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= x OlM &%

1) =&k :x
2) =2Aak i x

f'(x)=0

x OfIM 5 84 f(x) 0l
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L LH]'III%*(Eemainder)
: x7t x Ol 20l
INNH 1 40| S &S

@ =)+ (30N +%f"(x*)d2 ‘R
S ko] WalE f(x) — f(x ) =Af(x)

Af (x) = f'(x*)a’+%f”(x*)a’2 +R
SDAL j
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| 1812 Sio) MM X 2
- H ER EAH(Q)

Af(x) = f(x)- f(x) = f'(x")d +% FUOC)dE 4 R | Q00N 8 20| xa0lM2)

BPA 7|'E|:|. IlOIJ:]x |=|§-|I

1 —_—

x=x OIM 39 S8 NAHOI AHME Af >0 | sw xam0 = =m0 A

1 1 1
| | | >

[
>

| | | | — |
x —d X x +d x —d X x +d x —d
f(x*) OlM Xl A2k f(x*) Ol A X CHak f(x*) B et a0l &2 8(x+d )0l

ETHoIEE x'= 2430l 0td

v

*

I
|
X x +d

WatM, d(= x — x*)_l-.-EOII’gI'._*SI | Af > 08 =01d™ ('(x) =0 010{0F &
012 SARE 2= x = X OIM 29 22 HHFHO| ©71 M= Af < (0I010F OHH,
d(= x —x )2 F201 HLRA0l Af < O BEOHY £'(x") = 001010}

) £'(x") =08 A== H - = &4, AU, £= ©3Y
AHE (Stationary point)0l2tal &

X
A

°
Ot

=
=
Xl

o

OFH Hl



1

B3
. S8 XA 2 BQ X2

3 SI50| XA XA

= r —

Mf(X) f(x)= f(X)d+1f"(X)d2+R
x=x OMIEH R .-.I*’“OIJI HHME Af >0

[[IE}M,d(:x—x)_l-'?'-EOII AGI0l Af > 08 BSOS f'(x") =0 01010F 2

» QH(f'(x") = 08 UHVI= 2 )%M'—’“OIJJ HOIX| ZHOK= W

AH0ITZ, £'(x") = 0. IRAM, Af(x) = Ef"(x d> +R
2XFE0| CHE B TIARZON HIOH XIEH= 91 ooz,

d=00]l THO10] OIS XHE T=E01H aHAt Af 20
f"(x*) > () (B2 XA Sufficient condition))
(@)

IO HAHOIX| 2 5 8l

J}

cf) fM"(x)=023
VAL 2H DI201 2F 00122, SR/ HOE HA017] HHME

3H OI2AHI=== 001 TIO10F Ot 1, 4H1 DIE AT 2==(>0)010F SHCL.

=, ROl SIS0l Wat LKA Lt
=24 EQR XA
ALHOT HAUS INY, f'(x") >0
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(USsn 30| A RO XA HI) !

“AOI™ BOILY.” (4 = B)
2) C= DOl W XAHOICL
“DOI® COICE” (C = D)
3) EE FOl ER2 & ZHOILL
“E0I™ FOIA, FOIH EOICL.” (F — F)

Computer Aided Ship Design 2008 - PART IlI: Optimization Methods

= 1Hl B X AH(1st Order necessary condition)

Xt 28 S8 A, £'(x ) =0

P fM(x7) = 001%, Xt 4FE2, 3, ¥3)

o1t

i =« ZF XA (Sufficient condition)

MH(f(x)=0)2 B
£1(x7) > 0018 x It 2R HAHOIL.

