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) f.mé Rux €D = E[-X’Zf)] ‘=

5) ; ﬁ”g ~2><x C'c) | =0 ._ﬂ(excelﬂz'wﬁol' fen’oa(fc —processes ’)
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° Exam’p/es 01E au%ocorre/ca%bn 7[‘U?7c:7[7'0'>7.$'

1R xx ce) A QxxC'C)

\ ‘/\ B
0

A Ruxc) A Rux c)

M. AhN.
JUTU L

Fer oJ:c rom(om Froce:

° Exomele: comia{er- -Hve 5-!0711’077001 rapo/om process 5/"/@1 5(7.-

X(E)= A sm (w£+ é) Wl)ere : Aw = constants

i l’&fno[om Floase cmale un/,[orm\y 157[r£u7leeJ £e7{ween 00¢7J <277

1
| zn for o0Lp<am -FQC?) i
f@ (tp) = s . < i

O  othetwise 0 ‘ ,zin i1

P s a rand[om varia Lfeﬁ .

Co(w[a‘pe #)e au‘{‘ocorrelo'lion- func#on o/: Xt) and séaw 74707[ /'7[ s
a {—unc-[‘ion o,C Li--é,= z.
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A X )

f\/\/\/\f\/\F }f

: VAAVAAV/ \/
huo realizations of

JELX &) 2 3 random process XCE)

0 ANANATN
\/\\/\/\/ VARVAR SN

° E[X¢E) ] = -4”/4-'51‘07.(4054-{9). fsce) Jp =[;’T$/h(w£+{p).f;.o/;a =
=~ L [osqote)] " =
* Ry Ch, A) . E[ X k) X(éz)'j? E[A sinful + &) A sin(wt,+3)] =
= / # sinfakrp)-sin (ob,+p) 2= dp =
] Bi:f%[ cos(ioky +p—wh=p )= osCuobirprwlyrp) ] % =
£ [(cosfoct b dp - £ [[@afockob)r Ty =
= ff;_"‘_‘»cos[w Che~ )] =AM 02 s

et - e e——aizi L



Tl;ereﬁore :

Rux Che b)) = £ @sfoch-£)7 = £ cospwz) = Rax C)

where :  z= k-4,

 Rxxcz)

alaliial\
IBVRVIIVAVAY

°Pr§Per#‘es of caICu[o'lLecJ a.cx7locorre/o7[/'on ]&mc#on.-

Ct) ’Zxx (T) = Qxx ("5)

Cit) _Qx, (o) = g‘f = -g'—g-'-cos(wt)-:‘z‘, cT)
Ciid) Ryxco)= éy;;g_‘ (since mean value is equal fo Zero)

and 0, = L= 0.70F A

Civ) g«m Ryx (t) # 0 oince XCt) s a /oerl'ocj:'c ronJom process

T—w» o0



* Fraodic Thesrem
v

o For the "'beorJ of -~ processes to be useful  we reed to estimate
mean value and autocorrelation Function {aj measurements. | |
o This e51Lf'ma7L7‘on s c(or:e us:’né_ a /ordeae number of soon/o/e. 7£u¢7c7[/'o}?s |
or reo/fzmll‘ons of the ramfom_ process: |

"Xt | |
' )T | ke 1 ot Ensemble Averages
T E L I i V)
| - "5 S / (auemgea over the entire
‘ |
ZXCE)T | i ': bu‘»yber c:r;f 5C?fmf>/e ;[unmszﬂ.s)
ETLRAN 12 -t
' A w ii | ii SRSV E[X (ﬂ)j - H‘ Céi)
! |
| '1
mt)t P P E[XCh) Xt | = Bxx (k. L)
'I\.‘ I'l t % : - A +
Voo e

° Mnfor%uha}e.(j) we usua/{] hove on(/y a very small number of 56?'»7f>/e
o func}fons of fhe .FO??C:/O”L A)orocess. i B

° However, if a rendom process s 57%7[/1;«;@;7, S&me’[/'Mes s /:o_s:s;‘é/e

‘Fo es‘h'ﬂva‘/e _‘H)e..'}nea'n.‘ anJ aa%acorre/cmcrbn fand&fon 7':!‘0497 (/'u:?[ OpE
,5u7[7[fcfemqj /ona, sq?m/p/e‘ 7/-‘1«(7%.7[/?9?7.‘

-~ XH:)J; ) :1 ,II‘ : : | I ;1‘ f|I: ;_\I :, : .f: 1
2 / f-_J.- ¥ i i ; i | {- :
| NN %r‘.’m/[:’{ AR 1/ 4in s
\ v [ | /I 4 \ '} = TE
Vo EU \f \lr’ J U“;g | H \ }L‘f/ ﬂwi( \fﬂ{,i;{ :,/
' ' ! | I | !




TQ‘T)LPOFQ’ AV&Y‘QQCS (over es over one SQM)D/Q Alhc‘)tl.on)
T v 03

XA)>S = %f Xct) dt
B - _where Tis He /eng?‘é
<XE+T) XAE)> = ;:f—z-f XA+e) X ()t of the 509»/0/@ Fupetion

= -/4” rafnc}orm_ Frocess 15 wa/ fo be ergoo/l'c " 747e ﬁm?" moh;en?é /‘;E:

f[x@é)j = ?X(t).» for T—=o0

ensemble tem m/
Q\-"E'i"oa e ave r.qae

o The necessary and sufﬁ’c:‘en‘IL cowJ/'vz/'ons for Xct) o be e)’}oa/ft /» the

Lirst moment are:

&) E[X@®] = onstnt . ,
(1) E[XCADOX)] = funchion of = only
Ciii) Tﬁ" _4?/ szcc_)a/t'#o

If the j.,Aq}yo‘v/e_,cofncJI:lLfonS ..Qre,,Sc:?Lf.s;/‘ec/j the mean vake is Com/.%ﬁleo/

K= "i—'f/og((é)a/f = /'na/e)oena/ev%_o/f £

o A rcchom process is. seud 4o be _.ergocjfc in_correJoton /‘f :

12,“ CT) = < X(t+T) Xt)> _ for T— oo

ensemble +empoh-.z)'
averﬂge avemae



¢

0 TﬁJe vece&SOU and .su;’-}fr‘cl‘en% conJr:'[fonS for X@‘_) fo ée E?oa//'c

In. corre (oton. qre:

) E[XCg)XA) ] = funchion of T only
(i) Sy CTw) = EJ[XGre) X ~Rux (o) J[X (ErTre) XChred) -
- Bux(T)]¢ s fndependent-of T -

Gii) Um %[SM (tu)du = o

TR

IF the cz[aove cow]/irbhs are 5@7%,5/&/ , #)e aa%mrre/ovlzbn funcﬁon
Is com/oufed as -

T-z = » :
Rxx cz)= 7'%-_1: ] 2((-£+z)X(£)¢-/f = /-‘whc?Z/‘on of on\/)/
o T;)e /Drc:;)ver’b oF E’.?ocjfc:rz[y /'s Vef)/ f'm}ool‘)[on% S;}?Ce /7£ /Derm/#-s 71/76

CQ’CU [Q'/‘;O‘?!. Of mean. VC?/ue Q'ho/ corre/m(f'on fum%/bn ?[mm (/'u_s?/' one
Som/:/e ][u'rt#rbn. This fodL cons/o(erééb reci(uces cPU time.

o ipecﬁq/ Dens;'é _I:unmlv‘on of a Sfcntfonol:jy Londom  frocess

o The 5Pec’/ra/ cjensf'{y ;tunc%fon -oF power $/>ec7lrum of @ 574:;7(/0”0\7
random. process Is _cfeﬁ'ned Qs . S , o

=]

- ‘Sxx () = j‘;‘ Kyx CT) e “tde . Ch)

-0

Wbere w= 7[:7'67(/8'?79’



o The ,_f‘nverse_fmns;forma#an s .

Rux ¢2) = / Spc) e d ce)

—o0

0 Ezuq')['fons CA) and c8) are bnown as the W/’eneh—ké/'oﬂlcé/'ﬂe
2

eorem.

0 Fro‘per{‘fes of 5{pec%ro./ Dens h{:{ Finction

1.) 5)9( () Is a req[ ono( evén fuhc?tforz: Syx (0) =S, C~w)

, Sxx () - ‘é’/ Box (z) coswT dz

Rucr) = 2] Spce) wsor du

2)) SXx ('a.)) 15 @ bon—n?cﬂ[/'l/e ﬁunc#on i 5;,( C'a)) 20

3) E[X“‘(.é)]= IQXXCO) =/Sxx Ce) c/cd ; O_xz

'a.s.s'c}:&.o'ng_ 2 ero mean
_Th_ere,fore ‘,5,(,‘ ) c/escrz'ées e be?é‘z'éu*/'on of the mean
Square over the .fre?'uenfy domenn.
IF X({:)=<J/5P/a_ce;7em7é ";-'-E [ X%ﬁ-}j ~ averaée Po{en#a/ energy

v IF X = veledy —> E[X(H) ]~ average Linetic energy
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} Qxxé‘c) 4 Sxx (w)

N
/ 1"- z ’/ area=E[ de:):

Exx Co)= E[X C‘I-‘)J W-K
e/
~ o~ i

~— ~— "2

e
S~

o

4) IF E[Xz({-)]< o 747en Sxx (ay da,oes a/ou/n 7‘0 Zero f@d?lel’ 7%6?2

S +
Td-)Qs ) —» Lt o9

o Cross—s,oecﬂﬁral DefnshL/ Fanction. :

For two random processes X)) and Y(j 7%6 cross - s/oed[ro/
: clensm‘(j func%fon 1S c/e,ffnec/ Qs: .

Oxy (&) = 7 er cz e_thz:

Qxy Cz) = / SXY ) e+w: a/cd

o Proper#eé_;é{: Cross-s'pec%ka/ Densh{y Aﬁmdébfz:

f) o (w) s com/p/ex m 3enera/
. _z)_‘sxy (o) = SYx (w) — /‘/ermn[ran_ | | .

?9 I;F E[X[?’:)Yﬁ:_)j<°° #7871_ Syy (@) goes cJown #o Zero 7‘:::}57181- |

then 2%)‘; Qs @W—> L 0.
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o Estimation o;f ‘S’pec,%k&/ Denshiy /'Emc‘lé'orz ;rom One Scz_rr:;é/e
Function of the Random  Focess

Consfoler‘ one 5am/0/e-.7£unc7é‘on ,xcf) ;[ﬁmncjom /;rocess )((.é) kqw'm(?_ |
/ efngHz L. /%sumf'??g. erj,oJ/ch\[] ) #)6 \SPE'CJZVQ/ ewsr'{y ][M”c'f[fb?z
of X C‘E) an be e'.s-r[r'mo%ed/ /Erom:

T & 2
} /o x(E) e_wfa/f /
2nT

5><>< ) =

° T!oe Com}DmLo‘/‘zbn Jlaown ofnove crr ée /Der][ormec/ Ve(r/v c,[f/‘c/'en%é/
usffna:. the FFT 7[6:;)”:'708.
- The S}D&‘c‘l{'r&/ c}efnsz'é fmac%‘oaz shown qéove is Fhe Ilem/Doro./

s)ﬁ:aec‘ltrca/ olews;'vfj 7[moc7[7‘an.

e Two T\;pe:; of’j 57La'/‘/bn0r\, Q@nJom Frocesses

NS Cw) - P Sxx )
| | )
| I
| | . .
| |
| ! |
—Z«)* 0. ::w —— (1) e <o mmee
" _ . H- " . _ . ]
narrow-banol r.P._ . W/c/e—qul r./o. -

Sam’:a'e |
_ )Lumc'kon s
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0 EmeF/es of .JLJFJCQ/{)( ch:(e—éqna/ ram/om. precesses :
> pressure f Iuc+um£fons on surface of a rocket m/;ss/'/e
Jue fo @ icalls Wﬁmnsm/#ea} J‘E?L nols€ or a/ue #o
: supersonic boundar /aJer ﬁréu/ewce
° Exom)o/e of *J/or‘caffy mrrow-bam{ mno/am precess:
~ response of .57[1*0175»/ resonanT- Vf'é:rm[o)y s(y.s?[ems w/7e97 e
excr'-;[q%fo'n, s @ W -éofm/ process

e Some Commonéf Usea/ -’57[a7L/‘onag_ Eﬂm/om Frecesses

i) IJGQ//%ec/ WA/?ZE- Nof.sé.-

Si) = S0 _for —R<we+oo

Rax (2) = /SXX o) BF a2 1S e(z)

S () ! Rxx )

1*

A 4 .
0 w 0

-

T 2

o Srnce Ry Cz) =0 for T#o X&é} and X(ttz) are cmcorre/ce%ed
fer any mon-zero walie of z. .

° J_-c)eql:'_zeJ wl'):'vle—naf'se rs ,,P;)J.sfca Il unreq/iaqé/e) Simce ,',[5
mean square is infinide : E[XZCU]= Liw Co) = =



2) Band //mn[ea/ | , Wl?/'/e— /\/0/5;

0 | &
Sxx w)= { i #?r fe - where U = adLo;t;E }:re?uemy

otherwise

) o0 : W _ .
Rux (z) = [ Sxx(w)-eLwCJw =/ .S;-ec " = So/coswta/w ==

"'C{)¢ -wc
SI‘Owc -
D Qxx cz) = L 56 -
4 Sxx(‘*’) 1 QxxC'C)
| T
| |
| o,
' So | Lo
| 1 -
| |
Fa H a - ’f—xuf——x —~ :‘-—t
—We 0 'I‘L()c <z (o

= wC
o Mean _S?uore g 2 E[szf)j = Ex_g (o) = /5; a/co = Z5-4.

- w(.

