3. Vector Calculus

A. Gradient of Scalar Field

1) Definition of gradient
Physical definition:
Vector that has the maximum space change rate of physical quantity
Mathematical definition:

A
gradV= VvV = n hm( V)

(dV) —ﬁﬂ (2-48, 49)
Al—(0 Al ’

di dn

maximum directional derivative
Note) W is called the del or gradient operator

Directional derivative:
AV dVdn  dV _dV~ s .
- dn dl - dn cosa = dnn l —\(VV) l (2-50)
(2-49)
2) Calculation of gradient in orthogonal curvilinear coordinates

Space change rate of V-

(2-50) 7> dV=(vV)-dl =0 (2-51)
dl=1dl
In orthogonal curvilinear coordinates (uy, us, u3),

av="Yaq +~@Kﬂ +~3Kﬂ
o, o, ol,

(9)
N aV oV oV
"~ hou di, + hyou, dl,,+ hyous dl.,

~ 0 ~ 0 ~ 0
+ + Vi-dl 2-51)*
(UI1 h18u1 b h28U2 Ug h38U3 ) ] ( )




By comparing RHS of (2-51) and (2-51)*, we can define V operator:

~ 0 ~ 0 ~ 0
V=\luyy—1+u + u (2-57)
L hiou, 2 hyou, 3 hadug
Then, (VV); = 1 oV (i=1,2,3) (51)
! hz' auz-
(e.g)
In Cartesian coordinates (uy, uy, uy)=(z, y, z), hy= hy= hy=1 (10) ;
0
=22 + 52 +3;°9 2-57)carn. =(2-56
V== Py Y 5y 2 e ( Jcart. =( )
In cylindrical coordinates (u; uyus) = (r,¢,2), hy=1, hy=r, hg=1 (22) ;
V=g ¢——+ 2 (2-57)
ar r d¢ o
In spherical coordinates (u; u, u3) (R,0,¢), h,=1, hy=R, hy= Rsinf (28);
A 1 d
—+ 0——+ 2-57)spn.
=R R 06 ¢Rsm€ foJ0) (57 )n

In toroidal coordinates (u, u, uy)=(r,$,0), h,=1, hy= R= R, +rcos, hy=r(47);

~ 1 9
= —+ ——+ 00— =57)sor.
V= L ¢R8gb 07"89 (2-57)
Notes) Properties of Vv operator:
V(f+tg)=vVf+ Vg
V(fg)=fvg+tgVvy
i) Vf'=nf"iv



B. Divergence of Vector Field
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FIGURE 2—17 Flux lines = Directed field lines

1) Definition of divergence
Physical definition:
Net outward flux of the vector quantity per unit volume
Mathematical definition:

A - ds
divA=V - A = lim S A (2-58)

Ap—0 Av

2) Calculation of divergence in orthogonal curvilinear coordinates
2

A+

X =
FIGURE 2—18 A differential volume in Cartesian coord.

§5SA~ds:[ffmm+fbaCk+f‘ +f +f +f

right left top bottom

}A . ds (2-59)



front
= A, (z,+2x/2,y, 2,) Ay Az (2-60)
Taylor expansion N N 0 for Az <0
at (CC(;’ Yo Zo) [A | X T +M|iyAZ (2-61)
2 ax o
Likewise, / A-ds = —A(z,—Ax/2,y, 2,) Ay Az (2-62)
pck 0 for Az <0
Az 0A,
= — [AI|O— =2 —f—}kﬁAyAz (2-63)
2 ox |,

Then, (2-61) + (2-63) gives

oA
[/ +/ }A ds ~ —~| Az AyAz=—2| Ay (2-64)
front back ox o ox
- 04,
Similarly, [/ + }A cds =~ —=| Av (2-65)
right left 3y o
dA,
[ f + }A-ds ~ Av (2-66)
top bottom 0z o
Finally, (2-64)+(2-65)+(2-66) in (2-59) results in
0A, 04, 04,
fA ds = + ~+ Av (2-67)
ox oy oz |1,

hnl( 67)

n (2-58) yields in Cartesian coordinates,
Av—0 Av

VA= 4+ Y4 (2-68)
ox oy 0z

Generalization in orthogonal curvilinear coordinates (uy, g, u3):

1 d d d
- A= hohs A, ) +——(hsh Ay) + ——(h hA 2-70
Vv h1h2h3[6u1(23 V)t g Uafudy) + o=y 3)]( )
_ 1 23] 9 h1h2h3A _ I a9 h1h2h3A by summation (52)
hyhohy 7= Ou, h; o hihyhy ou, h, C convention
In cylindrical coordinates (u; uyus) = (r,¢,2), hy=1, hy=r, hy=1 (22) ;
109 1 04, 04,
\V4 A = ?E(T r)+ ?—3¢ Py (2—70)cyl.