: « 2} HQ XA (2™ Order necessary condition)

Xt 29H AW, M(x7)>0

SDAL  °
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2t BE~0| HI2 ] MIH(Taylor Series Expansion)(1)
282 22 £(x,,x,) 0 S E (x,x)) ALl HIZ2 HIHA!
z(xl_xl*)_i_ﬁ(xz_x;)
ox

! Xy

f(xl’xz):f(xl*’x;)_i_

"‘_( J:(x1_x1)2+26 (’; (xl_xl)(xz_x2)+a—{(xz_xz)2j+R

X X,0X, Xy

2t gt CHA B0

o
2—’:<x]—x:‘)+ai<xz—x;): o {xl‘xt}wf(x*f(x—x*)

1| 0°f . O f o Of . O f N
=_{6_x12(xl_xl)+ﬁ(xz_x2) axlaxz(xl_xl)_i_a_x;(xz_'xz) b

20X Xy =X,
@2f 62f
1 e - q ox®  axox, | x-x
_Ex] X XX, 82f azf ‘5
~J Z ) 2 X,
ox,0x,  Ox;

=%(x—x*)TH(x*)(x—x*)

/

f(x) = f(x*)+Vf<x*>T<x—x*)+%(x—x*)’H(x*> (x—x")+R 22 Matrix®] A

(X:(xlaxz)Ta X =(x,x,




2w maol B #HE)
W

« 2B B HIPAI] W HI|H

|l
[

fxX)=fx)+VFx)" (x—x*)+%(x—x*)TH(x*)(x—x* |+ R

———2x2 MatrixQ] ¥4
( X = (x19x2)T ,X = (xl*,x;)T ,HeM 2! )
L

= [H s 0] HiZd MIHA]0 WE HIIY : 28+ MIHAL S&
X, X ,Vf : n XF& Vector
HeM,

- x—x =d& H9 UI , 031t 201 B¢ Jts

fx +d)=f(x )+.Vf(x ) Id41:1dTH()( )d'+R

-I)

Vf(x) =0, %d H(x" )d>0 » x =x 0N XA017] Yot S22 XA
................................................... SDAL 10
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[&11] SIA| 28 = (Hessian Matrix)
-

= QM| WS (Hessian Matrix) : Gradient VectorE Bt O 0|20t (22, x, 0fl tHOLO OI2),
S f(x) Ol tigt 2 W2 WEE I d=dl, 01E WM B20I2td 82

aT
% Gradient Vector9| 2} M&

2 X,Xx,, -, x, 2% DI20IH O3 U=
9 f Of 0% f _( r
2 X=W X xn)
Ox, Ox,0x, Ox,0x, . HO| HAE TN =
2 2 2 =T
82f o f o f o f column Vector(Z4!E)
20 S ze'axl 8x22 5xzéxn
of  of " f « S WOl A
Ox, Ox, Ox,0x, Ox’
) ) o o
- S| WE2 HEHEE V' E HA or O Ox Ox
YN jYi
2
H= i (=12,-,n; j=12,---,n) WM, A BE=S SIUZ
Ox,0x
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2 X} @Al (Quadratic Form)
N—

= 24 84 - ot H0| HlE2a ME O

rin

T 10| Zo(CHAS TY)O| BOT IR0 B

1
ex) F(x,%,,%;) = 5(2)612 +2x,%, + 4x,x, — 65 —4x, %, + 5x32)
28t 342 DSt 201 2= HHO| Jis0t- A Y e
~ L (Symmetric Matrix)
| 2 1 2 |x | |
F(xl,xz,x3)—§[x1 X, x3: I -6 -2|x, ZEXTE__EX<::> EdTHd
2 =2 5 | x
- H3¥E A2 H8 8H (AY (i,)) =S o= LIEHE)
1) Wz dES NS A=
) W H=22 A aii:(xizg 7%]—’[1)
2) A 82 0142 822 N
cea ggse 4 -0 ATk

SDAL *
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2l (Positive Definite)
D= x0ll LHOH] x" Ax >0
M WAl (Positive Semidefinite)
2= x0ll oK x” Ax > 0011
xTAx:Oﬂ x=0JIEM
M WAl (Negative Definite)
: x# 02 2 x0l Hot x' Ax <0
HEX & Al(Negative Semidefinite)

2= x0ll THOL0] x'Ax <0
5) £ @Al (Indefinite)