3) Kenci - Tajimi._ Spec"{?um . P
v 1

° ,USe;J 'l;c[es—c-r:ée éro_un;j Qcceké‘};é r‘on_ a’un‘w} an ear7%7uo ée

EPSREL £
L (era) AR el ot

Se is Frcpor'}fom/ fo the ear’flé?uqé—e mog?p/'ﬁ«a’e

waﬂ = 3rouna/ resonance 7Ere7ueﬂoi7

T, depends on the aflenuation of seismic waves i the greune
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R T nS e I /C/ -
QXX (‘C) / Sxx () € d/cd _55;__& & 3—“?—

[(U4T) s (V=57 a? J<l)+ (L~ 4‘%_)

5””(\/-—%{ 603_ z/)j

g Differen%fq on of & Zana/om frecess

) Lf’mhL in the mean Cﬁ.d.m.’):

fam. X(lh) = X(L)  means  that ;Lﬁm E[ | XY ~Xxcb)]*] =0

o Com[f’nw'v[j: a rendom process X(E) is sewd 1o be CO@?Z/'m«oqs

in the meen spuare it
{.L:m. X(heh) = XA

o Mean square o,erivd-l'ive o}: FOMJOM process XC&):

. __X_C_'E_).:._XCL.),_: e Lm. XC‘(:HL)"XC?&) -

> The hecessary anJ suf}::c:emL condition.s 7Cor Xct) fo be c//,f,ﬂereml/-

cble in the mean spuore are

. -
8 ?ij‘xaf:i)é&) . 'EXI.\S';’S (< o0) - anc/ I's con 7[/")7&0“ s of '—L_t = £z
L 2,
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IF X)) is a 57[a7[/bna{] randem. process, these anditions
become : |
2,
_G{_Q_M_@_ e_x;'s‘;‘s (<e0) QV)J 15 contiruads q?l zT=0

de*
o I)E X(t) is a 5'}627[/'onary roncjom process J,‘}}Ceren%;bé/e n the
s 7

mean siuqre, then
/

E[xew]= ZfJ(? E[XCE)]

Kix (o) = - d Q”ft) ~ Sipw) = & So )

Pmof-‘
Qxx Ct)= /i;xx (@)- e.riéto(w = (Ej J;‘f,reremllb%/’na, 7(wfce)

2, eQ L‘
T

— o0

2 | " LwT
== — -—J—-&‘—g-ti = Q).OZ C‘C) =/ a)z SXX CCO) e Jw 2
dz* e = Sy )= 0 S o)

But: - Ris C2) = / Sgace) e oo

I'n. 3enera£ :
)

e can) =*

Qxcvoxc'n) C'C) = C-J.)nf QXX C'C) —

SKC")XC") (a)) = (-.4.)(“- (L'a))zn ‘Sxx Cco)



Examp/e: consider a 51fmlrbnay random process Xt) with
a,m[ocorre{oer'on 7EU'?7€:’|LF‘<'D*J’?, : Qx% Cz,-) = 52 e—“'/t, J x>0
. QXXC-C) A

"~

Xél-) 'S 'no‘/‘ J,%Ceremlf‘oé/e snce o)‘_zgx,fz) s ”07[

T

» T

0

conTinuous o‘; zT=0. _

Exomple: Co'n5,~Jei- a 54‘07[7'0170"7 rana/om /orocesszXCQ with au7lo-
cOrre{mLfon. lfwnc:t[r"orz : Qxx ce )= o e~@z , «>o0

A Rxx Cz)

0 T

X&) is ‘cjifferemtfoé/e_ _Since i;&tgi)_. _exists _ond /s

com%uou s ml,. T=0.

o Two 51ch1L|‘o'nQ\r7 rdnc/om./:roc.esses X)) and Y(E) are said 7o
be or'%ogo'naf, when : )

o ELXY )] = Ry C0)- PO o



_ I7f XZ-I:-)_ l$ é__s_%a%fohav Fam/om )proces.s o};‘fferen%/bé/e /v the

meanrn 57c<czre) 7L/7en H
2. = o/Qxch)
xx CT) e

But since XCE) is J/'fferem[fbé/e: %’g&i exists and is
co'rrh'naous QTL z=0. In &clcjr'#r'onj it is Ynown #m?é Ruxcz)

is an even func-ﬁ(‘on of T. HAs a result:

Rix T=0) = [ "’—ﬁ,;—)] =0 = E[Xt)x D]

=0

Tloerefore , & SJLQ?LI'Onar\; random  process oncf /'715 der/votive

E ]f 3 /»

o CGonclusion: it a 54&'/‘.{0nqr\:7 random process Is cf:';fferen#{oé/e

I Hae. mean square then :‘715 au%ocorre /OTLED'}Z

Func#‘on Qxx('c) has a frue maximum af T=0,

in the Sense /-}7@*[_0/_‘2’115_2%] =0 ond M} )
dz T=o dz* B

¢ Integution of o Rardors frocess

b - i _
Y= f Xct)dt z@s)=_f h(E ) XCE)JET
/ | ndom  random boz neled \amam
‘\Z,m I ;,amcess e 2 process - - determimistic ;rocess
,Ewnc'/‘fon.

° OFem%/‘ons oF 'exﬁec%m[rbn Qm‘:/ /"m[eéra?[/‘on can be :b?lerc/yon?ed/
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R is a ranclom ,ffe/J  with 2,/ven autocorre lotion ﬁncvlf'on
QQQ(zi)zz). The berdin momen?ﬁ Is 30:‘495. fo be a f-ano{om ,E:‘e/a/
alse. Find #he auxocorre./a ron fuooc#fén of Hhe éemo//naﬂ; momew%

Mcz).
M) = / Qcs) ¢x-3) df
Xy X
Bum (%, %) = E[ Mé) M(x»)]= E[/(x,-fi) QcE)df, [CaF)RG)E
xixz (#] ]

- E[//Czi-ﬁ)czz-ﬁ) acs)acy)d5 4k | -
: . Ot_é K SN = Fame

= /z./ Cx-&) (- Fa) E[QC@)QCE,,)]J@O/@ .

. GRS i - '
= f/ C:q-i)(zfi)'EQQ{&‘E)"@"LE

o Gaussian .,Qom/om ﬁocesses L

o A random process . is o Paramevierasf .,Eam:'/j of _random
var[aue.s w:'#z Hye Faro_me%e% l:e!ona,r'mg__ 710 an /‘m/exr'ng_ .se?Z

- It all #)ese : random variables are Gaussianr, then the random

process s seid 4o be Gaussion.
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o A Gaussian ,mnc/om Pmc&sS ./'s.cam)o/e'[e\/y cl;omclerfzea/ é/\, /7Zs
mean vq/ue /L’(((é) anJ o oco!‘re/c‘?'/[fbh ﬁxnc#bn B Cé_{,;‘a),

for a 54o-ﬁr'onc;rt7 _Goussian . random process, He ,fo//ow'fb% :
l‘hfor(ma‘ltfan s heeJec( 4o @mF/e?lLe(/)'_ Ao/e.scr/Ze /'71: ,

{M = consvla'fﬂl

QxxC'C)

> The bﬁl)er moments of a Gaussian rondom. process cor be
ed

CQJCu[O ;Erom #;e /Ower ones as: .

{ [K6h) =K (T [X65) K (8] [ X Cbng) K Chog) ] { = @
EIXCk) o Co) [ [XCh)~He (6)T [ X Chan) = e Chin )] F =
- T e f[x) - TACR)K A
Ef[xch)- B )] X)-H b)]F

(an)!

o terms _corres o//fn fo
2l s poneimng
all J:fferemt ways EJ which  an elements con be broken up

_ _ffn‘}o n Fcu'rs_ . _ = ;

,,wlyere ﬂ)eA,_‘summovlrbn u_;"n'vo{ ves

@ (/(no( er l ihear opero#ons , Gaussian l‘amJom processe s
/ 7
. reman  Gaussian.

IF Xxcb) ’s a Gaussian random. process, then
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e e S e e e
Z(‘i’.‘) f XCt)- lz[[- t ) JE Is . o/so Gausslé?n
A?em pishe

Jj(fl') ) J}{_%) e are 0/50, Gaussan ;C‘l.‘}: 747?7 exfsﬂ
ZC-&) = a.-X(-[—) +b /s O/So Gaussian

But Xzﬁ-) oF Xzfz‘) ore not Gaussion !

e Numerical ,Examp/es on ,QanJom [rocesse s

EXQ’an'QC 1: A raﬂcxom. process XC&) Is 5—;ven }’J

)(CI:) A-coswt + B.sinwt S
Wbere wois &« cons7lcm7l‘ and A anJ g are mJeFemJer
rr.le:n‘l‘lcolb( JiJ‘lLTbu'}‘eci F‘@ﬂo‘om var/ob/es W/#L

zZero means cch stondard Jev:b‘/‘rbn.s e Show that

X(t) is a 57L07LfanczU rendom. process.
| E[X@:)] E‘ _E [.A cc;sw-é ,-1—2.8 :SI'm_o{:j = E[ﬁ] COSC¢)£ + E[Bj sinwt = ¢

Rux Ch, ,,) - E[XC&L) XCt)] = E[ (Aeoswt, +8. sinwhy ). (A-coswt, +
: : . +Bsinwd,) [ =
.= E[/} coswL cosa)ﬁ + AB (Smwé @scb, +swly - sinwt,
___.+.B smw'l: Sma)éj
= E[Az] cc>sw£ coswrf + E[A-B] (sinwty - coswt, +
+ @swi. .smw/a) + E[B*]- sinwly - sinwt,

/



g9,

Usi'na, E[A*]=E[B"]= & ond E[A-B] = 0 since A and
B are i'no(epewécn%- mno(om Vor:b,b/es:

Rox C/:ilh,) = 6':’T wosw(t,-4) = G’%mswz = L CZ)

where = E-&

TL)ereJ:ore X@E) s & 57104,-0”0,:7 rom/om process.

Exampee 4 S how H)a‘/‘ Hhe fe//ow/'ng_ a«#oco'rre/m[/on ;Eunch'an IS
| . ﬂno{’ reé?/r:s#c:

Ro r ,t/=‘ Z<
Exx () = 2, &

0 o#) erwrse

The COrresFom!:'na_ power. slpedtr&/ Jens/{y Zﬁur)c‘Abn /s &r'ven [Z),:
P .
S () = 2—;117— Qx%ct)'euo Je = ;T-,/Eo-cosw-co/c -
-z

-

Ko :
== S (o) = g ST

Tke A,QE-c-we | :,;ow_er- sked{ra/ cjen.sfﬁ fu?)c#on c«@@n 7[oée f?eio#/ve
H_A,_\/alues __wtar‘J’J V!b/q‘){e.s H{s noh-ne cnlr've /oro/oer‘/y. Thef‘e;[ore/ #)e
- ._AamLoéorré/a'L‘on_ ..ﬁmc.ﬁbaz s _not- realistic.



L.

| EXQfm’ple 3: Show thet the 5-[074‘00&7 _rendom process :

X(-E_)z /4-6/"2(«):_L+§) wkere.- A = cans%cm?{s

and & is a randem /017059. anale wuniform!
st%ﬂéu‘i[ec/ Le‘llu/een O ond in 15 e?aﬁz‘c

n 7476 ]Er'r:s% momerﬂL om/ " cor?e/olv'am.

I"‘ £7as !geen sl;ow'n ear/,‘er ‘/74707[ #;e ememé/e ovemé:,e.s Qre :

/92
E[X(v‘:)]-"O and R () = G DSWT

Instead of 4"(7:%8 o show thot the three necessary and sutfrcient
conJ/'-lv‘ons Qre 5Q7Lr'5)::‘e , we will 5l>ow #70)(:

E[xcf)j = Tﬁﬁ %/XC—A) dt (4)
T-T
E[Xhy )] = B e) = bin = [ xcb)xpdt (o)

_IF Ch) is .sm[fs,tfec(, ;.L/)en #76 ra ndom process /s erocwa/fc in the
}:frs'}‘ moment-. If C-B)‘I..S 5627.&'5;;‘@_-;’) Hhe process I's eiaoa/fc n
: corre!a?Lfon. : - -

Cim. 7!': .X[-{:)c/14= Tét}} —if;/q'smfwé- f) JL =

T 0 T

= lm :",‘_—'A-S-_[_,_—cds(wérf)]f:

T

 fi Sy [esoTe 8 @8] <0 < £0)]



T-r
_ﬁﬂi S ] X[-L-rc) X(é)Jf = Z{m —7%— 01‘} sm(w£+¢ot+§) Asincot+
@)c/é =
LTz
= Té%‘z ;f-t— A / %[COS(COZ)— cos (awtrwz+233) [dt =

o

T
= bm —ﬁ-— 74'—— {CT ) coswT —z%sfn(.Zwéﬂot-r-zé)l C} =

- lim £ O . _
= _’%’fr::; et _{(32_ i [S/n(ZwT wT+2$)- sm Ca)2:+z§)]=:>

= T&T = XC-/:+':)X6&)J£ = Loswz = E[X+D)XD)]

Ly, LINEAR STRUCTURES WITH.SINGLE DEGREE OF FREEDOM

Linear
IﬂPu'TL . Tme Iﬂvafrbn+ Ou{‘pmi C"E‘ﬁ_PEfSE)
FGE). V[_Ercntorj - xct) -

X +_c>'<+/<x = F&t) -
Fct) is random. —~= XEE) will be random. .

Roblem : I}: FGt) is a :'veﬁ random process, Find the slolistical

cL)Qro.c'{er[s-hcs of rc:mc!am process x@é).



o Peview of DeTLermim’sﬁc Ti;eorj _ o \
- i : PILLLLTEL LS RI P L2y PP PP 2 Ppvr s

_ lm)%*) PRy Lo
5J5+em @ SJS'EM

4z

TN 4

The qoverning. cli,tﬁeren-)Lfo_/ e?aa‘rlv‘ons of the wo suy\s—f[evns are :
9] 0

® mieckikes f)
zmx' + ch—x,) + K (xm) =0
Z.e‘/' (y-;x.'z,—*# x—j-rx,;?[ogcf
frn +€7+J§7=.-MX, 7504)
\7 .o xz= Oe!)so/u‘)le c[f foceme”'/(
J= r‘e/a‘téve JL?D/QCE’DC”%

: .In#oc!uce how : --—--a) \}T ~unc1a.m}>a:l fnq?lara/ ;fre7qenf7l

< > B
S Ccr z\,_—— -260 " - O’Omf:mj rovLo

._Tt')en 'H')e e7uq¢!on. oF MO'l/on _«Qan - Ae wmfen n . #)e 57(O¢7Joro/ /em

B :x—t-,ZJw :c+a) X = L & e 4%;%‘4”( /T“M/A



o Case I : Simusordal ___In"pu* L

@)= A ewﬁ 3 A=wn57l¢2n7l

Shebin: =)= B-ep[ G+ VTg)at] + #a) 45 = o472

»r,lv’-’ — +A-4wr[{‘5"4‘r——-—,:ss)@oe] o o
o w\r)ere . B= 050540’97[ c}alermfne:f ,Drom. 1}9/'7[/6/ conc//'-)zvbns '

s
w? Hew) = £ = Fre?qefxy response ‘;Eunc‘)(faﬂz

. o
n [ﬁ):" &)g'f' «ZLJ' fd’w] . or #onsycer ‘,Cunc'rl'ibn

U.Suc:{\lj #;e re:;f }bor')L a}- )LC'E) FeFrasen7[s ‘_HOG.? e:«'crzz{ng /Corce. Tf’)en'
- the rw! FOriL of 2x(t) reFreJen7ls the actual response of the 2757(9 |

T;L = c{zm}ajemj:';oy ____fufnc_-ﬁr‘otz. ) re}sfeseml{@a_ the Free w’ém%/bn of
= e _SJ.S m T e et e
T2 = )Dar#ca/or .so/mzr'oﬂ re,oresen#n} _»H;e forceJ Vﬂérmlfon o[- 747e
e 2 = e e |

o Gse T: Impulsive Input . . - .

3 'FC"-‘) = C SC"E) , .- C= C;bﬁlon7[ - g(-é) = Diracs Je/7[a. 7[unc74‘orz .

nmdan Xts)=o , x'(o):‘,%

_where: D = cons#an?" La}e7lem:fi;be=:/ } ;C'rom ./'fm'.z[/b/ __cono//?éorzs_ I
cexp[-I+Ne-g2 )w £ ]  For tzo

Shen: =ct)= 0. enp [C-5+VTTYat] +-Ch@t)

h(t)= { V4-J* Woom
9] for tco



4l

l’)@;) = Impu lse response f—umatr‘on

Since W!j -H;e, rea/ Far+ of xCE) re,oresem[s Hhe ad[uo/ mm[r‘ofz, e
real Far"‘ of h(%) is a.fven LJ
hée) = am OPCIAY St for Lzo
0 for t<o

where 4 = -7 = Jam}ae;! no?é;r&/ #rem?uén\cy

g Tke_ Freeiuenc:j response funcLIm HCw) and #;e /Mﬁu/se response
func;{ﬂbn wn.vaf?LmLe a curier 7Lr0n5):om /;a.fr.-

No4e. the di f{:ereﬁce with a W/ener-— U;m?lcéme %nsfarm peur l

o Case I :. /41-5/7()12!'7 Inrpu7L

.f}n Qr:lar"l‘rcav z\:orcr'-ng__.)‘-;mc/‘fan F(-[:) can 1766097574@-::‘@:] From a
5e7ue'nce o{ r"m)pu,.Ses as: |

y FCf) = / )C(z:)SOé-t)c/'c. ”_‘
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Simee '”fe_ Fr)’nci}o[e of su}oer}?osf'f-rb?z j)a/als #r a linear aja%em i
the response of the sau)tem fo an o}-l:ﬁéﬂy ;farce F&t) is au'ven é]

t
x(t) = D exp [(-Sﬂ \}Z-J—")(J,,LLJ + / sz) /;(f—z) a/z:

J

| Duéamaé*m{eﬁmé
Wl)en -,—L>e :‘nﬂue«nce’ o][ 1M fa/ comj/v[v‘ons on the re§oo¢7;<:e faecomes
negllaiue_) Hhe response is said 4o lyove reocl;ec/ S%eaai\/-sv[av[e.

