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Motivations

Is y(t) bounded for bounded u(t)? — 10 stability
Is X, (t)(X, (t),---) bounded? — Internal stability
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i Input Output Stability

Input Output Stability of LTI System
y(©)=[ gt-0u(e)dz = [ g(Du(t-r)dr.......(*
u(t) : bounded
u(t) <u, <o Vt>0

Theorem 5.1
(*) 1s BIBO stable iff

j:’\g(t)\dtgm <o,
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Input Output Stability

Pf) .
(=) [yo|=|[; 9t - )z

<["lg@)|ut-7)d=

< um_[:\g(r)\drgumM < o0,

(=) Assume 3t such that

Js
0

Let us choose

u(t, —7) ={

0(z)ldr = oo

1 ifg(z)>0
1 ifg(s) <0

4

y(t)=[" g(ru(t, - )z =

0()dr ==

Perception and Intelligence Laboratory

Linear Systems 4 School of Electrical Engineering at SNU



Input Output Stability

Note) Even if Hg(r)\dr <o,

g(r) may not be bounded or may not converge to zero.
EX) o

L T
s Y — <o, but limg(t) =«

*24_ = N t—o0
3 n=2
Lemma:The uniformly continuous function

satisfying j \g (r)\ dz <o, converge to zero.

e !im g(t)=0
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i Input Output Stability

Theorem 5.2
If g(t) is BIBO stable,

foru(t) =a, !Lrg y(t) =g(0)a
for u(t) =sinwgt, lim y(t)= 9w, )| sin(wyt + Zg(jw, ),
where g(s) Is Lapace transform of g(t).

Pf)
9(s) = |, 9(z)e"dr
u(t)=a, y(t)=[ g(r)u(t-r)dr =af g(r)ds
limy(t) = ag(0)
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Input Output Stability

Pf _cont)
u(t) =sinwgt

t .
y(t) :jo g(r)sinw,(t—7z)dz
= I; g(z)[sin wyt cos w,z —cos wytsin w,z)|dz
=sin Wotj; g(zr)cosw,zdz —cos wotﬁ g(zr)sinw,zdr
g(jw) = j: g(z)[coswr — jsinwz)]dz
Re[g(iw)] = jooo g(z)coswrdr

Im[g(jw)] = —J'OOO g(z)sinwzrdr
!Lrpo y(t) =sinw,t Re[g(jw,) ]+ cosw,t Im[g(jw,) ]

=|g@Gw)|sin(wyt + Zg(w))
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i Input Output Stability

Theorem 5.3
A SISO system with proper rational transfer function g(s) is

BIBO stable iff every pole of g(s) has a negative real part.

Note) MIMO is BIBO.
Iff g; (t) 1s BIBO stable (Theorem 5.M1, Theorem 5.M3).

Note)
Time varying system is BIBO stable iff

jt:)‘g(t,r)dr <M < forallt,t, >0

Perception and Intelligence Laboratory
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Input Output Stability

Example) unity-feedback system

e o]

g(t) = ia‘5(t—i) o)=Yl st-i)

i—1
o0 if \a\ >1

.[o (D) dt = ;\a\ :{ a|/(1-|a)) <o if |a <1
This system is BIBO stable iff the gain a has a magnitude less than 1.

—S

Se

. IS not rational function and Theorem 5.3 is not applicable.
—ae

g(s)=

—S

u(t) o y(t)
i
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Input Output Stability

Example

0

X =X(t), y=0.5x(t)+0.5u(t), C
A=1 B=0 C=05 D=05

g(s)=C'(sl—A)'B+D

~0.5(s-1)"0+0.5=05

(b)

— BIBO stable even if it has positive real part eigenvalue.
— Internal stability (state stability is needed).

Perception and Intelligence Laboratory

Linear Systems 10 School of Electrical Engineering at SNU



Input Output Stability

Discrete-Time Case

y[k]=2_ g[k—m]u[m]

M~

0

Theorem 5.D.1
Discrete-time SISO system is BIBO

iff g[k| is absolutely summable, i.e.,

Y [g[k] <M <o
k=0

3
I
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Input Output Stability

Theorem 5.D.2
If a discrete-time system is BIBO stable, then

1l.ulk]=a
limy[k]=g(Da
2. ulk]=sinwk

lim y[k]— ‘g(e"WO) sin(w,k + 2g(e’™))

where g(z) = i g[mfz™"

Theorem 5.D.3

Discrete-time SISO system with proper rational transfer
function g(z) is BIBO stable iff every pole has a magnitude less
than 1.