: 01 x0fl tHOHM = 2= &

= ©
- =

I'I

&
alo

=
oo

AL
T

Computer Aided Ship Design 2008 - PART IlI: Optimization Methods

= 2K} &Al ®O|o] 0|2
@ 184 840 KA XA
£(x7) =02 (NE)M
f(x7)>oo0lH
= IR XA
@ CH#% 840 XA XA
Vix)" O:>Vf(x)—0°'
AN d"H(x")d > 0019
=, d"H(x )d > 07t 2 209
= ZRE X AHO|LC

GI7IM, H(x )7t 2= B0

d'H(x )d >0 -

Zt1l: KREYSZIG E., Advanced Engneering Mathematics, WILEY, 2006,
8.4. Eigenbasis. Diagonalization. Quadratic forms.

@Advanced Ship Design Automation Lab.
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X ma wEol Y 2HE A DR AN

W 1
2K HAl

A i=1,..,n0l2td I

1

1) F'(x) It $& (Positive Definite)0]7] Tt BQ 2 TH: TE UKt L+

A >0,i=1,...,n

2) F'(x) It ZYH8 (Positive Semidefinite)0|7] YTt HQ 2 XAU: 2= UKXIII 71 0t
A 2 O,l =1,...,n

3) F'(X) 7t 83 (Negative Definite)017] ATt HQ FE XTA: TE LRIt S5
A, <0,i=1,...,n

4) F'(X) 7t S8+ (Negative Semidefinite)017] YISt R FE XAH: T E UKRKIIt Y=t Ot
A, <0,i=1,..,n

5) M0{E OHLIOl 4,7t 850111 & OIS OtLtOl A, J1 Y018 F(X) £ £ (Indefinite)
SDAL b
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Xl A0 212t 2K 42| BE9| SH 23 Ul

) —
Iloxl EUI= HiHH

Av=Av » (A-AI)v=0 =» det(A-Al)=0

Ct

gl

[\ I S\
A~ Do

[ 4
A=|2
2

Computer Aided Ship Design 2008 - PART IlI: Optimization Methods

WS UFXIE 1010 BE2 HHE BZOIAL.

4-1 2 [=2-1)°@B-1)=0

(Positive Definite)

JER

SDAL  *
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CHS B10] S8 AXA X2H(Q9

| —
- IOl WST O|Z01F CHES 5 £(x) Ol THOH B FIHAL
1

fX)=fx)+Vfx)d+ EdTH(X*)d +R

- —

. $H0| HIBILOF 9 AIS [HA| M B,

Af =VF(x)'d+ %dTH(x*)d +R

- x'JI 2EHOS S HAHOIH, Af > 00/010F

1) xJl =55 2H 282 ER =4

=0, (i=12,--n)

*Vix) =0 &, -
2) VF(x) =0 = VF(x ) =02 UM xIt IFH HLAHU FAH .
ot

2101 H
o

»d Hx )d >0 = 4 U2 H(x )7t $H gy

10
0
11}



lew 5%y mR 5218 0120 5B Aot HXo SO WY

b ]

| Optimum Problem

Minimize f(x,%,) = (x, —=1.5)" +(x, - 1.5)’

Subjectto h(x,x,)=x,+x,—2=0

Solution

o8 x,9 Y8k (explicit function) T EHOIH,
= (D(xl) = _xl + 2

(0, @) = (6= 1.5)° +(=x, +2 - 1.5)

Y (x, ~1.5)-2(-x, +0.5) =0

dx,

=>x =1

=>x,=—x,+2=1

d’ S =4>0 S(x, xp)=(1, 1) =RH AL
dx,’

