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¡ Linear Interpolation 비율이 t:(1-t)로 일정했던 de Casteljau algorithm에
비하여 de Boor algorithm에서는 Linear Interpolation 비율이 변한다

¡ 이는 B-spline curve 를 구성하는 Bezier curve segment의 매개변수 간격이
서로 다르기 때문이다



Geometrical Meaning of the de Boor Algorithm(2) Geometrical Meaning of the de Boor Algorithm(2) 

2d

3d 4d

5d
2
4d

2D
3D

4D 2
5d

3D 4D 5D
4D

5D

6D

2D 3D 4D 5D 6D

1
3d

1
4d

1
5d

1d
6d

( ) ( ) ( )u
uu

uuu
uu
uuu k

i
ikni

ik
i

ikni

knik
i

1

1

11
1

1

-

--+

--
-

--+

-+

-
-

+
-
-

= ddd

Computer Aided Ship Design 2008 Computer Aided Ship Design 2008 –– PART I: Curve & SurfacePART I: Curve & Surface

4
)()()()()( 33

22
3
11

3
00 uNuNuNuNu nnddddr +×××+++=

0u
1u
2u

3u 4u 5u 6u 7u
8u
9u

u

1=k

2=k

2D 3D 4D 5D 6D

0d

1d

7d



Geometrical Meaning of the de Boor Algorithm(3) Geometrical Meaning of the de Boor Algorithm(3) 

2d

3d 4d

5d
2
4d

3
5d

2D
3D

4D 2
5d

3D 4D 5D
4D

5D

6D

2D 3D 4D 5D 6D

1
3d

1
4d

1
5d

1d
6d

( ) ( ) ( )u
uu

uuu
uu
uuu k

i
ikni

ik
i

ikni

knik
i

1

1

11
1

1

-

--+

--
-

--+

-+

-
-

+
-
-

= ddd

Computer Aided Ship Design 2008 Computer Aided Ship Design 2008 –– PART I: Curve & SurfacePART I: Curve & Surface

5)()()()()( 33
22

3
11

3
00 uNuNuNuNu nnddddr +×××+++=

0u
1u
2u

3u 4u 5u 6u 7u
8u
9u

u

1=k

2=k

3=k

2D 3D 4D 5D 6D

0d

1d

7d



Geometrical Meaning of the de Boor Algorithm(3) Geometrical Meaning of the de Boor Algorithm(3) 

2d

3d 4d

5d
2
4d

3
5d

2D
3D

4D 2
5d

3D 4D 5D
4D

5D

6D

2D 3D 4D 5D 6D

1
3d

1
4d

1
5d

1d
6d

( ) ( ) ( )u
uu

uuu
uu
uuu k

i
ikni

ik
i

ikni

knik
i

1

1

11
1

1

-

--+

--
-

--+

-+

-
-

+
-
-

= ddd

Computer Aided Ship Design 2008 Computer Aided Ship Design 2008 –– PART I: Curve & SurfacePART I: Curve & Surface

6)()()()()( 33
22

3
11

3
00 uNuNuNuNu nnddddr +×××+++=

0u
1u
2u

3u 4u 5u 6u 7u
8u
9u

u

1=k

2=k

3=k

2D 3D 4D 5D 6D

0d

1d

7d



Relationship between Relationship between 
de Boor algorithm & Bde Boor algorithm & B--splinespline curvescurves

¡ de Boor 알고리즘 : “Constructive Approach”

Input: di (de Boor Points)
Processor: 구간별로 di를 n번 순차적 ‘linear interpolation’
Output :  n차 곡선상의 점

à ‘B-spline function’(Cox-de Boor recurrence formula)
형태로 표현 됨
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Processor: 구간별로 di를 n번 순차적 ‘linear interpolation’
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à ‘B-spline function’(Cox-de Boor recurrence formula)
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Relationship between Relationship between 
de Boor algorithm & Bde Boor algorithm & B--splinespline curves  curves  

¡ de Boor 알고리즘 : “Constructive Approach”
Input: di (de Boor Points)
Processor: 구간별로 di를 n번 순차적 ‘linear interpolation’
Output :  n차 곡선상의 점

à‘B-spline function’(Cox-de Boor recurrence formula) 
형태로 표현 됨

¡ B-spline 곡선식: “B-spline function evaluation  Approach”
Input: di (de Boor Points)
Processor: 공간 상의 점 di와 B-spline function을 “blending”하여

함수 값을 계산하면 곡선상의 점을 구할 수 있음

Output: B-spline function과 di의 혼합 함수 형태로 표현
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Bezier Curve and BBezier Curve and B--SplineSpline CurveCurve

항목 Bezier Curve B-Spline Curve

Make 
Curve

Given
Bezier Control Point bi
Parameter t
Bernstein Polynomial Func.

B-Spline Control Point di
Parameter u
B-Spline Basis Func. 

