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1.1 Governing Equation for a Beam with Axial Force
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o Equilibrium for vertical force
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o Equilibrium for moment
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e Elimination of shear force
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o Strain-displacement relation

_dw
dx? ~  dx
e Stress-strain relation (Hooke law)
= Es——Ed—Wy gdu
dx? dx
o Definition of Moment
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M = jcsydA ngydA j(E Ed— )olA_—ElK

» Beam Equation with Axial Force
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1.2 General Solution

« Characteristic Equation for Q>0

AX
w=e
where B% = Q

e +BA) =01 =4Bi, 0 El

« Homogeneous solution
w=AeP* + Be P* 1 Cx+D
« Homogeneous solution
w = A(cosBx +isinBx) + B(cospx —isinpx) + Cx + D
=(A+B)cosBx+i1(A—B)sinpx+Cx+ D
= AcosPx + Bsinpx+Cx+ D

« Characteristic Equation for Q<0

w=e" , |Q
where B =|—-
et -pA2) =01 =1B, 0 El
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« Homogeneous solution for Q<0

w= AP+ Be P +Cx+D

BX + e_BX

e Bx —Bx
=mﬁ5y—3——

+(A—B)%+Cx+ D
= Acoshx + Bsinhfx+Cx+ D

e General Solution

W =W, +Ww, = Acospx+ Bsinfx+Cx+ D +w,

d*(w, +w ) _d*(w, +w) d*w d2w d*w d*w d*w d*w
El S P =El— 4 L FEl—+ DBl —+ b =
dx* Q dx’? dx* Q dx’? dx* Q dx’? dx* Q |

o Four Boundary Conditions for Simple Beams
w(0)=A+D+w,(0)=0
M (0) = —EIw"(0) = —EI (-AB* +w(0)) =0
w(L) = AcosBL+BsinBL+CL+D+w, (L) =0
M (L) = —EIw"(L) =—EI (—AB* cos L — Bp*sin L+ w/ (L)) =0
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o The homogenous solution is for the boundary conditions, while the particular solution is for the

equilibrium.
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1.3 Analysis of Beam-Columns and Buckling Load

e Beam Column - Simple Beam Subject to a Uniformly Distributed Load

\ 4 \ 4 \ 4 \ 4 \ 4 A4 lA
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- Governing Equation

- Particular Solution

- General Solution

&

d‘w _d*w
e S W, Qd W,
x* de2

q .2
W (X) = ——X
o (X) 20

9

w(X) = AcosPx + Bsinpx + Cx + D+£x2

W’(x) = —AB* cospx — BR*sinpx + %
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- Boundary Condition

w(0)= A+D =0 , M(O):—EIW"(O):—EI(—ABZ+%):O—>A: Q‘;Z ,D=—Q?32

w(L) = BsinpL + CL +Qq—[32(COSBL_1) +2q—QL2 -0

M (L) = —EIW"(L) = —EI (~AB? cosBL — BR2sinBL + 1) =0

q 2 o q 2 q
_—COSBL—BB SlnBL+—:O_)BB SmBI—:——(COSBL—l)

Q Q Q
BBZZSin&cos&:_q_(l_gsinZ_L_l)_)B:%Q_tan&

2 2 Q 2 B2 Q 2
c=—J |
2Q
- Final solution

w(X) = BziQ(c:osBx—l) + ﬁgQ tan BZI‘sian—ZOI—Q Lx +2q—Qx2

M (x) = —EIw"(x) = El (%cosBx + %tan %sin BX — q—)
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- Deflection at the Mid-span

q BL 1q. B BL g
)= P N+ =T tan=sin= 4
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- Moment at the Mid-span

Ly B 9 cosp L 4 tan Plsin Pl _
M(Z)_EI Q(cos[32+tan 5 sin 5 1)

2 2
= qL 82 " EZI (cosBEthanB—LsinB—L—l)
8 n° QL 2 2 2
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o Buckling Analysis of Simple Beam

- Boundary Condition

w(0)=A+D=0, w(0)=—-Ap°=0—>A=0

w(L) =BsinBL+CL =0, w'(L)=-BB%sinpL=0—->B=C =0
- Characteristic Equation

n°m’El

A=B=C=D=0->w=0 (???)or BL=nr—>Q = z n=123:--

w=Bsinpx = Bsinn—fx
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o Buckling Analysis of Fixed-Fixed Beam
Q
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- Boundary Condition
w(0)=A+D=0, w(0)=pB+C=0 or
w(L) = AcospBL +BsinpL+CL+D=0, w'(L)=-ApBsinfL+BpcospL+C =0

- Characteristic Equation

1 0 0 1|(A 0 1 0 0 1
0 1 0|B 0 0 1 0
: P =| |— Det( _ P )=0

cosPL sinpL L 1| C 0 cospL sinBL L 1
—BsinBL BecospL 1 O\D 0 —BsinBL BcospL 1 0
' | 01 B 1 0 0 B 1

0 B 1 0 _ _
: =/sinBL L 1 —| cospL sinL L

cosPL sinpL L 1 _
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—B—(—pcosPL) — (—p(cosBL + BLsIinBL) + B) =P(2cosPL — 2+ BLSInBL) =0
2cospL — 2+ BLsinBL = 2(cospL —1) + BLsinpL = —4sin? 7" + ZBLsin%Lcosl%L =0

pL BL BL_ . BL pL BL .osPL _sinPL o

sin—(=—cos——-sin—) =0—>sin—=0 or —cos— —sin— =
2 2 2 2 2 2

- Eigenvalues
w(0)=A+D=0, w(0)=pB+C=0
w(L) = AcosBL+BsinBL+CL+D =0, w'(L)=-ABsinpL+BpBcospL+C =0

BL

2_72
Symmetric modes: sm7_o NG BL 4n“n”El

=nn—>Q= Z

n=123--

w(0)=A+D=0, w({0)=pB+C=0, w(L)=A+CL+D=0, w(L)=pB+C=0
2nm

A+D=O—>A=—D—>W=A(cosTx—1) for A=0

8.187°El

Anti-symmetric modes: PLoosPE _sinPh o P tanB—L—>Q =
2 2 2 2 2 L
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o Buckling Analysis of Cantilever Beam

Q
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- Boundary Condition
w(0)=A+D=0
w(0)=BB+C =0
M (L) = —EIw"(L) = —EI (- AB* cospL — BB?sinpL) =0
d3w

dw
VL =—E1 Y o™ _g
(L) dx® de

- Buckling load
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