In spherical coordinates (u; uyus) = (R,0,¢), k=1, hy=R, hy= Rsinf (28);

ISR Lo
V-A= =7 8R(R Ap)+ sing 30(51110149)

1 04,
Rsin€ 09¢

(2_7O)sph.
In toroidal coordinates (u, u, uy)=(r,$,0), h;=1, hy= R= R, +rcos, hy=r(47);

. _ 1 [ o _ad _ad _
v A = Rr ar(RrAy)—l_ aq) (VAQ))‘I‘ 90 (RAQ) (2-70)t0r.



Notes)
V-A=0
— A: Solenoidal field = Divergenceless field = Divergence—free field

i) Azimuthal magnetic field produced by straight wire current

B = &é in (2-70)cy. :

X

52 expandmg flow —— » wv=gkr = V- -v= k
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(c)

V--A=0 V-:4A=0
(outflux = influx) (outflux = influx)



3) Divergence ( or Gauss's ) theorem

v, = gubdivided infinitesimal volume element

FIGURE 2—19

fV'Adv=¢A'ds (2-75)
1% S

volume integral of the divergence
= total outflux thru surface S bounding volume V

(Proof) From (2-58),
N>1 N>1
lim Y} (V- A4);Av; = lim Y] 55 A - ds
5;

Av].—>0 j=1

A’U].—>0 j=1
by definition — \U}g by canceling contributions
of volume integral from internal surfaces S;
V - Adv = f A - ds = (2-75)
%4 S
(e.g. 2-13)

Spherical shell volume enclosed by a multiply connected surface

1 8
F——— 2
v R233< F>—kR

1 —_—
- ) = 3k

V- Fdv= [ 3kdv
=3k/ dv—3k—R2 RY)

= 47rk;(R2 — R}) (2-82)

ygA ds= +y§ ]F-ds

outer

= fsoF- ds, + ?gs,-F- ds;
- fozﬂ{/oﬂ[(k@)ﬁg— (le)Rf]sinede}dgb

= 4nk(R;— R}) (2-83)



C. Curl of Vector Field

1) Definition of curl

Physical definition:

contour C

whose direction is determined
by the right—hand rule

FIGURE 2-—23

Vector that has the maximum circulation of A per unit area

Mathematical definition:
curlA(or rotA)= VX A
Notes)

Circulation of A around contour C = §1§A - dl
C

2 |im
As—0

i) If A= F = force, then ?gF-dl =
C

i) If A=E = electric field, 5613 dl
C

i) If A=v =

(e.qg.) water trough
z

|V xv]

flow velocity, ?gv - dl

c

e

(2-85)

max

(2-84)

work done by the force

e.m.f.(electromotive force)

circulation of fluid

no rotation

® s Top view . (a)—p 1y
. “‘"fjm‘ trough \“AC.} ;
| it | @
paddle wheel
* 1 % Gk
1 y=5b X 1 3 2 y=>0
v=1K v=2z Ksin%y
A
1¥ (c)
I
VXv=20
Vxv=0
(d)
i b

VvV X A is a measure of the strength of the vortex source or sink.



2) Calculation of curl in orthogonal curvilinear coordinates
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' T
u; component of ¥ X A in orthogonal curvilinear coordinates (u;, s, uz):
(2-85)
~ N 1
(VxA), =y - (VxA) = lim A - dl (2-86)
' ASUIHO A Sui, Oll,
In Cartesian coordinates (u, u,, u3)=(z, y, 2),
~ . 1
(VxA),=z-(VxA)= lim < 55 A-dl (2-87)
AyAz—0| DY Az 172?374
yguA-dl:[/Jr/Jr/Jr/}A-dl (2-87)*
1,2,3.4 1 2 3 4
/A-dl =A - Al = A - 202
1
o ‘ — Az(xo, y0+Ay/2’ ZO)AZ 0 for Ay<< 1
aylor exrpansion
Ay 0A,
at <$0’ yo’ Zo> \: [Az|o+ —y— + T Az (2_89)
2 oy,
Likewise, /A cdl =Ag- Alg=—Ag- 21z
3 0 for Ay <1
Ay 0A,
= — [AJO— =Y +¢@€TAZ (2-91)
2 oy |,
Then, (2-89) + (2-91) gives
dA,
[/Jr/}A dl = AyAz (2-92)
oy 1,
. 04,
Similarly, [/Jr/}A d = — Py AyAz (2-93)
Finally, (2-92)+(2-93) in (2-87) results in
aAZ 94,
(VXA), = : (2-94)
oy 0z



