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Chapter 16. Calculus Methods of Optimization

16.1 Continued exploration of calculus methods

- Lagrange multipliers (from Chap.8)
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Chapter 16. Calculus Methods of Optimization

16.2 The nature of the gradient vector (Vy)

1. normal to the surface of constant y
For arbitrary vector :  dxX,I, + dX, I, + dX,I,

To be tangent to the surface : dy = a—ydxl Jra_ydx2 +8_de3 ~ 0
0X, OX, 0X,

(oy / ox,)dx, + (0y [ 0x,)dX,

— dx, =-
' oy | ox,

(oy 1 0x,)dx, + (oy / 0x,)dx,
oy | 0x,

Gradient vector : Vy = a—yf =L oy I, + ﬁ—yiA

0X, 0X, )&

T.-Vvy=0 =~ gradient vector is normal to all tangent vectors

I, + dx, I, + dx,,

Tangent vector: T = {

— gradient vector normal to the surface
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Chapter 16. Calculus Methods of Optimization

16.2 The nature of the gradient vector (Vy)

2. indicate direction of maximum rate of change of y with respect to x

to find maximum dy : dy = a—ydxl + 8_de2 + oo+ a—ydxn
0X, OX, OX

n

constraints : (dX1)2 + (dX2)2 +-et (dxn)2

using Lagrange multipliers : oy —22dx, =0 — dx, = 1 9y
OX; 24 OX;
In vector form :
dx, I, + dX 0, + - + dX I — 1 a—yA+a—yiA2+ +8_y| iVy
21| 0X, OX, OX, 24

— VY indicates the direction of maximum change for a given distance in the space
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Chapter 16. Calculus Methods of Optimization

16.2 The nature of the gradient vector (Vy)

3. points in the direction of increasing y
0 0
small move in the x;-x, space : dy = —de1 + —de2
0X, OX,
If the move is made in the direction of vy :
dx,
oy | Ox.

=Cc — dx, =c(oy/ox,), dx, =c(ay/ox,)

2 2
dy:c[[@_vj (ivj ]Zo
0X, OX,

— dy is equal or greater then zero

— y always increase in the direction of Vy
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Chapter 16. Calculus Methods of Optimization

16.5 Two variables and one constraint (prove Lagrange multiplier method)

Optimize Y (X, X,) subject to #(X;,X,) =0

0 0
Taylor expansion : Ay ~ (—y AX, +[ Y jAX2

8X1 %
WE

dg AX, =0 —>Ax, = 201 5y
0%, OX, N 0@ | OX,
Ay = oy 8¢/8x2+ oy AX, Lem:ay/axl
| OX, 04 10X, OX, 0@ 1 0x,
N _,99 _ oy 4,99
OX, OX, 0X, 0X,
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Chapter 16. Calculus Methods of Optimization

16.8 Alternate expression of constrained optimization problem

optimize  Y(X;,X;)

subject to  #(X;,X,) =D

unconstrained function L(X{, X,) = Y(X,,X,)— A[@ (X, X,) — D]

optimum occurs where VL =0
oL _9y _ ,09_,
oX, 0% 0%,

oL oy o
— _ Z — O . . .
ox,  ox, ox, find optimum point

$(%,%,)~b =0
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Chapter 16. Calculus Methods of Optimization

16.9 Interpretation A of as the sensitivity coefficient

sensitivity coefficient (SC) :
oy~ 0y 0x, s oy 0%,
ob 0ox, db o0Ox, ob

op 0@ 0X, N og 0X,
ob o0x, ob 0x, ob

y(xpxz) — SC = (1)

(X, %X,)=b — 1=0 ---(2)

P (oy" 10x,) (0y 10x;)
 (0glox)) (0410x;)

oy 0X, N dy OX,
ox, ob  0ox, ob

1) - SC=21

(2)x 1 — A=0
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