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= Linear Interpolation HIZ0] t:(1-t)E LM%Y de Casteljau algorithmOf|
HIOIO| de Boor algorithmQl A= Linear Interpolation H|&0] tH8C}
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r(u)= doNS(u) +d1N13(”) +d2N23(u) +- "+an2(u)
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k=3

r(u) = dONS(u)+d1N13(u)+d2N23(u)+---+an,f(u)
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[ Relationship between

*de Boor algorithm & B-spline curves
) —

= de Boor 211d|= : “Constructive Approach”

Input: d, (de Boor Points
Processor: 2t Z d.8 nM =XI™ ‘linear interpolation’
Output : nX} SMAO| A
- ‘B-spline function’(Cox-de Boor recurrence formula)

dE=E HY &

r(u) =d Ny () +d,N; (@) +d,N; () +---+d,N, ()
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[ Relationship between

*de Boor algorithm & B-spline curves
) —

m de Boor 211d]& : “Constructive Approach”
Input: d. (de Boor Points)
Processor: 1ZtEZ d.8 ntH =XIA ‘linear interpolation’
Output : nX} FMAO X
- ‘B-spline function’(Cox-de Boor recurrence formula)
YHE BHH &

m B-spline FMAl: “B-spline function evaluation Approach”
Input: d, (de Boor Points)
Processor: 32 A10] M d @} B-spline function€ “blending” 00
S+ aS HIAM0IH [UY0| HE A8 = US

Output: B-spline functionill d 0] 2% St HWHZ HH
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. Bezier Curve and B-Spline Curve

B ——
o= Bezier Curve B-Spline Curve
Bezier Control Point b, B-Spline Control Point d;
Given | Parameter ¢ Parameter u
(I;Aake Bernstein Polynomial Func. B (¢) | B-Spline Basis Func. N (u)
urve
Find Bezier Curve r(7) B-Spline Curve r(u)
L r(t)=b,B,(t)+b,B(t)+......+b B'(t). r(u)=d,N; (w)+d,N;, (u)+d,N; (w)+--+d, N,  (u)
Bernstein Polynomial Function B-Spline Basis Function
. | (Cox-de boor Recursive Formula)
Bi”(t)=[ .jt"(l—t)”’, _ y
: l N () = e NI ) + 22— N )
n! in-1 Uiy ien Ui
n if0<i<n
[J,,Ci{i!(ni)! N () = 1 if u,, <u<u, an( )= 1
0 else p U)= 0 else 2N u)=
. de Casteljau Algorithm de Boor Algorithm
Constructive . o 0 () = Lot T g1 () BT e ge,
Approach by (t)= (1= )b + b7, = Y
Inter- | Given | Points on Curve: p,, p,, ..., P, Points on Curve: p,, p,, --- , P,
Polatio Find | Bezier Control Point b, B-Spline Control Point d,
n
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IExample : de Boor Algorithm

* - Given problem

V40

Given: V°, u,

Find: &°

I/OO

0 0 0 0 0 0 o

i S R S S4 Ss S & U
A2 A, A4 AS A6

i | | | ]

I ] ] ] ] M

U, Us u, Us Ug U;

U, Ug

u, Uy

Computer Aided Ship Design 2008 - PART I: Curve & Surface

fozuoﬂllﬂtz _ 0+0+0 _0
0 3 3
§O_u1+u2+u3 _0+0+A2 A2
! 3 3 3
§O_u2+u3+u4 _0+A2+(A2+As)  2xA2+As
2 3 3 3
§O_u3+u4+u5 33X A2+ 2%x A3+ Ad
3 3 3
§O_u4+u5+u6 _ 3XA2+3xA3+2xAs+As
4 3 3
0 uUstugtu;  3IXxA2+3XA3+3xA4+2XAs+ As
5 3 3
§O_u6+u7+u8 33X A2+ 3xA3+3XAs+3xAs+2%xAs
6 3 3
E =TT _ Aok Aak Auck Ast A
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IExample : de Boor Algorithm

Y - 1st Knot Insertion

&
&

&

&

&

Computer Aided Ship Design 2008 - PART I: Curve & Surface

S =

+u, +
_ Uy tu, u2:O+O+O:0:§g
3 3
_u1+u2+u3_0+0+A2_£_(§o
3 3 307
_u2+u3+u4_0+A2+(A2+A3)_ZXA2+A3_§O
3 3 3 ’
uytuy+i 3xA2+2xAs+6
3 3
u, ti+ug  3xA+3xAs+As+0
3 3
CUtugtug  3xA2+3xAs+2xAs+As+ 0
3 3
Us +ug +u, 3xA2+3xA3+3xAa+2xAs+As
3 3
Ug +u, g 3xA2+3xA3+3xAa+3xAs+2xAs
= = =§6
3 3
Uy Uyt U

