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Advanced Rock Mechanics 7. Anisotropy

Advanced Rock Mechanics
7. Anisotropic material

Ki-Bok Min, PhD

Assistant Professor
Department of Energy Resources Engineering
Seoul National University
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SEOUL NATIONAL UNIVERSITY

Generalized Hooke’s Law
Tensor & Matrix Form

Eij =Sij0ou

l Contracted

form
X S S Sz Sy S5 Sy O
y Sy Sy Sy Sy Sx Sy Oy
& |_ Sz Sz S Sy Sz Sy o,
4% Si Sip Sus Sy S Sue Ty
Vxa S5 S;z Ses Ssu Sgs Ses Ty
xy Sei Se2 Sz Ses Ses Ses Ty

+ Compliance matrix has 21 independent parameters
(By the symmetry of stress tensor, strain tensor and consideration of strain energy)
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(1997)

Coupling of normal in
different directions

More explicit expression - Lekhnitskii(1963), Hud S

SEQUL NATIONAL UNIVERSITY

Coupling of normal in Vyx x| Txyz || TTxxe | | Txxy Ll
the same directions >
Gyz ze va

1 Shear

Coupling of normal &

qQ

Ty Max ey Mz Hay
E, Ey E, Gyz

;uxy,yz /uxy,xz
G G

X y z yz Xz

Coupling of shear in
different directions

Coupling of shear in
the same directions

Monoclinic
One plane of elastic symmetry

SEQUL NATIONAL UNIVERSITY

Y e 0 [

E. E E G,

Yy i Yy 0 0 Myx
5 E. E, E Gy | (o,
&y Ve Ve 1 0 o Tw| |0y
& |_| E E E Gy o,
“llo o o L e g ||
Ve G, G, T
o 0 o M Lo |\

G,, G,
Tyx Ty Tya 0 0 1
E, E, E, vy

« With a plane of symmetry normal to z-axis
« 13 independent constants

7. Anisotropy
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Three orthogonal planes of elastic Symmetry ..o o

Orthotropic
1 Ve vw
E, E F
Yy 1V
X Ex Ey Ez
vl e Ve 1
|| E.E E
y
" 0 0 0
}/XZ
7
Y O 0 0
0O o0 0

0 o

0 o0
O-X
g,

0 o0 Y
O-Z

o o ||
z-)(Z

1 0 Ty

GXZ

0 L

G

« Three orthogonal planes elastic symmetry

* 9independent constants

Transversely Isotropic

One axis of elastic symmetry of rotation

SEQUL NATIONAL UNIVERSITY

1 v Vo
E E E
v 1 v
L LA
&x E E E
& ’ ’
2 R T
&| | B E F
Ty o 0o o0 X
Tx G’
Ty 0 0 0 0
E =E,=E
E_E 0 0 0 0
Vg =V =V
Vi :sz =V . o E
ze:Gyz:G' Vi _Vyz _VE

@+

« 5independent constants

7. Anisotropy
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Isotropic
Complete symmetry
ER A
E E E
v 1 v
JlE e S0
O
L I D S N B
|| E E E o,
el lo o o L o ofl|%™
}/XZ G TXZ
1
' 7)( —_ TX
E'-E y 0 0 0 0 G 0 y
Vi=v O 0 0 0 0 é
G'=G

Bounds of elastic constants

SEQUL NATIONAL UNIVERSITY

2 ij <ij 2

« the 6x6 matrices of elastic constants must be positive
definite (Ting, 1996)

* A necessary and sufficient condition for the quadratic
form to be positive definite is that all principal minors of
matrix (that is all minor determinants in the matrix
having diagonal elements coincident with the principal
diagonal of the matrix) are positive (Amadei et al 1987).
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Orthogonal
E..E, .E,,G,,G,,G, >0
1
E
Tl Yy, , 1oy
v, 1| EE EE
E, E
1
E, E|l 1 *VZVVYZ)O 1-v,¥,)0
= Ty
v, 1 EJE, EE,
y E,
R
E E|_1 _Ya¥ayg ,  1-vw,)0
Y. 1| EE EE
E &
i Ve v l_vzyvyz_Vyxvxy_szvzx_Vyxvxzvzy_vzxvxyvyz>0
E, E, E,
Yy 1 Yy L Yy VeV VeV _Vyxvxzvzy_‘/zx‘/xyvyzm
E, E, E| EEE EEE EEE EEE EEE, EEFE,
Ve Ve L1
E, E, E,