Also, y— and z—components can be found by a cyclic order in
and z as follows:

(aA aA) A(an aAz) A(aAy an)
VXA =z +y +

(2-95)
oy 0 0z ox ox oy
8 o d
= |- 7 = (2-96)
dr dy 0z
A, A, A,
Generalization in orthogonal curvilinear coordinates (uy, uy, u3):
urhy wyhy uhy
_ 1 0 a a ~
VA= hihohy | Quy  Ouy,  duy (a-27)
A, thz h3Ay
J 1
(V XA) - ; ik hh au (hkAk) (53)
1 , .
of = g7 (h,A,) by summation convention (53)*
ik hjhk 871]' r4Lk
In cylindrical coordinates (u; uyus) = (r,¢,2), hy=1, hy=r, hy=1 (22) ;
roo¢r oz
VXA = e 9 9 (2-97) (2-98)
o lor 0p oz o

z

A, rA, A
In spherical coordinates (u; u,us) = (R,0,¢), k=1, h,=R, hy= Rsinf (28);
R OR ¢Rsinb
UxAd =+ |2 9o 9 (2-70)n . (2-99)
~ R%ing|0R 00 99 o
Ap RA, (Rsinf)A,

In toroidal coordinates (uy uy uy)=(r,$,0), hy=1, hy= R= R, +rcos, hy=1r(47);

Yy OR ©Or
1 0 0 0
Vv X A Ry a y aq) ae (2-70)t0r.
A RA, 7Aq
Note)
VXA=0

— A: Curl-free field

Irrotational (or lamellar) field due to no rotation

Conservative field due to ygA -dl =0
C



3) Stokes's theorem

FIGURE 2—25

f(VxA) - ds = y§A~dl (2-103)
S c

open surface integral of the curl

closed line integral along contour C bounding surface S

(Proof) From (2-85),

N>1 N>1

lim Y, (VxA),- As; = lim ), P A-dl

As—0j=1 As—0 j=1 C
by definition > \U/ <— by canceling contributions
of surface integral

from internal contours C;

(VxA)- ds = yg A - dl = (2-103)
C
Note) For any closed surface S with no open surface with a rim C,

f(va).dszo

(2-103)*
S

S

D. Laplacian Operator
1) Definition of Laplacian

Laplacian = divergence of gradient (of a scalar or a vector)

viev.v (54)
2) Calculation of Laplacian in orthogonal curvilinear coordinates

1 3 0 (h1h2h3
52 = V - =

hyhohg = Ou; h;

(52), (51) in (54):

viey.y =L yho (Ml o (55)
h1h2h3 i=1 Bul hl hl Bul




In Cartesian coordinates (uy, uy, uy)=(z, y, z), hy= hy= hy=1 (10) ;

0 0 0o 0 0o 0 0
VQZ e e 2+ 2+ 5 (55)car.
or ox 0y 0y 0z 0z ox oy 0z

In cylindrical coordinates (u; u,us) = (r,¢,2), hy=1, hy=r, hy=1 (22) ;

1o o 1 8% 8°
vE= _—(T—)JF I ICIEN) (55)cy.
r or\ or " 0¢ P
In spherical coordinates (u; u,us) = (R,0,¢), h =1, hy=R, hy= Rsinf (28);
> _ 1 [1( i) i(- i) 0 _1 8]
\% Ring | OR R%sinf R + v sinf + — 56 5ind 29
1 8 50 1 a(. 8 1 o*
~ R?OR (R 3R)+ R2sing 90 (81110 30)+ R%sin20 99> (55)soh.

