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Chapter 15. Dynamic Behavior of Thermal Systems
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Chapter 15. Dynamic Behavior of Thermal Systems

15.3 Dynamic Simulation

Condenser
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Chamber Thermal capacity, M,

FIGURE 15-1
System with one dynamic element—refrigeration plant serving a cold room.
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compressor ref. capacity qd, = f,(T,, T,)
compressor power P=1f,(T,, T.)

| UA/mc a
~condenser g, =mc, (T, —T,,,)1- )

= (T, -T,)(UA,) \‘

“evaporator 0,

energy balance (. =P +q,

heat transfer

! = =UA_ (T
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Chapter 15. Dynamic Behavior of Thermal Systems

15.3 Dynamic Simulation

_____________________________________________________

dynamic : during pull-down q, # (.
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Chapter 15. Dynamic Behavior of Thermal Systems

15.4 Laplace transform —— powerful tool in predicting dynamic behavior

— One way to solve ODE

L{F ()} = [ F(t)e"dt = f(s)

L{F'(t)} = [ F'(t)e"'dt
—e F ()] - F(t)(-s)edt
=—F (0) + sf (s)

L{F"(0)}= [ F(t)edt
=e'F'(1) ] - [ F'(t)(-s)e"dt
= —F'(0) + s[-F (0) + sf (s)]
= —F'(0) — sF (0) + s*f (s)
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Chapter 15. Dynamic Behavior of Thermal Systems

15.5 Inversion L *{f(s)}=F (1)

<example 15.4> Invert
s+10

(s—2)°(s+1)

s+10 A B B'
2 = + > T
(s—2)°(s+1) (s+1) (s-2) s—2
constants: 10= 4A+B-2B’
S: 1=-4A+B-B’
s?: 0= A + B’
A=1 B=4, B'=-1

L {( 82;21(0 1)} =e ' +4te* —e”
S — S +

<solution>
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Chapter 15. Dynamic Behavior of Thermal Systems

15.5 Inversion L *{f(s)}=F (1)
<another solution for example 15.4>

v" For non-repeated roots

NG)__A B A N(s)(s—a)

_ B:N(s)(s—b)
D(s) s—-a s-b D(s)

D (s)

s—a s—b

v" For repeated roots

N (s) A B B’ N (s)(s - b)? , d {N(s)(s—b)z}
= + ~+ B = B' =
D(s) s—-a (s—-b)> s-b D(s) |, ds D(s) sb
A s+102 1 B:s+10 _ :i s+10 _ 1
(s-2)"|. ., s+11|.,, ds\ s+11) ,
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Chapter 15. Dynamic Behavior of Thermal Systems

15.7 Block diagram and transfer functions - Variable in S domain
(not in time domain)

SR CIOY IO
{0 1)

ratio of the output to the input

Transfer function :

1(s) o) Is) X5 o)
—] G(s) — —p] G(S) > H(S) —
Is) 0wy 1(5) 05 +
s (2263}
= = = H
— s TF e G(s) T G Hs)
Instantane ime-dependent
nstantaneous [} cpﬁn en T (a) (b)
FIGURE 15-2 FIGURE 15-3

Symbois used in block diagrams. Transfer function and cascading of blocks.

R(s) E(s5) Cis)
Ris Ets) Cs) G
G5 *
+ = J
- H(s)
(a) (b)

FIGURE 15-4

(a) Unity feedback loop (&) nonunity feedback loop.
o5t ‘-‘t
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Chapter 15. Dynamic Behavior of Thermal Systems

15.8 Feedback control loop

1¢®  c(s)=G(s)E(s)
E(s)=R(s)—H(s)C(s)

[ o o e

FIGURE 15-4 nonunity feedback loop. R(s) 1+G(s)H(s)
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Chapter 15. Dynamic Behavior of Thermal Systems

15.9 Time constant blocks
I

. Mass, m
Fluid Specific heat, ¢ T¢(s) e T(s)
Ts(1) Convection coefficient, A
Area, A
T(1)
(@ (b)

FIGURE 15-5
(@) Response of a temperature-sensing bulb to a change in fluid temperature {b) transfer
function of this time-constant block.