The 3+CO<JH—5‘IQ.)Lé response s L,jrfvem by :
(v i

L¥}

R o0 _ [‘dt
_:Z’_#_(-L)= /-}:(t) AC—L--:)JI: =jH(w)-f(co)e c/cd (<)

-0

where )E(w) is +he fourier #om,faroﬁ of F¢t)

Equ')Lcm CC_) ;§n57tr‘7éa1lt-25 -%e;_.corjn—/o)u%rbh '%/)ecreory- .- o;f fourier
%nsfom&'fl;bns,

o SJS‘}em Qes}oonse wlo Qana/om Exch[w[fons

L

R A e B g ke

Ft) s a roooq_Lm. process = XG) is e rcma/om process .

| e S A e L S N S—
Solu‘i,‘fon: X[l:).: ~D16XF[(~5+L'V-_{-?)JO. 'EJ + [ FCZ:)A({-E)J'C

. R S ===
determimstic FQY‘/‘oF rendom Far‘/‘of
5o{u on QssdmIm solution,

determin istic .l'm-;Lr‘q/

corv;J/"L'ohs



L6

8 (onsf'Jer now on/\; the . ranolom parJ‘ of the 50/417l/‘on:
_ > )

J |
)= | Fehcho) de | D

The a!:ove_e;frexr'on aa‘ves #76 7207(0/ c]rS/:a/czc:eMeo_ﬁ7 /‘;f- %e {757[6”7. we s
oriat'»no”j Q'}‘ res‘/' prior fo exposure fo the exo'vlovlion at £=a) bt
it ai‘ves e random devietion From the determimistic free vibrotron

it Hhe sdslem was ho?L _orlgf'no{/)f Q?L res7l

Momeml‘s of the J’es’powse are @[Culc‘lec! as :

‘ t
E[X(J:)]= ‘/; E[F(D)] LlC%-z) de (2)
b L
E[Xek)Xch)] = f / E[FCe)FCa)] hCh-2) hek-=,) dz de, )

: * g: £,1 _ ) -
E[XCk) - X(k) ] = / | E[Fen) Feay] hehoa) - hch-5) dz - 2, (s)

No{e ..:H7q1L iF. FCt) 15 a . Gaussian random. process - () will alse
be Gaussian _since . X&) is obterned Fom  FCL) f{;'muﬁ}) a lmear
operation. In Hhat case E[xct)] and E[XG)XA)] completely

 describe the respon se Fendom - process. .. ... . o

e __5"‘q-lv'onar3/. Qqna[am Exdvla‘f/bn.:
E[FCE) =0 Ca-ssum};#on) (5)
E[FC)Fet) ]| = Rer (h-t) = Rer Co) )



4.

) oo ; C —15“,,
- We __l(_y;w/ 'H)Q'IL '-QF—F Cz:) = QFF (.éi—éz) = f’SFF Cc.;) ew & ) a/a) ) (7)

Let #7& au‘Locorfe/o'Lion Emc-hbn of H)e. response be :

E[;(._&) X@j = Qxx (é)_g_) S .

We c[cfn’-J- ]Lnow cA‘ Hnis.sﬁoae WL)e-H)er '#)e resFonse-+X(-£) Is e

S‘Fa'l‘fowv or WO?O-—sv[mzrme r‘oncJom process.

Combining. new Egs. 3 ond 7 :
0} f

 l(TT,

Lt o |
B Ct,) =ff _/SFF(w) e )Jw lzdf@)lz(r-‘_z-q) dz dz, <)

In‘)[Cg;ra‘/v‘nq_ Eq_ 9 w:'#z res}oecnl.,%o G ..e:mc/ Lo
Y Y =
R ChL) = f S.. (») O—/(m)ﬁ)-\ﬂ (w,t,) g ) s Ceo)

where: (H(w)%) = f h(u) exp (-twee) duc (4)
_and & ;mm};lex Cofiz;ua.cr;'e o

No‘)le ‘H7Q7L ’Eq. 10 u“las oua;??ecj J:rom Eq. 9 using :
2 ¥

~ch-w) |
L

11 . o= = B e _f__‘_ S w£ . /:_,_ - - ,
J ham) e tde - e 1/ hh-m)e c1a)

_LcWL_mw,_:'___fi:.t,aa N‘...-Ju.:: Jz_t_ R , 613)

—L

E,_ = 0 l:.r. -0
f hd:i-t;) ew‘cfz1 = - ew f h(u) e WJa =
° &



4o.

iwl:x £_4_ —Uou uola B
e [ hawe du-= e \7'/@)41) ; C4)

Su Esn(ﬂlu'le now _the }Zo//ows'na, ex,::ression For h(t):

| [L( ) = - - exFC-jw-E) sm@ (45)

| m‘)‘o E‘? 14 'I-o oi:-')[m.‘b :

g |
Hlue) = [ esp (o) sindup ) exp(-ion) o 2,
where: @ = w,. \[4-T? (%)

Per?orrmaha‘. now 'H)e l‘ﬂ'LeQm-rl-ion n Eﬁ‘ 16 :
\ U !

\7"/ (wﬂ;) = hw) -[i ~ (césa%,{- + I“’;); e .s/};@f)- éx)o{(—on +£w)+}] 18,
wbere HCw) Is ‘#)'e' 4 ?Cre7u'én<j jregoo'nse Fu nc/iofz '

L \
() = v B C.ﬁ?)
kee) m[a%‘-__w*-f 2iJww ]

CNee ol

%'H@’£)=H@)= fmh@e'wJu - o)



b9,

Subs?lh[u‘)le now Eq 18 /'977[0 E? 10 7lo oé%cu'n.-

o0

Qxx Cé‘v £2*) = f SFF Cw)-/HCw)/z° }rex]o[wcé-fj)]— ’

— exp (—{woly) [(cos waty + fw_‘-':) sin ‘I’dtl> cos wly + — sin wqty sin wtzJ
wq

— exp (—twols) [(cos wals + %“:’ sin wdtz) cos wly + — sin waly sin wtl]
. wd .
g—zwnz + w? ’

+ exp [—f’wo(tl + tz)] [COS wql; cos wdls + 2 sin waly sin wals
wWd

+ rw—‘:o sin wd(h + tz)]} dw ‘ | (2_{)

-”76 mean-square response s oL?tcu"ned/ L\} /e#lhg_ '}-‘_t”!:.a’%: n fc?. <4 :

-l

EX)] = [ S o) W) § 4+
+ exp (=Zwoft) [i +2:’—:fsiﬁ';,;z —e

— exp (woft) (2 cos wqt -+ 2—25 sin wdt) cos wt

— exp (wott) (i—:’) sin wqt sin wé

+ (wot)? — (;u’ + w? sin? wdt:” dw (zz)

wq

~ . ERATIE W R s Y B = - r— e

0 Impor"an‘/'_ Conc lusions :

_..L) In ’/’}76 b z‘m;ri'r)&_ J74')6 .(sjs*e}n re$/:owse Jlo =3 57[Q7[/bn¢?:7 exc/#q%fo&
A 'nons'fq?bnqty , since  Rxx (ke 4y ) 15 not e ,Cunalioz of % -é
.o;o\lj and _E[)(‘z(f)] 15 Q ,fufba[/‘on. of 24/ For small £.

2) For Zarae L oand £ |




JU.

: Qxx Cts, l‘z) — Rx [4"—5.)= R xx (‘c)=/5FF (w)'/#(@)/-zemto/w 2

For Ec:zqe £

ELXQ] ™ R Co) = [ HED]" Sy, Ga) oo =%

The response eventually becomes stotonory !
7 =4 by

3) /4'/' t-0 — E[Xz(-:’:)]=o a.% Woa/o/ Z;e. ex/;.ec:?[eo/ since the
5J57[cm is assumed fo be /b/'%b{/] 07[ res%.

T e ow 0 LT (23)
) Rux Cz) = / SXX (w) € de =5
e e ‘Sxx_é‘o) o SFP‘ (2o) - /HCCO)/%- = B e .;(2,5)
Srr () - IH (o) }1' Sxx(‘&))___

fH(co)/;'_ pa-rélsc.rr'beé #)e -):);ac%)‘on of energy. to be tronsmifed %rwcjll
 the _5J51lem _gvl _vcerious_.fre7uencic's..For 'H?is :..réason_ a //‘neqr-
SJ.‘:‘?Le'm. Is Soﬁe%/"Mes 10:?//&5} -1 //nearF//'}er R
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5) For Fr‘ac‘/“icq/ q)D},},'qul,‘onsl H)e r‘es}oonse Aecomes 57107[/'0?703 Q7E7le,._.

aLa#?L‘ 4 hc;?lum/ :)Deriocjs wken J= 0.05

leoe'/' 40 mﬁ(rca/ /Dgn‘on wken J’=0. 0L
The shebonary response is emabgoucs o fhe sheady-stare
. response In cfe7[ermim's7(;‘c _w‘érm[/bi %ebr(j J

o ExamFEe: Con.sfa’er ot +he excf-)[a?L/'on /s white-noise

-'SFPC“’)S S | —e<w<g
QFF czT) = 2:’75.-8'6:)

E[ Fz&)j = Kep o) — (mean square value doesrt ex/lva)



IHew)|

A
mz, [(k); wx. ) 2;+ Uzzol a)oz,J

S )= /H@’)ﬁ Ser )

"%

The mean.. square value of the response _E[ X"Cf)j exists , even %wjé
the mean square value of the white-noise fn}vmi E[FZ%)J dees not

- __ = stergen e
ELXQ)] = fo C) = f Sy () 0 = / Wt )T wd ]
'The QAOVC n

cgrel com be coluloted using he nehed of railies
The M‘)[eﬁmno/) w‘w‘J; is & funcvl/'on of the real verable W, s

?Lrem[ecj Qs a func'//'oﬂ_ of the c‘om/:/ex Var‘r'oé/e 2:




.

CI-E A zni 2. 2e51b/ues n #;e upper /a/ane
== ﬁ(wf—z‘)i(zjw,z)“ B - anL Zﬁesfa/ues n the /ou/er f/O’be

A L'maainm:j

2, 2

= FQQ&

Tbe Eo)es qQre ,oca‘lLeJ q'/‘ -H')e Zeos of- 7476 o/ehom/;nm[oi-:
(ae,’“—z’")i— lffa)fzz= 4 w,z— 2 4[5:0, 2)( w'- 23-zz_jagz)

Tl?e ’po/es _aqre:_|. . Z = &,- \)}? +.£J'6<J, ]
z, = - \1-7* +iJe
Z = wo-\g-‘]_‘ﬂjw,
2, = @ 1-J* ~iJw,

er‘}iq/ __Fr‘ac‘#on Exponsion: ey ol o

L 172 2z+23+2v

= +
(2% )(2-8)Cz-2)(C2-3,) Z& 25 % 24

1
w22 )% L/J"w,"z‘

wl?ere Q_(_, Q,,) QBJ R, are the r‘es/alues of & 2, 2 Z,)__res)oec;?[?l{e(/]_



J,

-L —
Ry = CZ-2.)(E-%)(C2-%) BN\ 1-3% (2iJw,) (2) (W, | 177 + LJws )
2, = = - >

CZ20) (2-2) C2-24) ~Z2b\[1-7* (2TE) (B 137 - i5%,)

{
P 4iTWS

And %ée /'@%egm/ IS co/cu/o#ec/ Qs

121"'/2

i

_an _
"By) = I T

T= 2n (R,

FTna”\;, H;e mean sguare vo/ue o}: 'ﬂ)e re.iponse E k;/9,,/'1/e97 é\/ :
1= [

S, - [ . 2
E[x"@g)j - ’72 2 o Se im N s§é
| | 25.4’7. “. m in N. see’®
ey

. rad
{ w, in -———-xc |
5 “Is homn- o/fmevs/'ona e

el XLCt)] n m (X(é)-»J/s)o/Ocememl_

The mean- squqre ou%pcn[‘ is. an[e even #wugh 7476 meen= square
H’)Pu"’ is m{-\m/%e inony =

0 \th[e- noise IJ&Q‘/I‘-ZQJI\O?L:

Cotnsfo[er H?e _fo//ow/na_ 'Horee ;éses 07[ : "SFP <)) c?na/..,.//'/(w)/z



~a, (¢) Unsuitable © 4w,

E[X )] = Ry = [ e Ser oo @)

~—

In c@Qases //'/ﬁe - (a) QnJ Cé) - wljere_ ,ynos%__ »oF fbe va/ue _07[ -H;e

ﬂn-ﬁeara} .sLoM’) /'rz E’i‘ A ISCC?/CM/Q')IEQ/ fr‘om He v;‘cfhﬁll'es of
), ch Iz aJal/'vzr'an 147e s}oec%ro/ o!e'b.s:? SFF Czo) I's
sfow[\// ,-vat(yin& n Hhese _,v:'u'n/¥/‘es ) then the valee of SpeCw)
. outside fhese v/‘c/'n/;-zéies Is ,.unjmpor%qq%. S
In Suc;z, cases H;e_ c?c:lzua/ -.__S)Dec:lLYQ/ _a}ews;'{j SFF Cow) @n Le

foleal:'zeo' ..Os..,a... w}w'v(e veirse . a.;s fo//ows_-'

SeeGo) = S = S ) —eecioc
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1 S g~ S —— —

Then, Eg. A can be wrflen as:

ELXWT] = B o) = f JHe)] Sy (o) & Septa) / JHe) *dew =

SF,:CQ),).N

%J.WZ‘ wos -
The W));'7[c-nolée /"Jeq/fz.o#on s 'f/;oore o#en Va//‘o/ when the
cjdfm/:fna ro?_Lfo J s small C /iglq'f o’om)w‘ng_):

A\

|
|
[ !

A [HG!™

A l-;'lL Jam in
/..-"" ?r’ae:qu-m Daéz}r'na_
'/// 'Oemy c(amyp.-'@a_

|
|
|
I
: L
1 () : +,

_Baanfc/ﬂz = jjw, f.s veU &'»w// 7[ar coses c;': Aﬁ/ﬂl c:é?m/m'ng_
_J-< 0.02 — 2:3,/7% Jowipf'nq
e ..J= 0.02=0.04 — ..ﬂnen!r'um .cfém?pr}?_ Tt

J>ooh —= beavy . Jompmy_
= U

A f:’ah-“ c‘qm};ec’ @Aem_ is o}i+en_. Acvav//ea/_a narrow-band filfer of
Lafno’wr‘ QJZq, Since raocgh{j 047'/) 'ﬂ;e exa'%o%bn_ e”erij cz»;?la«'nea/
in the fre?qen .£an/s L[4 - Jws &), +(]20,_7 and [_—w, ~J#s, = @s +(]20,_7
is transmiilled !;J the }C,'/v_[er.. )



- ?_Examip/e: = wns/Jer a. 5m3 -Jearee-of—,free:/om {757[em with

no mass

SIS ST
k% L’_Lc | C-XE)+kXE) = Fct)

F(t) is a 57‘&746*;&:7 random. _process

F&)l lvxec)

K +Lced

Tke Frequency response ;L‘U??C,?[/‘O'h s now : H(w):
= 7 J

Consider a/so 74797[ FCt) 1s a AowJ-//’m/'/ec/ w};/'v/e-noise:

} SprCw)
Se " fer fo] £ : x
S FF (a)) 3, R i Sa

07171761'14//52

-

= .. - L _0
Then: e Go) = M| S Go) = s for Jej4 4

Tke meam-sfj’uore vd/ue of H’)e respohse fsvjco/cc)/o%eo/ as:

%_ GSme g -s A ———

qmw&@\/“;mzﬁwﬁ)
“LMPJ%

wz)]

|  Since: . ] SM &o) =" §xx o) e e L
‘ Sxx C“’) - w! Sxx 2)
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Exqmp/e mc/aa/e row 7‘/76 mass ef;fec,'/' m #)e )Drewou.s exC)mP/e

! norse  excr 74071
keef;mg, #;e AOMJ /;mnle:l Wl)?le— 716

Suc ) = K - Spr o) =~ e AR for Jolé

The mean - square of the response /s new co/cu/oﬁlecj as:

S Ja) S,nl
XX © = 6& < 'Ia w¢)S :
E[Xéé)] Q é’) _&[ [Ca_)-a)j 45'50[() j ~2MJW, (@o )

wJ';ere:

3 ‘[?)*J
I, (Y 3)-—.——————15’
L@, an \[g-7* (wc‘\/—fj_)*f

e

| /45 _—‘—-——>oo_ #‘)e. éona/- //mnle.o/. w/n[e noise jpeoomés
_/a/ea,:zec/ wh #e—no/_se, am/ I—>.L /eaa/m&

S.n

2”3&Ja)°3
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5‘!‘62 L : Fmo/ = 62j as :
£ [)81_7 B C);; = ] 5)3 6,.-(@)0’40 WI')ere_-,_ )5/ s _'/'ée reSfob.;‘e
_.‘] e e of fhe J—#z 57%?

meon Vq’ue
N B R



1E.