Computer Aided Ship Design 2008 - PART IlI: Optimization Methods
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42

| b

Hiel

[+
I'-I[[

=2 0HE

B B B B B 3 B 8 3 3 8 8§ &8 |
= = |
HIXIS: Z=0t =X LM HT S
Mo HjA RE TRE !
=X Bt | minimize ix) | minimize fx) minimize f(x) minimize f(x) minimize f{x)
(ALY f(X)=x+2x, | f(x)=x] +x; =3xx, | f(X)=x+2x, f(x)=x{ +x; —3x,x, f(x)=xlz+xzz—3x1x2
1
Mk XA ol o2 h(x) = x,+5x, =0 | h(x)=x, +5x, =0 g (x)=— x1+6x2—10<0
(OIIM) g(x)=-x<0 g(x)=-x<0 g,(x)=—x, <0
® XY A Eﬁ“sa“%é”ﬂj&%? - Penalty Functiong T1AISH & HIXI2 X| X2t 2H|
_ OIH}K-IOE E Iﬂgl. =2 g!-
et e it |TUETUES
- AR & - SLP
@ Gradient HHH - Simplex 2 M HIE EHPE 2 A%}
- Steepest Descent B4 REPTEER 2 JIME SMHS A,
=T A 0 IS4 (Coni Linear P ) 1 Z0IAM OAl M A=
TUH:I-T _ g_IH 7°:IA|._II:_ o'ﬂ“)(ConJugate inear Programming e :|::l— I:II-I:I-I =
Ot B | Gradient ) - 2K HIE =HE F=
- Newton 85 (Quadratic Programming) | . I A}g} HHtH - sQp
E}a;/.:gon Fletcher-Powell(DFP) 2K HIE 2HPPE 2A18)
& S JHME EHMNE 5,
- Broyden-Fletcher-Goldfarb- O MOIM CHAl 2K AR 2
Shanno(BFGS) B3 HE == uy
XA X|A™ | Genetic Algorithms(GA), Simulated Annealing, etc.
I:II-
od

1) Penalty Function
Mo XHO| HUHES
ol gt

Ul'f'_\

2 X SkA

Hil SN g+

AL
+HE =5

ri
Ja

2) MY HE 2l
(Linear Programming Problem)
SHOIA: 1k} HA

Ho! 57" X “'*'

3) 2K HIE EXi

SHBER: 2k} HAI
Iil 57" 1K EA

(Quadratic Programming Problem)

4) Gradient 9t = 5) Gradient & =
H20L X UISHE 2o 2 1IN
Dot T20t= by




[E.V-FQI At (Stationary Point)S At= HitH

/

Computer Aide

f(xp‘xz)

Given: minimize f(x,, x,)
Find: &8 (x,*, x,*)

~

OBJECT
FUNCTION

%k %
(X5 X,)

p Design

CONTOUR
LINE

OPTIMUM ( MINIMUM )

T Upumization methods

- A (x,*, x,*)0IA OIABA (dx,, dx,) B2 01 ST
o]

OlAI O] Bt3t0] HIdka o= Lo} 2T
df = g ——dx, + fdx2

Oox, Ox,

Ié FOE_I GI-A7I-2| H:|§|.Et dfjl' Oﬂ I-I% Aol-
ti X

jonary Point)0l2t1l OHH, XA, }JE‘H-:*-,

g
A (Sta
A (Saddle Point)2 AHE 0| =8tHCE.

=
A (St
OLX}

|

&1 LUAOI Zot XX XM SH et+0| XU
(Optimum Value) " Ct= %] X H (Optimum Point)0l O SR 0IL}.
[OIAl] A XHIS .-*.léf’.l Ol= M40 xﬂIl#(L, B, D, Cg)Jt HZE
Hl XIMIE O =28 IHE 01T

SDAL

A
a

20
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CHIZZAHO| 8
L —

Given: minimize f(x,,x,,x;)

Find: AHM (O *, x,%, x5)

rr

A 9| Sh=Qf A (Stationary Point)

df = afd L+ fdx2+zdx3

Ox, Ox, OX,

SO 4= 00ILCE
dx] dxz dxgl_ o'—lgl aA’OIEI'._L! UI'E dfjl' %I'g 0

01 &I71 SIoHME
f_of _ o _,
ox, Ox, Ox,
> Vf =0

01 &I10{0F St

SDAL 21/453

» ced Ship Des A b.
“EAMUEM” X HAH|_0179,20088HAE 28], MSHet ZMHLB et} 324 wills gt gmation. Lo



