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12 Fourier Integrals

12.1 Fourier Integrals

- Extension of the method of Fourier series to nonperiodic functions
- We consider the Fourier series of an arbitrary function fr, of period 2L and again let L — oo
Example 1. Square wave

0 if —-L<x<l
fox)y=¢ 1 if —-1l<z<l1
0 if l<z<L
Solution.
-If welet L — oo,
. 1 if —1l<z<l1
f(z) = Lh—{%o Julz) = { 0 otherwise

- Since fr(z) is an even function, b, = 0 for all n.

1 [t 1
fr —_— d —
a0 oL |, T L
1t nmwx 2 (Y nmz 2 sin(nnm/L)
an L/lcos 7z L/o cos ——dr =+ n /L

- Amplitude spectrum: ay,(wy,), where w,, = nmw/L.
- From Fourier Series to the Fourier Integral
- Fourier series of any periodic function fr(z) of period 2L:

o0
fo(z) =ao+ Z(an COS Wn X + by, Sinwy, 1) wp =nm/L
n=1
-L— o0
- If we insert a,, and b,, from the Euler formulas

L
fule) = i /_ o)

1 L L
+ = Z cos wnm/ fr(v) cos wyvdv + sin wnx/ fr(v) sinwyvdv
L n=1 -L —L

- We now set
T nm 0w

Aw=wnt1 —wp =+ 17— — =+

1 _Aw

"L T



L
fulz) = 21L/LfL(v)dv
iy

n=1

L L
[(cos wnaz)Aw/ fr(v) cos wpvdv + (sin wnaj)Aw/ fr(v) sinwpvdv
~L -L

- We now let L — oo and assume that the resulting nonperiodic function
f(x) = lim fr(z).
L—oo

is absolutely integrable on the z-axis; that is, the following limits exist:

o0 0 0
/ f(2)|dz = lim / F@)lde + lim / F(2)|de < M (1)
—o0 a——oo [, —00 Jp,
-As L — o0, 1/L — 0.
1 [
2L/—L fr(v)dv — 0
- Also, Aw =7/L — 0.
f(z) = 1/ [cos w:c/ f(v) coswudv + sinwx/ f(v) sinwvdv] dw (2)
m™Jo —00 —0o0
- If we introduce the notations
1 [ 1 [
Alw) = / f(v) coswodv, B(w) = / f () sinwvdv (3)
T J oo T J oo
- Fourier integral
o flx) = / [A(w) coswz + B(w) sinwz]dw (4)
0

Theorem 1 [Fourier integrall

If f(z) is piecewise continuous in every finite integral and has a right-hand derivative and a
left-hand derivative at every point and if the integral (1) exists, then f(z) can be represented
by a Fourier integral (4). At a point where f(z) is discontinuous the value of the Fourier
integral equals the average of the left- and right-hand limits of f(z) at that point.

12.2 Applications of the Fourier integral

12.2.1 Main use of the Fourier integral: Solving differential equations

Example 2. Single pulse, sine integral

(1 if 2] < 1
f(f”)_{o if 2] > 1



Solution.

- From (3)
1 > 1 1 . . .
Aw) = / f(v) coswvdv = / coswudy = 2 1= Shew | SInw
TJ—c0 T™J TW Tw )
_ 2sinw
 Tw
1 [t .
B(w) = / sinwvdv = _coswu ‘171:0
™)1 Tw

2 [ coswzsinw

R A (5)

s w

- From (5), Dirichlet’s discontinuous factor is obtained.

2/°° coswxsinwdw: Z?i iigifﬁ 1
TJo w 0 if 2> 1

-Ifz =0,

- Sine integral

- Gibbs phenomenon: With increasing a, the oscillations near x = £1 are shifted closer
to the points x = +£1.

2 [ i 1 [%si 1 [%si —
/ coswzsinw , / sin(w 4 wx) n / sin(w — wx) o
0 0 0

™ w ™ w ™ w

- 1st integral: w +wr =t = dw/w=dt/t and 0 < w <a=0<t < (x + 1)a.
- 2nd integral: w —wr = —t = dw/w =dt/t and 0 < w <a=0<t < (z —1)a.

a : (z+1)a ; (z—1)a ;
2/ Coswa:smwdw _ 1/ Sl—ntdt— 1/ Lmdt
T Jo w T Jo t T Jo t

— Lsija(e+ 1)) - Lsifa(z - 1)]
oo s

12.2.2 Fourier Cosine and Sine Integrals

- If f(x) is an even function,
2 o
Alw) = / f(v) cos wudv, (6)
T Jo

Bw) = 71r/_00 f(v)sinwvdv =0

3



- Fourier cosine integral
oo
flx) = / A(w) cos wrdw (f even)
0

- If f(z) is odd,
Alw) = 71T/OO f(v) coswudv = 0,

B(w) = 7?'/0 f(v) sinwvdv

- Fourier sine integral

flz) = /0 " B(w) sinwadw

12.2.3 Evaluation of Integrals

Example 3. Laplace integrals
Find the Fourier cosine and sine integrals of

fx) =eh (x>0, k>0)
Solution.
- (a) From (6),
2 oo
Alw) = / e cos wudv
0

s

- Evaluating the above integrals by integration by parts,

B 1 .. k L .
/e kv coswudy = —e * sinwv + — [ e * sinwodv
w w

- By integration by parts,

ke 1 _ k _
/e kv sin wody = ——e " coswv — — [ e * cos wudv

w w

_ P Eo_ k2 _
e R coswudy = —e " sinwy — —e * coswv — — | e F coswudw
w w? w?

- By multiplying w? on both sides,

(w? + &%) /e_k” coswodv = e " (wsinwv — k coswo)

—kv
" /ek” cos wudv = wsiqu?(w sinwv — k coswv)
2 e~ kv
Alw) = — m(w sinwv — k coswv) |g°



2k/m

Aw) = w? + k?
ke 2k [ coswz
/0 %dw - %e—’” (x>0, k> 0) (10)

- (b) From (8),

2 o0
B(w) = / e " sin wodv
T Jo

- By integration by parts,

k
/ek” sinwvdv = — 12 in e*k”(; sinwv + cos wv)
2 w o ko 2w/ T
B(w) = - me kv(asmwv + coswo) |°= R
2 [ wsinwzx
_ kv _
f(:zc)—e U_T('/O mdw
Oowsinwxd T g By
o Krw? T o (x>0, k>0) (11)

- (10) and (11) Laplace integrals!



