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▶The mean drag, lift, and moment per unit span

§ !𝑫 = 𝟏
𝟐
𝝆𝑼𝟐𝑪𝑫𝑩

§ !𝑳 = 𝟏
𝟐
𝝆𝑼𝟐𝑪𝑳𝑩

§ !𝑴 = 𝟏
𝟐
𝝆𝑼𝟐𝑪𝑴𝑩𝟐

▶Steady-state drag, lift, and moment coefficients as the function of incident 
angle(or attack angle) 𝛼
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Steady(Static) Wind Loads
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▶Cross section, Setting in wind tunnel

▶Measure time histories (U=10m/s)

▶Measure time histories (U=15m/s)
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Static Force Coefficients
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▶ Lift coefficient(normalized by B) ▶ Moment coefficient(normalized by B)
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Examples: Static Force Coefficients
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▶ Drag coefficient(normalized by B) ▶ Drag coefficient(normalized by H)
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▶ Fundamental assumptions
§ Structural displacements and cross sectional rotations are small.
§ Fluctuation components of wind velocity are small as compared to U.

▶ Relative velocity formulations
§ Fluctuation velocity  components inducing buffeting are included.
§ Motional velocity is considered in terms of relative velocity.
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Quasi-Steady Aerodynamic Forces

𝑞# 𝑥, 𝑡
𝑞$ 𝑥, 𝑡
𝑞% 𝑥, 𝑡

=
1
2
𝜌𝑉&'() ⋅

𝐵 ⋅ 𝐶# 𝛼
𝐵 ⋅ 𝐶$ 𝛼
𝐵) ⋅ 𝐶% 𝛼

.𝑉&'(
) = 𝑉 + 𝑢 − �̇�*

)
+ 𝑤 − �̇�+ )

𝛼 = �̄�, + 𝑟, + 𝛽
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▶ Transformation into global coordinates

▶ First linearization
§ Fluctuating flow components are small as compared to mean wind velocity, 

and that structural displacements (as well as cross sectional rotation) are 
also small.
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Quasi-Steady Aerodynamic Forces

𝑞*
𝑞+
𝑞,

=
cos𝛽 − sin 𝛽 0
sin 𝛽 cos 𝛽 0
0 0 1

⋅
𝑞# 𝑥, 𝑡
𝑞$ 𝑥, 𝑡
𝑞% 𝑥, 𝑡

where, 𝛽 = arctan
𝑤 − �̇�+

𝑉 + 𝑢 − �̇�*

!
cos 𝛽 ≈ 1
sin 𝛽 ≈ tan𝛽 ≈ 𝛽 ≈ 𝑤 − �̇�! / 𝑉 + 𝑢 − �̇�" ≈ 𝑤 − �̇�! /𝑉

→ 8
𝑉&'() = 𝑉 + 𝑢 − �̇�*

) + 𝑤 − �̇�+ ) ≈ 𝑉) + 2𝑉𝑢 − 2𝑉�̇�*

𝛼 = �̄�, + 𝑟, + 𝛽 ≈ �̄�, + 𝑟, +
𝑤
𝑉
−
�̇�+
𝑉
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▶ Static load coefficients

▶ Second linearization in static coefficients
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Quasi-Steady Aerodynamic Forces

𝐶& 𝛼
𝐶+ 𝛼
𝐶- 𝛼

=
𝐶& �̄�
𝐶+ �̄�
𝐶- �̄�

+ 𝛼. ⋅
𝐶&/ �̄�
𝐶+/ �̄�
𝐶-/ �̄�

4𝛼=mean angle of incidence
𝛼#=fluctuating angle of incidence
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▶ Combining all equations
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Linearized Quasi-Steady Aerodynamic Forces

𝑞*
𝑞+
𝑞,

=
1
2
𝜌𝑉&'()

cos 𝛽 − sin𝛽 0
sin 𝛽 cos 𝛽 0
0 0 1

⋅
𝐵 ⋅ 𝐶# 𝛼
𝐵 ⋅ 𝐶$ 𝛼
𝐵) ⋅ 𝐶% 𝛼

=
1
2𝜌 𝑉) + 2𝑉𝑢 − 2𝑉�̇�* ⋅

1 −
𝑤
𝑉 −

�̇�+
𝑉 0

𝑤
𝑉 −

�̇�+
𝑉 1 0

0 0 1

⋅
𝐵𝐶#
𝐵𝐶$
𝐵)𝐶%

+ 𝑟, +
𝑤
𝑉 −

�̇�+
𝑉 ⋅

𝐵𝐶#-

𝐵𝐶$-

𝐵)𝐶%-

=
1
2
𝜌 𝑉) + 2𝑉𝑢 − 2𝑉�̇�* ⋅

𝐵𝐶#
𝐵𝐶$
𝐵)𝐶%

+ 𝑟, +
𝑤
𝑉
−
�̇�+
𝑉

⋅
𝐵𝐶#-

𝐵𝐶$-

𝐵)𝐶%-
+

𝑤
𝑉
−
�̇�+
𝑉

.
−𝐵𝐶$
𝐵𝐶#
0
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▶ Discarding higher order terms
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Linearized Quasi-Steady Aerodynamic Forces