Find
Bezier Curve r(t) B-Spline Curve r(u)

Bernstein Polynomial Function B-Spline Basis Function
(Cox-de boor Recursive Formula)
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B-Spline Basis Function
(Cox-de boor Recursive Formula)

Constructive 
Approach

de Casteljau Algorithm de Boor Algorithm
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Example of 
de Boor Algorithm



Example : de Boor Algorithm  
– Given problem
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Example : de Boor Algorithm  
– 1st Knot Insertion
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Example : de Boor Algorithm  
– 1st Knot Insertion
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Example : de Boor Algorithm  
– 2nd Knot Insertion
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Example : de Boor Algorithm  
– 2nd Knot Insertion
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Example: Knot Insertion of Bezier CurveExample: Knot Insertion of Bezier Curve
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두 ordinates의 내분점은 두 ordinates를 잇는 직선 상에
위치함
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Example: Knot Insertion of Bezier CurveExample: Knot Insertion of Bezier Curve
-- Knot Insertion #2Knot Insertion #2
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Given
- Bezier y-control ordinate
- Knot Insertion에 의해 계산되는

Find
- xi 위에 위치하는 Bezier function ordinates
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두 ordinates의 내분점은 두 ordinates를 잇는 직선 상에
위치함
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Example: Knot Insertion of Bezier CurveExample: Knot Insertion of Bezier Curve
-- Knot Insertion #3Knot Insertion #3
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Given
- Bezier y-control ordinate
- Knot Insertion에 의해 계산되는

Find
- xi 위에 위치하는 Bezier function ordinates
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두 ordinates의 내분점은 두 ordinates를 잇는 직선 상에
위치함
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Example: Knot Insertion of BExample: Knot Insertion of B--SplineSpline CurveCurve
-- Knot Insertion #1Knot Insertion #1
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Given: B-Spline function ordinates, Knot Insertion에 의해 계산되는 xi

Find: Update되는 xi 상에서 위치하는
Update된 B-Spline function ordinates

두 ordinates의 내분점은
두 ordinate를 잇는

직선 상에 위치함
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Example: Knot Insertion of BExample: Knot Insertion of B--SplineSpline CurveCurve
-- Knot Insertion #1Knot Insertion #1
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Given: B-Spline function ordinates, Knot Insertion에 의해 계산되는 xi

Find: Update되는 xi 상에서 위치하는
Update된 B-Spline function ordinates

두 ordinates의 내분점은
두 ordinate를 잇는

직선 상에 위치함
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Example: Knot Insertion of BExample: Knot Insertion of B--SplineSpline CurveCurve
-- Knot Insertion #1Knot Insertion #1

)(uy

0
0V

0
1V

0
2V

0
3V

0
4V

Given: B-Spline function ordinates, Knot Insertion에 의해 계산되는 xi

Find: Update되는 xi 상에서 위치하는
Update된 B-Spline function ordinates

두 ordinates의 내분점은
두 ordinate를 잇는

직선 상에 위치함
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Example: Knot Insertion of BExample: Knot Insertion of B--SplineSpline CurveCurve
-- Knot Insertion #2Knot Insertion #2
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Given: B-Spline function ordinates, Knot Insertion에 의해 계산되는 xi

Find: Update되는 xi 상에서 위치하는
Update된 B-Spline function ordinates

두 ordinates의 내분점은
두 ordinate를 잇는

직선 상에 위치함
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Example: Knot Insertion of BExample: Knot Insertion of B--SplineSpline CurveCurve
-- Knot Insertion #2Knot Insertion #2
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Given: B-Spline function ordinates, Knot Insertion에 의해 계산되는 xi

Find: Update되는 xi 상에서 위치하는
Update된 B-Spline function ordinates

두 ordinates의 내분점은
두 ordinate를 잇는

직선 상에 위치함
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Example: Knot Insertion of BExample: Knot Insertion of B--SplineSpline CurveCurve
-- Knot Insertion #3Knot Insertion #3
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Given: B-Spline function ordinates, Knot Insertion에 의해 계산되는 xi

Find: Update되는 xi 상에서 위치하는
Update된 B-Spline function ordinates

두 ordinates의 내분점은
두 ordinate를 잇는

직선 상에 위치함
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일반일반 함수의함수의 매개변수매개변수 함수함수 표현표현 (1)(1)

1242 23 ++-= xxxyGiven: 
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일반일반 함수의함수의 매개변수매개변수 함수함수 표현표현 (2)(2)
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• 이러한 함수식과
계수 2, -4, 2, 1 으로는
그래프의 모양을

“직관적”으로
예상하기 어려움

• 함수식을 아래와 같은 형태로
표현한다면

y

1=y

x
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일반일반 함수의함수의 매개변수매개변수 함수함수 표현표현 (3)(3)
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• 함수식을 이와 같은 형태
표현한다면
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ixb iix ==0상수의 계수:

t의 계수: Æ
t2의 계수:

t3의 계수:

Gerald E. Farin, The Essentials of CAGD, 2000, p. 29.
• Linear precision: If the control points b1 and b2 are evenly spaced on the straight line between b0 and b3, the 

cubic Bezier curve is the linear interpolant between b0 and b3.
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• 함수식을 이와 같은 형태로
•표현한다면
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• Linear precision: If the control points b1 and b2 are evenly spaced on the straight line between b0 and b3, the 

cubic Bezier curve is the linear interpolant between b0 and b3.
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• 함수식을 이와 같은 형태로
•표현한다면

• 새로운 함수들에 곱해지는 계수
들을 점으로 가시화 하면, 처음
점과 마지막 점은 곡선을 지나고, 
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• Linear precision: If the control points b1 and b2 are evenly spaced on the straight line between b0 and b3, the 

cubic Bezier curve is the linear interpolant between b0 and b3.
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• 새로운 함수들에 곱해지는 계수
들을 점으로 가시화 하면, 처음
점과 마지막 점은 곡선을 지나고, 

• 점들을 직선으로 연결하면, 곡
선의 모양과 비슷한 형태임을 알
수 있다.
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