3 =AM+ As+As+As+As=E)
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IExample : de Boor Algorithm

Y - 1st Knot Insertion
- Ve V) =88 & &)
Trompm—— e
V30 ‘‘‘‘‘‘‘‘‘‘‘‘ ‘

B, Bd
53 52 é:?) 52

‘( .......................................................... 4530:#

A A 51 _ u, +u3 +u
Us —u u—u N —
vl==2—pty——22yp) 3
> Us —u, Us — U,
£ (OFH Ol AOIM i=3, n=3, k=1 2l B
4
5 A,—s5 |deBoor algorithm
é ‘ ui+n—
L A A LA V() = ek T gk gy M T Vkl(u)
I | | [ | U, — U, u, -
U, U, u, Us
u, u"
U,
l | I e | 5 '
R S —— o 7 2 gl NS IS B S fee fee fus (LE S
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IExample : de Boor Algorithm

¥ - 2nd Knot Insertion

, Uy tu +u, 0+0+0 0
= = :0:
fo 3 3 o
s _ U tuytuy  0+0+A A,
g 3 3 3 g
52:u2+u3+u4:0+A2+(A2+A3):2><A2+A3:§0
? 3 3 3 ?
s Uptuy+u 3xA+2xAs+5
53 = 3 = 3 :53
62_u4+ﬁ+ﬁ_3xA2+3xA3+2><5
! 3 3
52_MA+MA+MS_3XA2+3XA3+A4+2X5
: 3 3
0 0 .0 0 ) ) 0 0 0 0 > u+u.+u 3XxA24+3xA3+2XAs+ A5+ 0
§o ‘51 2 53 54 55 54 55 56 57 u 562: ; 8 = 3 2551
1 1 1
3 S Ss g Us gty 3xArt3x M+ 3xAcH2x A5t As_ g
5 A4—5 7 3 3 5
A A U, +u, +u IxA24+3xA3+3xAs+3xAs+2xAs
A, A, LA, A Ag G ="—F= =&
H | ] \ | I tH 3 3
Ho Us Uy n AuS Us Uy §;=W=A2+A3+A4+A5+A6:§$
u, UuU Ug
U, Uy
| | —e—
k=1 | - — |
—e—| | |
k=2 ; —— 14
—e— | SDAL
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[Example : de Boor Algorithm

¥ - 2nd Knot Insertion

ViV Vv, =88 1808,

Vfoil_g{V;+§€_§% V41 (51:u3+u4+12
éﬂ‘é éﬂ‘é

‘( .......................................................... <§4f

V2: MS—MA V1_|_MA_M3 Vl \54 f
; ) > ! MS —M3 . u5 —u3 N
5(;) §10 4:20 §30 542 u ol Al . B o HO
gl f] (OI‘EH—I _IOIIA‘I 1_4, n_3, k=2 —_ o-|—)
&) 4
5§ A6 de Boor algorithm
s H U; —u U—1u.
e A2 A3 AJ Vik (u) — y i+n—k - I/lfil (u)+ - l—Lll I/ik-l (u)
i ! ! ' i+n—k ~ i itn—k — Yi_
u, Uy u, ‘ Us k 1 k 1
4 uu
U,
| | |
= Vi, Vv, EQl= N2E |28 B2 A
k_l 3 v == J (e fis A —) B = )= 3
ME L EEF
k=2 I —e— /\
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IExample : de Boor Algorithm

¥ - 2nd Knot Insertion

~0+0+0

Uy tu tu
So = ° 31 = 3 :O:é:(;)
o W Fu,tu; 0+0+A2 A
& = - ==
3 3 3
ﬁ;_u2+u3+u4_O+¢h+{A2+A9__2xA2+A3_§O
. 3 3 3 ?
o uytu,+u 3xA+2xA3+5
3 3
s U, +u+u 3xA2+3xA3s+2x8
%4 = = :54
VO FEETTTITTTTY N 3..............:
TR d+d+d 3xM+3xAs+3x5
55 = =
: : P 3 3
0 £0 0 0 223 g2 0 0 0 £0 L oesassmesairssssassnsennransnnsiinnnrannnnnnnnas
S SR CiS: S5 S &5 S 7 I/Z: U+u+u;, 3xA+3xAs+As+2%x0 )
A S ; o
5§ A,-6 ﬁ}_ﬁ+u5+u6_3xA2+3xA&+2xA¢+ArH5_§1
A A T B s
A, A, A, A, A, 3 3
m | r“‘*i“j | W o UsHugtu; 3xAr+3xAs+3xAs+2xAs+ As £
b oy — = =G
u, Usy u, Us Ug U, 3 3
U, Uil Ug L UgHu, Uy 3xAr+3xAs+3xAs+3xAs+2x A6
u, U, S9 = 3 - 3 _56
l | ——— LUy tugtu
k=1 I | PY | | So=m— O = At As+ Aa+ As+ As= &)
B o | | 3
k=2 I —8— 16
—e | | SDAL
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Example:
n-th B-Spline function@ & &
n-th Bezier function &)
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In th B-Spline function@ 28 E{ n-th Bezier function &tJ|
- 212 knot A X0l Nt knot X