𝑞*
𝑞+
𝑞,

=
1
2
𝜌 𝑉) + 2𝑉𝑢 − 2𝑉�̇�* ⋅

𝐵𝐶#
𝐵𝐶$
𝐵)𝐶%

+ 𝑟, +
𝑤
𝑉
−
�̇�+
𝑉

⋅
𝐵𝐶#-

𝐵𝐶$-

𝐵)𝐶%-
+

𝑤
𝑉
−
�̇�+
𝑉

.
−𝐵𝐶$
𝐵𝐶#
0

= .
) 𝑉) + 2𝑉𝑢 − 2𝑉�̇�*

𝐵𝐶#
𝐵𝐶$
𝐵)𝐶%

+ .
) 𝑉)𝑟, +𝑉𝑤 −𝑉�̇�+ ⋅

𝐵𝐶#-
𝐵𝐶$-

𝐵)𝐶%-
+ .
) 𝑉𝑤 −𝑉�̇�+ ⋅

−𝐵𝐶$
𝐵𝐶#
0

=
𝜌𝑉)

2

𝐵𝐶#
𝐵𝐶$
𝐵)𝐶%

+
𝜌𝑉
2

2𝐵𝐶#
2𝐵𝐶$
2𝐵)𝐶%

⋅ 𝑢 +
𝜌𝑉
2

𝐵𝐶#- − 𝐵𝐶$
𝐵𝐶$- + 𝐵𝐶#
𝐵)𝐶%-

⋅ 𝑤

−
𝜌𝑉
2

2𝐵𝐶#
2𝐵𝐶$
2𝐵)𝐶%

⋅ �̇�* −
𝜌𝑉
2

𝐵𝐶#- − 𝐵𝐶$
𝐵𝐶$- + 𝐵𝐶#
𝐵)𝐶%-

⋅ �̇�+ +
𝜌𝑉)

2

𝐵𝐶#-

𝐵𝐶$-

𝐵)𝐶%-
⋅ 𝑟,
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▶ Total load vector comprises a time invariant static part and a dynamic part
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Linearized Quasi-Steady Aerodynamic Forces

𝑞*
𝑞+
𝑞,

=
𝜌𝑉)𝐵
2

𝐶#
𝐶$
𝐵𝐶%

+
𝜌𝑉𝐵
2

2𝐶# 𝐶#- − 𝐶$
2𝐶$ 𝐶$- + 𝐶#
2𝐵𝐶% 𝐵𝐶%-

⋅ 𝑢𝑤

+
𝜌𝑉𝐵
2

−2𝐶# −𝐶#- + 𝐶$ 0
−2𝐶$ −𝐶$- − 𝐶# 0
−2𝐵𝐶% −𝐵𝐶%- 0

⋅
�̇�*
�̇�+
�̇�,

+
𝜌𝑉)𝐵
2

0 0 𝐶#-

0 0 𝐶$-

0 0 𝐵𝐶%-
⋅
𝑟*
𝑟+
𝑟,

= ./!0
)

𝐶#
𝐶$
𝐵𝐶%

+ 𝐁1 ⋅ 𝐮 + 𝐂2' ⋅ �̇� + 𝐊2' ⋅ 𝐫

Static part Dynamic part

Turbulence-induced 
buffeting forces 
(Aerodynamic)

Motion-induced 
self-excited forces

(Aeroelastic)
Mean wind forces 

(Aerostatic)
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▶Self-excited forces with so-called Flutter Derivatives
§ Proposed by Scanlan and Tomko, “Airfoil and Bridge Deck Flutter Derivatives”, 

Journal of Engineering Mechanics Division, J. Eng. Mech., 1971
§ For elastically supported section models for 2-dof (or 3-dof) for heaving and 

torsion under the steady-state harmonic motions with the exciting frequency 
of ω, self-excited forces can be expressed with experimentally-obtained 
flutter derivatives as