- —

— (@) AL . .
HLEHO| A= B9 2t &8 (Stationary Point)
B
Given: minimize f(xl,xz,)%) 1.8 n (HISZEZHE x 0l HOHM Al
2. 8= 0l Hot0l okl 2 MOIE0l oS
M3, %, %) =0 OIZ 0101 2% 01 !
Find: &8 (x,*, x,*, x;%)
Mgt =2 » & ot Bi=2 M Hlob| o| A N ANS
OlciE = U220, SclE Y8 UHol= ) g{gégg g;gﬁgm v
AT dXl & = ALk
OlAD M =201 TSt 22 32 0= ¢t B~ Falobl old S
h(x,,x,,x;) =tanx, +cosx, +e* =0
A0 ¢ = o01T. h(x,x,x;)=0 0| 22 dh = 00| C}.
df—afd + fa’x +afdx3:O ----- ® dh—a—ha’x+8h dx2+a—hdx3=0 ----- @
OX, X, X, OX, OX, X,
MO, 2= B5 00122 US 40] B JETHL.

S D A L 22/453

dShpD gAtmat n Lab.
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|

HIZSEAH0| A= 3R] &9 & & (Stationary Point)
B

. o —idxl+idx2+zdx3zo

Given: minimize f(x,,x,,X;) ox, ox, ox,

h(x,,%,, %) =0 © an=" g+ Mg+ Mg 0
Find: &8 (x,*, x,*, x;%)

df +1-dh=0

¢ 4= dd ot

aia’x1 9 ——dx, + I ——dx, + A %dxl+a—hdxz+a—hdx3 =0
Ox, Ox, OX, Ox, Ox, Ox,

-HIEZEA 2 AT THE0
dx,, dxzjdxﬂl 1K =& 0l Of=.

9 /1— dx, + 9 +/1— dx, + 9 +/1— dx, =0
Ox, Ox, ox, ox, Ox, Ox,

SDAL 23/453.
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— o0 AL
HMGEH0 U= BROI 4 [ o,
' & & (Stationary Point) o e e
— © dh= i+ 2 2 o
: . Co X, X, X
oiven: minimize f(x,,%,, %) MR 191 I W0l
h(xl X, x3) —0 dxy, dx, dx; bt 1K} SE0] OFHd.
Find: &8 (x,*, x,*, x;%) df +4-dh=0
6f+/18h dx, + ai-l-ﬂ% dx, + i+ﬂ% dx, =0
Ox, Oox, ox, ox, OX, X,
JakE HMEO| 2F0IH M E2 20| &S 2% NSH
H A2 ax, 0l FHOHH SE S
S +A oh dx, + 9 /1— dx, =0
ox, X, Ox, Ox,
dx, 2t deye 822 gt0|22 2 A S gd e XSDI Floid= 23 2t2 401 00 &0 OF L.
(a’xzydx3% oo gt 2 Biol &, dx, 0l dx, dx; 0l [tet ZE D0, AOE &HE)
[[I'EI'A'I EI'% éUI'E akl’xlaxzax}% E j. I.IOI AI'I-IOI E”:I' E> I]III 4JH (xl, X5y X3, /1) %%UH
A _o, | D0 [ Y, 0, B x,x) =0 Ay | oA
le le ,  Ox, 8x3 6x3 S DAL %%

dShpD gAtmat n Lab.

http // sdal.s




f - A
LHISZA0] R= B3R S8 S8 BE0E Ul ..., 8 HOH
' & & (Stationary Point) Py
- L a0, LyaPog
Oox, ox,  ox, Oox,
Given: minimize f(x,,x,,x;) of 2 oh 0. h(x.x,x)=0
h(x,,x,,x,)=0 Ox, Xy
Find: &8 (x,*, x,*, x;%)
HIZZEAH0] A= EH9 ZHE ML 0] 8l XEHL =HE HE