Standard technique for developing transfer function

dT
1. Write differential equation mc——= (T, -T)hA

dt
2. Transform equation % [SL(T)=T(0)]=L(T,)-L(T)
B
3. Solve for transfer function (L{O}/ L{I}) . T (s) 1+T(O)Tf (s) (B :m)
" T,(s)  1+Bs hA
For special case T(0)=0: TF = !
1+ Bs

R
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Chapter 15. Dynamic Behavior of Thermal Systems

15.9 Time constant blocks

24T -Ty)
dt
{T-T} 1

L{T, -T,} Bs+1

- [(Tf _To)_ (T _To)]hA

T, : unit step increase Tf(s):% “Bﬂ:o’le’ﬁzB
L{T -T,}=L{T, -T,} 1 __ A :A(ﬁ_ p j:A(l_ Bj
(Bs+1) s(Bs+1) s Bs+1 s Bs+1
ﬁ T,
A 7

T-T,=A(1-¢e"?)

hA . iime constan

Temperature
=2

3{6}‘2 Time
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Chapter 15. Dynamic Behavior of Thermal Systems

15.9 Time constant blocks - additional

« Control
» Feedback
disturbance

» Block diagrams l

control
desired Reference + input output
e ————
temperature sensor Actuator ———®| process

output

P e

Ex) sensor
desired room + Refrigeration Actual Temp.
e ————
temperature T—=V Inverter [ system >

Thermometer [«
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Chapter 15. Dynamic Behavior of Thermal Systems

15.9 Time constant blocks - additional

 Dynamic model — a set of differential equations to describe the dynamic
behavior of the system

=
g «—+ MC 4 =mc, dd-[

p
» Differential equation in state variable form (modern control)

X : State of the system
X = f(X, u) u:input
y =h(X, u) y:output

Linear case
_ F: [nxn], G: [nx]]
X=FX +Gu H: [1xn], J: scalar
y:HX +JU X:|:Xl:|
X2

FR
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Chapter 15. Dynamic Behavior of Thermal Systems

15.9 Time constant blocks - additional

Ex) q= h(T1 _Tz) T, T,
dT, > q=h(T,-T,)
qg=mc, 5
A t qg=mc,T,
- T, = R (T, -T,)
p
Ex) Heat exchanger Tlsi
Jin = mscp(Tsi _Ts) T |

Qout = rﬁwcp(Tw _Twi) J

T, — T
Steam mst,s = Qin — Usteam— water |
dt | -
, s
=Mm.C, (T, - T,)-UA(T,-T,)
dT,
Water mpr,w dt = mpr,w(Twi _Tw)+UA(Ts _Tw)
1R
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Chapter 15. Dynamic Behavior of Thermal Systems

15.10 Cascade time-constant blocks

Heat balance equation :

/ mm————————— » neglect

dT,
- = b J—
e é:, Bulb temperature, T, (Ta Tb ) hl Al mc dt + (Tb TL)hZ A2
—
T Liquid temperature, T _

dT
(Tb_TL)hZAZZmC -
dt
mcC mcC : A
Let T, = , T, = subscript 1 : air to bulb
h1 Al h2 A2 subscript 2 : bulb to liquid
L{Ta o To} 1 L{Tb - To} 1 L{TL o To}
7,5+1 7,5 +1
Air to bulb Bulb to liquid

Cascade time-constant block

S
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Chapter 15. Dynamic Behavior of Thermal Systems

15.10 Cascade time-constant blocks

For unit step input

A 1 1
LT -T,}=2
T~ Tod s[rls+1j£rzs+1j

Inversion
TL _TO — 1_ Tl e—t/rl Tz e—t/r2
A T, — T, T,— T,
A Ts
@ t=0,T -T,=0 )
T -T 2
@ —d(Ld ) _0 att=0 Z
O , 2| a
@ if r,<<r, T -T,=A@l-e"7) §
T _T —t/r
@ if r,=1 Il NG PP
A T T, %
0 Time
¥ER
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Chapter 15. Dynamic Behavior of Thermal Systems

15.11 Stability analysis 1
Mass, m
i Fluid Specific heat, ¢
- Frequency response / Bode plot (diagram) oy Convection coefficient, &
Area, A

Response to sinusoidal input 0

<Example in 15.9>

Sinusoidal input : T, (t) =T, = Asin(27x ft)
/-\j L{Asin (27 ft)} = A 2 a=2rf

] S . s?+a?’
Tnput Output <From example in 15.9>
1 Aa A Bs+C
LA L(T _To) = T 5 = + 2 2
7s+1 s+ a 7s+1 s +a
s| - e A= Aa ___—Aa C Aa
8| 5| [Ioput 1/7% + a? ra’+1/r r’a’+1
Aar? —Aa Aa
- a’r?+1 Ta2+1/2's+z'2a2+l
7S+1 S“+a
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Chapter 15. Dynamic Behavior of Thermal Systems

15.11 Stability analysis

2
T-T,- Aa Ll{ T N rs+1}

a’r?+1 rs+1 s®*+a’

= zAfa{re‘”’ — 7 cos(at) +£sin(at)}
a‘rt:+1 a

as t— o /1+a22_2

ar
T-T = sin(at) — ar cos(at
o = —r7 7 lsin(an) - ar cos(a)]
1
— ZAZ {\/a272+1-sin(at+¢)}= A sin(at — ¢)
a’r’ +1 a’r? +1
¢ = tan*(ar)
1

