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Linear Systems Vs Matrices

5

X, +2x,+x;=1

<

----------------------------------------------------------
. »,
o .

3x;-X,-Xx;=2
row2 +
row1x(—3)

. +) -3x,-6x,-3x,=-3

J .
.
.,
0
g
b3 ---------------------------------------"‘

x;+2x,+x;= 1

'7x2 '4x3_ '1

0'x1-7x2 '4x3 — '1
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Linear Systems Vs Matrices

A

le + 3x2 . x3= '3

i )

X+ 2x,+x;=1

0-x,-7Tx, -4x;=-1

N /

......................................................
. e
o »,

row3 + _|_)-2x1 -4x,-2x,=-2
row1x(—2) / X, 3x,= -5

.
.
.

»

Q

Q

N R
---------------------------------------------------------

x;+2x,+x;= 1

0-x-Txy - 4x;=-1

0'x1'x2 - 3X3= '5
N\ /
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Linear Systems Vs Matrices

‘r x;+2x,+x;=1

3Ix;— X7 x3=2

le + 3x2 . x3_ '3

4 0’x1- 7x2 '4x3 = '1

row 2 < row 3

K()'xl' xz '3x3='5j

U

G ) 4 D)
x;+2x,+x;=1 1 2 1 |x 1
0‘x1-x2 '3x3='5 O _1 _3 x2 = _5
il _ — _ 0 -7 —-4|«x —1

KOx1 Tx, -4x, 1/ S AB) LT

~ row 2x(— - ~

4 _ I
X+t 2x,+tx;=1 1 2 1 |x 1
0-x,+x,+3x;=5 0 1 3 |x,|=|5

K()-xl- Tx, -4x3=-1/ 0 =7 —4]x

- @/SDAL "
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Linear Systems Vs Matrices

!"I

e BRI

3x;— X7 x3=2 3 -1 —1}x,
2x,+3x, - x;= -3 23 x| [-3
g N - Y
X+ 2x,+x;=1 1 2 1 x
0-x;,.x,+3x;=5 0 1 3 x,|=|5
0-2,=7x, -d4x;= -1 0 -7 —4| x, —1
g / \_ - Y
row 3+ row 2x7
Ao N - o)
x;+2x,+x;=1 1 2 1| x 1
0-x,+x,+3x;=5 0O 1 3|x,|=|5
0-x,+ 0-x,- 17x,=34 0 0 17| x,4 34
\_ T

The last equations and matrix are equal to given equations.

SDAL °
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Linear Independence

n

Definition 3.1 Linear Dependence / Independence )
A set of functions 7, (x), /5 (x), ..., f, (x) is said to be ‘linearly
dependent’ on an interval 7 if there exist constant ¢, ., c, ....c,,, not all zero
suchthat ¢, f,(x)+c, fo(x)+---¢c, f,(x) =0
for every . in the interval.
If the set of functions is not linearly dependent on the interval, it is said to be
‘linearly independent’

\ )

In other words, a set of functions is ‘linearly independent’ if the only constants for

o fix)+e, fo(x)+-+c, f,(x)=0

are CI:CZ:---:cn:O

“two functions are linearly independent when neither is a constant multiple of the other”

{ f,(x)=sin2x {fl(t):et

f>(x)=sinxcosx £ =€

on(—oo,0) on(—o0,0)

: | t 2t _
fz(x)zsmxcosx:5s1n2x ce +c,e 0

i Satisfied only when C,=¢C, = O on the interval
s ()= Efl(x)

Linearly Dependent Linearly Independent

SDAL "
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Linear Systems Vs Matrices

." L]

¥ T

ZX1 + 3x2 'x3= '3

e 2+ x, =1=0 4 ) (e 5 1\

x;+2x,+x;=1

1 2 17 x

LL0x+x,+3x,-5=0 0-x,+x, +3x;=5 0 1 3|x,|=|5

10X 400, +17x;=34=0| (- -+0-x, +17x; = 34 0 0 17| x, 34
N = T

No. of equations which are linearly independent ?

() +e(f)+e(f) =0
c(x,+2x,+x;, =D+, (0-x, +x,+3-x,=5) +¢c;(0-x, +0-x, +17x, -34) =0

¢l+0-¢c, +0-¢;)x + (2 [+ +0-¢)x, +(c]+3c,|+17¢y)xy + (—¢, —5¢, —34¢;) =0

7 - S 7
fl, fz,f3 : linearly independent. —> rank:3

SDAL °
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Linear Systems Vs Matrices

K.