𝐿$% =
1
2
𝜌𝑈&𝐵 𝐾𝐻'∗

ℎ̇
𝑈
+ 𝐾𝐻&∗

𝐵�̇�
𝑈
+ 𝐾&𝐻)∗𝛼 + 𝐾&𝐻*∗

ℎ
𝐵
+ 𝐾𝐻+∗

�̇�
𝑈
+ 𝐾&𝐻,∗

𝑝
𝐵

𝑀$% =
1
2𝜌𝑈

&𝐵& 𝐾𝐴'∗
ℎ̇
𝑈 + 𝐾𝐴&

∗ 𝐵�̇�
𝑈 + 𝐾&𝐴)∗𝛼 + 𝐾&𝐴*∗

ℎ
𝐵 + 𝐾𝐴+

∗ �̇�
𝑈 + 𝐾

&𝐴,∗
𝑝
𝐵

𝐷$% =
1
2𝜌𝑈

&𝐵 𝐾𝑃'∗
�̇�
𝑈 + 𝐾𝑃&

∗ 𝐵�̇�
𝑈 + 𝐾&𝑃)∗𝛼 + 𝐾&𝑃*∗

𝑝
𝐵 + 𝐾𝑃+

∗ ℎ̇
𝑈 + 𝐾

&𝑃,∗
ℎ
𝐵

§ in which, 𝜌 = air density ; 𝐾 = 𝜔𝐵/𝑈 = reduced frequency ; 𝐻∗, 𝐴∗, 𝑃∗ = the 
flutter derivatives (the function of reduced frequency), ; B = the deck width 
; 𝑈 = the mean wind speed in the oncoming flow at the deck elevation 
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Unsteady Self-Excited Forces
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▶ Unsteady aerodynamic forces
§ The flutter derivatives 𝐿12, 𝑀12, 𝐷12 are described as unsteady lift force, 

unsteady moment and unsteady drag force, respectively.
§ Since all the right sides of these formula consist of velocity and 

displacement terms of deck motion, unsteady aerodynamic force can be 
represented as:

𝐹2' =
𝐷3'
𝐿3'
𝑀3'

= 4
)
𝜌𝑈𝐵

𝐾𝑃4∗ 𝐾𝑃6∗ 𝐾𝑃)∗𝐵
𝐾𝐻6∗ 𝐾𝐻4∗ 𝐾𝐻)∗𝐵
𝐾𝐴6∗ 𝐾𝐴4∗𝐵 𝐾)𝐴)∗𝐵)

⋅
�̇�
ℎ̇
�̇�
+ 4

)
𝜌𝑈)𝐵

𝐾)𝑃7∗
4
0

𝐾)𝑃8∗
4
0

𝐾)𝑃9∗

𝐾)𝐻8∗
4
0

𝐾)𝐻7∗
4
0

𝐾)𝐻9∗

𝐾)𝐴8∗ 𝐾)𝐴7∗ 𝐾)𝐴9∗𝐵

⋅
𝑝
ℎ
𝛼

= 𝐂2' ⋅ �̇� + 𝐊2' ⋅ 𝐫
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Unsteady Self-Excited Forces

Velocity-dependent aerodynamic damping Displacement-dependent aerodynamic stiffness 
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▶Unsteady aerodynamic forces 𝐂32, 𝐊32 vs. Quasi-steady 𝐂32, 𝐊32
§ The unsteady flutter derivatives can be represented in terms of static 

coefficients and its derivatives

𝐾𝐻4∗ = −𝐶+/ − 𝐶&
𝐾5𝐻6∗ = 𝐶+/

𝐾𝐻7∗ = −2𝐶+

𝐾𝐴4∗ = −𝐶-/

𝐾5𝐴6∗ = 𝐶-/

𝐾𝐴7∗ = −2𝐶-

𝐾𝑃4∗ = −2𝐶&
𝐾5𝑃6∗ = 𝐶&/

𝐾𝑃7∗ = −𝐶&/ + 𝐶+

§ All the others = 0
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Flutter Derivatives in Quasi-steady Theory



Seoul National University
Structural Design Laboratory

▶Box decks for three bridges and airfoils
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Examples of Flutter Derivatives
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▶ Linear aerodynamic forces

𝐿- =
1
2𝜌𝑈

&𝐵 2𝐶.
𝑢 𝑥, 𝑡
𝑈 +

𝑑𝐶.
𝑑𝛼 + 𝐶/

𝑤 𝑥, 𝑡
𝑈

𝑀- =
1
2𝜌𝑈

&𝐵& 2𝐶0
𝑢 𝑥, 𝑡
𝑈 +

𝑑𝐶0
𝑑𝛼

𝑤 𝑥, 𝑡
𝑈

𝐷- =
1
2𝜌𝑈

&𝐵 2𝐶/
𝑢 𝑥, 𝑡
𝑈
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Buffeting Forces
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