»�̧�)a ÕªA�áÔ�� �̧¿º ���y��+þA(C3)s� ÷&�̧2�¤ ½+É
Ãº e����H��?

&ñ
o� 20.22

X3C ∝ PIT.

¤� ÃZ�: #Q�"� �����Ãº q\� @/K� |X | = 3q��� |9�½+Ë Xü< Õª ÂÒì�r|9�½+Ë
[þt_� |9�½+Ë C�Ð &ñ
_��)a X3C\�¦ Òqty��
���.
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C_� |9�½+Ë ci = {xi , yi , zi}\�¦ ��6£§õ� °ú �Ér ÕªA�áÔ Ei�Ð @/�̂
�#�

����̂ ÕªA�áÔ\�¦ ��6£§õ� °ú s� &ñ
_�,

V := X ∪
|C|⋃
i=1

{aij : j = 1, . . . , 9}, E =

|C|⋃
i=1

Ei .

�
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L-���8̈�õ� Max-SNP-hardness

First-order logic�+ Syntax

&ñ
_� 20.23

l� ñ|9�½+Ë(vocabulary) Σ = (Φ,Π, r)�Ér �<ÊÃº l� ñ (function symbols) |9�½+Ë Φ,
�'a>� l� ñ(relation symbols) |9�½+Ë Π, Õªo��¦ y�� �<ÊÃº l� ñü< �'a>� l� ñ\�>�
q�6£§ &ñ
Ãº\�¦ @/6£xr�v���H ‘arity’ �<ÊÃº r�Ð s�ÀÒ#Q�����.
‘arity’ �<ÊÃº r�Ér y�� �<ÊÃº x9� �'a>� l� ñ�� Y>� >h_� ���Ãº\�¦ ��6 x
���H��\�¦
�����·p��. �<ÊÃº f ∈ Φ�� r(f ) = ks���� k-ary �<ÊÃº l� ñ���¦ 
��¦, �'a>� l� ñ
R ∈ Π�� r(R) = ks���� %i�r� k-ary���¦ ô�Ç��. 0-ary �<ÊÃº��H
�©�Ãº(constant)���¦ ô�Ç��. �'a>�l� ñ��H 0-ary�� |̈c Ãº \O���. Õªo��¦ �'a>�l� ñ
|9�½+Ë Π ×�æ\� ìøÍ×¼r� 1px ñ = �� �í�<Ê÷&#Q e����. Õªo��¦ �¦&ñ
�)a ��íß� |9�½+Ë���
���Ãº |9�½+Ë {x , y , z , . . .}s� ÅÒ#Qt� 9, s�[þt�Ér �â
Äº\� ���� &ñ
_��)a
����̂|9�½+Ë(universe)\�"f °ú̀�כ¦ 2[ô�Ç��.
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&ñ
_� 20.24

�½Ó(terms) l� ñ|9�½+Ë(vocabulary) Σ\�¦ ��6 x
�#� ��6£§õ� °ú s� �½Ó(term)[þt�̀¦
&ñ
_�ô�Ç��. Äº��� y�� V_� y�� ���Ãº��H �̧¿º �½Ós���. ëß���� f ∈ Φ�� k-ary �<ÊÃº
l� ñs��¦, t1, t2, . . . , tk�� y��y�� �½Ós����, f (t1, . . . , tk)��H �½Ós���. (k = 0�Ð
ú̧�Ü¼���, �©�Ãº c ∈ Φ %i�r� �½Ós� ÷&��H �¦̀�	כ ·ú� Ãº e����.)
�½Ós� &ñ
_�÷&���, Σ �©�_� �7Ho�d��(expression)�̀¦ &ñ
_�½+É Ãº e����. ëß���� R ∈ Π��
k-ary �'a>� l� ñs��¦ t1, t2, . . . , tk�� y��y�� �½Ós����, R(t1, . . . , tk)\�¦ l��:r�7Ho�d��
(atomic expression) s����¦ ô�Ç��. {9�	� �7Ho�d��(first-order expression)�Ér
��6£§õ� °ú s� &ñ
_�ô�Ç��:

1 l��:r�7Ho�d���Ér �̧¿º {9�	��7Ho�d��s���.

2 ëß���� φü< ψ�� {9�	��7Ho�d��s���� ¬φ, (φ ∨ ψ), Õªo��¦ (φ ∧ ψ) %i�r�
{9�	��7Ho�d��s� �)a��.

3 ëß���� φ�� {9�	� �7Ho�d��s��¦ x�� e��_�_� ���Ãºs���� (∀xφ)��H
{9�	��7Ho�d��s���.
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��6£§õ� °ú �Ér ³ðl�ZO��̀¦ &ñ
_�ô�Ç��.

