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13 Fourier Transform

13.1 Fourier Cosine and Sine Transforms

- An 7integral transform” is a transformation that produces from given functions new func-
tions that depend on a different variable and appear in the form of an integral.
— Laplace transform, Fourier transform

Fourier Cosine Transforms
- For an even function f(x),

(a) f(x)= /000 A(w) coswzdw where (b) A(w) = i/ooo f(v) cos wudv (1)

- We now set A(w) = /2/7 - fo(w

- Fourier cosine transform of f(z )

_ \/z /0 " Fa) coswada (2)

- Inverse Fourier cosine transform of fC w):

\f / fo(w) cos wadw (3)

- Fourier cosine transform : the process of obtaining the transform fc(w) from a given f

Fourier Sine Transforms
- For an odd function f(z),

(a) f(z)= /000 B(w)sinwzdw where (b) B(w)= fr/ooo f(v) sinwvdv (4)

- We now set B(w) = /2/7 - fs(w

- Fourier sine transform of f(x):

- \/Z /0 h f(z) sinwadz (5)

- Inverse Fourier sine transform of fs(w):

fx) = \E /O " f(w) sinwardw (6)
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Example 1. Fourier cosine and Fourier sine transforms

k fo<z<a
f(m){o if x > a.
N 2 a 2 .
felw) = \/716/ coswxdr = \/ =k (smaw>
0 0 s w
N 2 a 2 2 1 _
fs(w) = \/>k3/ sinwzdr = 4/ — - <—k> coswz|f =/ =k (cosaw)
™ 0 e w T w
Example 2. fc(e*w).
~ 2 oo 2 z
Jele™) = \/;/0 e” " coswrdzr = P 1iw2(—coswm + wsinwz)|g”
2/m
1+ w?

13.2 Properties of Fourier Cosine/Sine Transforms

- Linear operations
fc(af +bg) = \/g/oo[af(x) + bg(x)] coswzdz
T Jo

2 [ 2 [
= a\/7/ f(zx) coswxdm+b\/7/ g(x) coswzdz
T Jo T Jo

- afc(f) + bfc(g)
(2) fe(af +bg) = afe(f) +bfe(g) @)
(b) fs(af + bg) = afs(f) + bfs(g)
Theorem 1 [Cosine and sine transforms of derivatives]

Let f(z) be continuous and absolutely integrable on the z-axis, let f’(z) be piecewise con-
tinuous on each finite interval, and let f(z) — 0 as * — oo. Then

@ LL@) =eflf@) - 250 -
0 R @) = ekl @)



Proof.

L) = \f / f(@) coswadz

- \/;[f()coswxb o [t Slnwxdx]
- Ero
Lif@) - \f / (e sinwado

= \/; [f(:c)Smwmlo —w / fa Coswxdx]

= _wfc[f< )]

(a) L") = whilf @)~ J2F0) = ~2L[f(@)] - /21(0)
ORI >1——wfs[f<>]=—w2fs o) + /2w (0)

Example 3. An application of the operational formula (9)

Find the Fourier cosine transform of f(x) = e~ %", where a > 0. solution)

(efaz)// _ a2 .ea% 2f(.’17) f”(a;)

a2fc(f) fC( // = w2fc \/>f :—w2fc a\/z
(CL +w )fc(f) = a\/;

ey =42 <2> (a > 0)

7\ a2+ w?

13.3 Fourier Transform

Complex Form of the Fourier Integral
- The real Fourier integral is

f(z) = /OOO[A(w) coswz + B(w) sinwz]dw

where

= ;/_Z f (W) coswuvdv, B(w) = 71T/_C: f(v) sinwvdv.



- Substituting A(w) and B(w) into the integral for f, we have

1 o o0
flz) = / / f(v)[cos wv cos wx + sin wv sin wz]dvdw
m™Jo —00

_ ;/OOO [/Zf(v)cos(wx—wv)dv dw

o0
= / fw) cos(wz — wv)dv
—0o0
- F(w) is an even function, since cosw(z — v) is an even function of w. For example,

- [¢ 1 9
f(@) = [ cosztdt = Lsinat |° = 250

T

f(f:E) _ ZSin_(;cx) _ 251;1033 — f($)

. f(z) is an even function.

- f(v) does not depend on w, and we integrate with respect to v.

fo) =t /O " F(w)dw = _OO Fw)da

T 2

f@) = i b [ /OO f(v)cos(wx—wv)dv} d (10)
f@) = [ / v sm(wx—wv)dv}d (11)

/ f(w) sin(wz — wv)dv

- G(w) is an odd functlon since sin(wz — wv) is an odd function of w.
- (1) +4(2) with " = cosx + isinz (Euler formula)

f(W) cos(wz —wv) +if(v)sin(wx — wv) = f(v)ei(wﬂc—wv)

- Complex Fourier Integral

x) = % /_Z /_Z F(0)e* @) dvdw (12)

13.4 Fourier Transform and Its Inverse

- Fourier transform of f:

1 o —lwx
flw) = - / @) (13)
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- Inverse Fourier transform of f(w)

1 < W
fl@)= = / e (14)

- Existence of the Fourier Transform (13)
1. f(x) is piecewise continuous on every finite interval.
2. f(x) is absolutely integrable on the z-axis.
Example 4. Fourier transform

Find the Fourier transform of

k fo<z<a
flz) = { 0 otherwise

1 a . k e—iwa -1 k(l _ e—iaw)
— ke T 1y — _
@) V2 /0 ‘ ‘ V2 < —w > w2

Example 5. Fourier transform

~

Find the Fourier transform of e“”z, where a > 0.

