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*Advanced Course*

Knot Insertion

““1 )'5.: Greville abscissa-’Moving Average’ of the
- knots

2) de ‘Casteljau Algorithm by Knot Insertion
»;ﬁ"'-:: 3) de Boor Algorithm by Knot Insertion



- & | | ¥ Bezier (control) ordinates
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Bezier curves : Bezier (control) points
vs. Bezier function : BeZIGI‘ (control) ordinates
2 ‘functional Bezier curve

b ]

-

Bezier function®] C}2 0|2

’ LE= ‘non-

-parametric Bezier curves’ 2l & StLC}.

: B’ 2 B’ 4 B . B}
= ) 0(”)"‘ 4 1(”)"' 3 2(”)+1 3(”)

.... _{1-Bg(u)+2-Bl3(u)+4-B§’(u)+S-B;(u)}
2-Bg(u)+4-Bf(u)+3-B§(u)+1.B§(u)

- Bezier curve: x, y, z component(point)§ St M HEH St
« Bezier function: Bezier curveE x, y, z component 22
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Greville abscissae
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. Definition of Greville abscissae
W
® Greville abscissae(<)
o T &t(u)E X (n)NE &XHCE QUM BIEWH A

PRI T
’ n
Ol)n=3 &R
Uy u tu, Uy tu, +u, Uy tuytu,
& 3 , & 3 , &, 3 :
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[Bezier function & Greville abscissae:
“The ordinates of the Bezier function are positioned over the Greville abscissae.

v Given: Ordinates of Bezier function(2, 4, 3, 1)

Find: Over which Greville abscissae are the ordinates of Bezier function(2, 4, 3, 1) positioned?

y(u)

P O T ST TSP S ORppeppon

I 4

,,,,,

i (1)

0

£ _uptu tu, :0+0+0:; \
3 3 3

W | —

§_M1+”z+”3_0+0+1_l ant 3)H0t SELIH,
1TT 3 T T3 T3 control pointQ} HM 9] H0| SXI
@—uz“;wm—o*;“ % AT N RO AN

1. Bezier function ordinates= u=0, 1/3, 2/3, 1 20 X1 Ch(“Linear Precision”).

2. Greville abscissae(u=0,0,0,1,1,1)& 00 ¥ o, 1/3, 2/3, 10]LC}. SDAL

http://asdal.snu.ac.kr

u u
(y(u)j:[20B03(u)+4OBf’(u)+3OBj(u)+IOBj(u)

= = = \ / \ R \ ’
u {05 A (3 3 (1))
é53:u3+u34+1,15 :1+;+1:1 (y(u)j :EZJBO (u)—l-\EZl-,Bl (u)4« 3, Z(I/l)—k 1

y(u) : Bezier function( y-component of Bezier curve)

y(u)=2eB (u)+4e B’ (u)+3eB;(u)+1eB;(u)

J

u=OOBg(u)+%0B13(u)+%0B§’(u)+10B§’(u)

7

3. I}2}M Bezier function y- ordinatesE Graville abscissae 20fl | XIStCt. Advanced ship Design Automation Lab.



[Bezier function & Greville abscissae:

"The ordinates of the Bezier function are positioned over the Greville abscissae.

v Given: Ordinates of Bezier function(1, 2, 4, 5)

Find: Over which Greville abscissae are the ordinates of Bezier function(1, 2, 4, 5) positioned?

- m B x(u) : Bezier function( x-component of Bezier curve)
5 f A
. : /,/ ....................... x(u) :]oBO3 (u)—|—20313 (u)+4oB23(u)—|—SQB33 (u)
: = £ ............................................ y y
AlEh //,/ ....................... .......................................... x(u) le B (u) 17 B (u) 44 OB (u) 15 B (u)
1‘/ ............ EERSR OO . )
; 1{ 5 —> u:OOBg(u)+EOBf(u)+50B23(u)+IOB§(u)
) . 1 u
3 3 _
3 4 = FHH.
0§ i u.tu ., _ 0+0+0 :L
3 3
Cw.tutu, 0+1+1 _g
1 3 3 3 _
c wrtu, 0+0+1 1 PN g ,’2“ ,2 7S
3 3 3 <

= = X N 3
é:1/t3+u4+1,¢5:1+1+1:1 (x(u)j E J’B (U)-F‘E }B (u)+\E4}B (U)_HESJJ% ()

3 3

2. Greville abscissaeg& 7100 ©™ 0, 1/3, 2/3, 10|Ct.
3. @k M Bezier x-control ordinates= Graville abscissae 0| S XIStC}.

1. Bezier x-control ordinates= 0, 1/3, 2/3, 1 Y0l I XI8HCH(“Linear Precision”).
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IGreville abscissae of B-spline curves

*- “Moving average of the knots”
| —

= Control polygons of degree n B-Spline functions:

1
where & =—(u, +...+u,,, ).
n

m  These Greville abscissae are the moving average of the knots.
m d, are called the control ordinates of the function.