/

No. of equations which are linearly independent : 3

* X+ 2, +=1

2x1 + 3x2 = x3= '3

~

X+ 2x,+x;=1
0-x,+x, +3x;=35

0-x,+0-x, +17x;= 34

Unknown variables x, , x,, x; n=3

)
4 e

Computer Aided Ship Design 2008 - PART IlI: Optimization Methods

No. of equations which are
linearly independent : 3

rank : 3

2 ™™
3 -1 —1x,|=
2 3 =1 x -3
[ _ Y
1 2 X, 1
0 1 3|x,|=|5
0 0 17| x,| |34
\ /
rank : 3
. Unique
Unknown variables n=3 Solution

~

X+ 2x,+x;=1
0-x,+x, +3x3;=35
0-x,+2x, +6x;,=10

SDAL *

Advanced Ship Design Automation Lab.
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Linear Systems Vs Matrices

W
ot 2x, +x,= 1 ) x+2x,+x,=1
1 2T A3 1 27 X3
0-x,+x,+3x;=5 E> 0-x+x,+3x;=5
0.5*row 3
0-x+2x, +6x;=10 ) 0-x,+x, +3x;=95
=y
Jax+2x, +x,—-1=0 x,+2x,+x;=1
f,:0-x,+x,+3x,-5=0 0-x,+x, +3x;=5

f3:0-x, +2x,+6x;,-10=0 0-x,+0-x, +0-x,=0

No. of equations which are linearly independent ?

a(f)+c,(f,)+¢(f;)=0

c(x,+2x,+x,—D)+c,(0-x, +x, +3-x;,=5) + ¢, (0-x, +2x, + 6x, +10) =0

p—

c|+0-c,+0-¢c,)x, +(2c|+c, +2¢c,)x, + (¢ |+ 3¢, +6¢,)x, +(—¢,|—5¢, +10c,) =0
! 2 3771 | 1 2 377%2 1 2 3773 1 2 3
’ A
\l/ :
c,=-2¢c, €= arbitrary number
. ﬁ, f2, ]2 : linearly dependent. 20
SDAL

Computer Aided Ship Design 2008 - PART IlI: Optimization Methods eed Sip Desigmauto maiion.Lab.
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Linear Systems Vs Matrices

X

x;+2x,+x,=1 ) +2xn + X =

1 2T X3 x;+2x,tx;=1
0-x,+x,+3x;=5 E> 0-x+x,+3x;=5

0.5*row 3
0-x+2x, +6x;=10 ) 0-x,+x, +3x;=95
=y

Jax+2x, +x,—-1=0 x,+2x,+x;=1

f,:0-x,+x,+3x,-5=0 0-x,+x, +3x,=5

f3:0-x, +2x,+6x;,-10=0 0-x,+0-x, +0-x,=0

No. of equations which are linearly independent ? rank : 2

¢(f)+e,(f)=0

c,(x,+2x,+x,-D)+c,(0-x,+x,+3-x,-5)=0

(c,|+0-¢c,)x, +(2c

[u—

+c,)X, +(|Zl|+3c2)x3 +(=¢, = 5¢,) =0

CIZO 6220

fl, f2 : linearly independent.

SDAL *“
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Linear Systems Vs Matrices
1

€,

X+ 2x,+x,= 1 /_1 2 1| x _1_\
0-x,+x,+3x;=5 0 I 3 x,|=|5
0°x1+2x£6x3 =10 L 0 2 o] x; —10—/
- —
X+ 2x,+x;=1 { 2 1 x
0-x,+x,+3x;=5 0 1 3)x|=|5
0-x,+0-x, +0-x,= 0 _ 0 0 Oflx;| |0 )
inearly independent; 2 | = | "ak:2 | < Unknownvariables n=3 | ) (0 G TE
. Solution ?
(}.; AX = AX— X =() Trivial Solution
SDAL  *
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Linear Systems Vs Matrices

5

’!. !olution ?

(A—ADx =0

to have a solution x except x=0

rank(A—Al)<n det(A—-Al)=0

\ Zero row A: eigenvalues, x: eigenvectors

x: Infinite many solutions

l

Objective function —>

Computer Aided Ship Design 2008 - PART IlI: Optimization Methods

[
(E AX=AX——— X = () Trivial Solution

x: Infinite many solutions

|Optimization Problem

Solution determined

-2 2 3 Rank : 3
A=| 2 1 -6
-1 =2 0 Trivial x
(A-ADx=0
[—2-2 2 =3
A== 2 1-4 -6
| -1 =2 0-2]
2-4 2 -3
det(A — AI) = 2 1-4 -6
-1 -2 0-2
=(5-A)(A+3)° =0
when A =5
A—-Al=A-51
-7 2 -3
=l 2 -4 -6
-1 -2 -5
Row reductionﬂ
-7 2 -3
0 -—24/7 -48/7 A
0 0 0 Rank : 2

infinite no. of x

SDAL

Advanced Ship Design Automation Lab.

http://asdal.snu.ac.kr
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. Notation of inverse matrix
IWerse section, only.square.matrices.are.considered.exclusively.