2

F(e7 ) = exp|—az’ — izw]dx

IR
- el () - (65) |+

_ \/1271_exp (‘Zj) /_O;exp [— <\/&x+ ;jaﬂ dz

Solution.

- Set )
Tw dv

2Va va

. 2
o0 1 o
I = /_Oo exp [— <\/5x + ;\C/‘ja) ] dr = ﬁ - e_”zdv

- i) Error function

v=+axr+




1 o0 o0 1 (o) (o0}
I’ = a/ e“2du/ e~V dy = a/ / e~ %) dudo

r? =u? 402, dudv = rdrdf

) 1 27 [ele] 2 1 27 00 2
I = = e " rdrdd = — do e " rdr
a Jo 0 a Jo 0

2 1
- <_6—T2> ="
a a

A 2 1 w? m 1 2
—az’y _ _ A —w?/4a
He) m‘”‘p< 4a> \/; NeTH

13.5 Physical Interpretation: Spectrum

\V]

- Spectral representation
- f(w): the spectral density f(w) measures the intensity of f(x) int the frequency interval

between w and w + Aw. -

|f(w)[Pdw total energy

—0o0
- Harmonic oscillator

my” +ky =0

!0

my'y” + ky'y =0
- By integration
1 1
§m(y')2 + 514:1/2 = Ey constant
- General solution is

woT —iwox
3

+c_1€

3=

Y = a1 coswox + by sinwgzx = cie

where ¢; = (a1 —ib1)/2, c_1 = ¢ = (a1 +1ib1)/2.
- Set A = ¢1€™9% B = ¢c_ e 07,

y=A+B, — wv=y =A+DB =iw(A- B)

Eo= mo? 4 2ky? = L(iwe)*(A - B) + Sk(A + B)

o = 3P+ sky? = 3 (i) (A — B)* + JK(A+ B)
-w=k/m - mwi=k

1 . ,
Ey = ik[—(A—B)2+ (A4 B)? = 2kAB = 2kc1e™%c_1e7 0% = 2kcic_q = 2keiéy = 2k|eq]?

.. The energy is proportional to the square of the amplitude |c1].



13.6 Linearity. Fourier Transformation of Derivatives

Theorem 2 [Linearity of the Fourier transform]|
The Fourier transform is a linear operation, that is, for any functions f(x) and g(z) whose
Fourier transforms exist and any constants a and b,

~

faf +bg) = af(f) +bf(g)
Proof.

flaf(z) +bg(z)] = ) + bg(z)]e"“ dx

I

= af[f(z)] + bf‘ [(g()]

Theorem 3 [Fourier transform of the derivative of f(z)]

Let f(z)) be continuous on the z-axis and f(x) — 0 as |x| — oco. Furthermore, let f/(z) be
absolutely integrable on the z-axis. Then

flf ()] = dw f[f(2)] (15)
Proof.

Ar@l = o= [ e
L ez, o [ ]

—00

Flf" ()] = = f[f(2)] (16)
Example 6. An application of the operational formula (15)

Find the Fourier transform of ze~*" from Table III, Sec. 10.11

flae ™) = §(=5™)) = —5fle]




13.7 Convolution

- The convolution f * g of functions f and g is defined by

h(z) = (f *g)(x / f(p)g(x — p)dp = /OO f(x—p)g(p)dp (17)

- The convolution of functions correspond to the multiplication of their Fourier transforms.
Theorem 4 [Convolution theorem|]

Suppose that f(z) and g(x) are piecewise continuous, bounded, and absolutely integrable on
the x-axis. Then,

f(f+g9)=V2rf(f)f(g) (18)
Proof.

Freo) = o= [ [ it —peripis
= = [ [t =iy
- We now take z — p=¢. ¢ = p+q and dz = dg.
f(f+g) = \ﬁ/ / fp ~ ) dgdp
v / F(p)e= P dp / gla)e g

= Vorf(f)/(9)
- By taking the inverse Fourier transform in both sides of (18)
— [ few)erds (19)
Theorem 5 [Time convolution]
RG] = [ folgte —pdp = F(o) ()

where F(w) = f(f) and G(w) =
- If f and g are zeros for x < 0,

f(9)-

- /0 " fw)gle - p)dp

- Moreover, when x — p < 0 together with f =¢g=0 (z <0), g(x —p) =0.

= /Ox f(p)g(z —
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Theorem 6 [Unilateral time convolution]

If F(w) and G(w) are the Fourier transforms of two functions f(x) and g(x), which are
identically zero for z < 0, then,

FUF@)G(w)] = / f(P)g(x - p)dp
0

Example 7. Find the inverse of the Fourier transform

1
F = .
() 270(6 + Hiw — w?)

- Since —w? = (iw)?,

1 1 1 1

Flw) = _ L _ .
@) = 6 hiw T ()7 2n Itiw 3+ iw

- From Table III. Sec. 10.11,

e 2 x>0 e 3T >0
“”_{0 <o nd M@_{o z <0
x x —2x —3x
_ —2p_—3(x—p) _ 3z 2 € —¢€ x>0
f(z) /0 e “Pe dp=ce /0 ePdp { 0 <0