> U
£ g tth +ty _ 0 51:u2+u3+u4:u2+2u3= §1:u4+u5+u6:u Us—uy
- - - 2 4 5
’ 3 P 3 3 3 3
+ U+ U, —ty A, Us —u, 1 0
£l Wru,vuy _ U, — = Uy — =U; —— U ————=u;,——=4¢
= =y + 3 3 5 5 3
! 3 2 3 3 3 3
£ U, +u, +us L Us Uy
:—:u _—
B Ay Lo 3 3 3 3 1 u5+u6+u7
—u2+?— 1

Computer Aided Ship Design 2008 - PART |
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In th B-Spline function@ 28 E{ n-th Bezier function &tJ|
- 212l knot A X0l Nt knot X

» U
goz_u°+u1+u2:u2 0 52_u2+u3+u4_u2+2u3 % u4+u5+u6_u Ug — Us = Ug +u, + g
2 = = 4 = = Uy 6 —
3 3 3 3 3 3
u, —u A A = £
2 W Uy Uy U, — U, U, ———2 =y, ——2=¢) = A 4L =g S
51 = 3 =u, + 3 3 3 3 3 2 0 3
§2=u5+u6+u7=u  Ug —Us
_y +ﬁ_ 0 52_u3+u4+u5_u 5 3 6 3
- "2 - o1 3 -3 19
3 3
=u _ﬁ_§0 SDAL
- %6 X} /dvanced Ship Design Automation Lab.
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In-th B-Spline function@ & 2 E{ n-th Bezier function &1J|

v - 2 knotH XI0 nHH knot SH

y(u)

1JH©] B-Spline Function

uy X0 knot S

Ai=(=3)23 S8

\ 4
2JH 9l Bezier Function®@ &
LI &

Computer Aided Ship Design 2008 - PART I: Curve & Surfac

=2 M function: V), 1", V), I & y-control
ordinate= Ol= Bezier Function

=M function: V7, V5, V., V. B y-control
ordinate=® Ol= Bezier Function
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Example
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[Example: Knot Insertion of Bezier Curve
- Knot Insertion #1

‘ knot Insertion 1 - =)

Greville abscissae updated

A Rt R
; [3j CJtl:OwLOJr;_l
[2 i | O+?+1 ?
J & =—""" =3

GEHET 1 : 3 6
Uo Us L 14141 0 0

! M = =1 = T ?
Z2 " S 3 5 3 500 51 5210 g/zl é:zo 531 530 1 U
: 1 : :
2

Given 0 o o 1o
- Bezier y-control ordinate by, by, b, , b bll —9

- Knot InsertionOll OJ0H HIME= &£°0.¢) &) &l &0
071 .7170 _ £0gl . £l £0
Find bObl °b1b1 _50 §1 -4:1 51 561 =
- & 0ll }XIOH= Bezier function ordinates l Er
< 121 —

1 1 1
5 ordinatesQ| LHEM 2 5 ordinates& U= M A0l

AxIS
o) b = =M p)b OO IXI

w | = o\|>~ ox|~

O O\|>—A

bll :%b(()) +%b10 LS




[Example: Knot Insertion of Bezier Curve

- Knot Insertion #1

‘ knot Insertion 1

Greville abscissae updated

=)

) 0+0+0
o [ T e
> £ 0+0+% 1
1 = = —
[2 1 3 6
5
J §§=O+£+;=§

EEHET ] . 3 6
Uo Us 1+1+1
mn U, &, = =1=&
U, Us 3
Given

- Bezier y-control ordinate by,by by, by

- Knot InsertionOll QIO HIAFElE &0, &8 &8 &l &0

Find
- & H0ll /I XIOt= Bezier function ordinates
( b ,by,by )