Exa.mfaee: consider the fa//ou/r'na_ ﬂo—Je&rees—of—f:reecJom }s/vs-;lem

su%‘ealec[ b a svtovarbnqy rancJom /:;mcéss force 5(1&)

AC)) = XaCt)
= x:. Cf) .

gk
m
T 7
S g £°
SUS/S/S/S7S S IS

~

AR AARD N

Fmo/ 7[‘}7e s)oec%m/ Jensﬁlfes : 5)&)& ) ) cma/ 5}1 ’Ex ) )

E-?uc;rlirbns of Motion:

"ZFX;_ =0 =5 'm>.<:( ‘f',C).(!_ '—"'a'c()?!b-';(i) + k',XJ_',.Ek CX:&_ X_{) =.,‘F!__ “
Z’:xz,—‘-o —,—-Dm).(;‘ +C>2;-2-C ()21—)22‘)1- I{.Xz- Sé CX_{‘Xz) =0

- [mjfk'}_k'[cj.f)z}f [T §x} = 5S¢}
T N L = ol
_ o m —-cc c__C.t-rS)

R o e I LN AN -
[K]‘[ - ke kdﬂ*—)] e {X%,?/ EF}-XOE



9.

Mm[h'x of Freoueney Pespornse [unctions :
1 < 7

[iig] - [ R ] - fdn]viofc] (kT ] "

HM— ) #22. _@)

g =xtl
~Om+ e CLE)+ kCirg) -lwce-ke _
-L’wcg—ks _ —cofvz +L'£occ_£+sj+kc.£+s)
N -a)zm+£c¢)ca+g]+kC.f+E) +lwee+ke
= 3 | \
+LLOC g+k€ -co%z+z.w<:cx+s)+k6-‘+€)

b4 2 R . ‘
where: 4= a)-mz -,-cozczC.H £) + sz.ﬁf-E) - ZLQ)?»')cC_{#-S)J-

2 . 2
+z@ckcl+a)z~2winé (i+g) rocE - ke’ -3incks

Neg/ecé'ng_ now #7e 82 7[er'»95 Cassuming 747@‘)[ E<<L) :
U v v

4= tol,- m - A):fczleZs) + sz.fv'-zs) — Zlwme CL+g) + Zicock CL+3s)~
- 2wk CL+E)

Assume _now  Thet. FEQ) is a Gaussian white-roise excitation
with infensity So o
iy & __SEEC‘O)’ So_ ' ,7[00" — 00L& + 9

—Thens [Serco)] = [Sﬁa =8 0] S -
O A — S

o -



/4190/ #oe Cross—spec"tl’d/ Jehsl')[y mo)lr/‘x 07[ #)e res:ponse r/;s:

Oxx, ) Syx ()| _ [Hu .cz] /SF o ]/#1: #M:’] —
SX,aX,_ ) S)ﬁ,)(,, () by Hea hz Hh,
=~ S)(_( X, (03) Hﬁ u 5;—;;—‘ = / #.u ("-’)/ : SF;f-; [@)

1

S)Zi).ﬁ )= © /’Ll-t-t@’)/:f 555_ )

— ISk )= S My @) “
5;2!_)21 ) = zoz Se /#u@)/z

Find the meon spuare of X ond /\"i

EXJ' =/;(®a/w=_r£é_l+ L N ‘z(k!rz) ]
[ 1.7 X.L)_(L ) ) 426 o (.£+Zs)2' ___+(_f+._3£)c

a3 e s 2(E
ELX ]=/“)'SXL>9(‘°)J‘0— = [ C.f+zz) & ) ) c* _7
T 4+E +aj-é)lzﬁ—7_

go.



b1.

6. LINEAR cONTINUVOOS STRUCTUKRES

o Gencrae Formu@aéion:

P(z)£)=ré?fzJom /{JQJ n Sf@ce
Beams M and tine

o i

P/ales: )o(z«yjf) = rondem foad n 2 space J/'mens/'oms and tme

The //beqr caml/'mfous 57£ruc7lure R s

ckoro.c:)ler/ 2ec/ !\;j ;

h(FF,t) = fb;zpu/se influence functon
or

HC?,J’,,M) = Fre?ueryf/\, /'n,f/webce fubc?zfon

hC?,_f, t) ='a€??era{f2a jon. of mcnlrfx of /'m,ou/se response 7[cmc7[/'ons
H‘CF.:j’:a)) = 56&)6!@?/,'2&7{7'057 o;f mq?éh')( oF /:-re?uery;f] raslgob5e /chjé'orz,s

_F.. and f  are f05/;7[f.0n vec7[ors ] e

h CEF.t) describes the  mohon a7l_,_/_oca.7[/'on _F due 7Zo a wumt
i %pa/ﬁe foﬂeo{ a'rl /occw[fbn f o7L time *=o
HCEF)Q)) is based on the 5'{%{)—-57(5?1[2 response due 4o «
. Sinafe sinu:or'cja/ exc.r'vla'/[fovz: o
IF A e"“’t IS QFF{f'ecJ af /oc:q‘)l/bn f , Then the

5‘)('80.::5—\5)[&7(2 rEs/ooé.se a1£ /ocm[f'on F s ﬁ'HCF:E‘D) ‘eLlwf



E2.

h—C“)J’ f)-— 0 /:of- emZ/)ei- Z—<o oF ?éQJFyég
HCFZJ),&)) =0 ,Eor e/#)a‘- I-¢2 or Fqéﬁ
Note that R is an anc:ou_m[oé/e set C gob?tf'hums_ 5742:574«@)

T%e Qéove 7LW0 '7£Uhc7[f‘092.5 Qre }%ur/'el- 7lraﬁ.s form_ I,Ddu'rs i

. - "
RCREY) A HCRF ) e dho )
Hc?,;,wp/ FEL) X @)

¢ DendLe how H’)e I’Cmc(om. exc:-%ovl/on é b4 ( 2| J{j am/ 7%8 I‘ObJoz
_response EJ W(CF, '&) Assume  that Hze initial cond, fions are:

WCF,0) = © and M./C?Jo)=0

« The response s then obteimed as :

i .__L
W(EA) - // l’LCL-f éz) f(fjt)clfc/t )

. 'T/?e. 'fl-#t ’momem[ of #)e esponse 1S oz’>7lm‘neJ Qs:

E[WCEIL‘)':t,WCE,_;'A,,_)J = L

L orho,
[ [ e f ben) kR E bRy
°  ? a =



83,

E[ECZ.n) PCFm) - PCE. w)]dEdf du - da c4)

+ The first fo moments (meon and autocorreation) are given by
E[WCFB)] = / ZACF:jté-z)E[ ECE D] df d= cs)
E[wcr? L)Wen,E)] = Ru CR &, BLE) =

//f/h( L) hCE, F, bon) E[£GE.%) £CE)]

BonCErTs £t
cjﬁ c/f; a/q Jz, " 2 Cs)

. AssaM/'w(jLnow that the exchlo?[/bn IS5 5710.7[/077&!{}’:

%PC” F,ua)=8pce, £m) <P

i)

2

'%w
»Lw
g‘l
A
]

‘/‘L7€ Qu?Locorre c;#on 01': H;e response /'S g/'yen ‘é)"

Bon G i) f/fjmg; ) hGE Fbn)
- ! %mnaw##kh S

N De;rl'fwe noew .

WCT{,J_’:@%) //z(r Jo)u.)e a/u. /hC tye_wo/u c3)

0 No?[e /’L@?L: {:&M HCF:J?,&)J‘IE) = H‘CEE‘J) C‘LO)



8y,

o Cows/'a/er}hg now that b~ £ — o but L-£, = ,C‘rm'vle) L. 8
can be wriflen after some o/aeéra as : ‘
wa CF;, F::;' i'i‘éz) = / // SPPCE,EJ‘U)'H(EE,@)' HtCE;E) “’)'
~C R
Lw & -Z'-" - |-
. e : )JfJJf, oy (1)

wkere Hm Across-sfpecﬁa/ Jemh{;; of H;e "”’P-"f SPP oS5 “’)

)S Jef,'fneo( as:

Sop (B E i) = | Bow (B 2)- €7z >
Oor CF %) = | SwCEE ) & )

o The cmss-ﬁpecfra/ Jensl'ﬁy of the response Sw CE,E,‘ w)
'S Jes:{fnec‘ Qs:

5ww C—; E W ()
QWW C:JEJ z) 615)

s Fina //j) _cormém;na, ;.575. L1 and L5, _./‘foe ,@S—Sfecﬁ@/ c/emz'z/y

of__n_%e response. can be wriffen as: _

S CE, n @) = /SPP CE-»EJ“‘))' H CEEJ %) 'H*CE,E)‘@) ff <
R R




&5.

y ! !
LTI L S ESTSFF S FLAL TS E TS T TS E T IS

° Fxam [e: :
F SPP (% jew) = gver

o for 'manj Fr&c‘/‘fca/ QFF/r‘co ions 1he 7EOFCJ'?'73. func‘/ﬁbn con be assumed
1Lo Eea }wmoa_eneous /'ano/om ﬁ‘e/of " SFOCEH

Spp C5.8:9) = Sop (58,5 0) 4
b C.55%) = Bch£5 %) (18)

. Seltiom row:  F-F -7, the folbwing relofins ere obline.
SwCFow) = [ % (L) R )
L (F,0) = c;n)"‘ / Spp CFr2) e-ﬂ:;‘]f’ %)

—

where: k = wovepumber vector
a1 :,‘_J:'mens/‘on_ of .k oo;o/f L

o op CE:w) ;'; #)e _so—ca/feJ ?Cre?uencj—waye- f’)uméek Sped[rum
Hoo/' cje,scrr'ives %e.ener&j a{fﬂlr;'éu%/bn /n éo#z #Je,ﬁre.?uewf]

O‘bJ wave numfper- Jom&.«‘n.s
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Ef —‘=Z.—5+J’-Z+k'0'
w")ere: j-'= K-, f -—(Zt-);’ , =& -2,
i CuEHnrhe )

% (Fomase) = [[[ % ko bssn) e

-k F+Layrba)
%PCIL_()ZM ksj.w)=C;)5ﬂ/ (fno'co e o’}a/zo/cr (az

di, Je, Jk (22

C@f%z)
Sep CE52) = ﬂ bp Chey 4z 52) € Jk di, (23)
~LCk T )
g)’-’f’ (e, b j0) = Cz-;)" ff S/’P (Fy%) ¢ ‘{f‘/z <

4-D Case: _ . . _

! L N
Spcri)s [Grcy ek c23)
Y (Ljo) _=__z—ﬁ7—f.g,p graje_2df A .. £36)




8F

e Npical Exo«m?ées of lcrevuehc:;— Wave Number SPQC‘)LV‘Q

.L) Wind Ve/0a'7[y ﬁpecﬂam:
y Assume Wf'na/ o/l.s%r/'éué'on 15 uniform

n #) e J -~ Jfrecv(v'on.

v 5 — ol /5]
S wF)= Kk 36 Jew] . X
(w§) zn3[1+ @_3':‘)2]% <
244

Wind.

vy 2t) Z

wl;ere 5= -z,

~ 4;000 7[77[ 5co/e o7r ﬁeréu/ence

0.04 - 0.04 Sur;fd?c e olrﬂ?j_ CoEf;C:'cien%
0

¥ 002 M
= meon value of wind

SR gy
P24

Ta«)cr'wg, the Fourier trensform of S, & X) with reS/De:ﬂL 1o §F, we

com}omle #76 F)Te?uens- wave numéer sioec‘%rum as:

§ ‘. l< _ L- éz Jeo! _ o(-z/ao/
v L% ) 2’72[_{+(2,_§_'_‘:sz]% /7-[«@3—/(7

=) Cij) and 3‘; G k) oévlajvecj above are aooej for nfnte or

semi-1y }-\,'fm";e froé{e‘)n S.
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,2:) ﬁr})ulem& Bounc/czgr [cg;;er- fressure :

e (—”fféacrj#’fressure s measurec/ here

Spp C5,950) = Rx(CEw) By () Sop o)

—-od e 15 /U
For subsonic ,f{ow: Ky (f=) = € . cos (o@f)

~0.F15w19] /U,

Qy (2 a)) = &
wkere: L{C = C0"7Vec:)Ll'oh. Ve/ocl"b 8 0.6 U (a“‘ =}Eree.$7(re?::-foc*é«)

z ) 0.4 F-eD ~3o -5
SPP(w)- [3?6 108 e ~-34e [ 10

where : szil )ri-uﬂ J y=o45

Ta Lina_ He Fourier %n.sfopm o’[ Sp CF )g)-caj with reh?oe‘:?[ fo f
QnJ 2 5 we cquué #7& frefuené]—wove ﬂumée# 50&(:741({» Qs :

S, Cho ()" Sy

PP (_L z,"-’) (01 ) (Z__,_[q) ][(0;15 .BL),‘_Q ]




3) Sersmie Groch Mo?lf'on i
J

- O

Z, |

z !

89.

=) /o/ane= é,roufna/ surface

K — Seismic source = )Doi?ﬁL source Jé’-scr/'beo/

EJ a doulle Gou)b/e

DI‘S/D/OCQW)CD%S ere measurea/ of the jmunc/ surfece.

S%H;CKJ‘/ KJ/ w.) = / M" ' ﬁ@) ' GJ;CKXJ )6-'/‘0) /

.2 wt
”7)[60) _ 2:35m °Z 3 sincot”
ot tw®
1 [kl qpveiveo 4 453 A v e 130 _ 4x242e—i1%0 4 ng e~1%]
Gz(’cz,’cww) = T 8und ' 4x? 2 _ 9,22
i [ty o+ (5 — 2777
where: M, = seismic fmmneoﬁL

[" = hse 7L/'(me
f" = rg,m!ns of 3,rou'r>a)
Z, = J ep o[-\ se/smic Seurce

= & . = L .
ha = e Ky m e Y

= l{uz'_}iz‘

;Y VAR A

AF = com/o/ex P-wave and  S-wave Ve/oc/'#/'és
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o Nor*me Moo(e /?ffproach

ﬂOe ,‘m};u/je imf/uence ]Q('ﬂc‘)[fO'r) h(;:}:‘/:) or %e 7£"€7uenc /'nf/aenc
tho#‘on H(fi:: f: 15} ) of 1L}7e //'near com(fnuous 57[ruc7[ure o Ve 7é _
ée Jeﬁlerm/'fnec/ 7Lo Ca/w/a‘/e. 7476 C?aSS—.S/DEC.?[l’Q/ a/ensh([] o{‘ ﬂ;e res/bome .

Sw (R, E0) = [ S (B Fie) HCREe) W R ) IFY
R R

Let the e?uo‘)[/'on of motion of fhe linear iy\s‘){-em be:
oC[w_7+c-u'/+Msb.&= /Dcﬁfj (4

where : £ = linear Jf'fferen‘;fa/ af:ero')lof“ (\sfmﬂ[um/ a)oerc:z?‘/afj
M, C = func#xbns o): 5}007(722/ coot :'na‘lzes m 56)9&!’@/
PCES t) = fano/om a/Jaoam;'c /oao/m;_

pCxt)

T2 Chut shing) & (JITrrri -

02 —, ) .