< 5

Lagrange & (L)& M| Ol L9 &EE 118

L(xp, %y, X3, A) = f(X,X,,%3) + Ah(x;, X5, X;)
VL(x,,x,,x,,A)=0

5L:8f+/18h=0 6L=8f+16h=0

ox, Ox ox, ox, Ox, ox,

oL of oL /. Lagrange Multiplier
= +A =0 —=h(xl,x2,x3)=0 . .

ox, Ox,  Ox, oA L : Lagrange Function

&

DAL 25/453

dShpD gAtmat n Lab.
:/lasdal.s



2o MOIE20]| U= A0 B0 A
Y- I XXl 2HIQ 1 Y - Lagrange Multiplier& 0|2

x50} 27

4 ) ( of of of )
Minimize f(xlsz,x?)) . @ 6=|‘¢fak’0| df o ——dx + o dx + o dx3 =( == @’
. A& A%t : 2 >
Subject to hl(xl,xz,xs):() e (2) WQXAH: Al 1) hl(xl,xz,)%):o...@
)
hy(x,%,,x,) =0 = |
\ 2( 1 2 3) @/ hz(xl,x29x3):()...@
A h[ hga OIUI'O:I dxl, dxz, dxgl_ A‘IE EFEIIIOI OH—I l:l'
dx,, dx,, dx; O] BHIE I A & @, ©F HY
. J
A2, 02RHA @, R/ Al ©°9] dx,, dx,8 2HO| 1010 & @, ®°2 0120101 OIS &S | %
(=T ae e Lm0 e @ ((df + Al + Ay, =0 0 MES 2, . 8 SV
ox, 0ox, Ox, @, 2 el > AI@ 65,08 8%
Ohy Oh, Oh, oF . of . o oF . of o, o,
dh, = . dx, +ax2 dx, + o —Ldr, =0 = (3)? [I}[a)q Alax1+ﬂzaxljdxl +[6xz+/118x2+126xzjdx2 [ /11 h jd -0
=0 (dx, 8 AHOI| S, A @) =0 (ax,& 2HOP| HE, AB) =0 (v, = SHUMF 0|22, A ©®)
dh 8h d 8h2d +ah2dx3:0---@y

\_ o ") dh =M+ Mg Mg g - @)’

ox, ox, Oox,

Oh Oh Oh
dh, =—2dx,+—2dx,+—=dx; =0 « HOk
ox, ox, Ox,
Advanced Ship Design Automation Lab.
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2o MOtE20| U= 20| B0 A
Y- Ml XXl 2HIQ 1 Y - Lagrange Multiplier& 0|2

X =0l
-

Minimize f(x,,X,,X;)
Subject to hl(xl,xz,x3)20
h,(x,,%,,x,)=0

[GF a2, j?afz] +[SF a2 ﬁzafzj (GF a9 ﬂafzjd o

Oox, Ox, X, 0Ox, 0Ox, Ox, X,

=0 (dx, B ﬁ)-lﬁl)l A, A@) =0 (dx,8 2HOD| HE, AG) =0 (d,;= SEYSF 0|22, M)

dn =M e + Mg Mg g . ‘@)’

ox, ox, Oox,

dh, = oh, dx, + Oh, dx, + oh, dx; =0 == @a

k ox, ox, Oox,

B4 £, b= 0101 FEOIRI 845017] IE0 A @, G, ®E x,, x,, x, 2] (HHME [H BHE A WEH O] L}
M@ 6,02AM O 2H % TACLMIE 4,4, JFEIHEI0f A10] JHS=I1 3001 &)