(=]
—

o) b = =M p)b OO IXI

5 ordinatesQ| LHEM 2 5 ordinates& U= M A0l

AKX

600 51 5210 é:z é:zo 5 31 é:§301 u

i 1 s s

2
by =7

1 1 1
071 .717.0 _ £0 ¢l . #2120 L1
b1b2°bzb2—§1§2-§2§2 56, = 2 3 6
2 1 1
< éé—g 578
2 1 1
by=%tbl+4b) L SN




[Example: Knot Insertion of Bezier Curve
* - Knot Insertion #1

‘ knot Insertion 1 =)
Greville abscissae updated
2 0+0+0
o [ T e
3 1
0+0++ 1
1 511 - =
& 3 6
? él O+5+5 1
1 = =—
’ 3 3

GEER 3 3 6 |
Uo Us 1+1+1 : : | >
U, U, fl = =1 =¢£? 0 do 1 20 1 0 1 0
S S R § & &8 8 & a y
H 1 i i
Given /é
. . 0 0 0 0
- Bezier y-control ordinate by, by, b, , b bl =9
- Knot InsertionOil OIoH HIAMElE &0,& & &, & 3 — 5 2 1
071 .7170 _ £0¢l . £1£0 _2_£_2
Find byb; :bsby = 6,55 16565 [ 25767376
- & H0ll /I XIOt= Bezier function ordinates — .5 1
(bbb ) l e =16
T ordinates9| LH2AE 5 ordinatesE A= M AH| | 0 0 00, 21
HAE . 0.0 by =3b, +5b; S
O) b = =M 570 AOI0I X




[ Example: Knot Insertion of Bezier Curve

- Knot Insertion #2

‘ knot Insertion 2

Greville abscissae updated

O+O+O
2 502 50
e ] :
0+0+1 1
3 2 _ 2 - _ gl
[1 51 3 6 51
5 , O0+1+1 1
5 — S
) E
1 1 1 2
U »_z+z+l 2
i_h &=r—=3
2 1
0 i 1 2_5+1+1:§ gl
U, 2 U 5 3 6 =
U 2 1+1+1
u, Us 552: 3 =1 :§30
Given

- Bezier y-control ordinate byby by, b}

- Knot InsertionOll QI0H HIXElE= &),5.87.87.4.8)

Find
- & H0ll /I XIOt= Bezier function ordinates
( b,b; )

5 ordinatesO| LHE A2 5 ordinatesE A= 2M A0

XIS —
Oy b; = =M p'b) ALOION SAXI

bb? : b2b)

b; =

=86 154

l:

1

2

4 5152_

&8 =

b +

1

2

b,

\_ gzé:l -

[\)|.—a [\)|»—a uo|»~

oxlr— w|~ cxlH

wIH ox|~ o\|~




[ Example: Knot Insertion of Bezier Curve

- Knot Insertion #2

‘ knot Insertion 2

Greville abscissae updated

O+O+O
Z 502 50
e ) :
0+0+1% 1
3 2 _ 2 - _ gl
[1 51 3 6 gl
2 , O0+1+1 1
5 = =—
) E
1 ’ 3 3
2 1
0 i 1 2_5+1+1:§ gl
U 2 Us 2 3 6 =%
U, U, 1+1+1
u, Us 552: 3 =1 :§30
Given

- Bezier y-control ordinate byby by, b}

- Knot InsertionOll QI0H HIXElE= &),5.87.87.4.8)

Find
- & H0ll /I XIOt= Bezier function ordinates
( b,b; )

ordinates& A= 1M AR

b'b. AOION SIXI

& ordinates9] LHEXE2 &

o[ x| et
A ol b, = =M

bébf :b32b3} — 521532 353295?}

I

b = (1—u)b, +ub,

-

5253 -

&&=

&6 =

oxlm oxlm u.)ll\)




[Example: Knot Insertion of Bezier Curve
- Knot Insertion #3

. Greville abscissae updated A
‘knot Insertion 3 " 0040 :? (1)
éro 3 0
2
W 4 e-beleg
3
0O+1+1 1
(12 & = ; 2=§ 2522
5
i s_ztzt+l 20 e
O i 1 54_ 3 3 53
1! N/ P L+1+1 5 1
u, % Us 553_ 3 :g :é:3
) Us
i 53_1+1+1_1 :éo
6 — 3 - 3
Given 0 0 10 o b3 =9
- Bezier y-control ordinate by, b, ,b, , b, ’
A ionOll © APE|=g0 £l 22 23 g2 gl gG 3253 5372 22 g3 i3
Knot Insertion0fl 2J00 HIMEl=E). S .8, .8.8,.8:.8, b,b; :bib; =&, ¢; ,ééf 28 = % % é
Find
- &, Y0l Y XI0L= Bezier function ordinates £ »_2 1 1
( ) T3 2 02
3
1 1 1,2 2 I 1
= ordinates?] LHEMS £ ordinatesE Q=AM 0] b =L1b] +1b =2 _-_
-?-lxolrg:naes ordinates 2l 3 2 2 > D5 \5‘352 37373