Yy
L = ET- %&T Céa‘?m) EI=Leno/f¢75. r‘g,fc/,é/

o4 _ 29" o / . EE
Dl 89y ey" Cr mle) = 12.¢1-p?)

> The f'frnpu/se /'nffuavce funm[vbn /LCF:}:'U 507[/'.9F,‘es.-

L[h] tch vmy b = SCPF)-Sct) )

—— ’
umit f'mpulse Q7L k=g
ancJ a‘/‘ =0




4.

. Ty o solhn of By 2 of the fom:

h(F, £ E) = Z O CFot) " Y CF) c3)

Su[y,s‘»[?'?lu.#hg. E? 3 ;'rﬂ[o E‘?»Z , e oé?lGJn-’

o I-F Ym are ‘H')e 'r)orfma/ /, moo{es o;: unéjom/;&/ Free vférmé‘an S) #)eﬁ
‘H)ej sQ-;(is,gj -qu e?uo‘Lbn:

ms-é;Q-Ym+Am>a[[Ym]=o c3)

2 Bu‘)L we Iénow 'H?ML " u'ncjom}oea/ 7Dyee wz/erllons eOc;é mOc/e /S

5/'0')}7} L)QFMOW/C

R o cs)

Comlymma Now . Eqs 5 and 6 we obtein .

Mg Wy = oC[ij %)

° Tl)e WQ7LHI‘O/ Freqweo;c;es o;f %e gzjs%em con f;e co/cu/ov/eo/
From. E7 i _

2 Ex&mpee Srmel su)o}yor?lecj ée&m




2.

L= E I- Na?Lurcz/ Moa/es : Xn (z) = sin .”’_’725.

| N y FI A
my W Ym = E'L'/'%”.) R ""_/;Zf_

0 Oer&owa/r{y of Normal Modes :

Mm i+ m=n
/ms-YmCF’)Yn CF’)JF’={ | 'f - ¢8)

R 0 ,'7F mFn

where My = gen'era/fzéc/ mass
\/ ;

fc. | Cr) n CF)_J’? = {Cm ,..F e €3)
2

0 z‘,f mEn o

where G = 3e»era//fe</ J&}np:i‘vj_

E Comém:r{g now Ef,"s 4, 5 8 ana/ g ‘%e ,[a wmq_ expressior /S
OL'['wheJ 2 S ey -

Mg - aM+C,nQ,,,+M Wy Am = Ym(f) S(L) (L)
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B e e e e e L e

I;Je;rVrn E7.iO, #7 fo//ow}h} /Dfo/;er?([j of :D/‘rac’s c/e/%a
;uwcﬁf@n was M58.c/ :

[scrpFce) dF = FCF)
R

o Hssuming now thot Qm =0 ]EDI- ééo) the solihion of E9.10 /s
oblained as:

WM&:‘?‘&L' ,exF -3 %'f) 5"’1(‘”’»4'{‘) / J;)CQ o tzo
Cm = . Ci1)
0 Jo'éﬁ or +<o

where :

‘ Cm_ Cn N w’n_ w " A
= = ) ‘a .f -
= 2 Myt Ca b I

I = MJQ/ Ja.mpr'nq retto
m . =0

o

Eq. 44 is usually wrifen as: |

k@ P o
0 FER
where :
P C-{:): 4 ;L exp (- J';_za,oi*) sin cutt) (13)

M -2
/'bm@‘:) s #)e /'mpq/se fégponse ;Eamc?[zbn o;L 7%2 /nﬁ moJe




%

: | N o7Ze 7%@7[ _/zm&é) //Mzsw#?e :ame i Zform as %e fm)pu/ se-- res/c-olns e
7Emoo7[/bn o}f 7479 Srhd/e—Jéal’Ee—of-/[reeJom {757{&9:::..

0 Comé/'r;f‘ng now 575. 3 and 12, the /?)ipu/se jnFluence ,&mc?(r'on
/s oé?Icu'beo/ 2s:

iYm -F’Y("/z,n(-é . F.FeR, t=zo
LRy S R »

0 f,"éﬂ) + <o

o The Fnse?uency /‘n_,cfuence fw)cf/bn Is oé‘){au'pec/ faf %C_:PLE??&_ the
fourier ’#obi;form of /zCF:J;:-é) vith f‘es/oecf Jo time :

T V() iF) HuGs)  FFeR bzo

o “lwt
Hﬁﬁ@:/h(ﬁ:ﬁﬂ-e dt =

wl:ere:

oyt el s cte)
Mo [y =0 + 2L i@+ T [

Hr ) = ﬁ‘e?aency @sponse /:uwc#/btz of the | #74 f)?oa/e
7| J /

® Consfojer now 14)9‘/‘ 7L‘)e excr'vlm[/‘on_ P Q?J-é ) s @ 5%a7[/bnag rona/om
process . The corre lation fuhc-r[rbh of:#)e _r‘eslzvobse' bas been -

ca}w/cﬂ[ea/ as:



95.

S VU 0

Ruw (T % ;5 b é ) / /S;P (vé’)}; )“)) HCEJ
2

o Combfnmg, vow  Eos. 15 and 17, Buw (R T) is @luloted as:

Lwt

Bow (B, 5 2) = f ZZ-Ymcq)\/nC)#c@)#(w) L, G- e o

R M=4 n=(y
c8)

-

L)« [ SpCF.E0) W) WB) cs)
R R

Im,,, Cw) I's ‘H;é Cros:-.s,oedlrcz/ Jens/'vly o;r %e 3eher‘a/izea/ ,Carces
in the modes m and n

o Since : Low Cr- r ,Z) = f Ouw Chh,w) € Jew , the response

crass-sPecﬁ-a/ Jens;'%\/ = Sww CE, EJaJ) IS &'ven LJ:
¥ <

G oFs) = ZZ Yo B V) o) o) Tc) oo

m=L hH=s

TL)e res;ponse ﬁpedlra/ Jens/éf /s oé?éu'neJ AJ’ 5@%}93_.- E:E -F

Sy CPrw) = pabala F)- Vo (F) Hu ) W 0) - Ly G0) cas)

mal h=4




Noe7[[7a7t Sww CF, w) s reo/ Simce I,,m (e) /s ﬁ/ermwlron

Im (‘0) = I:l'm (w)

° T/?& JouL in'le3m7l/on oppeqrmg_ n E7 24 s reo//y

3-D Pro}p/ems: > > > 2 Z 2

et ) pméjems: T2 2.2
' 'm.!. mz. IV)L 'nz

1-D Frol’a[ems : P A

o EdeJpZQ-‘ 5s'w3p1:p},-5z}f%por')[ecl éebm

W A
x, £ i
pest) Norma?. M0J25=
i e, mnx
I ' o &)= Sm T
x=0 _ B x=L

Tl‘)e equa'tLion o;r @o#@n IS :

4
sk ELY 5W

+cw+m_,w —/:(zé)

8" .
WI#L A= ET ax"

caa)

1¢.



e

1) Ca,cu.[a'le the notural ;re?uem'es st'%q_ E? 7
2 2 y
ny Yo = A[%] = me X = EL(B) K
== (E) s

2) Ca/az/o?[e gehero./fze:/ Mas s :

L . 4 L, i
Mn =/ms'YmCz)-\{,1Cx) doc =ms/§; (z)o/x = ”2:'-57

3) Calcu/mle 5enera/iz;eJ Jmfpf%;.-

L L
Cm. =/C‘YmCx)-Yan) a{x= c-/Y,”zCz)o(gc = C..é_v.

L’) Fre.qceency f'nF/uence, ;:u'nc on :
! ‘j /

> sin M sin TE 4 Gy for 04x FEL
H(=, Fw)=7""

' ..l _l. _ 0 : o7%enwfse
FF | -
where : _
- Y% ' G
Hn () =

r = 4 2 ). = oM
Mm'[wnj""z"“ ‘2"5»[”""")_7 - Er(ﬂf—-) - LMy +ledw " Sy

0 /}556‘47-)63 now Ahat the ekd;"lo%/'oh P C",'/:) (s white-noise with
reSFedL fo - %me -' .sélparo%/bn ana/ exPénevrl/b{/] JGCC(?)//'}?;_
WﬁL }?_ Tes)oec+ 'I‘o 5/70‘/"'62/ Se}oora%iofz:



8.

QPP (5 z) = 0'3 e_Q 17 - S¢z) z=£_f-‘£,
§=Z_,—Zz

T;)ereFare) He cross-a;pedlro/ o/ens:iy of Poxt) 1s -

2 -a.lyz) | o —a-15/
S (o) = £ gt

Nole #hat Sep CE@) s ohtained é] %oL/'nc?_ the fourier 7(rt>m5form of .
QFP Cf)z) W/"/L/Z I‘es}pecﬂl‘ fo =z

bj Cross—Spec‘#rQ/ Jenaily oF genero /zea/ forces :

Irrm [w) // Czi) Yn, (z,) O/‘Z_t Jz =

_ f[ _‘1" i ””7_"‘ . Sin Mx’* J@a/:cz, -

o [QL[ (mn) a_,,(m) ] r a7

oL

2z e N6 eI )t oF o]
Lau)][m(f)] persent <

6) IZESponse 5pec'/rc;/ Jensh[y.-

SWCzco)- ZT Smmwnm o C3)- B ) - _Z,',m(wj_

m=1 N=4



m=L N=g
mekn

me=4

M ) Ky ) - Tap G0

Uma/é/ the cross 7[er')ns are heg/ee?lea/ fo oé?éwz

S e "0 fhh, 03] Doy )

M=1

IR

SW (xw)
with :

4
ml |’ [M—a)‘)” b 72 W, w"]

Lnce)= 57| 5" @y ()[Z+2(Z:jj —J

?) M ean - squqre of 'Hae responéiew Jc,’-‘/edlion:
7 7

/Hm. (‘0)/2'=

E[ WZCZ)J = / ) Sww (56")) ‘/‘U
_ 514[75'/771417[/493__ Sww (%) r-'f;/m[o "#;e. o!;ové :._ey')oressfon_

= Z (S‘/'n —’ME'-) /#4,,_ (co)/ -aun [a)) + ZZ. 5/92- '”Zx Sm ”’Lz-

o5 L Pt T
| iR

/ by
o - [ -) 43, 0, @

99.

-



100.

¢ Plakes

Qec,vlang.ugar- / /
v b

By »-

Normel Medes for the simply=supported aase:

Yon Czy) = Sin ZEE. sin 7L

TL>e corres;:oma(ing_ wq744r0/ ;requenc/es are: .
, d 7

“rin é%.\/J;;... [ é‘@)z+ (Z—)z] ;o b= chﬁzij

o0 oo o0

Sww (CC)jJa;) = m%;%%:—; \4& CZ:;H;,) ' Yns szjyz) '/L/m,. @) /7[4:5 e) -

) I’?z_nr‘s Cw)

Ne&f;:}ma_%e cr;.;.s—‘/‘—e,rms #)e oéove fauh%—orc/el‘ é\mmo%bn

becomes a. Joué} e Summavébn



Z MONTE CARLO SIMULATION

e -T!'JEa Fmb{&ms So/v‘iic/ m '/(/)e /:rew'ous sec#r'on_s were //'f?ecz/-

an! e’a_s-}:'c. The so/u.?(z'on- was 0«:,:'1/6% n #)e Frequ ency oémam
’ 7 [

4-Dof : S, @)= |Hw)|" Skt Go)

n-Dor : [, o) [ = [Hew) [ See @)]'[H*@V]T

Q?’)?L/'huoué : Sww Ct—':w) = Mg i Ym_ CF) Yn CF) Hm (‘d) /7{92*(&)) ) I»zn (Q)

n=g

For 'non/fhecer C?"no/ none/asv[v‘c fro“cms 50/4«7[/&:425 can é’e
QIWQJS ofﬂLaJnec/ us/na_ 7L/>e Momle Carbo #ec[mr'?ue. These
50(:41{-!‘0?2,5 are oéﬂ[wbecl in the #‘me-spo:e o/om;«h}/orow‘o/eo/
‘H‘)Q'/‘ H)e So/m[vbn o7f the corres/cono/l"g:_ Je?lerm/'m&#fc /oroé/e»*z

ex :Zs‘!L.s.

. Momle Coreo Sl'mu/m[/‘on:

chsfc(er_a, -51(rac,1[are with ramjom molerr&z/ QhJ 3eo}ne?(n‘c
}:roper-aLfes sué‘ed(ea, 7[0 random focds. A /mae nimber CN) of
reeli zation s o;}f'o// Frondom ﬁqmmmlers are anero#eJ The
l—esulwifna N )bmb/ems qre so/yecf Je?lermzhzlsi‘co‘//j 719 oé?l&zh

N responses. Va.rfags 51_{1:9};:5%&::}/ )oro}:;er#es of %e response
can be defermined From the calealofed N responses,
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EXQW)P[ez Céns:‘o’er the jyeoméenc//nﬁ_ /oroé/em

ﬁj/fﬂ/ m g[ﬁg}a}%ﬁ:
l . . = pcxt)
g T

L .

where : | E= E, [1+fc] “fex) and aa(x) are zem-meon  homo-
ns = My, [i'l'ng)J 5eheous S%cclaohs?[fc 7&8/45 with 6fixe'n

psd’s  Sicn) and LSC“M@*).
IDC,xJ -ﬁ) s a o/e'[erm/ms-ré‘c /oocjfng_

4 A
Fep ?«)T Wit
o A /\ A > o o /\ AN /\ == ~— ,,d / \J',, ﬂ{’ﬂl _.A :_t
ol~ V W V' = _or\/ NSO YL = I'UWN"W (YA A
"2 4 2 ___L
_Fz‘(x) 8'61) A W Cd’. =z ft)
[\P‘L"\ fllq A. / e + i - /\ sl = /\» ﬂ A. MH .JL b’ i -
o\" ST L = ol . VL o= l“”"" W v+

The 5+Q.7LI$7[ICQ/ ct)arac%ens#cso}: the response can be eas/l,
oL'ﬁaJhec/ Froo}z W!'J w'; :

¢ _”’)e .mqs'IL fm/por‘!arﬂl ..)pc:rnl of #)e /1'{0277‘(6 Car/o .s}mu/o%fbn 7(9cjmf7u
is to aenenm[e sowf;/e funcdl:bns Crea/iza-//bm) of & rondom
process wh% &'yen /pbwer‘ .s,oéé.?%:/ o(e”.sf{)/. or aa%ocorre/o;é/bn
,Eu@m[fon. This 6ewem1{fbn bas fo be CGM/W?[O‘AW{/] e/cz‘cz‘eojz_



C2)

(3)
(k)

____H

|

|
i!

|
|
L}

| Power
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@

SIMULATION OF ONE-DIMENSIONAL STATIONARY STOCHASTIC

| PROCESSES USING  SPECTRAL REPRESENTATION (Shinozoka

Cbns r‘a‘ er

E[E)]=o
E[EGen k] - By o

J

re ’Q‘}"

-
| PROBLEM:

Exam’ple :

echal dens:? 7[uno7l'/'0n St
-Hm,ua[? -/-Lej Weiner - by tln‘ne rans form /oa/r-

_an ear'”:ique
_ _COh‘esro I

i and Jan, 1972)- C.S'hmozr.)‘ﬁa. and Desdatis , 1988 ~L79L)

a 4D 54&‘[1'0’9@:7 floc'[‘?a.s'%fc Pmcess 75. (15 ):

meon PC?ALﬁE

} au?éaerre/m[/bn /Lm:?ébrz '

Cw) an Qﬁ,g Cz) ore

) -iwt
S (w) = [ R (t)e “V'dt
fofo 2% fofo
. iwt
R (v) =[ s (w)e™ "dw
fof ' e fofg

G;ve'r_z ‘#)e. fower- sFec:fra/ Jensf' /und[fon

i 5&& (w)_of a .'ranc{om proecess Wi Zero mean,

3enera1(e .somp/e ;Cuhqlr'ohs ) 67‘".#713L rondom
_process. - | -
Given the pover spechal densily functon of
,Taenenﬂe _samffe e@r#;?ucvées
fo “the same power _.sfedrca/_ |

on.

densi u'zac‘}

Y f



(s)

&)

(%)

@) o

T will be shwn that the shchashe process £ cd) con
'be Sf'mu(m(ee! LJ Hoe fo//owirﬁ seres, as N— oo

N
f(¢) =/2 ¥V /3B .
A fofoffﬂj)ﬁw Cbs((‘)jt + ¢j)

=1
where
| wJ. = jAw j=1,2,...,N
A_wtt_.ajzuerc-l;[,ffrueﬁ
W = T ) u FF e e7 \C]
| ISH.GJ)
—— — wu...w

&= ndepondent: ek phose atmles i
¥ fsz’!}m(e:/ over %eﬂan& emg(g an) . /

-NO'["e- ‘HOO_??' #:e _SIMu/O}(EJ roc_:a&s /s & "m 1[07[:60//
ch(ss:‘qm_fas: Nbecoboesf,)/q?e due 3%59 cen;ga/ .