SDAL j
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not Insertion
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. Knot Insertion
-
= G. Farin® XIS ul32 W. BoehmOjl 210K X|CH=!

= de Boor €112|Z, Cox-de Boor €112]E S0] 25 Knot Insertion@ &

OI:EAOQ
T A

= Knot Insertion9] M= Ol 1A
e Step 1: O] knotE &t T,
o Step 2: Knot9] 30| }2} Greville abscissall update = C}.

e Step 3: Greville abscissa $0fl Bezier(or B-Spline) function ordinateJ}
HXIOIB E update & Greville abscissa UM Q] Bezier(or B-Spline) function
ordinate& 212} 15tL}.
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-’-l_de---C'asteljau Algorithm
by Knot Insertion
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[ de Casteljau Algorithm by Knot Insertion

. it knot insertion& Y Ol=JF

> n¥O| knot insertionE O™ nX} Bezier function?] ordinate& &

‘ knot Insertion 1

Greville abscissae updated

=)

2 . 0+0+0 20
LJ [4) 0= 0%
; = £ = 0+0+u _u
[2 ‘ 3 3
Sj . O+u+1 wu+l
A
; ;u 1+1 2
= gl = u+l+l u+
0 1 3 3
Uy Uus 1+1+1
u, U, gi = = 2530
U, Us 3
Given 0 0 0 1o
- Bezier y-control ordinate by, by, b, , b,

- Knot InsertionOll QIO HIAFElE &0, &8 &8 &l &0

Find
- & H0ll /I XIOt= Bezier function ordinates
( b ,by,by )

XIA

=

ol

A S0l

=
—

& ordinatesO] LHEM 2 % ordinatesS

AxIS
o) b = =M p)b OO IXI

0 1 1 ;
600 51 510 52 531 55301 u
bf:‘?
bObl ,blbO 25061 ,glg() e 0 IZE_OZZ
o -0 051 5151 0t 3 3
o _1 u_l-u
l: fel=37373
0 0_1 _1
bl =(1—u)b, +ub’ | s%0=370=3




[ de Casteljau Algorithm by Knot Insertion

. it knot insertion& Y Ol=JF

2 nt19| knot insertion& OF™M nX} Bezier function9| ordinate& & + ULt

‘ knot Insertion 1

Greville abscissae updated

L4 . 0+0+0
(4} [‘j w=T3 0%
3 0+0+u u

3 3

;—I—;u
= egl_u+1+1_u+2

0 1 ’ 3 3
Uy Uus 1+1+1
U, U. gi = :1 - 530
U, Us 3
Given 0 0 0 1o
- Bezier y-control ordinate by, by, b, , b,

- Knot InsertionOll QIO HIAFElE &0, &8 &8 &l &0

v

Find
- & H0ll /I XIOt= Bezier function ordinates
( b ,by,by )

5 ordinatesQ| LHEM 2 5 ordinates& U= M A0l
AxIe
Ol b, = =M b0 ALOION SAXI

biby:byb) =&'8,: 58

b, =(1—u)b +ub,

u+l u
3 3 3
2 u+l 1-u
3 3 3
201 1
3 3 3



[ de Casteljau Algorithm by Knot Insertion

. it knot insertion& ¥ Ol=JF

2> nt19| knot insertion& OF™M nX} Bezier function9| ordinate& & + ULt

‘ knot Insertion 1

=)

Greville abscissae updated

2 . 0+0+0 20
LJ [4) =Ty VT
; = é,:1_O+O+u_z
[2 ‘ 3 3
Sj . O+u+1 wu+l
A
Tl
= egg}:u+1+1:u+2
0 1 3 3
Uy Uus 1+1+1
u, U, gi: 3 :12530
U, Us
Given 0 0 0 1o
- Bezier y-control ordinate by, by, b, , b,

- Knot InsertionOll QIO HIAFElE &0, &8 &8 &l &0

Find

(bbb )

- & H0ll /I XIOt= Bezier function ordinates

AKX

5 ordinatesO| LHE A2 5 ordinatesE A= 2M A0

O) b = =M b AHOION $XI

v

byby:biby = &5 68

l:

by = (1—u)b] +ub,

293
56y =1
0 =1




[ de Casteljau Algorithm by Knot Insertion

. it knot insertion& ¥ Ol=JF

> nH 9] knot insertionE OFM nXl Bezier functionQ| ordinate& & + A

‘ knOt Insert]on 2 Greville abscissae updated

; 9502 _ 0+0+0 _ _ (?
AR ;