Example

H I L‘. ° °
e Knot Insertion of B-Spline Curve
OCOCHES ‘il -
OO L C 1l
OO0k = [] C
100 I | 1A 11
[mmimt R L OO 0 L
i} -l ] ]
1T il ] 1
I - rmim] [
] BT OO 5
M| i e |
| BOO000O0O0nil
oC OO0 0000000000L
i [ [ B |E] BO000C0000000000000000OU
] OO C OO0 O0O00O00oo0ooOgn OOO0OOoOogooo
O 10000000000 00O0000000000ogoono OOO00OOoOo0ooOonoc
1 00000000000 0000000000o0do OO0OooOooooorc
] 100000000000 00000000O000ooo0O o o
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C 100000000000 00000000000o00a0o OoOoOoooOoooo
[ DO00000000000000000o0ooOodo oOooood
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rExample: Knot Insertion of B-Spline Curve
V- Knot Insertion #1

-
e I A [/20 Given: B-Spline function ordinates, Knot Insertion0fl |0} HIMEI= &
V() Find: Updateli= & AHOILA SIXIOH=
Updated B-Spline function ordinates
% ordinates9] WHE2A2
& ordinateg QA=
M A0 AHXIE
0 0
Vo Z
éo %0 > U
0 52 3 3 54
0 5 ! 3 3 3% 4
AO A1 2 A4
AO A4
AO A4
0+0+0 1+2+4 7
e +0+ 0= 9531:+ +4 7 yl=o (
3 3 3 £ 2+1 1 2
0771 .7/11/0 _ 20 21 . #1 £0 1927 BEREE)
L 04041 1, i ., 2+4+4 10 Vv, ViV, =876, :6,6, 333
ST TRTa leTT Ty ‘ ............................. pp 5 2+1_2
3 3003
0+1+2 4+4+4 N N 5 1_4 29




rExample: Knot Insertion of B-Spline Curve
v Kno’g Insertion #1

% IE:
W{; [/20 Given: B-Spline function ordinates, Knot Insertion(il J0H HIMEIE &,

W & Find: Update|= &, &0IM SIXIOH=
3 Updated B-Spline function ordinates
V) vy
2 3 & ordinates9] U{EH2
V41 & ordinateg QA=
M A0 A
7y p
éo 0 1 0 1 0 1 L > U
0 gl §2 62 53 3 54 54
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rExample: Knot Insertion of B-Spline Curve
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I-Examp'le: Knot Insertion of B-Spline Curve

- Knot Insertion #2
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rExample: Knot Insertion of B-Spline Curve
- Knot Insertion #2

\ 8
! A VZO Given: B-Spline function ordinates, Knot Insertion0fl @J0H HIAHE|= &,
—) Find: UpdateE] = &, AHIA QIXIOHS
Updated B-Spline function ordinates
A vy
2 3 = ordmates_l HE2H2
V41 & ordinateg QA=
XA AH QK|S
7y p
0 0 | = i 1 2 0 1 L) > U
6§ & ¢ & & s & & «a 5
o+ 1 343 3 % 1w ;
AO A1 % A4
i ¥
....... O+O+02+2+482_
502= =o=§00 542_ == Vv, =7 )
3 3 3 T 2244 245 |
0+0+1 1 2+4+4 10 1172 . 1727/ 122 . 22 ¢l 354 7 N By
e S e e 2+38 22i4 ;
§22=0+1+2:l:§21 §62:4+4+4=4= f ‘4 ........................ <§4§4 3 g
3 2 1, 2+8 245 3
L 14242 5 V==V +-V, 5354
_ _ > 4 3 4
S = 3 3 3 4 3 3




rExample: Knot Insertion of B-Spline Curve
Y Knot_ Insertion #3
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Gerald E. Farin, The Essentials of CAGD, 2000, p. 29.

* Linear precision: If the control points b, and b, are evenly spaced on the straight line between b, and b, the

cubic Bezier curve is the linear interpolant between b, and b;.
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Gerald E. Farin, The Essentials of CAGD, 2000, p. 29. SDAL 39
* Linear precision: If the control points b, and b, are evenly spaced on the straight line between b, and b, the
cubic Bezier curve is the linear interpolant between b, and b;.
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