Linear Systems 12
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Internal Stability for LTI System

Internal Stability (State Stability)

(t) = Ax(t)
x(t) = e'x,

Definition : Zero-input Response of x = Ax Is
marginally stable or stable in the sense of Lyapunov
if [X(t)| <coforall t>0 gall X,
and is asymptotically stable if X(t) >0 ast — oo

Perception and Intelligence Laboratory
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Linear System for LTI System

Theorem 5.4
1. The state equation is marginally stable iff all eigenvalues
of A have zero or negative real part and those with zero
real part are simple roots of minimal polynomial of A.
2. The state equation is asymptotically stable iff all
eigenvalues of A have negative real part.

At At~ -1
®{Re(ﬂ1)§0and e =Qe"Q i
aqt 1 Jqt
— At L 42
Re(4)=0&nN =1 e* te” t'e
= marginally stable et te”
_ At -1
@ All Re4 <0 —>AS =Q e Q
e’
Linear Systems 14 Perception and Intelligence Laboratory
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Internal Stability for LTI System

Example 5.4
(0 0 O]
x=/0 0 O
0 0 -1

X—Xx(t)=c +ce <c

Characteristic polynomial is 1%(1 +1)
Minimal polynomial is A(41+1)

A =0 is simple root — marginally stable
0

0 1
0 0
0 0

0
-1

X — X(t)=c,+c,t+ce”

Minimal polynomial is 1%(1 +1)
— not marginally stable

Linear Systems

— o0
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Internal Stability for LTI System

Discrete-Time Case
X[k +1] = AX[K]
x[k]= A*X,

Theorem 5.D.4
1. |2,/<1 and |4,|=1with i, =1— marginally stable

2. |4,|<1— asymtotically stable

Perception and Intelligence Laboratory
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General Definition of Internal Stability

Definition (Equilibrium Point)
X, Is said to be equibrium point at t, iff

X(t) =D, )X, =x, Vtxt,.
Note)

X = A(t)x(t)

X(1) = D(t,5) x(t,)

jt A(z)dz 9
D(t,t,) =e" or X(t)X(t,)
X, = D(t,t,)X,
[1-®(t,t)]x, =0 Vt=>t,
If all columns of [I —®d(t,t,)] are linearly independent
X, =0,
otherwise It may be
X, = 0.

Perception and Intelligence Laboratory
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General Definition of Internal Stability

Definition
X, Is stable i.s.L at t, iff
forevery £ >0, 3 6(&,t,) >0 such that
1% = X, | < S(e.ty) =[x () — x| < & Vi=t,.

X, is uniformly stable i.s.L [t,, o) iff
for every £ >0, 3 5(&) >0 such that
1% — %[ < 8(&) = |x(t) — x| < & Vt=t,.

Perception and Intelligence Laboratory
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General Definition of Internal Stability

Linear Systems 19

Example
X = (6tsint —2t)x(t)
X(t) = X('[O) exp  (Brsinz—20)dr
= X(t,) exp(6sint —6tcost —t* —6sint, + 6t, cost, +1.)
Define c(t,) = supexp(6sint —6tcost —t* —6sint, + 6t, cost, +1.)

t>t,

<supexp(12 + 6(t +t,) — (t* —t2),

t>t,

<supexp(12+6T +12t, —T?), T ==t —t,

t>t,

< o0

(1) <[x(t)]c(t,)

Perception and Intelligence Laboratory
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General Definition of Internal Stability

Example (cont)

For any given ¢ > 0, if we choose
o(e,t))=¢elc(ty),
then
X(t,) — %, | < S5(e.ty), x, =0
— |x(t)| < |x(t,)|c(t,) <& Vt =t,.
This implies the system is stable i.s.L.

Perception and Intelligence Laboratory
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General Definition of Internal Stability

Example (cont)

On the other hand, if we choose
t,=2nz, t=2n+1rx
x[(2n+1) 7] = x(2nz) exptmHET

for
x[2n+D)z]<e
X(t,) = x(2n7) < & -exp (WDET) — S(et, =2n7x) .
It is not possible to choose a single & (&)
independent of t,=2n.
Thatis |x(t,)| < S(e,t,) > 0 as t, — oo.
This implies the system is not uniformly stable.