Amplification ratio : S+ 2rfe)

Phase lag : ¢ =tan'(27z fr)

'
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Chapter 15. Dynamic Behavior of Thermal Systems

15.11 Stability analysis

Ve “éi&gﬁ@ Controller T
set a
——{ Controller and

\V‘ heater
Air 52 T
- ;3.5 Ta 2 Sensor |

Transducer
(a) (h)

FIGURE 15-11
(@) Air heater (b) control block diagram. 3 4

VSM - Vc
T, and Ty

Time
FIGURE 15-12
Perpetuation of sinusoidal disturbances throughout the control loop of the air heater in Fig.
15-11.

DEPARTMENT OF MECHANICAL & AEROSPACE ENGINEERING

)y 4
{li&
="



Chapter 15. Dynamic Behavior of Thermal Systems

15.11 Stability analysis

 Stability criterion
At the frequency f where sum of phase lags = 180° Fig.(a)

product of amplitude ratio > 1  Fig.(b)

— the loop is unstable

Phase lag =180° Amplitude ratio > 1
\ i Ratio 1 CombinedJ
180 10 AN
Ratio 2 N
8 2 o \
é" Total § A /; 8 \
L
= 90 75 L 210 ™S ‘\
2 / ¥
0 '/4 0.1
0.01 0.1 1 10 100 0.01 0.1 ! 10 100
Frequency, 1/s Frequency, 1/s

(a) (b)
Fig. Bode diagram

Syt

-
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Chapter 15. Dynamic Behavior of Thermal Systems

15.11 Stability analysis - additional

R0
U (s)
u(t)=U,sinwt :input

U,w
Y(s)=G(s) 57—
ST+ w
O % ao_ N a;i
s—a, s-a, S+ jo s-jo

=G(9)

y(t) = ae™ +-- + a6 + 2|a,lsin(wt +¢), ¢=tan”’ Im(ay)
Re(a,)

as t — oo, y(t) =U, Asin(ot + ¢)

magnitude A=|G(jo)| =|G(s)|= {Re[G(jo)I}’ +{Im[G(je)]¥

_ o IM[G(jo)]
phase ¢=2G(jow)=tan Re[G(jo)]

st “bb
FI
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Chapter 15. Dynamic Behavior of Thermal Systems

15.12 Stability analysis using loop transfer function

R(s) Y(s)
KG(s) » 1) _ KGE)
N R(s) 1+KG(s)
Roots are the poles of the transfer function 1+KG(s) root < 0 e ™
— root locus : graph of all possible roots ‘E = 1
eat
(a+ib)t
F('r) F 1) €
b ory=e™ ! F(n) =1
- Time - Time g Time -
r<0 r=0 r>0

SIEGD
:;zE}»“g
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Chapter 15. Dynamic Behavior of Thermal Systems

15.12 Stability analysis using loop transfer function
KG (s) = Kb(s) _ K(s" + bls'_“l‘1 +--+b_)
a(s) s"+a,s" +--+a,
b(s) =(s-z)(s-2,)--- (s - 2,)
a(s)=(s—p)(s—p,)--(s-p,)

n>m

Root locus form: 1+ KG(s) =1+ K b(s) _ 0 — a(s)+Kb(s)=0

a(s)
Ex) KG(s) = Denominator =1+ > s°+s+K =0
s(s +1) s(s+1)
Root locus is a graph
' of the roots of the
as K mcﬂreases quadratic equation
_ poles 1 J1-4K
“</u/,“/ h, h=-F7f—FF—
1 12| 0 2 2
! 0<K<1/4 -1< <0
Breakaway point K>1/4 complex

X

gy
¥ ﬁ\
" “,,J
P
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Chapter 15. Dynamic Behavior of Thermal Systems

15.14 Restructuring the block diagram
|: converting complex block diagram — feedback loop

simplifying
%B(s)
Fy(s)
_*B(s)
A(s) " C(s) A(s) F N\ C(s)
—_— Fl(s) | Fz(.ﬁ') —h—becomcs ——— F|(S)F2(S) -bO—-w-
+B{s)
l
or Fi(s)
-y
A(s) + C(s)
_’O" Fi(s)F5(s) ;
FIGURE 15-22

Moving a summing point around a block.

