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+ Higher order extension: i 2 L, i+1 - R by monotonic interpolations

— Three-wave approximation with « and ¢
« No built-in mechanism to distinguish expansion shock and compression shock (violation

of entropy condition)

Al if|4]ze
Entropy fix NP : :
P T — /Il.‘ =1 42462 but more rigorous remedy is necessary.
! if |4 |<e
2¢

« Do not satisfy the positivity condition (or failure of linearization)
— problems in high-expansion region

« Suffering from shock instability known as carbuncle phenomenon

Supersonic flow with M = 8.0 around cylinder Moving shock wave with Ms = 6.0
_ _ _ Y imwa +107% forieven,
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e Two-wave Approximate Riemann Solver
A two-wave approximation to increase the robustness of Roe’s approximate

Riemann solver sl
See the works by Harten, Lax and van Leer(1983), and others

Assume three Riemann-states divided by minimum and maximum wave (4, 4,) speeds
and obtain a cell-interface flux by integrating conservation laws directly.

« Three Riemann-states (or two-wave) approximation .
By mtegrating U, + F(U), =0 over (x, ~ x,)x (0~ A?), A, Ay
Xp Xp At At L At
LL U(x, At)dx = j U(x,O)dx—( jo F[U(x,,1)]dt - jo F[U(xL,t)]dt) L
Using cell-averaged values (U, ,U,) and interface fluxes (F,,F,) U, Ur
Xp XL 0 Xp X
[ " U(x, Aty dx = x, U, —x,U, - At(F, —F,) -
N . — l’; U(x,At)dx =
LL U(x, At)dx = LLN U(x, At dx+ (A, At —x,)U, + (x, — A, ADU, AAU, - AU, +F, —F,)

Thus, we can obtain the averaged-state in the star region: U, = (4,U, -4, U, +F, =F,)/ (1, —4,)

« Flux at a cell-interface using U..
Integration over (x;, ~ 0)x (0 ~ Af) to obtain
- LAt (U, -U,)+At(F,, -F,)=0>F,, =F, +4,(U.-U)) .
Similarly, integration over (0 ~ x,)x(0 ~ A¢) gives F,, =F, + 1, (U, = U,). '

[
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+1/2 °
From conservative requirement (F,, =F,, =F,,, ), we have

i /1RFL _/ILFR +ﬂ‘LZ/R(UR _UL).

FHLL_ ﬂ’R_/,iL R
Thus, the final flux form is given by

F, if 04,
Fop=1Fy 1f 4, <0<4,,

F, if 1,<0.

Thee-state approximation improves robustness (ex: shock stability and positivity condition)
significantly but contact discontinuity cannot be captured accurately.
« Estimation of (4, ,4,) crucial to determine the accuracy and robustness: A, = min(0,u, —c;,u —¢),
A, =max(0,u, , +c,, ,u+c) (Einfeldt et al.(1991))
e Modified HLL scheme

Four Riemann-states by adding contact discontinuity into HLL scheme (HLLC scheme)

See the works by Toro et al.(1994) t
- Four Riemann-states approximation Ay N /ﬂ* A
Assuming that [ U(x, Aydr = [ U A dr+ [ UGx, A, v | /U
A, At A At At . .
(A = A)AU,=(A, — 1,)ALU,, + (A, — A)AMU,, - i .
X, 0 X
U, = Ao A U,, + A=A, U.,. From the Rankine-Hugoniot relation, [F]= S[U], across 4, ., 4

A A, Ap— A,
F,=F +1,(U, -U,), K, =F, + A(U.,-U,,) and F., =F, — 1,(U, - U.,).

—
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+1/2 *
By imposing w., =u., =u., p.; = p:, = p. and 4. =u, on
AU, -F, =4,U, -F,, 4U,, —F, =4U, —F,, we have
1 By SN |
A

Epp ! ppg+ (A =ty g )i+ Dy 1P p (Ayp Uy}
The final flux form is then given by
(F, if 0<4,,
P F,=F +4,(U,,-U,) if 4, <0<4,,
2R, =F,+,(U,,-U,) if L, <0<A4,,
| F, if 4, <0.
Estimation of 4,, 4, and A,
From 4, U,, -F,, =4 U, -F,, 4, U,,-F,, =4,U, —F,, we have
Do =D+ P (A —u ) A —uy), Pig = Pr+ Pr(Ap —up (A —ty).
— P o (A, —uy) — pritg (A —utg)