Bounds of elastic constants
Orthogonal

SEQUL NATIONAL UNIVERSITY

E,.E,.E,.G,.G,,G, >0

E
B, 5 Z—EVXZZ—Z%V ViV, )0

m

z Xy’ xz”yz
EY EXYE y " Xz"y;

y X X

7. Anisotropy
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Bounds of elastic constants
Transversely Isotropic

E.E'G'>0

-1l<v<l

_\/EM<,/< El-v
E 2 E 2

Bounds of elastic constants
|SOtrOpIC SEQUL NATIONAL UNIVERSITY

E>0G>0

—1<v<l
2

-1l<v<l — .

_\/(1—v) <V<\/(1‘V)
2 2

E>0
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Application to fractured rock masses
- Amadei (1981)

SEQUL NATIONAL UNIVERSITY

Rock masses with three perpendicular fracture sets can modelled
as orthogonally isotropic rock

1 Yy
— peLE -3 0 0 0
E,  KpSy E, E
1
x =, = 0 o 0
E, B, KySy E
v, 1 1
Yo w1 o o o
E, E, E, Kz S,
1 1 1
0 0 0 — + 0 0
Gy,  KySy KgS, Fracture set 3
1 1 1 Kz Ke
0 4 0 0 — + 4
ze stsx Kszsz
1 1 1
0 4 0 0 0 —
s

Fracture set 2
K.

S;
S, S,
| yI . /
r'd
Fracture set 1 # z X
s

K K Intact rock

Transformation of compliance tensor
under the transformation of axis

SEQUL NATIONAL UNIVERSITY

+ 0™ order tensor (scalar) : no need to transform, independent of coordinate

+ 1th order tensor (vector) : " X
+ 2" order tensor : ! 1

!
- i.e. stress, strain, permeability 1] ﬂ im ﬂ in® mn

i’jkl = ﬂimﬁjnﬁkpﬁlpsmnpq

o 4" order tensor :

- Compliance tensor

B =| cos(y',x) cos(y',y) cos(y',z) —sing cosp O
cos(z',x) cos(z',y) cos(z',z) 0 0 1

cos(x’,x) cos(x',y) cos(x’,z)} [cow sing OJ
ﬂijz

General transformation Rotation
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Compliance matrix
Transformation

SEQUL NATIONAL UNIVERSITY

.. = . . | & Sp Fa S Sy S S (o)
ijkl ﬂlmﬁjnﬂkpﬂlpsmnpq . : {ls, 5. S. S, S S, :
. & - Sy Sy Sy 8y S S . G
, [Fe | [Sa S Sp Sy S Su| [T
.. = A - | ¥ Eu S:.: 83:4 S:.4 5‘.3 5\.0 | T
SIJ Smnqml an i Yy et S S Se Sw S : T
X Y z
X & 8 H
v a 5, A
z o 8, 4]
1 2 3 4 5 &
1 o o a dorox, laa oz,
: & £ £ 26,5, 26,5 26,8,
. i 73 7 2,7, 21 7,
4 ﬁ."’". -"3:"’.: -'HE'I"H ﬁ:'r:'i+ ﬁsl?: ﬂll?E +’|33-r| ﬁll?.: +_,3:_:V|
3 Py Yoy Fadty R e B I R ¥l +
6 i ) o, &, o B o ral | e f el | af o f
Transformation of compliance tensor
. . , .
Elastic modulus and Poisson’s ratio
= o = —
-
Polar plot
408 [ Normal stiffness (kn) = 4332»:”) O|
3 oo
g 06 Normal stiffness = 434 GPa/m
g § 04
g 0.2 86.8 GPa/m
43.4 GPa/m 02
b v

30 60
Rotation angle (degrees)

Transversely Isotropic rock

L
30 60
Rotation angle (degrees)

7. Anisotropy
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Transformation of compliance tensor
Elastic modulus

Ex=Ey
Nu =0.25

Gxy/G varies <

+ Orthotropic rock

Transformation of compliance tensor
Elastic modulus

K, for set 1
=2*K, for set 2

Fractured Rock Masses
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