L@ ® 0

-

/

IS SM(x,,x,,X5,4,4)0122 M @, 3, @, ®, ®2 AI2010] 2HIS = $ ULL

A0, @, @2 012 WHAQ] 0112

T S oS 2e SHE 01S $RA0| BAEUC

@ -GiVen:ZTFdxﬁg?Fdxﬁ%Fdx}:o, sfd +§fdx+§id -0, % ; ai +idx3 o, - Find: E.'¢Fﬁ,f2

% T 8% F, /1, A0, @, @)= 0101 012 2011, LTt 7011 Ot HE x), x,, x;017
IHE20il 012 9A210] Ot LICL




l.T.I.GI-AGI-

Review

Jd
! d t Form
4-[Qua ra 1c orms
C
O L
P [ | 1 101
eI IRTn i S L
fEH 1L ]
1 1 ||: 1
:I _:"-. L E ..
M| C e o |
| B O000000OL
oC [ INO000000000000L
i [ [l A0 NN O OO0 00000000000
] ARSI O00O0000O00000O000o0o0onO
O 10000000000 00O00000000000oooooo
M OOo0OoOoOo0ooOodooOogoooooooooooooono
] OOo0000000000O0000000000Oo0Oo0oOoOoono
1L OO00000O00000O00000O000O0O000ooooooogoo
C 00000000000 00000000000000o0gg
[ OO00000000O00000000000000ogooOog
1 OOO00O0O00O00000O00000O00000O0000Oo0ogno
10000000000000000000000o0g
1000000000000000000000000
D esign

A\ utomation
|- aboratory
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- Quadratic Forms. Transformation to Principal Axes

D&ERition: a quadratic form Q in the components x,, ..., x
of a vector x is a sum of »? terms, namely,

n n
— T —
O=x"Ax=) > a,xx,
j=1 k=1
_ 2

2

2
+an1xnx1 + a X X, +et+a X

nn n

= [a;] is called of the coefficient matrix of the form. We may assume
that A is symmetric, because we can take off-diagonal terms together in
pairs and write the result as a sum of two equal terms.

SDAL 29/453
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. Quadratic Forms. Transformation to Principal Axes

fot

N T

aEnil 275 ¢ : 2
=3x; +4x,x, +0x,x,:+ 2x,

& ..................

- 2
=3x" + 5xlx2 +5%,%, 4+ 2X;

3 5
) [xl xz]L Z}ij =x'Cx  C= [cjk], C jk :l("ﬂc +a’v‘)

SDAL 30/453.
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. Principal Axes Theorem

(Quadratic Forms) (O = X' AX = Z Z a, XX,

j=1 k=l

Theorem 8.4.2 Symmetric Matrices

A symmetric matrix has an orthonormal
basis of eigenvectors for R".

By the Theorem 8.4.2 the symmetric coefficient matrix A has an

orthonormal basis of eigenvectors x4, ... ,

X:[X1

x,. Let X be

X is orthogonal, so that X-1=XT, we obtain

D=X"AX

Symmetric: AT=A
Skew-symmetric: AT=-A
Orthogonal: AT=A"1

. A =XDX "' =XDX"'
O=x Ax=x"'(XDX")x

SDAL 31/453
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f
' Principal Axes Theorem

> o O=x Ax=x'XDX'x
If we set X'x =y, then, since X! = X1, we get
X = (XT)_ly = Xy
Furthermore, we have
x'X = (XTX)T =y’

So Q becomes simply
O=xXDX'x=y' Dy

2

=+ 0, ++ Ay

SDAL ***
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O=x"Ax D=X"AX
. Principal Axes Theorem — 'XDX'x - <y = X7y
—y.' Dy Y. =(Xx) =xX_

THeorem 8.4.5 Principal Axes Theorem

The substitution x = Xy transforms a quadratic form
- n n
0=x Ax=ZZajkxjxk (akaajk)
j=1 k=1
to the principal axes form or canonical form

Q=Ay} + 1,35 +-+ A,y

where 4,, ..., 4, are the (not necessarily distinct) eigenvalues
of the symmetric matrix A, and X is an orthogonal matrix
with corresponding eigenvectors x,, ... , x_, respectively, as
column vectors.