∃xφ ≡ ¬(∀x¬φ)

\V 20.25

Ãº�:r ΣN = (ΦN,ΠN, rN),
ΦN = {0, σ, +,×, ↑}.
0�Ér �©�Ãº, σ��H unary �<ÊÃº�Ð ��6£§ Ãº\�¦ @/6£x r������; ½+Ë +;, Y�L
×; t�Ãº5px ↑
ΠN = {=, <}.
∀x < (+(x , σ(σ(0)))), σ(↑ (x , σ(σ(0))))
¢̧��H

∀x(x + 2) < σ((x ↑ 2))
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Max-SNP-hardness

&ñ
_� 20.26

��6£§õ� °ú s� ³ð�&³÷&��H ½̈�̧ G\� @/ô�Ç �̧��H Õüt#Q�7Ho�d��(predicates)_� |9�½+Ë�̀¦
NP���¦ ô�Ç��:

∃Sφ(G ,S).

#�l�"f, S��H 
���_� ½̈�̧(structure)s��¦ φ�� {9�	�(first order)s���.

&ñ
_� 20.27

��6£§s� $í
wn�
���� þj@/�oë�H]j Π\�¦ Max-SNP\� 5Åqô�Ç���¦ ô�Ç��.

Π = max
S
|{x : Ψ(x ,G ,S) = True}|

#�l�"f, Ψ��H Ãº|¾Ó�� ∃ ¢̧��H ∀\�¦ °ú�t� ·ú§��H Õüt#Q�7Ho�d�� (predicates)s���.
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\V 20.28

MAX 3SAT ∈ Max-SNP:

MAX 3SAT = maxS |{(x1, x2, x3) :

{(x1, x2, x3) ∈ C0 → (x1 ∈ S ∨ x2 ∈ S ∨ x3 ∈ S)} ∧
· · · ∧ {(x1, x2, x3) ∈ C3 → (x1 6∈ S ∨ x2 6∈ S ∨ x3 6∈ S)}}|

(x1, x2, x3)��H (���Ãº�� ��m���) y�� ]X�_� o�'�XO��̀¦ �©�fç

���H  7�'�,
S��H ���Ãº °úכs� �ÃÐ��� ���Ãº[þt_� |9�½+Ë, Ci��H i>h_� ÂÒ&ñ
+þA o�'�XO��̀¦
°ú���H �̧��H ]X�_� |9�½+Ës���.
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\V 20.29

MAX CUT ∈ Max-SNP:

MAX CUT = maxS |{(u, v) :

(u < v) ∧ E (u, v) ∧ S(u) 6= S(v)}|

S��H ]X�éß����\� _�K� ��*'��H ¿º ��n� |9�½+Ë�̀¦ ³ð�&³
���H 0-1  7�'��Ð
u�� S\� 5Åq
���� S(u) = 1, ÕªXO�t� ·ú§Ü¼��� S(u) = 0.  ñ uv��
�>rF�
���� E (u, v) = 1, ÕªXO�t� ·ú§Ü¼��� E (u, v) = 0.
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&ñ
o� 20.30

Max-SNP_� þj@/�oë�H]j��H #Q�"� �©�Ãº ε\� @/K�
(1− ε)-��H��K�ZO��̀¦ °ú���H��.

&ñ
_� 20.31

��6£§õ� °ú �Ér ���½Ór�çß� ·ú��¦o�1pu fü< g , �©�Ãº α, β > 0s� �>rF�½+É
M:, þj&h��o(þj@/, ¢̧��H þj�è)ë�H]j Π1s� Π2�Ð L-���8̈��)a���¦
ô�Ç��: Π1_� e��_�_� \V I1\� @/
�#�,

1 f��H, OPT(I2) ≤ αOPT(I1)\�¦ ëß�7á¤
���H Π2_� \V I2\�¦
Òqt$í
ô�Ç��.

2 g��H, I2_� e��_�_� K� x2\� @/
�#�,
|c1(x1)−OPT(I1)| ≤ β|c2(x2)−OPT(I2)|��� I1_� K� x1�̀¦

Òqt$í
ô�Ç��.
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$í
|9� 20.32

L-���8̈�_� ½+Ë$í
�Ér ��r� L-���8̈�s� �)a��.