[imif #;epré»z .
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| Paoof :

It will be shown now that the expected value and auto-correlation func—

- ‘ tion of the simulated process £(t) are identical to the correspondmg targets,

@
‘ wLalere 5

?.1 Bu‘!' Since 7(‘[9e
i 0 and anm :

1’ Erf (t)] = 0 and Rf £, (1), respectively.

E [f[f)] = E[£ 0‘:)_7=0 has o be shown

E[fw] = Ef Z Aw,)- cos (4t 8

(w) = l/ 2S5 ) 4w

E[fR)] = T2 .Z Acy) Ef@scytip)?

's are wniformly distributed betueer

' E{cos[w 74-&{0)5 //D co.s(w £+?)c]jo

2:’7

‘3,? “’5(“’

éﬂi,)a/r = 0

o

T‘yerefore us:h} C.w) anJ cLL) ¢

LE[fet)] =




(42)

(44)

(4

@®

|

| szcc) = 2 ‘SZ Az(w‘) E{cos(w‘.h gaL) cos(wl.éf'aé. Z:+ﬁ);

) Bgne Bepce) s o be shour

Zitce) = Ef R FCh ] -

106.

ZZZ A () Al ) - E{cos(wé-f?:) s Lt 52+) :

YA J,q,

0(

For- H'V[ : §0L anJ ij are inJe/oena/enit and %erefore.-

E{a{} N E{cos(w‘-éﬂrﬁ.))f-Efcos(cg.iia{/-z+6)} - O

=0
=0

For j:b,' :

| Smce A cos%) cosf = 4C03(14+8]+ o o5 CA- 8)

E7 th_can. ‘be wm‘/en @S & in it s

Qﬁét) = Z; Z /) (‘Uz) Efcosfzaj f+4) Z+,Z?)+@s(zd z)j

- 2 cwt)[f{wcwfj N “A"?)f *Eff“ a7

S -=O ;

Z../)[w) cos(w z)

[=2



| = Z ‘ZSH (q)dw éos(w z)

L=t

As N—=o0 [:‘7 15 ca» Je wr/#en as :

"
1
1

(16) Qf,r(z) . / ,S;c;_ (w) coswz a/cd
‘ TLe W:ewer—— bhinkhine +Hheorem stotes :

(1%) Bﬁﬁ CZ) = / Sf,;ﬁ (w}casa)z; Jw
.l Fma/()ﬁ Cbmfah"hj_ [7,5. 16 Q”J {F:

 Brew- B
i

|
o ﬂ- has lyeen sl')own #nﬂl‘ the s‘)loc]oq.ﬂ[m process £Fd)

can be .slmu a'lec/ LJ ‘H’)e'[ {ou/l'r? series, as N—=o00 :

H

(18) _f¢t) = V=2 JZA[ZSH (w;) 4 -coscef,-fﬂg-)
“ \' wloer;e_;- -
() | WS Jr42e N
J20) Aw:-—%— ; _waz aﬁ:er.cm[o[/ ,[reiuehy
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Use of Smellin Frou

f‘ahcjom mmfoers un/’/om‘/j o/fls /rf'éq‘/ea/ n 74;e rcmie

¢ -
J. COJ ,zn) - use am‘form (0,1) ronc/om numéeh
3enem¥or and ma/'!(l}o\/); fhe results 5 2n.
W, = 'Hois .vq/ue is cLosen asﬁng_ e?/‘neenbj,_ ;/h?emeﬂf

~ or Tne. Cn'?ler/bfz:

i
2@/ et (dw = 099 G

N= a tarae ham[;er Is 'usee/, usaa/{y N > 100

Usua/[JJ the summation of wsines Is ‘//me—con.sum/'ng,

SFecfa'” wloen (o3 Iare nujeﬁ- ofsom/:/e funa[/‘ofzs

[')a.s fo be J'ﬂ”ta{/)' gewerml :

T‘)e .;Fe_ec[—o,r ‘Sj/_'m“/a#/'on can_ be ” Jramvlr';'o{/] /’bcreo.sea/
LJJ usfna, He FFT,‘)lecl'm/?ue.

In orJer -lo 7laLe ac{vam(oée of #)e“;Ff _o/ an'%m) f7. L€

_ L)Qs -lo Le ,wn'#en 1'?_7 ’Hoe ; ]Lo//owfrg form 3




l
o ‘

® -

e A ey, K M=L | = h [gz‘,g‘?,ﬂ
F(p-4t) = Qe{% JZ\/ZSff(nAw)-Aw ee
M-t Lngzn
= Qe{%:_ B, -e ™ } j  P=04,.., ML
an
dw ST

'll M has 1o be a power of £ - M’Zm

|

|

|

|

. | Reshriction: 4t < —i— -[%’i

I No]te -H':m{‘ the number o}: Fo:'n';'.s wlf)ere Ft) is colcu lote

is equal fo M anc[ uo/ fo 1qoe mméer 07[ /-'Jozm[s
wlo:je Sﬁ,g (w) s o/.So ca[c'u/a#ea!.

-Sﬁ.ﬁ (o) =0 7Lo Lave mean zZero




(az)

C23)

C24)

(z5)

C36)

@ 140.

- { e L L o A TR WL - e e - e - e ==t —— S

| SIMULATION OF TWO-DIMENSIONAL HOMOGENEOUS STOCHASTI
| FLELDS USING SPECTRAL REPRESENTATION (Shinozoke
| and Jon, 1972)~ CShimozoke end Decdehrs, 1988-1994)

!1 Consfa‘er a 2D L)o'm?eneous .s7lOcl)051ll'<: A‘e/c:/ ]f(:c_‘,za)

I] e.a. see errface e.!evmlrbn ) ﬁ«réufence on w:‘n& o;&w'rdt?[}f
; arcum‘ mo'!vbn over & sur/face

i E[ £ (%, 2,) [ =0 mean valse

) E[fcary  m+E)f )] = BELCRLE)

|
i : : :
‘ Ear Q (‘)o eneous felJ 5 Qf’D C} 5 /S mme%n'c

W,“H‘) TesF::q 'I"o 'H)e Seloqrq %r;ﬂ Vec).'lor- Eha;[fxafz,j.r

&w[ocorre/m[/'on }[undll‘on

er (5.5) = et CE,-F)

or eguivalenty :

Lrs (3) = Beg -5)

For some 2D t)o?n. eneous ,[/‘e/a/s,..#)e ,/o/éw/n
e?ga'l-vbn is. valid ?_ . ¢

6 C8.8) " Fok Chk) B0t CRE) = BACES).



C3¥)

(18)

L29)

ol f
|
il

|21 C3.5) = ]TS}Q,,E, CH,h) €

@ 444,

| When £ 26 is volid, doe 2D homogeneous
| .S‘I‘Oo[?q.s'['f'c ;[/‘ea/ /s referred fo os a ”7uao/rm?7l

Pe[cf !

Tp)e_ wer s ec‘)Lra/ Jensf-/ 7£uAno7[I'oh. o;f ;efx‘,_) Zy) /s
“ Ae;tr'nz as : ’ J )

~L(H§ +Ha

o® 00 }4
Shh CHe #e) = 23 f/ PrLCE.5) € 244545_

_&—-ﬂ

QnJ :'7(5 mverse 7[7'15?77s;[or'm Is g:'ve;; é]:
ki th,
+LCK15+ }JJ@JKZ

—ob — o0

wl)ere Ky and K, are #)e u/quebuméehs V7 He z, ond

- Jl}ec'/‘/'ohs rea.spec‘)[/;/e/ .

_E7s. _ZF_,amf 28 ref:re.sen‘/‘ #e 2D versien of'- 74)9_
Wener - Ehmeanhe Jmns[om par..

I be easf'br skou/n #k:n( Fhe /oolwer- Sfedlr&/
clensz'b« fun&:‘on /'S rea/ am] 7‘40 B

Sﬁg Che o) = Shf C-/g,f-_xg,)"<




@ 112,

ULt e shocbashe field is guadhont, hen.
C0) l ShE Cs, Ha) = Skp (W, o) = Skt CHes o) = SEL (o~ )

This e?Ua#on ffan'cw[es #707“ 7479 Ve /ue OF e IDSJ

' IS fc[ e n‘ltfccz/ a'l[ a orrespond:: Fofmz‘ n eac;) 7:{&::/#0076
ll L)ehce 747e nome ?uaJmm& fz‘e"ﬁj.

f Fina/{y ) /7Z an be slaown ;/,Q,Z_.

) |

C34) 5);,5 CK,HK,) = o

4 . e,

|
.’,}i.Pl?OBLEM s Given #)e Fower_s/pecfrq/ cfens/'z/)l fuzz j/:: 7[
’H} S,CJ:CK.‘J Hzi of @ <D ;)omoaeﬁeous sT/<

F:‘;U W zefro mean enemvle so»ylb/e

,[uncfrbns of this chcﬁa.s#fc ]ﬁz'e/a/_

It _,ée._,slaoum %a?‘;__#/)e _._.&%odkas Ve /Lle/J ;E (x, %)
|_can Cf)e cffghla{é( Jf'm/m[ec/ é the 7£0//0W/'¢?_ series .

[0 X3 N‘—>a-o ar;J /\/‘;—900 ;

) o !
(32) (WL L sy e g e
- (1) 1

2
1%t %ok %t 0 ) v (28, L (k. o, Jac ak,]?
1k' 1 Zkz 2 k‘kz fofo 1k1' 2k2 1772

» cos(

(2)
" cos(: X, =K, X, * ¢ ]l
1k‘ 1 2k2 2 klkz
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| where

|

(33) | Koy, = b, 44, by =42, ..., N,

&), 'h| Hok, =k 44, b, =12.., N,
and:

RN A A

by = upper cmlo;ff wavenaméer n the Z, —Jz'rec_'ltl'oé?
Posyy ™ Lr)of:et- m[off wavemm!;er n the %-cﬁ’recazr‘on
i No‘le #m'lL 5{; bW, By 1S o/: nsi m‘,[/‘aofﬂ[ e w/béa/e
| adside #he regjbn defined (A),,- J i

b, }
b

|

o) {—ﬁau < 4
lll '—htza £k,

:.__:"" — RS v .___._

IN U\

| _fina !] : ‘
| «fﬁ:;)-ahJ | ﬁfz) arem moleloenolenll ”thom , Io/aose ona/e s
um’for;n[j Jls*nlm#eal _Lé%weewna; ond 2.

Tlfze SI'M(A[Q'I[&J s-'lbcj)a_;_lfc- f:‘e/a/ Is ,G’aus.sz'&n- ..Jue £
the central limit theorem. -




(3%)

738)

@) ik

E)r 1‘"76 S EC.!C?/ -CQ.S'e w[oeré #)e” .;')(ac/oaslic fzefc/ /'S
CiuaJran‘}‘/ +|oe. 5/‘h7u/07llbh fonm;/a rEO/aces 7lo

L ey
1

I - Ny Mo
: ;[(x,'x,) = AL

+Qe[0’£ Mi_i[g

F]
(: 4 )Az Ax ] u
roro lk" Zk2 172

(2)
x =<, %, ¢ 9.5 )]
T T2k T ek,

(1)
[cos(x, x, +x, %, * ¢ ) + coa(k
lk] 1 Zk2 2 kIKZ 2

-”r)e- .SFeea{ o,r sl'Mu/a‘I[/'on an !Je c/ro#w?[f‘c:c?/b, /béreosec/
J{y usf%g_ 7476 FFT ‘Fec}mi7ue. for #aq?L fre@sor 57.3F

loas 1(0 Le wri ffen fn e ,[6//6‘&4//)7; }form:
FC}’AQ:4;7A-":,)

=Qe[sz5£[

=0

Ma-1 h i._ézr.-z” Lkp2an
2 /)Leeﬂf‘-e ‘]-e "“f}*
-€=o
2-4 iy, - ibyan Lbpan
. Ap e e c ] e M ]

20

vhere Be[-] represerts the real part ond:

"F;'o./ij“'; A{t'i ) 7= OJ‘LJ’“)/%""L

 Pug = \[2Shg (o ue) DH MK, .




K= ke, kegu. Mot
Koo = € 4K, b-01 .. M-L
<

4k, =

an _ _
Hdm 5 YT W 4=

M, ard M, have o be powers of 2 :

’4142 =0

ﬂ)e Sl‘méiég S'loelvas—ﬁfc ;Cl'eu I's Fer:'oa/ic. w.r'#q
__L,&oni sz in he twe Jl'rec.#ons_‘ 2z, on

x, fres Fec;l-r've,{ &

i Eem‘on

M
/1{‘ -=,3 . QHJ %:z”&
Qes'["h'c%/‘ons:;’dxi < 'iZ f{':(
tn < £

Cif k-0 or £=o) fo bove mean =zere

445.
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I_SIMULATION OF ONE-DIMENSIONAL NON-=STATIONARY

| STOCHASTIC PROCESSES USING SPECTRAL REPRESENTATION

Hl C 5"7:"!7020La. and Jan ,.fcf 3‘3)-(5;7:'97020’21 and Da;eg-;l;a i’?&?—-ﬁi{)
| Tbeory of 4D non—sla‘)[:bm;y 54-0¢La57l;'c plocesses
| with eVo/m[:'thD/ pewer

i

Zeference:! Pl"feSHe.jJ M.B.) . Evolq‘/‘zbnar .S}pec?tra_ om/ /VOn -57[07(/677:?\7 '
FraoeSses, ! .];)umq{ of 'H’)e QOJQ/ .51‘:;'[/3 z'ca/ 50&'67{\7,

;;'I Series B, Vol Z¥, 1965, PP 204-233F.

|l i.'{-‘ a sJocL;aT[c:jc frocess CS'ILQ-A'om{/ or non-ﬂ[m[fonoy /) Rn
e P‘ePrescn Qs :

(39) i\ . s fE) S f ”/)C{:,co) thJZCw)

where: AcCtw) = modulod; fumﬂ[fon
dZ¢s) = onq:ojom?} iheremenl

_ m‘,:l;e” #72 kr_oc_es_g % Cé) /s m,g/ 7{0 ée_OSCI//CW[O(I‘]

_Ncnle '/'éeﬂl’][ﬁféw /s 5_/ 7‘,0 t) rs a‘ 57{974&99_90;'
5‘IoJ>a5'lic /orocess.) Co” 0'” e J

-_Irve mean_square of “_74)2. ox[//o%o{y process s feam/__,_
o be: |

Cuo) E[YD] = //ACéw)/zJF(w)



(ui)

Ca)

()

@ 1L7 |

| The ewlcionary pover specthun is infrodkced as

dF°Ctw) = |ACtw)]” dFcu)

| or:
‘ PGy do = (8 k] f)deo

jo Fcw) eXfS%S 5“G[1 #,'a% JF(«J) = ;[(w)a/w ) w/)et‘e
AP )= £ b d.