(3) 52:O+O+u:g _ gl
| : 3 3 !
[2 . 522 _ O+u+u :2_u

J 3 3
U 5532:u+u+1:2u+l

; 1 ; 3 3

0 U 1 sz:u+1+1:u+2: I

U U; ! 3 3 3

! u

Zz u: 552:14_;_'_1:1 :§3O
Given
- Bezier y-control ordinate byby by, b}
- Knot InsertionOll QI0H HIMEI= &0, &2, &2, &, &0
Find

- & H0ll /I XIOt= Bezier function ordinates
( b.b )

5 ordinatesO| LHE A2 5 ordinatesE A= 2M A0

XIS —
Oy b; = =M p'b) ALOION SAXI

u

2 _

biby :byb, = §&; 88,

l:

b; = (1—u)b, +ub,




[ de Casteljau Algorithm by Knot Insertion

. it knot insertion& Y Ol=JF

> n¥O| knot insertionE O™ nX} Bezier function?] ordinate& &

‘ knot Insertion 2

Greville abscissae updated

0+0+0 0
£ £ = = = %o
4 4 3
3 52_O+O+u_g gl
[1 : 3 3 1
2 Sj 522:O+u+u:2_u
] 3 3
U 552_u+u+1_2u+1
f = ; ’ 3 3
0O u 1 é:2_u+1+1_u+2 gl
U, Us ¢ 3 3 03
U, U, 1+1+1
u, Us 552: 3 =1 :§3O
Given

- Bezier y-control ordinate

- Knot InsertionOll QI0H HIXElE= &),5.87.87.4.8)

by b, by b}

Find

( by,b; )

- & H0ll /I XIOt= Bezier function ordinates

AKX

Oll) b; = =M

L ordinatesQ] LHEME % ordinatesE A=

x| Al

b'b. AOION SIXI

u

bébf :b32b3} — 521532 353295?}

I

b = (1—u)b, +ub,

2u+l u+l u
=1 2: . -
5,63 3 3 3

2 1_u—|—2_2u+l_l—u
55 3 3
11_u+2_u—|—1_l

\§3§2_ 3 3 3



[ de Casteljau Algorithm by Knot Insertion
. it knot insertion& Y Ol=JF
> n“.__'|2| knot insertionS O}™ nXl Bezier function9] ordinateE 18 £+ AUL}.

. Greville abscissae updated
‘knot Insertion 3 00050 _?
0o — - - 20
o 00 |
i [4j 513 _0+0+u _u = ‘51
3 3 3
1 5 O+u+u  2u _ g2
[z Sj &= 3 g
1 53 _ututu _
u 3 3
" 53_u+u+1_2u+1: 2
0 u 1 ' 3 3 ’ : : T
w, 4 u 923_u+1+1_u+2_§1 0 1§ _ .
U, U,y 5 = - — 53 0 gl £2£3ig0e] £2 &0 ] £0
U, Us 3 3 éo é:l 525355152 §3 é:z ’/:():3 é:a I u
53:1+1+1:1 :éo U
6 3 3 U
Given 0 10 10 10 b =9 u
- Bezier y-control ordinate by, b, ,b, , b, ’
- Knot InsertionOl A HIHEIEE) . <666 5.8] byby 1biby = &8 1 EE mro, 2
223
Find S
- & YOl YIX10k= Bezier function ordinates l‘ g = u+l _1-u
( b ) * 3 3
3 2 2
= ordinates®] LIEEE 5 ordinatesE Q= &I AL b =(1—u)b; +ub; | zz=2+1 21
X 3 3 3 3
Ol b; = =M 1722b32 ALOI0I M XI




[ de Casteljau Algorithm by Knot Insertion
. it knot insertion& ¥ Ol=JF
2> nt19| knot insertion@ OF™M nX} Bezier function9| ordinate& & + UL

. Greville abscissae updated A
‘ knot Insertion 3 o 04050 2500‘ y(us)
3 = —
5 3
i 4 53:0+0+”:Z :fll
3 ‘ 3 3
1 5 O+u+u  2u _ g2
[2 =3 =3 == po
J 53:u+u+u:u 21
U 3:u+u+1 2u+1_ 2
0 4 ! - 3 3 0012!!015201 01
ZO Z3 553:”+1+1:”+2 :é 50 51 §2§39€1§2 3 52 53 53 u
U, Us 3 3 m/l
53—1+1+1—1 :éo
¢ 3 3 1 0 0 0 0
b, = (1=u)b, +ub, 1—u)b, +ub,
Given 010 10 0 ya ) @ (I=u) y
- Bezier y-control ordinate by, b, ,b, , b, 1 1
- Knot Insertionll QIO HIAVEI=E! £ 22 &322 &l & ’: (1-up|] (1))
Find 2
- & 10l }XIOH= Bezier function ordinates ‘: (1- ”)i+ b;
( b’ ) Knot InsertionS 3MOL 718 2 IHIH B~ 0l THSH 3XHA A
» ,E HZAIFIH 3K} IME 92 & S
& ordinates9| LHE M2 5 ordinatesE& U= M AHf|
AxIS
(Ol b; = =M p2b2 ALOIOI X b} =b)(1—u)’ +b 3u(l—u)* +b)3u’(1-u)+bju’