Notation of inverse of an nx n matrix A=[a;] : Al

AA_I == A_IA = I , Where I is the nx n unit matrix.

Nonsingular matrix : A matrix that has an inverse.
(If a matrix has an inverse, the inverse is unique)

Singular matrix : A matrix that has no inverse.

Proof of uniqueness of inverse matrix

If B and C are inverses of A (AB =1 & CA = I) R
We obtain B = IB — (CA)B = C(AB) — CI — C

(the uniqueness of inverse)
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. Inverse by the Gauss-Jordan Method

For!ractical determination of the inverse A-! of a nonsingular » x n matrix A, Gauss elimination can be
used.
: This method is called Gauss-Jordan elimination

~~

Step 1. Make augmented matrix. A =[A 1]

Step 2. Make Multiplication of AX=I by A" -
(by applying Gauss elimination to A — [A I])

This gives a matrix of the form [U H]

Step 3. Reduce U by further elementary row operations to diagonal form.
(Eliminate the entries of U above the main diagonal and making the diagonal entries all 1 by
multiplication. See the example next page.)

SDAL =
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. Inverse of a Matrix. Gauss-Jordan elimination.

Determine the inverse A-! of

-1 1 2
A= 3 -1 1
-1 3 4

Step 1. Make augmented matrix.

-1 1 2|1 0 0
[AI]=| 3 -1 1]0 1 0
-1 3 4|0 0 1

Step 2. Make Multiplication of AX=I by A-! by applying Gauss elimination

to
SDAL “
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. Inverse of a Matrix. Gauss-Jordan elimination

-1 1 2|1 0 0
[ATI]=] 3 -1 1]0 1 0
-1 3 4]080 1

-1 1 2] 1 0 O

Row3
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(i) ] 3 1] 0Row2+3Row1§
22 | -1 0 IJROW3—3Row1§

0 0 =5[=4 -1 1] nowe -

0
*
*
*
— 3
*
*
*
A
0

S O =

S = O

11
0 2
{:—100
'02 -0

dlagonal matrix

_0 O

- Row1

—-0.6 —-04 0.4 /| +0.4Row3
—-26 —-04 1.4 | Row2

+1.4Row3

-5 -4 -1 1
0.7 -02 -03] Row1
-0.5Row2

-26 -04 14

-4 -] I
-07 02 03] Rowl
-13 —02 0.7 OSRowz
0.8 02 -0.2] -0-2Row3
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. Inverse of a Matrix. Gauss-Jordan elimination

007 02 03] b -(-
0 1 0|-13 —02 07| b=
b13 — (_
Bt ¢ e | 0.8 0.2 -0.2
g Al - b, =(3
Check _the result. ) b22 _ (3
Let by b, b b,y = (3
AA'=B

= bzl bzz b23 b31 = (_
_b31 by, by b, = (_
- T 7 b33 — (_

—1 1 2(-0.7 0.2 0.3
= 3 -1 1| -1.3 -0.2 0.7 L B=

_—1 3 4__ 0.8 0.2 —0.2_
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+1x

+1x

.7) (-

-1)
~1)x(0.7)+1x(~0.2)
(

~0.7)+1x(~1.3)+2x0.8=1

(-0.2)+2x0.2=0

(0.7)+2x(-0.2)=0
1)x(=1.3)+1x(0.8)=0
x(=0.2)+1x(0.2)=1
=0
3)x(=1.3)+4x(0.8)=0
)x(=0.2)+4x(0.2)=0
)x(0.7)+4x(-0.2)=1
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. Inverse of a Matrix. Gauss-Jordan elimination.

—Xx, +x,+2x, =7

3x,—x,+x, =4

—x, +3x, +4x, =17

_ =
-1 1 2| x
3 -1 1] x,

-1 3 4] x

<

-1 1 2
3 -1 1
-1 3 4
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. Inverse of a Matrix. Gauss-Jordan elimination

Computer Aided Ship Design 2008 - PART III: Optimization MethodsE

D N N = N

7
4
17

7
25
10

7
25
—15

Row2 + 3Row1 :

Row3 - Row1

Row3 - Row2

1
2
0
0
Y

‘0 *
* 0‘
*
» '0
* *

* *
< o

0‘ >

. *

diagonal matiix

|
4

Row1 + 0.4Row3

Row2 + 1.4Row3

Row1 - 0.5Row2

O -Row1

Ol 2| o0.5Row2

1 3_ -0.2Row3
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