In toroidal coordinates (u, u, us)=(r,$,0), h,=
Vi g R ) aaq>(17\; )+ o 55))

_I_
1 4 0 1 0
SETAENE T
Rr or or 3¢ R 72 00

E. Vector Identities
1) Two null identities

1, hy=R= R, +rcosf, hy=r(47);

a) ldentity |
The curl of gradient always results in a null vector.
VX(VV)=0 (2-105)
(Proof 1) Using Stokes's theorem (2-103), (2-51)

/[VX(VV)]- ds = ygvv-dl = 55 dV =0 (2-106, 107)
S c C

For any surface ds, Vv x(VV)=0 = (2-105)
(Proof 2) Using the notation (summation convention) & the symbol ¢,

lvx(vv),= E,-,,-/,d( 5 V)

tox;\ oxy,

€ikj 3xk( ) by exchanging indices j & k

o [0V
€iik k(ax ) by the property of symbol €,

. d (av

€k

> >

) since =
01,01 0x;0),

(‘).’I?’ j ox,,

= (0 because a = - a only for a = 0.



Notes)
VX(VV)=VXA=0
= A: a curl-free (conservative) vector field that can always

be expressed as the gradient of a scalar field (VV ).
(e.g.) In electrostatics, v xE = 0. Therefore, E can be

found from scalar electric potential V such that

E=-vVV. (2-108)
b) Identity I
The divergence of curl always vanishes.
V-(VXA)=0 (2-109)

(Proof 1) Using divergence theorem (2-75) & Stokes's theorem (2-103),

/v-(va) dv :yg(va)-ds (2-110)
|4 S

(Proof 2) Using the notation (summation convention) & the symbol ¢,

P P 8Ak 9 ()A
V- (VXA) = (VXA = —lep——| =cn |- /
ox; ox; \ 7" oz " ox; \ oz
o [ 04, o hanaing indices 1 &
= exchanging indices i
]’Lk 8.I o y aing J
€k or, ( ) by the property of symbol ¢;;;,
A it since o o
= — €. =
Uk o, 0:1,“7- oz 0x; w0,
= 0 because a = - a only for a = 0.

Notes)
V-(VXxA)=Vv - -B=0
= B a divergence—free (solenoidal) vector field that can be
expressed as the curl of another vector field (V<A ).
(e.g.) For the magnetic flux density B, v - B =0. Therefore,

B can be found from the vector magnetic potential A4

such that B = v X A. (2-112)



2) Some other useful vector identities
See the inside of the front cover of the text
or 'NRL Plasma Formulary' on the lecture note website.

a) VUV)=fvV+VVf

b) V-(fA):fV-A+A-Vf (2-114)
c) X (fA) = fV XA+ VfxA (2-115)
d V:-(AXxB)=B-(VxA)—A-(VXB)

e) X(AxB)=(B-V)A—(A-V)B—B(v-A)+ A(V - B)

f) v(A-B):(A-v)B+(B-v)A + A% (VXB)+ Bx(VxA)
9 VX(VxA) =v(v-A4)—vVvi4

(Proof d) Vv - (AxXB)= V,(AXB); = V,€;A;B,
= 6, [(V,A)B+ A,(V,B,)]
= B,V Ai— Ay NV B,
= B,(V xA),— A,(V xXB),
=B:-(VxA)—A-(VXB)
(Proof g) [V x(VxA)], =€, V,;(VxA),
= €ik€um Vi Vi A,
= (640,— 0,m0;) V,;V, A,
= V,V,A,— V,V, A,
= v, (v -A)-Vv?4

= VX(VxA4) =v(v-:-4)-viA

F. Field Classification
V - F=0 : F = Solenoidal (or Divergenceless or Divergence—free) field
VX F=0 : F = Irrotational (or Conservative or lamellar or Curl-free) field
) V:F=0& VXF=0
(e.g.) In electrostatics in charge free regions, V +-E=0, VXE=0
i) V:-F=0& VXF#0
(e.g.) In magnetostatics in current carrying medium, V «- B=0,V XB= pu J
i) V:-F=0 & VXF=0
(e.g.) In electrostatics in charged regions, V:-E=ple, VXE=0
V) V-F=0& VXF=(
(e.g.) In electromagnetics in charged regions with time—varying magnetic fields,

oB
V- E= pv/e, VXE:_E



Helmholtz's Theorem :
Both vV - Fand V XF are specified everywhere.
= The field vector F' is determined.
(The strengths of both the flow and vortex sources are specified.
= The field vector F' is determined.)

In the electromagnetic model based on the deductive (axiomatic) approach,
V - F and V X F for electromagnetic fields are specified by the fundamental
postulates (axioms), which will then develop other theorems and
phenomena.

Homework Set 2

—_

P.2-18
P.2-20
pP.2-21
P.2-23
P.2-26
P.2-29. In addition, also prove (2-115) by using summation convention

M W N
— Y~ ~— Y~ ~— ~—

> O

and Levi=Civita symbol ¢.
7) P.2-30