Perception and Intelligence Laboratory
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General Definition of Internal Stability

Example: Pendulum

Letx, =6
X, =9
= X2 0
= ( % sin X, L& u(t)
X, =X, =0 with u(t) 0
k7r
— 142--.
X, = O] k =0,+2, +4 uniformly stable eq. pt.
X, = [k7z O] , k=+1,43, unstable eq. pt.
Linear Systems o Perception and Intelligence Laboratory
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General Definition of Internal Stability

Definition
(1) x, is asymptotically stable at t, if
— X, Is stablei.s.L att,, and

— x®)—x| —>0ast—o
I.e.) forany &, 3 y >0 and T(&,y,t,) > 0 such that
[x(t;) — .|| < » yields

Ix)—x.||<& Vvt=t,+T

(2) x, i1s uniformly asymptotically stable if
— X, Is uniformly stable i.s.L. over [t,, )
— T is independent tot,

Perception and Intelligence Laboratory
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General Definition of Internal Stability

Example
: 1 X, (1+t,)
X=———x({t) — x(t)=-2 2
1+t ®) ®) 1+t

1) !Lrg x(t) = 0 — asymptotically stable
el+t,)
1+t

3) for [x(t, +T)] = 2285 <
0

T2 Xo@+t) 1ot :(ﬁ_lj(uto)J
&

&

2) ||I%|| <& —|x)| < < & — uniformly stable

= not uniformly asymptotically stable.

Perception and Intelligence Laboratory

Linear Systems 24 School of Electrical Engineering at SNU



Review

Stable i.s.L.
X - x|
AN
o(e,t,) N
o'(e,t,)
1:0 t0
Uniformly Stable i.s.L.
%) —x|
& /N /AN
N NC TN
o(¢) X N
tO tO
Linear Systems o5 Perception and Intelligence Laboratory
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Review

Asymptotically Stable i.s.L.

X () = x|
7: TN —]
8 ~—
L L t, +T(e,t) t, +T'(€,1,)
Uniformly Asymptotically Stable i.s.L.
X () = x|
7: TN —
E ~ o~

Linear Systems

b Gt +T(E)G+T(e)
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HW 5-1

Problem: Determine the eigenvalues and stability of the eq.
and discuss the relation between eigenvalues and
stability of the time varying system.

. B _1 eZt
X(t) —{ ; _J X(t)

Perception and Intelligence Laboratory
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Lyapunov Stability Theory

Lyapunov Theory
Definition: class K functions [Hahn, 1967]

Function a(r):R™ — R" belongs to class K if
— a(0)=0
— continuous
— strictly increasing.

a(r)

Perception and Intelligence Laboratory
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Lyapunov Stability Theory

Definition: locally positive definite functions
Continuous function V (x,t) : B, c R" xR, -> R, is
l.p.d.f.if forsome h,ax € K

{V(x,t) >a(|x|) vV xe B, =R", B, ::{x‘x e R",

X|| < h}
V (o,t) =0.
In case of B, = R", V(x,t) is globally p.d.f.

Perception and Intelligence Laboratory
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Lyapunov Stability Theory

Definition: Descrescent Function

V (x,t) iIs descrescent if
d () € K such that

V(x,t) <a(|x|), vxeR",t =0

Perception and Intelligence Laboratory
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Lyapunov Stability Theory

Example
V (x,1) = HxH2 = X' X
V(X,t)=x"Mx, M >0
V(xt)=(01t+1

}g.p.d.f. descrescent

‘XHZ : g.p.d.f.

V(x,t)=e" HxH2 . descrescent

V (X,t) :sinz(Htz) : I.p.d.f., descrescent in B, ={x|||x| < 7}

aq,

AV

1
(not K-class ftn bound because not strictly increasing)

Perception and Intelligence Laboratory
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Lyapunov Stability Theory

Theorem (Lyapunov Stability Theorem)

If 3 a continuously differentiable function V (x,t) such that
x=f(xt), £(0,t) =0 (x(t) =0 is equilibrium point)
a (XD <V(xt)<a,(x[) vxeB, (orxeR")
dv dVv

V = el f (X, t) <—c,(|X|)

