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15 Solving PDEs
15.1 Separation of Variables. Use of Fourier Series.
- Governing equation
Pu 282
o2~ 0a? (1)
- Boundary conditions
u(0,t) =0, w(L,t)=0 forallt (2)
- Initial conditions
u(z,0) = f(x) (3)
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- Solution procedures

Step I: Method of separating variables or product method — two ordinary differential

equations

Step II: Determination of the solutions of those two equations satisfying the boundary

conditions (2)

Step III: Using Fourier series, acquirement of a solution of the wave equation (1) satis-

fying the initial conditions (3) and (4).

15.1.1 Step I : Two Ordinary Differential Equations

- Method of separating variables
u(z,t) = F(x) - G(t)
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@ = FG and @ = F G
- By inserting this into (1),
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15.1.2 Step II:Second Step. Satisfying the Boundary Conditions (2)

w(0,8) = F(O)G(t) =0, u(L,t)=F(L)G({t)=0  forall t

Solving (6)
- Since G # 0,
(a) F(0) =0, (b) F(L) = 0.

-For k=0, F(x) =azr +b, and from (8) a =b=0.
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- For positive k = u*,
F=A-et*"+B-e H*
from (8), F = 0.
- For negative k = —p?,
F" +p*F =0
F(z) = Acospx + Bsinpz
F(0)=A=(0), F(L) = BsinpL =0
- sinpL = 0.
pL = nm p= TF (n: integer)

- Setting B =1,
Solving (7)
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Gy (t) = By cos Ayt + B} sin A\pt

G+XG=0 where \,=

Un(2, 1) = Fp(2)Gn(t) = (By cos Ay + B sin \,) sin %x (n=1, 2,

) (1)

- The function in (11) are the eigenfunctions or characteristic functions. A\, = cnw/L are

the eigenvalues, or characteristic values. The set {A1, Ag,---} is the spectrum.

15.1.3 Step III: Solution of the Entire Problem. Fourier Series

nm
Zun x,t) Z(B cos A\t + By, sinA t)blnT

n=1

Satisfying Initial Condztzon ( ) (given Initial Displacement)

Z B, sin @ = f(z)



- By using the orthogonality of trigonometric functions

nmx nmx
Bn/ smz— / f(x sm—
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B":L/O f(:n)sde:n n=1,2--- (14)

Satisfying Initial Condition (4) (given Initial Velocity)

= Z( BpAp sin \pt + B\, cos A t)smmIT/x]
t=0

B = [ g(z)-sin ”—Zf”dx n=1,2,--- (15)
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- Solution (12) is established!
- When g(z) =0, B} = 0.

t) = Z B,, cos \,tsin n—zx, Ap = CZW (16)

n=1
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7 sin—F— =3 [sin{n%(:n —ct)} —l—sin{n%(m—kct)}}
ZB sm{ :C—ct} Zanm{ x—i—ct)}

These two series are those obtained by substituting x — ¢t and x + ct, respectively, for the
variable x in the Fourier sine series (13) for f(x).
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1
u(@,t) = S[f* (@ —ct) + f*(z + ct)] (17)
where f* is the odd periodic extension of f with the period 2L. Physical Interpretation

of the Solution

f*(x — ct): a wave traveling to the right as t increases.
f*(x + ct): a wave traveling to the left as ¢ increases.



u(x,t) is the superposition of these two waves.
Example 1. Vibrating string if the initial deflection is triangular
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- Initial velocity
ut(z,0) =0

Solution.
glx)=0 = B, =0

- From Example 1. in sec. 11. 1
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15.2 D’Alembert’s Solution of the Wave Equation

-Wave equation

0?u 5 0%u o T
o= 2=
ot? Ox? p
- (z,t) — (v,z) transformation
v =x + ct, z=x—ct
-vy,=1and z, = 1.
ou OJu OJv Ou 0z
Up = = +— —=uy- (1) +u, - (1) =uy +u,

or  Ov Ox ' 0z Ox

L0 (u) _(u) (0
Yow = ox \ox) \ozx va ox sz

= (Uv + UZ)U “ Uz + (Uv + Uz)z CZg = Upy + 2Uyy + Uz

-y =cand z = —c.
L ou o v 0w 9 0w ou_
T 9t T v ot e ot Cov Cax O
Uty = C(uv - uz)v v+ c(uy — uZ)Z "Rt

= C2(uvv — Uyy — Uyy + uzz) = CQ(U’U'U — 2Uy, + uzz)

2 2 2
Ut = C Ugy - C (uvv — Uy, + uzz) =cC (uvv + 2y, + uzz)
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oz = ovdz
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- By integrating (18) with respect to z,

gz = h(v)
u= /h(v)dv + 1 (z)
- D’Alembert’s solution of the wave equation
u(z,t) = p(v) + Y (2) = ¢z + ct) + Y(x — ct)
D’Alembert’s Solution Satisfying the Initial Conditions

u(z,0) = f(z)
Ut (.T, 0) = g(.’IZ’)
- By differentiating (19),

ut(z,t) = cd'(z + ct) — e/ (z — ct)

u(@,0) = o(x) +¢(z) = f()
u(2,0) = c¢'(z) — ' (z) = g(x)

- Dividing (20) by ¢ and integrating with respect to z,

1

o(a) — (@) = o)+ [ gl)ds. hlao) = o(an) vl

- [(20)+(22)]/2: 1 L 1
o) = 5 1@ + 5. [ gls)ds + Jhao)

- [(20)-(22)] /2

wie) = 35@) - o [ ols)ds = 3h(ao)
- (23)+(24):
u(z,t) = ¢(x + ct) + (x — ct)
1 x+ct
uet) = 5@+ + o=+ [ als)ds
-1t g(z) =0,

(@, ) = %[f(:): bet) + fla — ct)]
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(25)

(26)