: In #)0’/ Mﬁy #9&. h0ﬂ—51[a7£/'oﬂqf SfeC#O/ CO”_% e¢77/5

| are e{:xb )
|
‘ T{?e éalawrre/a‘té'oh 7[unc7[/bh I's wmfa%ea/ ][,-m:

i | = - LT
i QJJQ CIH'Z:J J_-) = /ﬁ(n‘;-rgtd)ﬂ(é@) (] “ f(co)a/w

Note Hvaf: ".%wo ([t+z t) is row c?._ fuﬂd‘[/bf; a,c beth

t am] C , Since _'/ke frocess /S bo»—,ﬂ(o//onay

A 'non-sla//‘oné | 51loo£)a§'z(:'c process w.«?éé eVo/én[zbmf),

Fower aan Le Sr"?nq/o'l[ec/ éy #)e fa//awwg exFras.sxbﬂ

as N—»o0 _




| Ca-u )

s

I = B Z 1k Hay) b escyte)
|
| WL?CTC: l(()/ =ddﬁ) \/=-é¢z) o N
| dw = %

'E i? = rone/om /o/m,-e— 0'3 /es un)}%rm(/y a//&7lrz'éu7éa/

5i} over the ronﬁe 0 3n)

| Noke asasn ot the sinulored picess is Gaussion.

EXAMPLES OF POWER SPECTRAL

DENSITY FUNCTIONS

|

| The kaneu- Tajimi 5,_Pe°7(r" i (0= 57[014‘0”0{7)

R A S A -

GmunJ Q—cce l era‘)l/on /S /‘a/ea//zec/ as a 5'1(0714'&:;;0 -I‘O ”a/om
process L’b""’"& fhe obove power 5706¢‘/£ra/ Jens;'é/
fund[z'on. o |




|

|
|
|
Ik

@ @

! This model comesponds 4o the acceleration of a mass,
1] SuFFonleJ 5 f:'n@r s}:pri'ba_ anJ é{asfafa?‘ 7 /DO"O//&/ Qs -

m }‘7’ acce /erm[r‘on ouizfcﬂl

it

7777777727777 2 Z77ZTTITIZ

el Araac/ éo”a/ ch'e/ew%bk :
/bfu?z

| TL)'-‘—' L’QSQ o}: ‘Hve mocJe/ /s ana/e?o/ﬂ;_ a éroaa/ éana/

il »ai?r e _
;LL?_ = ha r«?/ frefueng o/: 14Je «5[)/5719?7 = ;ma”J resopope
|
: ‘5' = rq‘lh"q of JQMF!'O? 'I[o #)e Crz")[/}:a/ Jam/p;'? = 07{1%@745?2

|| acceleration.
|t

: S = Spectruimn level Cmrma/fi‘ea/ fo um‘/ moss ) of he

brmA-'lunal E‘)fc:")[m[r'on a?L’/Ae éase = 891‘/})?(40 ée

fre?u em:')(

- __of seismic. waves Ip 7‘ée Jrauna/

The wain drwhack of this medel is Hot the ground
mjﬂb‘n is cbns;'cJereJ fo be nla‘)[ionaty.

NO”-S?IQ‘)[/bnOLy lonaz;— Ta/im; Qgecfra : (4D)

Zam)'— 7%/}';)9/ )oec7[ra w/#_ Ex;o/m(/bnopf /soweh




.,DeoJm[is; G om/ Shinozvka 5 M «ﬂmla- ,errezss.«}/e /%c/e/ for

| Nons‘lta‘l‘fonoy 57Loc]')af)[fc Frocesses ”, ASCE Jourm/ of
: Eha;‘neen'f? Mechanics ) Vol. £L4, M. LL, November £788.

Fehw) = |Acha)] Fw)

where _ expCat)-expctbt) [ KT
e },/}Ci}w) '"'Jox[/,Vom/hovIor] \/'5/;;@ (w)

fas) =1

Febow) = |ACkw)| fe)

wLere :
Altw) = expC-ok) -exp-bt) . . %ﬁ +4{;w; »° .%1
| ’ max [ Nom:ba'r[ol-j oL (™ ng) ‘:_ 4 % “aé: a)z

o 4 2 2 3
_ (tem)” f s +4_I30.3.a) ‘ f%
+°‘P[ 202 ] S;z @%_%2)44_-4‘53%202

) =41
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8. PESPONSE OF LINEAR STRUCTORES To NONSTATIONARY
EXCITATIONS (Sk/‘mzuka) 1970) '

. Con‘sfc{er a //'near- , SDOF SJST[EM w;'#a. m/oq/se response ano/ |
Fr ercy response ;Cunc}x'ans o/eno%eJ é A(_’%) ano/ H(), res ecéi/e/
S, J 7 7
o Assume thet the .U&‘J(Em 15 excf?(ecj {)7 a m%o%ram;y roba/cm
process X () with em/u')(rbnag power e?uo/ fo -

5:(1%&)) = ///Cv’:lw)/z' 5; )

e T+ can be shown ot Hhe response of the .f)(s'lle'm_ YCL) will be
a nofr;37[a-/-r'on¢2y ro»Jom }orocess W/'#L E'.L/o/u‘t(rbnog' Power:

-lwt

n £ 2
S (tw) = /[ A(i-T,0) € r/z(:) d/'c/ Sk (»)
No7l‘e #707[ W})en /}ijw)=i ond L~ o0 , #)e i‘n%eﬁm/ m Hhe

C?i)ove efuo%r'on rea’uce.s ')["o ﬁ(a.))) w}}fclz IS '/'ée we//— /i??om
%m,fer- ,Euww%n. In the 57107%?703 case. Then :

5: Cbw) = S @) = /#(co)/? S (@)



.' Z SC4w) ) :

! - (1)

. AMJ: J;=f Sc/a) or {’)’ sPcﬂLf'o./ qveraq ing.
] U U

NeMsof response
o1 ¢
16 \q&\e}}
iz i mear
0.8 1
0.4
> PMS of in '/
0.4 0.8 12 16 f inpu

! pressure O3

9.0 _STROCTURAL FAILORES TZESOLTING FROM DYNAMIC RBESPONZ

3 5+|’€5 s A | '.\ ‘ l)\ 1
SE'7. ) M | K. SN 1 T L
| o [ A s
| \ - i \ A /
! | 1 E A oL ooy e
' R AN AR S
" = — - — T f"t
| WAL VYT e AL T YN
o |\V.‘I '\\I Ji a’ i‘/.

Structure Fails i} one of the events occur:

1./ X(*) reackes for the 7f"r57( time either the upper bound U or
the lower bound L. ¢ First excursion fails ).

gz./ Fw'/ure oceurs Wl')en -H>e accumac/mlea/ Jomage reacLes a

%‘er folal (¢ FavLiaue 7feu'/ure).



For these studies it is necessary +o know : (
[

(1) Within a/‘ven ‘hme interval the number of times Hhat X(t)

)

ctosses ™ a SPeci;fecJ "'L?res]oo/c/ ’eve/ Cﬂ)resLm/a{ Cro.s.smug).

(z) Wf-”n' v '}i / 7l€rv {)-H') number Ls (or trou hs) i
B0 AR W AR N O i o B 0 o

A

Xd:) A ‘,"\ . 3

94 ﬂ)resiwou Crossing.
G

X(-é) 1S a con-kﬂuous ranJom process.

Lrossing prouem s a couﬂ%r'r)g_ process
U [ U T

, i, 4, ) = ountin cess which counts the ndow miim ber o
Je ) ir‘mes &ch)g cros;:ej a %)Tejaoﬁ /;ef F from_ o

ehl'!ver- above or below in +ime interval (is, é,,)
- We_shall now 1[@ fo estimate the slotistics of 7.
Constuct a model Jor y:
CY() = HIx@)-F]

Cq -'.f.) , _H‘{‘é) o Heavis{aje S s‘leF

-Fu ‘hc‘hon

Lo x'@t) P
Y&)={ % xa)=% - (9-2)
g A . o
V&)= Xa) 3[xA)-5] (3-3) sc+)=p,~ri;sfeua




Y A L
- AT EA T e,
i SRR PYWURRV AT AN il Ve
| ﬁ ' g [
= 4| i
rea(:ijﬁ)hon 1 [
of (t) 1 +
N \ ] " (unit z‘m)b(.(/EE'- |
ot with'alerr
l l \ l [ l five sfans/\

,
Now : %(E,Li,km) =fl>z(t)l S[x@)—;j dt C9-4)
£

EXpec"eJ va Iue.-

t,
| E[7(5 l:ijé,,)]=f£ E{li(i)jﬁ[x(ﬁ—j]}ﬂ = (3-5)
L o ‘
= [[151565) R (5 %,%) d=dzdt - (1-6)
: 1(:1 - -®@

R -
el ke o
: t, -o -

i}T%e rate of -H)restaou crossin\?_ per unit +ine NCE+) is :
NCEE)= Xl S[KXe-3] (2-8)

Therefore: |E[NcEe)] = [ 121 P cEAAIIZ | cae)




o

Tke corre'al'on -;Cufnc‘l‘fon o,[ NCEt) cah be C§mpu1[eJ froﬁ: l--

E[NCEEINCER)] = B (54 t) /// AN NN

-d% dx, (a1
Wl)en we coun‘lL MEcrossmg,s on!y :
E[N+ C§J£)] = ./ Q: )Dxi (E)m.ﬂ:) J‘x C‘?—ﬂ)
QN+N+ (.?J‘Li){z) =\// i!' i" Px;c (j) 1.1)‘1:-1}. i" )%2') Jz" J‘il Cq—iZ)

for a wealée{j Swlm[r‘onas; case : E[N+(5)]= éE[N(})] [q'iSQ,
R, CE2) = 7 B (R 2) (3-13b)

. Cornster X&) is S'll'c.?'![rbnar\f Geaussian r.p. with zeto meon.

v X(E) and X[é) are /nc[epenc]eﬂ'#

x % 2;' —t _Z;;z
P.(=%)= R& P (%) = v_ﬁdxe Fr—poads
E[N+,cs)];[a;.gi'c},i)af:z =m6fd£ wx/x Bt
T I
Let ot B du =

E[N+Cf)] -;n—'&'—g-_—'-'e 6 / 44 /—

And fimally: | E[N,c5)] - ,fn-—;— T (3-15)

The abave is +L;e uPcrassm(?_ rate for a s%o#ianaty Gawu ssion rp-



(3-16)

Wﬁj_o E[NsCo)] = = 0% =_L_.[ iw’-‘sxm),alw ]%
: :] Zn  Ox 2n faasx o) Jw |

._'E[N+ 50)] = ;e = 67[;667(1'\/6 ;re?uenc::{_foro narrow éana/ process
E[N+ [O)] ) N+ Cf)’ E[N+C§)]

 Set now: N,

| X&) A

No No K
=5

9.2, Peak Dis‘}ri!)mlion

: A peak in a sam le Ium‘l/‘on X({:) oceyrs w%en X&E)=0 and
. XCE) IS ﬂegq4iv; Therefore - o obtein distribution of Peaks) we

{ hee J'ofn. fnﬁ)rmo'lv‘ofn. on X X, X .

RN A Wit

x A / B\ /oy
| g V% i

‘ I+ L>as joeen sLown Haa'f’ 'H)e numéer o; cx+rema in X(t) aéove
a speci,[ieJ fev'e( f)cwn be obtained ,from.- (loeﬁween, {I - {:;)

? pe 8o o
5(3‘,1&,*;,) =/ 1Zc) | S[Jc(t}]-H[x(—l;)—j] dt (9-18)
£




The expéd‘ﬁeg va[ue of &£ e | .

E[eCs K] = fEfix(f) S[xct)H[ =(t) g]}clé- (9-13)
- ] dt ///’&/SC:‘) H("'f) Fx,'(,'{ C%i,i’:){)o,:z c/:i c{x £ 9-30)
e

.Denowle %e raﬂJom numéer 07[ peoLs per Lmh[ 7ll'me Qs M:

E[MCER)] = /ijc;x/p (x5, 5 8) ESCE) Hee-p)dv (a2
L X 1S 0€?Q'/7V€ 7Cor Peafcs Q‘nJ PoSl‘lIVG ;[or- ‘%rougzv

E[M(f)f:)] =~/ f X Px).‘).‘. (%0, :z){) Jxo/:z: (‘?—216)
o

%%

By lebing fo-w, then: E[MCEE)] =E[Mr (4]
cxpechld Iolal menker

01(: PE'Q’és Pe-r un -/- %:me
@ 0

E[MT(-I;)] =_~f fx f;xx Cé,oji)f)Jx d3 £9-32)

~@ -t

L et X[{) be a 57La7l/onc?ry and Gaussian random process

z 2

1 ' 1 . _a
ink'c ) c:on)/" BEZ exp[—m;(q.@ x +

26 xE 0 x")] (9-23)
where: Isl= ¢ g, 5:- 6;6 ) (?—zU
0« 5 = | Sxte) dw |
2 2 @ - k
0, =Cx ’_f @ S(co)o(a) (9-25)
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SulsS‘z('/'fu‘Lmq_ 9. /?—2.3 I'VHLO eq. [‘?—22) we ge'lt

' o 4 “S (w).d Lh
EEMT:{=;—:%'@ =ZF[ L0 St do ] (3-26)
‘/ww‘SxC“-’)'Jw
S b Ce N ‘ S A
W w w

Bu'l' S" usua[{j b’ows up .’
f\lex')L we Wouu fLe '!o oé‘lmn Hoe Frol:a. /‘l o’ensn{] {unc'/‘/on

"o ek diehrthchon.
I Co'nsfo{er- a conJi‘t[/‘ona/ Proéoéz'/i‘:{y Jis?lr:'Lu-//on oﬁ peo/ﬁ maqm"/uc/g

ELMCEt)T | prebabilidy +halmpeql¢ will
FI CEJ‘L) = .'L . E[MT(-L}J C?'Z:F) Ll'l:;"e maﬂm';”c?]e ‘ess oreque

v +o F}Q‘{‘ Hime &
(Huskn - 5koP/"r>sk/)J.956

L]
E[ M‘r&)] 6}

RCEt) -
2 l chlmi‘;? rube
a3 ELM czxcﬂ
:robab[‘{-l\ -lha'ta.