(= (|x]) <-V)
then x(t) =0 is (globally) uniformly asymptotically stable.
Note :

o, (|X[) <V (x,1), a(|x|) <V = asymptotically stable

o, ([X[) <V (x,t), 0<-V = marginally stable (i.s.L)

Perception and Intelligence Laboratory
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Lyapunov Stability Theory

V (x,t)
p.d.f., descrescent

|.p.d.f., descrescent

l.p.d.f,
|.p.d.f., descrescent

l.p.d.f.,
p.d.f,

p.d.f,

p.d.f., descrescent

Linear Systems

-V (X,1)

p.d.f.
l.p.d.f.
l.p.d.f
>0 locally
>0 locally
p.d.f.
>0
>0

33

stability
G.U.A. S
U.A. S
A. S
U. .S ILs.L.
S Is.L.
G. A.S
G. S I.s.L.
G.U. .S Iis.L.

Perception and Intelligence Laboratory
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Lyapunov Stability Theory

Lemma : Barbalat’'s Lemma: (convergence)

If a real valued function g(t) is uniformly continuous vVt >0 &

lim [ g(z)d
tl—m.“og(r) T<>

then !im g(t) =0.

Perception and Intelligence Laboratory

Linear Systems 34 School of Electrical Engineering at SNU



Lyapunov Stability Theory

Theorem : boundedness & convergence set

Suppose f (x,t) is locally Lipschitz on B, xR,

Let V (x,t) be continuously differentiable function such that
o, (|[X[) <V (x,t) < e, (|x[) (I.p.d.f. & descrescent)

and V <-W(x)<0

Assume V is uniformly continuous (=V is bounded)

Then solutions of
x= T (x1), [x(t)]<a; (e (r))

are bounded, i.e.

[x[=<r,
and W (x(t)) > 0ast — oo.

Perception and Intelligence Laboratory
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i Lyapunov Stability Theory

Brief bf)
| =min(V (x)) = max(V (x))

[Xl=r [X|=o

= [x(t)| <8 —>|x|<r

6, (r) = min(V (x, ) = max(V (x,1)) = &, ()

[xl=s
= O =a, (o (1))
NG ELE CAG)

= ||x||<r

Perception and Intelligence Laboratory
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Lyapunov Stability Theory

Brief bf(continued)

Since V (x,1) is decrescent,
V (x,t) is bounded for bounded x, hence

limV (x,t) = !imj;v'(r)dr < 0.

t—

Since V is uniformly continuous
limV (t) =0 <~ limW (x) <0

t—

limW (x) =0

t—o0
IfW(x)e K, W(X)=0—>x=0.
Hence !im x(t)=0 (x(t) >0, A S))

Perception and Intelligence Laboratory
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Lyapunov Stability Theory

Example

Linear Systems 38

Xl = XZ + Cxl(xl2 + X22)

Xp ==X, +CX, (X +X,°)
Is this system stable ? How can we determine the stability?
The candidate for Lyapunov function

V (X) = x,°+x,°, < p.d.f and decrescent.

V = 2c(x>+x,%)%.
If c =0,V =0, and therefore x, =0 u.s..
If c <0,V <—a(|x
Ifc>0,V > a(HX

), and therefore x, =0 g.u.a.s..

), and therefore x, =0 unstable.

Perception and Intelligence Laboratory
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Lyapunov Stability Theory

Example

X =X
X, =—X, —€'X
Is this system stable ? How can we determine the stability?
The candidate for Lyapunov function
V (X) = X° + X,°,
V =-2x,° +2xx,(1—e™).
We can not say anything.
V (X) = x° +e'x,’,
V =—e'x,’.
If c =0,V <0, and therefore x, = 0 stable i.s.L.

Perception and Intelligence Laboratory
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HW5-2

Problem
X, =—=2X + X X, + X,
X, ==%" =%
Determine the stability and discuss the convergence property.

Perception and Intelligence Laboratory
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Lyapunov Stability Theory

Theorem 5.5
Re{ﬂ,, (A)} <0 iff
forany N'=N > 0,3 unigueM =M'>0
such that A'M + MA = —N.

Perception and Intelligence Laboratory
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Lyapunov Stability Theory

Pf)
(<) M>0—>Re{4}<0

V (X) = x'Mx > 0, decrescent
V (X) = X’MX + xX'Mx
= X'A'Mx + X'MAX
=—Xx'Nx<-4_(N) HxH2
By Lyapunov Theorem,
limx =0.