Point Evaluation &
' Subdivision of Bezier Curve
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. Point Evaluation & Subdivision of Bezier Curve

Point Evaluation

*Given: control ordinate of Bezier Curve
*Find: ordinate at parameter u

de Casteljau Algorithm(Z & knot insertion)&
A0 40lIA©] control ordinateE P& £
oIC}

M 3

SDAL “

dShpD g Atmat n Lab.
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. Point Evaluation & Subdivision of Bezier Curve

Subdivision

*Given: control ordinate of Bezier Curve
*Find: control ordinate of two Bezier Curve

subdivided at parameter u

de Casteljau Algorithm(Z knot insertion)%
AI201H 4 E JIECE USUHXI= 5 Bezier
Curve9| control ordinate§ & °'El.

Computer Aided Ship Design 2008 - PART I: Curve & Surfac

s 1

=2 M function: b, b, b,, b; & y-control
ordinate® O}= Bezier Function

HEM function: b3, by, by, by & y-control

ordinate® O}= Bezier Function

T — ﬁHp:??asaal.snu.ac.kr
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de Boor Algorithm
by Knot Insertion
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I:Je Boor Algorithm by Knot Insertion(1)

¥ - n-times knot Insertion ® Evaluation of n-th B-Spline function

R _
- E A [/20 Given: B-Spline function ordinates, Knot Insertionil J0f HIAtEl= ¢,
J_’(u) Find: Updatef]= ¢; &0lM AHXIOl=
Updated B-Spline function ordinates
& ordinates9] W22
& ordinateg A=
M 20 HXIE
0 0
Vs v,
éo 15 » U
0 54
0 3 o 3 5 3 5 4
:8 A1 u :j
AO A4
u+ u
510 21 = -5
0171 .1/1770 _ £0 21 . £1 £0
51_O+O+1_l_§o 51_u+4+4_u+8 VleVsz —5152-9224:2 53 Jj i
: 3 3 7 ! 3 3 ‘4 ............................. <§212°:§_“3 _ 3”
4—u u
521=O+1+u=u+1 551=4+4+4=4= ; V21= V10+—V20 £ z‘)zé_lzi 25
3 3 3 4 4 3 3 3




Ee Boor Algorithm by Knot Insertion(1)

¥ - n-times knot Insertion ® Evaluation of n-th B-Spline function

\ [ &
W{; [/20 Given: B-Spline function ordinates, Knot Insertion(il J0H HIMEIE &,

) Find: Updateli= &, &0IA SIXIOHS
Updated B-Spline function ordinates
A vy
2 3 % ordinates®] HEXMS
V41 & ordinateE QA=
KM A XIS
L 0
Yo Vi
éo 0 1 0 1 0 ] 1, » U
0 S 2 & 3 S S
0y w3 5 ;o 4
0 1 u 4
A0 A4
A0 A4
u u
gg=tr oY
0771 .7/1770 _ £0 £l , 1 £0
§I_O+O+1_l_§0 51_u+4+4_u+8 V2V3 V3V3 _§2§3°§3§3 93 +2 i
o3 3 et 3 D <§313°:§_”3 - 3”
O+1+u wu+l 4+4+4 | a—U o U 5 9 5 4 26
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I:Je Boor Algorithm by Knot Insertion(1)

¥ - n-times knot Insertion ® Evaluation of n-th B-Spline function
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Ee Boor Algorithm by Knot Insertion(2)

% - n-times knot Insertion ® Evaluation of n-th B-Spline function
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I:Je Boor Algorithm by Knot Insertion(2)

¥ - n-times knot Insertion ® Evaluation of n-th B-Spline function
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Ee Boor Algorithm by Knot Insertion(3)

¥ - n-times knot Insertion ® Evaluation of n-th B-Spline function
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Ide Boor algorithm by Knot Insertion(4)

* - n-times knot Insertion ® Evaluation of n-th B-Spline function
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[ Cox-de Boor Algorithm:
! Eva_luation of Cox-de Boor basis function
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