No e f / Peozz (=0, %,t) s =¢;(j 0,,t) 43
seqle will have.

nﬁ%ﬂgh aﬂfﬁd;?ﬂ; L)ere}:ore P C5t) =—E[MT(‘£)] | f”:c P (550 %,1) d% | ¢ -28)
Prst)ds |

E[McER) ]

! SuLS'll"}mLihg_ eq.[‘?—23) f’rﬂLo . (?—28) CmJ using_ eq. (9-36) we je‘/:

%
P;.Cf) (zn)% 3G, [15 exF( -’&Is ) g ,Zq (14
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el g ) e )] e g
Zlsf.q ) TP 207 i
pS 2
' , "2 [ g erf(o) =0
where: £if e i d o {erF(cb):if?
Hi+erna4ﬂ've expression for Eg. cq-29):
N (o)] ok
'L"‘ how - O(:E[+ = - 2 9-30
— E[M:] &G (9-39)
. _ Ci—q’z)% B = 2 F
ll”i‘";_ P;Cf)- . ‘expf f'[’z@(i""()] j+
x-S T -2~ 2 }
""2',?.;7«"{1* er;[a(”‘ —Z) ]} exp(- f;,z) 9-31)
We have: O Lx ] e
S A Yo Al
=1 natrow band process : MERE RN AR

VRV VEVERVER Y
Ao very ’Qrae ﬂumber"i: Pfﬂl‘-sfo" ) 4 - / .

cach xers upcrossing

'From eﬂlr (3-3L) — (for Of:i) . 7 \NWV

' 2 0£5< P le::

-5 - J Kayleigh

P;: CE) CT‘ 4P ( ) { X=41 E chs‘l-r/'!Ju'A'on 4 -32)

202

209) | Qaj )eiah distvi bution

-5

For d—=o0: _‘
VRS S S —p¢fi Normal e
Pic?) BRI ex,o( 20" { X=0 ) J:Is%n'éu;[/‘on 8-

Conclusion: for mos'f Prac+fca[ cases )ﬁ#;e Feak 'Jr's‘fr/'lauﬁ(fan 07
a S‘{‘q#ohal"] ’"'P- ,l‘eg Ae weert Gowussian an

Qa(j[ef(jk. B




@Lﬂ%}%ﬁ)
i
| Useful Approximmlions (foristationary random /Drocesses)

E[Nec5)] ~E[McD)] B
i L - C_MCEJUJ)
:E[N+(0)J “E[M]M(=—————-’j EE

E [ Me(®

F

P ¢5) s E[N o7 J— E[N:C5) ] (9-34)

- R¢r) = - E[N@] JE/ B (5 2) dz (9-35)
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Examlpee--’ 604%5/‘Jer 7%6 fo//ow//hg non//bear- Duf;fna_ 75]/:& 8}a¢74bn:
X+ pxr W (x+eX) = F(L)

where : Fet) = Gaussian w/;/?ze—nofse v th /b?lens/'{): K

f SrFCeo)
|
- ; —>

£ = Fosf%'ve éu-mée)-, mecmrb(?__ that the f]sﬁm has e ;)C?ro/evf.bg.
SPr."fng__ ';UFe 07[ non/fbearhf)«

o FH‘H‘)oua/’L FC{-.) IS G-au.ssfan 3 #)c reslooﬂse XCt) Is no7£ Gew s sron
because of the non/thearr5§ 07f %f)e f]s%em. However X)) rs a
540.#’01907 mwcjom process

e If the skjsvlem /s /‘5“5 JamFeJ and e Hhe hor;/meanz[)r I’'s smoll
CE«_{.)) then Xct) is exPE’c,‘)(E‘J to {:e & parrew- fvonc( ram/om process

o 11’- L)Os Leen ;founcj (e.g. qufjéng !.?6'3) #7@7( 7%6 574974'0?709

o[rSF[aCe'meﬂ; ch vefoc{{)f qre r'mfe/:enarev% mmc/om. /broce.s,_s‘es aw'r[.é
Jor‘oﬂL f:ro‘lx?éf'ﬁﬁ afenss'ﬁr :

- ° 2 2 2 xz,
P Gei)=Crenp =B [ S+ CEre F)]§

e Cons'?lamL <q a@n ée. eva/uo%eJ fram #)e hor?ba,/l‘zaxlbﬂ C0”04'7[/'0f2-‘

/ ﬁ/.b/fd Goz)dzdz = £

—p =
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(_i..,. g E..)[o /. _ =

x. e J&?KCJ.

o A

2

E[N. (5] = fa&/;; (;J:e)Jz' = g-e

(]

Let now: w= £E du= B 2ds = 2d=2="5du

ar nk. p

anJ -foL/r?_ /'mlo accamﬂl 74747[: ‘ o/ <e_“o/a=_£



E[N.c] = ¢ 5e

E[N-r Gﬂ)j = g % = }Ce N E‘;CFEC'AV& Fre7ucn7 since XCt) is

nerrouw/— é&ho/ !‘Ono(om /bmcess

N n.k pga, 3. nk 4 “o
we = anf = an LE Pl oy g Z 0K ).
€ fe P an'k ¢ 7 pwt (1"5%'*’1—?5:)

vor Inear effect
I+ e=0 — linear f)rs%em —= (e = U,
The Won/r?beorﬁ& Incre@sec s 7%6 expec/{ea{ e;f;fecn[r've fre;aqen?.
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[ xample: Consider o _nonlinear _Duyf;fmga«,_ ‘{yge_,e?,(mzfon:

| e it e €)= P0) o Gosin abocmite,
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Ly —— _mrfmorfz-a_%/‘on__conth[rbn:

‘__ B [Z&g@g)_@fu&

E[Ne )] = G g



1

(/(s"ifr; mrma[f&a‘/‘fan com{fvzxk-;_fr;_ 9_67[: _

d =8 2 Y, y
) G- e e K f‘off =4
44 = e o

Gt e ™ ) =4 _
R iy = = | _J B
e MR g 5 g fgrde)
Mk 4 (j
_ S neg IECJ{ since E<<L
_ T Lxerefore: I S o
- Pu . x
_ 1 Tl Y T ok 2 . . =
ﬂﬁg"‘fa"i—f‘é Fle = ez
—m - n o o
_ /44'74 .—,[__'"nafiy_ ;'rn_‘[egrm[mg. S o
— e 3 )t o
Cetll-e 5] B
—— . —
B 7) SR e N . 2.0 K
We—=2Mfs—=3n1-C- 3 Wo-LL~€ ZF éq,“’)

/ o
A= L [N+CO)]

B non-linear effect

—

T iyéz(gm =0, -
_ﬂ,ﬁiﬁ_Fa{guew@l'/c{re7 S I

. WC)err\ 'me'éa{. ‘,’Z@ns//e S/oecz'(mensj gre SuéjeC‘![eJ lo_. __%[/a_c?/aoT{/#é_“ ;;Z;es.s;
small _dis {oco‘(iofns CcracLs) grow under _C(yc,/fc stress am[/'/ f&//ure

(s Teoc(oeo(‘ _



L, S I

- __U J\Z\J \]\/—*’ V\/\/\fu _'

e Tw
: ) J__—“Jc-r-f'-ch:a{[_—'size

—

Ve need ;rér.(-:{ure nechanics.

i - /.
Co 4— INf L
| or nc/fméerof qyc{;s N

5+ress -

B _ ; o -s"he.s; am /f'llch .

\ N ~ — F e
T —a AN BT VA S
W \,/ 7 Y UV vV V Lmecm S_he}{ { |

Wi)efn_'qﬂ ei_;'n-eq;z_.sﬂéss____f S '1707[__\/6{;; erge _T.f'..vé_gjoeimﬁzwéov_e_4”C(c_é_ 67[_-[&‘_{_ .

_.o.n_gaj_tia_ue. life | L erned e e

When a,_lqr&eh_mmEer__,o{__s;:ecim_etn s are_dested under) Q_cwsfem?é ___@mp/,_/_'%ad-

; [oacl:'ha) the  S-N_cytve is .QL{QIIWEJ. [ o
‘&8_5-— - 5= SﬁCSS_._QmFL’fuJe_ I

shress I\L:'Juwberof _(_JCJ_Q.S.. 4o_fqﬂgu e_}:a:‘/;;

CRMS
CBaS 1 _ N —
\_/.a i) 5.J[res 5_amPHuq'e__rs_com{anzgfl_. o

] N '_S_L_'-: < LJ ¢s>0.

- J .[_._ No‘l tbn,ﬂzt?_ﬂ% 51[Ye5$ QZP/IAJQC%T[;:/%?O%Q’) R
“cord To Pa.'ﬂn re'n—Mi'n_e i Ie):&! LaccumyloTe {maé e__:Q—fﬁ—.&__
oy o Jaagren-finer e T o e 0

Pafmaac flue1lo the qFPlico_?Lidn_ of Ng. ¢ o‘eS an a 5’)(ress qu/ﬁ/uJej:

M a v
. AAS - T\IE;; Nz Ns ___ Ny =fusmomy of C\\}(:;fifeis.‘{gij#g & é&‘ fure 6?7{




_ L! _
Under Varioue stress aM?l;'%Jeg He %J 6(0qu¢ rs .

I‘ - _D=_ZA5 = Z ﬂL

TLNS IcH meaf- an Verv Qpproxmm[e \

%\/\; ‘l‘g c} ;\Eo&sr\u \CJC } -\x“—-""-‘?‘“x-; - LURES
«U eS ]

T[Oc:_ F’—N 'Hu?o rw fes -qu‘/‘%earJe!"
T‘\U,S {b“'e_ ocecurs . WLen et 'eve [7‘-7_5 %o ,_-[-fc _007_ e @33/74@@
y}é'ovn 5+TCS5' ) mldﬁngzse?‘yaqr;?we Pl c;sgf;s;e
LeTL 4 be 4he e exFem[eJ ;ke?uew? =% e riatiow band siress.
resFofnse X[%:) XC‘C)IL ,\__ ,\ B _A . o ) _
R i i i vy Y X

In ai\/en -L}'me_f %e____expec{ea(_mméer oi C_vc{e.s [s: VT

ﬂle -exp ec‘ﬁec{ irag on }[__:Hnese cye es wloose ,s'!LresS am/:/ﬁ[ c/& /e
[Oe‘ﬁweﬂl }Qﬂﬂc‘ }-tclf_ IS+ }2£ (- j);‘:‘f_
' R fra[;aé f#cjensry of Peozs

Tlve expec“ﬂer,! naméef— mf SG{CZJ peaLs 1S : Cm_.gwen_')'rme _E) o
o nce) =W TF CE)Jf—_—'_[ 9=37) =

?‘Smg[e FE‘OL ): erﬁ l‘/ao(e_dica:ases _an. mc}'emem[éé/ o/ém?

oi: accorc:(mg 'rlo P—M m/ [No][e we Lave SomcLoW %J /[!f
'H?C P-M tul e %j CLanm& ’r)g o
 mumber of P@qks at_[cvel 3

NG)



N(f) s ’ﬂumLer aF fjc es -L -}fau/qre n a ams‘ﬁorn?l lep/ﬂéfa]e 7[957[ 7/
an QWP Aﬁtc(e j—' _ ) _

TLae expffc"ecj Jafmaqe /-ﬁl’@c’l{ OHQ ) c{ue W[O C\/c {es éamwé Pé’OLS -
e\(wee‘n qu( F+JF (S :

weg) e v Pce)d S
= % y  — C_
NCE) - _,_b . - _.._N( ) ~ e —— ? 38)__ B )

Tloe %wta eecped(ec( cfamac?e s #)e sum o{af con%nécn[/am

_ - Bs
| E[Dj - jN;j) 5 - 3?) B

1 C) us ___MZ?__!’?_QE‘J a___E:_, CE)_W Q ’ha( NC§ ) Zr,g__can.,,ée_u }exmc[ on /7 _ ex)oer:m ento //

_Le'f'_:_,_[\i: SC':‘L’ wL)ere . .= COH.S‘I cjepem{ft? orn 0?107[6’!‘:&/
__l?;ﬁ_EFOheﬂ¥ c} ‘lLEH'HmC.’J exf:el’lfme'v’[Q{/7

S = stress "

Mssemer§5) i zg e,gu b b )

R o

T‘)&‘n . . exp- (- —2»6" }J} C? 40) —
 meawn Ja'maae—‘ o - -

Nm[e ﬂNCEJj_ECg_—_*___ _.q'no/_ rn%e?rq-:[ma S
e — I



CJ oy
V=T = 7=l

—

O (@)
TSI T TSSO

)

b

Stress response: Y=, X =z

s+rcss 3 . 11_ [ {)]
)( £) = X () =X C " N
‘ ) L. d\SP}ocemew+ of mass m relative {o. car

Comsider #76 mlou'll s $4&+/0WQU Gaussian wL e-noise.
R __.Jr‘&)to e e e E e R

Exa'rﬁa:ﬁion 5. czcce{Qf'a#fon )< S . o

M' A
B _.z_._J'Q)-;:_-f- A S
S
gy g ——
- o o
h=0.25" _E= 10310 sa__é__ff 09 )
) o\ 6.09 4 ol cac®
- m=_F28<«40_- o Y S
7 n

B KL e e Cifbec)’
- = k‘ad/sec__._ B

3000 R _’[ CCPS)




E[d(D] =
ECO] 4

WT (ma).r(te)

xpected mumber of cycles

SOMMARY | S O OO ————

_,1)___55_%_3,e-;ﬁeéree__o; _:__free‘cjo-fn_a_._:_ N [ —

b e Ere)

2 2]
S, R i Y NP . S S
“o

z)ﬁfﬂ:uﬂ;;Deg_reemoyf ___7_f_ree.e(om _ ) -. o
 [dae ][R ][Gncy[#ian "
S) _Continuous Systems  (Modal Analysis)”




@xx CF,w) =" 2 2 MuCF) ﬂ_CF’)lL/m o) Hy" Go)- Lw i) R

-Moale% N . craai—_ci’&‘lra ij/‘?'"’ ;/74 es—-

-----07E..C?C?iel’c?fxf2_ 19, a_»,_farc(

_“),____Sl‘mu‘o-ﬁjofrz;) I-\[onliﬁeqri_.— cma/ Now—élés%‘c;__éys_ﬂleﬁs
_,_,_"A__[I"lfn,e__Do.madﬂ,_Momle_fqt{o_~ Me"%oe/_ o

's) Thteshold Gossing - Peak dishibubion

CSNegs) L RG)f dpend ni B CPax)

Emm:. _ [ =

Wl dege o fredon
2. .(o.ﬂ:'g_iuo_u_s_.5_{IuC{u.r.e_s.__C%uJQ.LO%q_{auS :ls/) &) -
3. _Ihrgs[jau__c_raidﬁg_ :{zeqL a[ Lﬂlr;'_éu_ﬁaw N

. COEQJL_E__SLM{_{Q‘A:W _); o




E xcunjp‘e e: //////;/}/////
r. X

m

N
NN

[{],.

e

!

1055 - SecTion

k)
-

Lare
F

B
pe 5
of sde

(59

AR

At

©l |a

S
TILLLITTI LS LTSS T T 777777

O\

N

o E xc;’vLer‘on o}: H)e ql:ove :‘gs?Lem s occefercﬁlv‘on Xo
o Exqmine the 1[047‘ ve damage of the reoT of the beam C/oo/ml 4)
due o ramjom Vi br‘a"itfon 07[ the ve})zb/e_.

) Equq‘}Lr'Oh 07,: 'mmL‘o*n :
/

m i e e + b CR) =
or 127 seH-r'nJ__ Y= X, =X )
W et e o e g Y= <X

o S‘fre;;s o?L ;po:'n%‘ /4

set)= Lhoyet) = [ X - X W]



o Acceleration W)pu7l' 57[c77£f097c7rj Gaussion w/m[e _rorse  with

J%%ﬂSrl S

? Mean-squore 57Lress:

E[SJ (ZL" E[Yj ( z;ws

3T _ _Eh
L% m 4ml>

where : Wi =

L
m

g Expec:liea{ Voéxe of Nyco) o’f stress S (Gaussion) :

P ( G @
E[Nem] =W =7 G an

o Assuming the t 7%3 stress  SAt) is a normw—c/aonc/ process:
U 7

i b
E[DCT)] = 1/2_5_7__0/},‘05) .;-'(_14-%

° Numericz:/ Va/ues:

7 = L,”
h =025

E= 10.31,06‘ FSL‘ &?/u’r)/num 0//0\),) oo
S .
S-N curve : N-S = (2 20°) — b= 607 2 c=(22)

m = FAa8 L0 Lf’b“c
S; = 5‘930 GRC Sec
l”‘-’0(/5“_%.




o lgeéu/'lls: w, = 465 mo//xc
Gé N Z%O )DS[
A
E[o]

. f:frs‘lL— fassase or ﬁm?"— Excursion Prob/ em
v

) )(@':j 5 Q 57(::?7L£omg ranc{om /Dmcess [,7[ an a/ef;d[e 7%6 kanom
stress Q'IL Some )boi?ﬂL of & sﬁuc%ure)

@) UEH__““"W_ y
V/V\\/\/ﬁj\\\/h\/ W/\/\I -t T: Hime %o /:w/ ure

o We weu(o/ //L—e 710 tx;ve /'nfamo%fbn concermh the r‘aéd}.wé/%.séc
Cl')arac'/erflsvlics 07’: T) 63_ #)e Fméaéf/f& C/E'??‘S!{ /Cc-('»cjzf'on of?

T P&). | |
o This }:rouem I hcﬂl so/vea/ ‘/oJc(:] exce/o% for #e /é//ow/'nf

uera ‘SFeC"Q{ case,




G

o /455(./*»7./'475 7%4»7[ ;[lye a/bcmss/has oF /eve/ U cons%%n[e a ssen
process (0'707[ Q Jooo{ f?‘sszzm/ﬂéian most of Fhe %r'mes) since a//‘,f,ferex |
crass/hgs fmas7L Ee /'oya}e/oena/en'?[) E ﬁ_ C-é) /S &/ifek éJ

YL -
peb= e £ zo