$í
|9� 20.33

Π1s� Π2�Ð L-���8̈�÷&�¦, Π2_� �̧	��� ε > 0��� ��H��K�ZO�s�
�>rF�
���� Π1�Ér �̧	��� αβε��� ��H��K�ZO�s� ��0px
���. (#�l�"f,
Π1õ� Π2��H y��y�� þj�è ¢̧��H þj@/�o ë�H]j�� |̈c Ãº e����.)
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&ñ
_� 20.34

Max-SNP_� �̧��H ë�H]j�� þj&h��o ë�H]j Π�Ð L-���8̈�|̈c M:, Π\�¦
Max-SNP-hard���¦ ô�Ç��. s� M:, Π %i�r� Max-SNP\� 5Åq
����
Max-SNP-completes����¦ ô�Ç��.

&ñ
o� 20.35

MAX 3SAT�Ér Max-SNP-completes���.
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çß�����Ð�>r���8̈�õ� ��H��Ô�¦0px$í


SAT >�\P�_� ë�H]j��H ��H��Ô�¦0px$í
_� 7£x"î
\��̧ ×�æ¹כô�Ç %i�½+É�̀¦ ô�Ç
��. ��6£§õ� °ú �Ér 3SAT_� þj&h��o ë�H]j\�¦ Òqty��
���.

&ñ
_� 20.36

MAX3SAT
%K�V�Ud I : n>h_� ÂÒÖ�¦���Ãº x = (x1, x2, . . ., xn)_� [j>h
o�'�XO�[þt_� disjunctionÜ¼�Ð s�ÀÒ#Q��� ]X�(clause) c[þt_� |9�½+Ë
C_� cnf,

f =
∧
c∈C

c .

i¦�\�B�: f_� ëß�7á¤÷&��H ]X�[þt_� q�Ö�¦ MAX3SAT(I )�� þj@/��
÷&��H x_� ���o�°úכ.
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&ñ
o� 20.37

��6£§�̀¦ ëß�7á¤
���H �©�Ãº ε > 0õ� SATÜ¼�ÐÂÒ'� MAX3SATÜ¼�Ð_�
���½Ó���8̈� τ�� �>rF�ô�Ç��: e��_�_� SAT_� ë�H]j \V I\� @/
�#�,

I ∈ SAT⇒ MAX3SAT(τ(I )) = 1,

I /∈ SAT⇒ MAX3SAT(τ(I )) < 1
1+ε .

¤� ÃZ�: ��×�æ\�. �

��2£§&ñ
o� 20.38

MAX3SAT_� (1 + ε)-��H�� ·ú��¦o�1pu�Ér (P 6= NP s����)
Ô�¦��0px
���.

s��Qô�Ç ���õ���H ��6£§õ� °ú �Ér çß�����Ð�>r���8̈�(gap-preserving
reduction)�̀¦ ��6 x
�#� ���ª�ô�Ç þj&h��oë�H]j_� ��H��Ô�¦0px$í
�̀¦ 7£x"î

½+É Ãº e����.
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_� 20.39

çß�����Ð�>r���8̈�: Πü< Π′
�̀¦ þj@/�oë�H]j���¦ 
���. ��6£§�̀¦

ëß�7á¤
���H Π�Ð ÂÒ'� Π′Ü¼�Ð_� ���½Ó���8̈� f\�¦ ����p�'� (c , ρ),
(c ′, ρ′)�̀¦ °ú���H çß�����Ð�>r���8̈�s����¦ ô�Ç��: e��_�_� I ∈ Π\�
@/
�#�,

OPT(I ) ≥ c ⇒ OPT(f (I )) ≥ c ′,

OPT(I ) < c
ρ ⇒ OPT(f (I )) < c ′

ρ′ .

#�l�"f cü< ρ��H |I |_� c ′ü< ρ′�Ér |f (I )|_� �<ÊÃºs� 9 ρ, ρ′ ≥ 1s���.
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ëß���� 0Aü< °ú �Ér çß�����Ð�>r���8̈� f\�¦ °ú���H Πü< Π′s� e���¦, ��6£§õ�
°ú �Ér SAT�Ð ÂÒ'� Π�Ð ���½Ó���8̈� τ�� 7£x"î
÷&%3����¦ 
���:

I ∈ SAT⇒ OPT(τ(I )) ≥ c ,

I /∈ SAT⇒ OPT(τ(I )) < c
ρ .

Õª�Q���,

I ∈ SAT⇒ OPT(f (τ(I ))) ≥ c ′,

I /∈ SAT⇒ OPT(f (τ(I ))) < c ′

ρ′ ,

7£¤, Π′_� ρ′-��H�� K�ZO��Ér Ô�¦��0px
�����H �¦̀�	כ _�p�ô�Ç��.
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