P (A, —uy) = pr (A — i) '

(/1L/R —Upp )

U, up =
LR = PL/r e —70)

Also from p,, = p.,, A = Pr

-
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|1 —

e RoeM
Cure the shock instability of Roe’s FDS while maintaining the accuracy

See the work by Kim et al.(2003), and others oA
Introduce a multi-dimensional dissipation term controlled by Mach number-based

weighting functions to cure shock instability
Behavior of numerical mass flux and its connection to shock instability

F..» g =0. S(F +F, j) Di+1/2,j
Di+1/2,j_Roe =0.5 ;1141/2,/' ‘ AUi+1/2,j =0.5 |:MAFi+1/2,j - 5(M2 - 1) AUi+1/2,j - 5(1 - ‘M‘)BAUM/L]}
Do o = 0-5[MAF,+1/2 ; (Mz — 1) AUi+1/2,j:| with M = sign (M)x min(l, M ),
i 1 1 7 0 )
~ Ap u _ Au—n AU
M=U/ ndBAUHl/2 =l A - _ + p
/ C v Ay — nyAU
0.5@° +7°)| | d#Au+TAv-UAU |

D7)
Compare the mass flux of F(H/)2 =0. 5[(,0U) (pU)M]— O.S{D(p)Ap +DYAU + 2

Ap |,

Ty

~

- Roe's FDS: DV = &|M
c, DE,L)L 0 — shock stability but no exact capturing of CD

, DI(Q =C (1 - ‘M D — shock instability but exact capturing of CD

« HLL: D) =

[ -
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+1/2 *
= =p+p" u’ =0, v =v"=0, ifiiseven
Linear stability analysis with pL=pEp p,n P Ii = e
pl=p=-p",p'=p-D", u’ =0, v'=v" =0, ifi is odd
« HLL: 5" (1 2v ) ! (1 2v )p with v, At s |
)

— pressure field and density field are not coupled and simultaneously damped out.
— no shock instability

2v
« Roe's FDS: "' = p" ==L p", p"' =(1-2v,) p"
C

— pressure field and density field are coupled, and they are out-of-phase.

— pressure perturbation feeding into density field to amplify density perturbation

— shock instability
Mach-number-based weighting functions fand g to control the feeding rate of
pressure field and the damping rate of density field.

. D _5(1—\M\)—>5f(1—\m):ﬁ"“ =5 —% P, b =(1-2v, 1) "

Additional damping to deal with strong pressure field perturbation: BAU,,, , — gBAU,,,

~n+ ~n+ ~n a2+‘72 n
prt=(1-2v,(1-g))p" ——f '=(1-2v,/)p +2Vy(7/—1)[ o }(l—g)fﬁ
Numerical flux at a cell-lnterface

poooboEobixBy Bxb o bxb 1 g,y —
# b -b, b b, b —b, 1+|M|
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_‘ +1/2 °
_ _ L _ - /|
Ap 1 0
. | A(pu) Ap | Au—n AU
with AU = , BAU, , =g2| Ap— f— + p g g g
A(pv) e g( i j i P Av—n AU
|A(pH) | Al | AH |
 Design of f and g
1 @ +v' =0 .
- f= ‘M‘h clsewhere , h :1_mln(Pm/z,jaPi,j+1/zaPi,j—l/zaPi+1,j+1/2aPi+1,j—1/2)
Wlth E+1/2,j = min pi’j ’ piﬂ,j I I
Pivj Pi s
B M =P, M = 0, I ________ I __________________
& 1 M =0.

« The maximum and minimum wave speeds (b,,b,) are the same as (4,,4;).
e Characteristics of RoeM
Total enthalpy preservation for inviscid steady flow (by formulation based on H)
Cure of shock instability/carbuncle phenomenon (by f, 2).
Exclusion of expansion shock, stability of expansion (by b, b>)
—_—— Exact capturing of SW and CD - good for N-S Computations (by f, g)

‘A
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Density Contour (Roe’s FDS) ’. ‘,‘%\ Density Contour (RoeM)
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I Supersonic flow with M=8 around cylinder
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