1—>w
By Theorem 5.4, Re{4,(A)} <O.
(=) Re{4}<0—>M >0

Re{4(A)}+Re{;(A)}=0<0

Perception and Intelligence Laboratory
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Lyapunov Stability Theory

Pf _continued)
— A'M + MA = —N has unique solution (see Section 3.7)

M = J'OooeA'tNeAtdt is solution.
(-- A'M + MA=_fow A'e” Ne”dt +jo°°eA'tNeAtAdt

= —N)

= jwi(eA'tNeAt)dt =e*'Ne™|”
0 dt t=0
and N = N'N(-.- N is symetric)
— X'MX = Iw x'e” N'Ne*xdt = _[OOHN_eAtxHZ dt > 0.
0 0 2

— M > 0.

Perception and Intelligence Laboratory
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Lyapunov Stability Theory

Corollary 5.5
Re{4 (A)} <O iff

for any given mxn matrix N with m < n, together with the property

rank(O):=rank

N
NA

= n (full column rank)

where O is an nmx n matrix, the Lyapunov equation
A'M + MA=—-N'N =—N.
has an unique M =M’ > 0.

Linear Systems

44
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Lyapunov Stability Theory

Pf) Since N = N'N is positive semidefinite,
3 x =0 such that Ne**x =0 in [0, «). Hence

X'MX = I: x'e*"N'Ne*xdt = _[OOOH NeAttz dt > 0.

Linear Systems

— M =0.

By derivative of Ne**'x =0,

N
NA

e™x = 0e™x =0.

If O has full rank, x =0. This implies

there is no x = 0 such that Ne*'x =0 in [0, o).
— M > 0 if O has full rank.

Perception and Intelligence Laboratory

45 School of Electrical Engineering at SNU



HW5-3

Problem 5.21 in the Text P. 142

Perception and Intelligence Laboratory
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Lyapunov Stability Theory

Discrete-Time Case

Theorem 5.D5

|4, (A)|<1iff forany N>00rN=NN=>=0&N =mxn

with full rank O, the discrete Lyapunov equation
M—-AMA=N

has unique symmetric solution M > 0.

Perception and Intelligence Laboratory
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Lyapunov Stability Theory

b.pf) = If | 4| <1, the solution

M= (A)"NA" is well defined.

m=0
(,., i (Ar)m NAm L Ari (Ar)m NAm+l
m=0

m=0

=N+ 3 (A)"NA™ - A'S (A)"NA™ = N)
m=1 m=0

SinceN >0, for Av=Av

v'No=v"Mv-0"A"MADL
=o' Mv—A"v"MovAa
=(1-A)v"Mv>0

v"Mv>0—>M >0.

/ Syst Perception and Intelligence Laboratory
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Stability of Linear Time Varying System

Theorem
X, of X = A(t)x is stable i.s.L at t, iff
FK({,) >
[Pt t)]| < K(t)) <00 Vtxt,,
and x, is uniformly stable i.s.L if K is independent of t,.

Pf) (<) X, = O(t1,1,)X,, Vi =1,
X(t) = X, = D(t,t,) (X, — X,)
X = x| = [ )] %] < K () % = x|
for any ¢, 3 6(t,) > 0 such that

&

K(t,)
(=) by contradiction, it can be easily shown.

1% — X, [ < =o(t,) =[x —x.|[< e

e

Perception and Intelligence Laboratory
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Stability of Linear Time Varying System

Theorem
Zero state of x = A(t)x Is asymptotically stable at t,
iff | D(t,t,)] < K(t,) < oo &|D(t,t,)|— 0 ast — .
And it i1s uniformly asymptotically stable over [to,oo]
Iff 3 K, > K, >0 such that
|D(t,t,)| < KieT™) vt > t,.

Note
AS>BIBO « y(1) = [ C(2)®(r,1,)B(z)u(r)dz

Perception and Intelligence Laboratory
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Stability of Linear Time Varying System

Theorem 5.7
Marginal and asymptotical stabilities are invariant
under any Lyapunov transformation.

Pf)
By Lyapunov transformation,
X (1) =P(t)X ()
D, 7)) =XMOX () =POX )X ()P (r)
=P{)D(t, )P (1)
Since P(t) and P*(t) is bounded, ®(t, r) is bounded.

Perception and Intelligence Laboratory
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