2%
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Chapter 15. Dynamic Behavior of Thermal Systems

15.14 Restructuring the block diagram

R(S) +/ C(s)

Hi(s) |=
R(s) + C(s) <

T Hy(s) |=—

R(s) + C(s)
= GGGy
FIGURE 15-24
Control block diagram in Example 15.10. - T
0.0
G G
(b)
FIGURE 15-25

Modifications of loop in Example 15.10.
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Chapter 15. Dynamic Behavior of Thermal Systems

15.15 Physical situation — block diagram

| Heater q

Air a

T-b- ~<——mc=M Sensor d, = K (Tset — Ts)

Hi - ~<—JiA Te hA

1c= —_——
T}, q, =wc(T, -T.)A—-e ")=W (T, -T))e
heater — air

?qn:K(Tsct_Ts) wec =W

T

——=={ Controller

d, - g, = me
h a dt

d,(s)—0,(s) =M[sT,(s)-T,(0)]

FI_GURE 15-26
Alr heating system and its control.

KER
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Chapter 15. Dynamic Behavior of Thermal Systems

15.15 Physical situation — block diagram

6 10
_ I
1 2 1 5 7 9 1l
+ K Ms + o E +
—A
We -t
12 1
Tss+1
TABLE 15.2 . .
FIGURE 15-27 Designations of variables in block diagram of Fig. 15-27.
Air heating system and its control.
Position Nonnormalized Normalized
1 Tg( Tsel - Tsﬂ. 0
2 Tse: - Ts (Tsel - Ts} - (Tset.O - Ts. 0)
3 Gn Gh ~ Gn.0
4 Gn — qa (gnh — ga) = (gn.0 — qa.0)
5 Ty Th—Tho
6 T T;=T.o
7 T, - T (Th = T3) = (Tn,0 — T 0)
8 a Gs ~ Ga0
9 T.—T; (T. —T) = (Tc,0o — Ti,0)
10 T; T,—Tio
2 11 Tc Tc - Tc 0
&?fE}}‘E 12 T, T.—T.
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Chapter 15. Dynamic Behavior of Thermal Systems

15.15 Physical situation — block diagram

Tser—Iset.o (Tsee—T5) % dh—qh, o Gh—Go 1 Th=Th.o Te=Teo
=) K £
~(Tset.o—=Tc.0 + Ms
Ga—Gao
We <
Ts _'Tc.o 1
TS5+ 1
FIGURE 15-29

Diagram after elimination of two summing points.

Ke/(Ms) Te-Teo
I+ We/(Ms)

Tsc[ = TSCI. o

Ts+ |

FIGURE 15-30
Simplified nonunity feedback loop for air heater controller.

ol
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Chapter 15. Dynamic Behavior of Thermal Systems

15.16 Proportional control

dy, = Kp(Tset _Ts)

~—— K1 unstable
error Kl offset
A A
Pset Pser

ComroHe; -
2 a, \/\,\p
5 /\ Controlled p 2_ ' / .
Z : : 3 Step increase inwg
2 Step increase inw; 7
= =1
< o

5=
Time Time >

(a) ()

FIGURE 15-31
Pressure controller (@) with low gain (b) with high gain.

ol
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Chapter 15. Dynamic Behavior of Thermal Systems

15.17 Proportional — Integral (PI) control

- to eliminate the offset A Kia
Transformed K3 K 52
. —_— r— _—
domain 3

K,j(error)dt

A A
K K,A/ls?
TF = : <~ l i % K]A
S Als e -
33 A 3
l ,, ,,
0 Time é 0 Time KlA
S 52
- PI control e
P
EITOI' + E
s ik 9 Kp+_1§_| A
K +
5

(a) (&)
Sy
b }'2
<
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Chapter 15. Dynamic Behavior of Thermal Systems

15.18 PID control

K
Kp +—+K_s
S
l—'b':(]
FIO L arey | FO f(s) sf(s)+F(0)
— T i —» TF=gs -
differentiation differentiation
(a) (b)

FIGURE 15-36
The differentiation process in (a) the time domain, (b) the transformed domain.

R
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Chapter 15. Dynamic Behavior of Thermal Systems

15.18 PID control
% Ziegler-Nichols Tuning of PID controller (1942)

(1) A . . :
y® Tangent line at inflection point

K / ............ :

K .
R =— :reaction rate
T

‘ P',
»lL-tie— T > Time delay of t4 seconds
~t4s
TF may be approximated by TF = Ke
7s+1
1 ~— e—t/r
|

=K +L+ KTys = KP+£+ Kps
T,s S
KER
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Chapter 15. Dynamic Behavior of Thermal Systems

15.19 Feed forward control

L open loop control

(a)

Disturbance
. * Output
mput > System —
(b)
~ Disturbance (a) No control
Y
|
= l Output (b) Feed forward control
Input ’:‘ S_\*'Stélll S
(c) Feedback control
(c)
Disturbance
‘ Output

Input £ N S}'StClll &
I
|

Feedbaclk

KER
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