S D A L 33/453
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O=x"Ax=x XDX'x
. Principal Axes Theorem

[ DGlLIDIVvVIIIIAalivIl WV I’IIII\-IPGI MATD. GUITHILV TLULIVIID

Find out what type of conic section the following quadratic
form represents and transform it to principal axes. (Ex 8.2-1)

O=17x] -30x,x, +17x> =128

O=17x" -30x,x, +17x; =x' AX Eigenvectors A =2,x = H
I 17 -15 |« 1
=t [xl 7 I A, =32,x, = {_J
1-15 17 | x,
% 17 =151 O=x'Ax=x'XDX'x =y Dy
=15 17| ] 2 0|l y
Characteristic Equation: ool 0 32 Y,
17-4 —15 o =2y +32y =128
—-15 17-4 ‘ yl J’z i

17-A) -15% = A =2, A, =32 RS
(7_ )_5—0 "ﬂ'l_’ 2 SDAL 34/453
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|
. Principal Axes Theorem

[ LIDIVITIIIAGliIVII WV rIIII\-IPClI MATD. GUIHILV TLULIVIID

Principal Axes
17 —15
A=
—15 17
1)i=1,=2
15 —-15
A-Al =
—15 15
15x, —15x, =0

From this we get normalized
eigenvector x,.

x =/N2 2]

O=17%=30x %, +17%. =128

O =x"Ax
A =2, A, =32
2) A=1,=32
—-15 —-15
A—-Al =
—-15 —-15
—15x, =15x, =0

From this we get normalized
eigenvector x,.

X =[-1\2 \N2]

SDAL ***
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. Principal Axes Theorem

L‘i..,.u....m.u.. to-Rrincipal Axas-Conic Sactions
e O =17x} =30x,x, +17x; =128 / .
X = :Xl Xz] (// X
25 o :1/\/5 l/ﬁT x = Xy
=[-8 ] q
1/72 —1/\5_{%} g_f+;_§=1
/N2 N2 |

__cos45° —sin45° || y,
__sin45O cos45° | v,

Y M

X =

= This means a 45° rotation (of principal axes. (See example 8.2-1.)
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f
i Quadratic form(Definiteness)

A quadratic form O(x) = x"Ax and its (symmetric!) matrix A
are called

(a) positive definite if O(x) > 0 for all x z 0,
(b) negative definite if Q(x) < 0 for all x = 0,

(c) indefinite if Q(x) takes both positive and negative values.
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. Quadratic form(Definiteness)

A quadratic form O(x) = x"Ax and its (symmetric!) matrix A
are called

(a) positive definite if O(x) > 0 for all x z 0,
(b) negative definite if Q(x) < 0 for all x = 0,
(c) indefinite if Q(x) takes both positive and negative values.

A necessary and sufficient condition for positive definiteness
is that all the “principal minors” are positive, that is,

a, d

a, >0, >0, ---, detA >0

Ay Ay

Show that the form in Prob. 23 is positive definite, whereas
that in Prob. 19 is indefinite.




|
. Quadratic form(Definiteness)

A necessary and sufficient condition for positive definiteness
is that all the “principal minors” are positive, that is,

d;; 4y
a,;, >0, >0, ---, detA>0
Ay Ay
1 12
ﬁ ) 12 -6
6111:4>O a11:1>0
4 3 2 1 12
=4-2-(\3) =5>0 = 6-122=—150<0
J3 2 12 -6
= positive definite = indefinite
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. Quadratic form(Definiteness)

the eigenvalues of A are
(a) positive definite: all positive

(b) negative definite: all negative

(c) indefinite: both positive and negative
O=x"Ax, x=Xy
=y Ay =4y + A4y, ++ 4y, @)

Because y = X'1x, if x#0, then y=#0.

From equation (1),
If all eigenvalues are positive, Q(x) is positive.

If all eigenvalues are negative, @Q(x) is negative.




