Numerical Approximation of Derivatives

Hoonyoung Jeong
Department of Energy Resources Engineering
Seoul National University



Key Questions

* Explain how a 1% derivative 1s approximated numerically when you
know only function values

» Explain how a 2™ derivative is approximated numerically when you
know only function values



Forward Approximation of 15t Derivative

CFx+Ax) = £ + f/(Ax + 2 ax? 4 -

e f'(x)Ax = f(x + Ax) — f(x) — f”z(!x) Ax? + -

i) = LT )

o > Ax + -+

* fl(x) = ﬂx%zi_f ) 1 0(Ax)




Backward Approximation of 15t Derivative

Cfx =A%) = f(0) — f'(Ax + 2 ax? 4 -

c —f1COAx = f(x — Ax) — f(x) - 2 ax? 4 -

C Fl(x) = fO)=fx=Ax) | 7 Ay gy L,

—Ax 2!




Central Approximation of 15 Derivative

CFx+Ax) = £ + f/(Ax + 2 ax? 4 -

* f(x —Ax) = f(x) — f'(x)Ax + f”z(!x) Ax2 + ...

e f(x +Ax) — f(x — Ax) = 2f'(x)Ax + 0(Ax?3)

 f1(x) =TT 4 o(Ax?)




Approximation of 2"? Derivative

CFx+Ax) = £ + f/(Ax + 2 ax? 4 -

* f(x —Ax) = f(x) — f'(x)Ax + f”z(!x) Ax2 + ...

s flx+Ax) + f(x — Ax) = 2f(x) + f""(x)Ax? + 0(Ax*?)
. F1(x) = fxtAx)=2f () +f(x—Ax) | 0(Ax?)

Ax?
fx+Ax)—f(x)  f0)—f(x—Ax)

o fll(x) — Ax — Ax + O(sz)




Smaller Ax is Better?

* No

* Smaller Ax makes df /0x more accurate, but 1f Ax 1s too small,
f(x + Ax) — f(x) may be zero

* How to decide Ax?
v'Not too large, not too small
v'1%, 0.1%, 0.01%, ... of x
v'Depends on your problem

v'Central approximation is less sensitive to a perturbation size (Ax) than forward
and backward approximations



Central Approximation is Always Better?

* No
* Higher computation cost

* Not appropriate 1n some cases
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